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Einstein metrics on cohomogeneity one
manifolds

Métricas de Einstein en variedades de cohomogeneidad uno

Brian Grajales1,a

Abstract. This note presents results concerning the Einstein equation for
metrics that preserve the symmetries induced by a cohomogeneity one action
of a compact Lie group on a compact manifold. Specifically, we discuss the
existence of Einstein metrics that are invariant under a cohomogeneity one
action of the special orthogonal group on the complex projective space.

Keywords: Einstein metrics, Cohomogeneity one manifold, Complex projec-
tive space.

Resumen. Esta nota presenta resultados sobre la ecuación de Einstein para
métricas que preservan las simetŕıas inducidas por una acción de cohomo-
geneidad uno de un grupo de Lie compacto sobre una variedad compacta.
Espećıficamente, se discute la existencia de métricas de Einstein que son in-
variantes bajo una acción de cohomogeneidad uno del grupo ortogonal especial
sobre el espacio proyectivo complejo.
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1. Introduction

Einstein metrics are a topic of great interest in mathematics and physics, be-
cause they correspond to critical points of the Einstein-Hilbert functional, es-
tablishing a relation between these metrics and concepts related to energy in
general relativity. A Riemannian metric g on a differentiable manifold M is an
Einstein metric if it satisfies the equation

Ric = λg, (1)
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where λ ∈ R and Ric is the Ricci curvature tensor corresponding to g. While
solving equation (1) is generally challenging, it becomes more manageable when
we focus on manifolds with certain symmetry properties. Among such struc-
tures, cohomogeneity one manifolds are especially interesting: a compact Lie
group acts on the manifold so that the orbit space is one-dimensional. In this
context, when considering metrics that preserve the transformations induced
by the action, equation (1) reduces to a system of ordinary differential equa-
tions, allowing us to employ tools from dynamical systems theory to study it.

In this note, we aim to discuss the existence of smooth Einstein metrics on a
compact manifold M that admits a cohomogeneity one action of a compact Lie
group G, and under the assumption that there are no exceptional orbits. In
Section 2, we will discuss the foundational results in [5] regarding the descrip-
tion of G-invariant Riemannian metrics on such manifolds. This section will
also address the associated Ricci tensor and the Einstein equation (1), which
can be formulated as an initial value problem for a system of ordinary differen-
tial equations. In Section 3, we will illustrate these concepts through a specific
example involving the Lie group SO(n+1), which acts with cohomogeneity one
on the n-dimensional complex projective space.

To emphasize the significance of the results presented here, note that in recent
decades, there has been a significantly larger body of literature on Einstein
metrics on homogeneous spaces (cohomogeneity zero manifolds), in contrast to
the case of cohomogeneity one manifolds. This is no surprise, as the Einstein
condition for homogeneous metrics reduces to a system of algebraic equations,
making the problem more accessible. Consequently, much has been achieved in
understanding Einstein metrics on these spaces. In contrast, for cohomogeneity
one manifolds, the Einstein condition leads to a system of ordinary differential
equations, which is generally more complex to solve and requires the considera-
tion of initial conditions. This transition from algebraic to differential equations
introduces new challenges and makes the study of Einstein metrics on coho-
mogeneity one manifolds an under-explored area. The need for sophisticated
analytical tools, including methods from differential geometry and dynamical
systems, highlights the novelty of the current work.

2. The Einstein equation

Let G be a compact, connected Lie group acting on a differentiable manifold
M such that M/G ≈ [0, 1], and assume that there are no exceptional orbits.
The points in the open interval (0, 1) correspond to the principal orbits of the
action, while the boundary points 0 and 1 correspond to the singular orbits.
Consider an arbitrary G-invariant metric on M and a geodesic c : [0, 1] → M
orthogonal to all orbits. LetK be the isotropy group of c(0), andQ := G·c(0) ≈
G/K. By compactness of G, there exists a principal orbit whose isotropy group
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Gc(t) has the minimal number of components among all principal orbits. As a
consequence of [6, Theorem 1], there exists a neighborhood V of c(t) such that
for all s with c(s) ∈ V , the isotropy group Gc(s) is conjugate to a subgroup of
Gc(t), that is, there exists a ∈ G such that

aGc(s)a
−1 ⊆ Gc(t).

