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A filter pair ([1]) can be seen as a presentation of a logic, different in style
from the usual syntactic presentations in terms of axioms and rules, or semantic
presentations in terms of matrices and also a tool for creating and analyzing
logics. The notion of filter pair can be developed into several different directions
and applications. In this work we will introduce the κ-Horn filter pairs and
apply this notion to obtain Craig interpolation results on certain classes of
propositional logics, including some without algebraic semantics. The proofs
of all assertions will be presented in full details in [5].

From now on, κ will designate a infinite regular cardinal.

Definition 1. A κ-filter pair ([4]) for the signature Σ is a contravari-
ant functor G from Σ-algebras to κ-algebraic lattices together with a natural
transformation i : G → ℘(−) from G to the functor taking an algebra to the
power set of its underlying set, which preserves arbitrary infima and κ-directed
suprema.

We will consider Horn theories defined on expansions Σ+ of an algebraic
language Σ by relational symbols Σ ↪→ Σ+, i.e. Σ+ is a first-order language.

An atomic embedding is a morphism of Σ-structures that (preserves and)
reflects the satisfaction of atomic formulas. For instance:

1. Let Σ+ = Σ be any algebraic signature. Then atomic embeddings are
precisely the injective homomorphisms, since injectivity means precisely
that all equalities are reflected.
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2. Let Σ be any algebraic signature, let Σ+ = Σ∪{≤} possess an additional
binary relation symbol; this expanded language is considered in [7]. Let
K be a class of structures for which the symbol ≤ is interpreted as a
partial order. Then an atomic embedding is precisely an order preserving
and order reflecting injective homomorphism.

3. Let Σ be any algebraic signature, let Σ+ = Σ∪{D} possess an additional
unary relation symbol; this expanded language is considered in [6]. Let K
be the class of matrices for some logic where the filter is the interpretation
of the unary relation D. Then an atomic embedding is precisely a matrix
embedding.

Definition 2. Let L be a first-order language. All concepts below refers
to this language.

1. A strict basic Horn formula is a formula of the form
∧
i∈I Pi(~x)→ P (~x),

with I some set (possibly I = ∅, in this case
∧
i∈I Pi(~x) = >) and (posi-

tive) atomic formulas Pi, P which are not equivalent to ⊥.

2. A universal strict basic Horn sentence is a sentence of the form

∀~x :
∧
i∈I Pi(~x)→ P (~x), with Pi, P as above.

3. A H-theory is a theory T which can be axiomatized by strict universal
basic Horn sentences.

4. Let κ be a regular cardinal. A κ-H-theory is a theory which can be
axiomatized by universal basic Horn sentences from Lκκ, i.e. by a set of
basic Horn sentences which contains less than κ distinct variables and in
which the occurring conjunctions have less than κ constituents.

5. A H-class (respect. κ-H-class) K is the class of models of a H-theory
(respect. κ-H-theory) T, i.e. K = Mod(T).

Definition 3. Let Σ be an algebraic language and consider a first-order
expansion Σ+ ⊇ Σ. All concepts below refer to this language L = Σ+.

• For a Σ-structure A we define the set GT(A) as follows:

GT(A) := {(θ, S) | θ is a Σ-congruence on A and S an interpretation of
R on A/θ s.t. the resulting Σ+-structure on A/θ is a T-model}

• We define a binary relation on GT(A) as follows:

(θ, S) ≤ (θ′, S′) :⇔ θ ⊆ θ′ and the induced quotient map qθθ′ : A/θ �
A/θ′ is a homomorphism of Σ+-structures for the interpretations S, S′

i.e., if R ∈ Rn, then qθθ′∗(R
S) := qnθθ′ [R

S ] ⊆ RS
′

(or, equivalently,

RS ⊆ q∗θθ′(RS
′
) := (qnθθ′)

−1[RS
′
]).
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If a universal basic Horn sentence is true in each A/θi for a collection
(θi, Si)i∈I , then it is true in the product structure Πi∈IA/θi. The intersec-
tion structure can be described as the substructure of the product structure
given by the diagonal map δ : A/ ∩i θi ↪→ Πi∈IA/θi. By definition of the in-
tersection structure, δ preserves and reflects the validity of atomic formulas.
It is immediate that it then also preserves and reflects the validity of basic
Horn formulas and therefore of universal basic Horn sentences. Thus if T is
axiomatized by universal basic Horn sentences, and these sentences are true in
every A/θi, then they are true in the intersection structure.

The following (more specialized) result holds:

Proposition 4. If T is a universal basic κ-Horn theory and A is a Σ-
structure, then GT(A) is a κ-algebraic lattice.

The κ-directed suprema in GT(A) are given by the set-theoretic union of
the congruences, and the interpretations of the relation symbols.