We can take V small enough so that the orbit of each point in V is principal,
ensuring that

dim aGc(s)a
−1 = dimGc(s) = dimGc(t), for all s with c(s) ∈ V.

Since Gc(t) was chosen to have the minimal number of components among
principal isotropy groups, it follows that

aGc(s)a
−1 = Gc(t).

Thus, for each t ∈ (0, 1), there exists an open neighborhood Vt such that the
isotropy groups of all points c(s) ∈ Vt are conjugate. Now, given 0 < t1 <
t2 < 1, we can cover the compact set c([t1, t2]) with a finite number of such
neighborhoods, concluding that the isotropy groups of c(t1) and c(t2) are con-
jugate. This allows us to consistently identify the isotropy groups of all points
c(t) for 0 < t < 1 with a single group H. Moreover, we can assume that H ⊆ K
because, again by [6, Theorem 1], for a sufficiently small t, the isotropy group
of c(t) is conjugate to a subgroup of Gc(0) = K. In this case, K/H is diffeo-

morphic to a sphere Sℓ of dimension ℓ ≥ 1 (see [7, Theorem 2]).

Any G-invariant metric ĝ on M is determined by its restriction g to the union
M0 of all principal orbits, given by

g = dt2 + g(t) (2)

where g(t) is a one-parameter family of G-invariant metrics on P := G/H that
extends smoothly over the interval [0, 1].

Let g, k and h denote the Lie algebras of G, K and H, respectively. Consider
an Ad(G)-invariant inner product (·, ·) on g and let m := h⊥ be the orthogonal
complement of h in g. Observe that for X ∈ m, Y ∈ h and h ∈ H, the Ad(G)-
invariance of (·, ·) implies that

(Ad(h)X,Y ) = (X,Ad(h−1)Y ) = 0.

Therefore, m is an AdH -invariant subspace of g and the representation

AdH
∣∣
m
: H −→ GL(m)

is well defined. It is well-known that this representation is equivalent to the
isotropy representation of the homogeneous space G/H.
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Proposition 2.1. The subspace m can be decomposed into irreducible pairwise
orthogonal AdH-invariant subspaces m1, ...,ms such that, for each i ∈ {1, ..., s},
either mi ⊆ k or mi ∩ k = {0}.

Proof. Let m′ be the orthogonal complement of h in k, and let m′′ be the
orthogonal complement of k in g. Then, we have

k = h⊕m′ and g = k⊕m′′ = h⊕m′ ⊕m′′.

Since m′′ is orthogonal to k and k = h⊕m′, it follows that m′′ is orthogonal to
m′. This implies that m′ ⊕m′′ ⊆ m, and

dim(m′ ⊕m′′) = dim k− dim h+ dim g− dim k = dim g− dim h = dimm,

so we conclude that m = m′⊕m′′. The fact that (·, ·) is Ad(G)-invariant implies
that m′ is AdH -invariant and m′′ is AdK-invariant. Since H ⊆ K, it follows
that m′′ is also AdH -invariant. As H is a closed subgroup of the compact group
G, it is itself compact. Therefore, the representations AdH |m′ and AdH |m′′

decompose into pairwise orthogonal irreducible AdH -invariant subspaces (see,
for instance, [2, Proposition 1.9]). These decompositions yield a decomposition
of m into pairwise orthogonal AdH -invariant irreducible subspaces in which the
summands of m′ are contained in k, while the summands of m′′ intersect k only
trivially.

Let m1, ...,ms be as in Proposition 2.1. Define

p :=
⊕
i∈J+

mi and n :=
⊕
i∈J−

mi,

where J+ is the set of indices i such that mi ⊆ k, and J− corresponds to
mi∩k = {0}. The subspaces p and n can be identified with TeH(K/H) ∼= TeHSℓ
and TeK(G/K), respectively. We assume that n is Ad(K)-irreducible and that
(·, ·) corresponds to the standard metric of curvature one on Sℓ when restricted
to p.

For each t ∈ (0, 1), the metric g(t) can be seen as an Ad(H)-invariant inner
product on m. As a result, there exists a positive, (·, ·)-self-adjoint, and AdH

∣∣
m
-

equivariant operator P (t) : m → m which satisfies

g(t)(X,Y ) = (P (t)X,Y ), X, Y ∈ m.

When
P (t) = f1(t)

2Im1
+ · · ·+ fs(t)

2Ims

for some smooth functions fi : (0, 1) → R+, i = 1, ..., s, we say that the metric
g(t) is diagonal. In this case, the shape operator L(t) for the principal orbit
through c(t), 0 < t < 1 is given by

L(t) =
1

2
P (t)−1P ′(t) =

f ′
1(t)

f1(t)
Im1 + · · ·+ f ′

s(t)

fs(t)
Ims .

Bolet́ın de Matemáticas 32(2) 1-10 (2025)



Einstein metrics on cohomogeneity one manifolds 5

If T = ∂/∂t, then the tangent space Tc(t)M of M at c(t) can be decom-
posed into the g-orthogonal subspaces span{T} and m, where m corresponds to
Tc(t) (G · c(t)) . Consider an (·, ·)-orthonormal basis {eα} of m, adapted to the
decomposition

m = m1 ⊕ · · · ⊕ms.

If B denotes the Killing form on g, then for each i ∈ {1, ..., s}, the restriction
−B

∣∣
mi×mi

defines an Ad(H)-invariant inner product on mi. Thus, there exists
a constant bi such that

−B
∣∣
mi×mi

= bi(·, ·)
∣∣
mi×mi

(see, for instance, [4, Corollary 2.11]).

The following proposition provides the Einstein equations for the metric (2).

Proposition 2.2. The metric

g = dt2 + f1(t)
2(·, ·)

∣∣
m1×m1

+ · · ·+ fs(t)
2(·, ·)

∣∣
ms×ms

(3)

is Einstein for the constant λ ∈ R if and only if the functions fi, i = 1, ..., s
satisfy the following equations:

d1
f ′′
1

f1
+ · · ·+ ds

f ′′
s

fs
= −λ, (4)

f ′′
i

fi
− bi

2f2
i

− 1

di

s∑
k,ℓ=1

f4
i − 2f4

k

4f2
i f

2
kf

2
ℓ

[ikℓ] + (di − 1)
f ′2
i

f2
i

+

s∑
k=1
k ̸=i

dk
f ′
if

′
k

fifk
= −λ, (5)

i = 1, ..., s,

s∑
k,ℓ=1

f2
i f

2
j − 2f4

k + 2f2
kf

2
ℓ

4f2
kf

2
ℓ

∑
eγ∈mk

(
[eδ, eγ ]mℓ

, [eη, eγ ]mℓ

)
= 0, (6)

i, j = 1, ..., s

where eδ ∈ mi, eη ∈ mj ,

[ikℓ] :=
∑

eα∈mi

∑
eβ∈mk

∑
eγ∈mℓ

([eα, eβ ] , eγ)
2

and

dk := dimmk, k = 1, ..., s.

Proof. The metric (3) is Einstein for the constant λ if and only if

Ric = λg,
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where Ric denotes the Ricci tensor associated with the metric g. According to
[5, Proposition 1.14, Remark 1.16b], the components of the Ricci tensor are

Ric(T, T ) = −d1
f ′′
1

f1
− d2

f ′′
2

f2
− d3

f ′′
3

f3
,

Ric(eδ, eη) =

s∑
k,ℓ=1

f2
i f

2
j − 2f4

k + 2f2
kf

2
ℓ

4f2
kf

2
ℓ

∑
eγ∈mk

(
[eδ, eγ ]mℓ

, [eη, eγ ]mℓ

)
,

Ric(eδ, T ) = 0,

Ric(eδ, eδ) =

 bi
2f2

i

+

s∑
k,ℓ=1

f4
i − 2f4

k

4f2
i f

2
kf

2
ℓ

[
ℓ
i k

]
− f ′

i

fi

s∑
k=1

dk
f ′
k

fk
+

f ′2
i

f2
i

− f ′′
i

fi

 g(eδ, eδ),

where eδ ∈ mi, eη ∈ mj , i ̸= j and the constants

[
ℓ
i k

]
satisfy

∑
eγ∈mk

∣∣∣∣∣∣[X, eγ ]mℓ

∣∣∣∣∣∣2 =

[
ℓ
i k

]
||X||2 , X ∈ mi.