Building on the previous result, we obtain the:

Theorem 5. Let τ be a set of atomic Σ+-formulas with at most one free
variable, such that |τ | < κ. The collection of maps iτ = (iτA)A∈Σ−Str, defined
by

iτA : GT(A) → (P(A),⊆)
(θ, S) 7→ {a ∈ A | ∀ϕ(x) ∈ τ : A/(θ, S) � ϕ(a)}

is a natural transformation and for any A ∈ Σ − Str, iτA preserves arbitrary
infima and κ-directed suprema. In other words, (GT, iτ ) is a κ-filter pair.

In general, if (G, i) is a κ-filter pair and A ∈ Σ-Str, then iA : G(A) →
P(A) has a left adjoint ΞA : P(A) → G(A) and ΞA ◦ iA is a closure operator
that is structural and κ-ary. Thus we have an abstract κ-logic on A. We
present a correspondence between the Craig interpolation property for a logic
associated to a Horn filter pair (GT, iτ ), satisfying an extra condition, and the
τ -amalgamation property in the Horn class T-Mod.

We introduce the central notions and results for this work.

Definition 6. Let Σ be an algebraic signature and Σ+ ⊇ Σ a first order
signature with the same function symbols.

1. A logic l has the Craig entailment interpolation property if for every set
of formulas Γ, with variables var(Γ) and every formula ϕ with variables
var(ϕ), if Γ ` ϕ then there is a set of formulas Γ′ with the variables in
var(Γ) ∩ var(ϕ) such that Γ ` Γ′ and Γ′ ` ϕ.

2. We shall say that a class K of Σ+-structures has the atomic amalgama-
tion property if given A,B,C ∈ K and atomic embeddings iB : A → B,
iC : A → C, there exist a Σ+-structure D ∈ K and atomic embeddings
eB : B → D, eC : C → D such that eB ◦ iB = eC ◦ iC .

Bolet́ın de Matemáticas 30(2) 19-23 (2023)



22 Peter Arndt, Hugo Luiz Mariano & Darllan Conceição Pinto

3. Let (G, i) be a filter pair. Given sets X,Y such that Z := X ∩ Y 6= ∅,
define iX , resp. iY , to be the inclusions Z ↪→ X, resp. Z ↪→ Y . Given
a theory T ⊆ Fm(X) of the logic associated to (G, i), define T ′′ :=
T∩Fm(Z) and T ′ ⊆ Fm(Y ) to be the smallest Fm(Y )-theory containing
T ′′.

4. The filter pair (G, i) has the theory lifting property, if the following holds:

For every pair of sets X,Y and theory T ⊆ Fm(X) as above there exist
θT ∈ G(Fm(X)), θT ′′ ∈ G(Fm(Z)) and θT ′ ∈ G(Fm(Y )) such that

(a) T = i(θT ), T ′ = i(θT ′) and T ′′ = i(θT ′′)

(b) G(iX)(θT ) = θT ′′ = G(iY )(θT ′)

As an application of the previously presented results and concepts, we ob-
tain the:

Theorem 7. Let Σ be a signature, Σ+ an extension by relation symbols,
T a κ-Horn theory over Σ+, and τ a set of fewer than κ atomic Σ+-formulas
in at most one variable. Suppose that the filter pair (GT, iτ ) has the theory
lifting property. If K := Mod(T) has the atomic amalgamation property, then
the logic L associated to (GT, iτ ) has the Craig entailment property.

The following result provides a natural class of examples:
Proposition 8. Let (CoK, i) be a congruence filter pair (see [2], [3]).

Under each of the conditions below we have that (CoK, i) has the theory lifting
property.

1. If iA : G(A)→ P(A) is injective, for each A ∈ Σ− Str.

2. If the collection of left adjoints (ΞA)A∈Σ-Str is a natural transformation
with respect to variable inclusions, i.e. such that for every inclusion of
sets Z ⊆ X the following diagram (in which jX : Fm(Z) ↪→ Fm(X)
denotes the induced map of formula algebras) commutes:

Fm(Z)

jX

��

CoK(Fm(Z)) Fil(Fm(Z))
ΞFm(Z)

oo

Fm(X) CoK(Fm(X))

CoK(jX)

OO

Fil(Fm(X))

j−1
X

OO

ΞFm(X)

oo

Examples 9.

1. Let l be an algebraizable logic with equivalent semantics in a quasivari-
ety K. If K has the amalgamation property, then the l has the Craig
entailment property.
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2. An equation of formulas 〈ϕ,ψ〉 ∈ Fm(X) is called balanced if ϕ,ψ contain
exactly the same variables. A variety is called balanced if it can be
defined by balanced equations. Let K be a balanced variety satisfying the
amalgamation property. Then any logic l with an algebraic semantics in
K given by a balanced equation satisfies the Craig interpolation property.
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