Moreover, we have the relation

[ikℓ] =
∑

eα∈mi

∑
eβ∈mk

∑
eγ∈mℓ

([eα, eβ ] , eγ)
2

=
∑

eα∈mi

∑
eβ∈mk

∣∣∣∣∣∣[eα, eβ ]mℓ

∣∣∣∣∣∣2
=

∑
eα∈mi

[
ℓ
i k

]
||eα||2

=
∑

eα∈mi

[
ℓ
i k

]
=

[
ℓ
i k

]
di,

which implies

s∑
k,ℓ=1

f4
i − 2f4

k

4f2
i f

2
kf

2
ℓ

[
ℓ
i k

]
=

1

di

s∑
k,ℓ=1

f4
i − 2f4

k

4f2
i f

2
kf

2
ℓ

[ikℓ]

The result follows from the fact that g(T, T ) = g(eδ, eδ) = 1 and g(eδ, eη) =
0.

Note that the metric (3) is not defined at the singular orbits. However, accord-
ing to [3, Corollary 2.6], if the functions f1, ..., fs satisfy the equations (5) and
can be smoothly extended to the singular orbits, then the metric ĝ determined
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by (3) becomes an Einstein metric defined on the whole manifold M. From the
results in [3, Section 3], we can deduce the following necessary and sufficient
conditions for the functions fi to extend smoothly to 0:

fi(0) = f ′′
i (0) = 0, f ′

i(0) = 1, i ∈ J+

fi(0) = ζ, f ′
i(0) = 0, i ∈ J−.

(7)

Remark 2.3. By considering the reparametrization c̃(t) = c(1−t), we can easily
derive the similar conditions on the functions fi for them to extend smoothly
to t = 1.

The results discussed in this section reveal that the problem of finding a G-
invariant Einstein metric on a cohomogeneity one manifold can be translated
into solving a system of ordinary differential equations defined on the interval
(0, 1) with specific boundary conditions at t = 0 and t = 1.

3. SO(n+ 1)-invariant Einstein metrics on CP n

Consider the action U · [z] = [Uz] , where U ∈ SO(n + 1), z ∈ Cn+1 − {0}
and [z] denotes the class of z in CPn. For any natural number n ≥ 2, this is a
cohomogeneity one action (see [8, 9]). Let c : [0, 1] → CPn be the curve defined
by

c(t) :=
[
0 : · · · : 0 : 1− t :

√
−1

]
,

where, for each (z0, z1, . . . , zn) ∈ Cn+1 \ {0}, the notation [z0 : · · · : zn] denotes
its equivalence class in the complex projective space CPn. The isotropy group
of c(t) is

H = SO(n+ 1)c(t) ≈ SO(n− 1)× Z2, if 0 < t < 1,

K1 = SO(n+ 1)c(1) ≈ S(O(n)×O(1)),

K0 = SO(n+ 1)c(0) ≈ SO(n− 1)× SO(2).

A principal orbit P is diffeomorphic to the homogeneous space SO(n+1)
SO(n−1)×Z2

. Fix

the Ad(SO(n+ 1))-invariant inner product

(·, ·) := − 2

n− 1
B,

where B is the Killing form of so(n+1). With respect to this inner product, the
isotropy representation of P decomposes into the following irreducible pairwise
orthogonal submodules

m1 = spanR {En+1,n − En,n+1} ,
m2 = spanR {Enj − Ejn : 1 ≤ j ≤ n− 1} ,
m3 = spanR {En+1,j − Ej,n+1 : 1 ≤ j ≤ n− 1} ,
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where Eij denotes the (n + 1) × (n + 1) matrix with 1 in the (i, j)-entry and
zeros elsewhere. The singular orbits are

Q1 =
SO(n+ 1)

S (O(n)×O(1))
≈ RPn and Q0 =

SO(n+ 1)

SO(n− 1)× SO(2)
.

The quotient Ki/H, i = 0, 1 is diffeomorphic to the sphere Sℓi , where ℓ1 = n−1
and ℓ0 = 1. The set B = B1 ∪ B2 ∪ B3, where

B1 =

{
1

2
(En+1,n − En,n+1)

}
,

B2 =

{
1

2
(Enj − Ejn) : j = 1, ..., n− 1

}
,

B3 =

{
1

2
(En+1,j − Ej,n+1) : j = 1, ..., n− 1

}
.

is an (·, ·)-orthonormal basis of m adapted to the decomposition m1 ⊕m2 ⊕m3.
With respect to this basis, we have

[ijk] =


n− 1

4
, if {i, j, k} = {1, 2, 3},

0, otherwise.

Consider an SO(n+ 1)-invariant metric

g = dt2 + f1(t)
2(·, ·)

∣∣
m1×m1

+ f2(t)
2(·, ·)

∣∣
m2×m2

+ f3(t)
2(·, ·)

∣∣
m3×m3

(8)

on CPn − {Q0, Q1}. Using (7), we can show that g can be extended smoothly
to Q0 and Q1 if and only if

f1(0) = f ′′
1 (0) = 0, f ′

1(0) = 1,

f2(0) = f3(0) = ζ0, f ′
2(0) = f ′

3(0) = 0

f2(1) = f ′′
2 (1) = 0, f ′

2(1) = −1

2
,

f1(1) = f3(1) = ζ1, f ′
1(1) = f ′

3(1) = 0,

for some (arbitrary) ζ0, ζ1 > 0. Therefore, by Proposition 2.2, we conclude that
an SO(n + 1)-invariant metric ĝ on CPn determined by (8) is Einstein with
respect to the constant λ ∈ R if and only if

f ′′
1

f1
− n− 1

4f2
1

− n− 1

8

(
f2
1

f2
2 f

2
3

− f2
2

f2
1 f

2
3

− f2
3

f2
1 f

2
2

)
+ (n− 1)

f ′
1f

′
2

f1f2

+ (n− 1)
f ′
1f

′
3

f1f3
= −λ,
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f ′′
2

f2
− n− 1

4f2
2

− 1

8

(
f2
2

f2
1 f

2
3

− f2
1

f2
2 f

2
3

− f2
3

f2
1 f

2
2

)
+ (n− 2)

f ′2
2

f2
2

+ (n− 1)
f ′
2f

′
3

f2f3

+
f ′
1f

′
2

f1f2
= −λ,

f ′′
3

f3
− n− 1

4f2
3

− 1

8

(
f2
3

f2
1 f

2
2

− f2
1

f2
2 f

2
3

− f2
2

f2
1 f

2
3

)
+ (n− 2)

f ′2
3

f2
3

+ (n− 1)
f ′
2f

′
3

f2f3

+
f ′
1f

′
3

f1f3
= −λ,

(f1(0), f2(0), f3(0), f
′
1(0), f

′
2(0), f

′
3(0)) = (0, ζ0, ζ0, 1, 0, 0) , f ′′

1 (0) = 0,

(f1(1), f2(1), f3(1), f
′
1(1), f

′
2(1), f

′
3(1)) = (ζ1, 0, ζ1, 0,−1/2, 0) , f ′′

2 (1) = 0,

where ζ0, ζ1 > 0. Using analytic techniques and [1, Theorem 2.3], we can prove
that the initial value problem above lacks a solution (f1, f2, f3) defined on the
whole interval [0, 1]. The idea of the proof consists of showing the existence
and uniqueness of the system of differential equations above with the initial
condition at t = 0, and proving that such a solution lies on an invariant surface
that does not contain the final point, thus preventing it from satisfying the
final condition at t = 1. Consequently, we have the following result:

Proposition 3.1. There exists no smooth SO(n+1)-invariant Einstein metric
on CPn.
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