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Quantitative finiteness of hyperplanes in hybrid
manifolds

Finitud cuantitativa de hiperplanos en variedades h́ıbridas

Ko W. Ohm1,a, Anthony Sanchez2,b

Abstract. We announce a quantitative finiteness theorem for the number
of totally geodesic hyperplanes of non-arithmetic hyperbolic n-manifolds that
arise from a gluing construction of Gromov and Piatetski-Shapiro for n ≥ 3.
This extends work of Lindenstrauss-Mohammadi in dimension 3. This follows
from effective density theorem for periodic orbits of SO(n − 1, 1) acting on
quotients of SO(n, 1) by a lattice for n ≥ 3. The effective density result uses a
number of a ideas including Margulis functions, a restricted projection theo-
rem, and an effective equidistribution result for measures on the horospherical
subgroup that are nearly full dimensional.
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Resumen. Anunciamos un teorema de finitud cuantitativa para el número de
hiperplanos totalmente geodésicos de variedades hiperbólicas no aritméticas de
dimensión n que surgen de una construcción de pegado de Gromov y Piatetski-
Shapiro para n ≥ 3. Esto extiende el trabajo de Lindenstrauss-Mohammadi en
dimensión 3. Se deriva del teorema de densidad efectiva para órbitas periódicas
de SO(n − 1, 1) que actúan sobre cocientes de SO(n, 1) mediante una red
para n ≥ 3. El resultado de densidad efectiva utiliza varias ideas, incluyendo
funciones de Margulis, un teorema de proyección restringida y un resultado
de equidistribución efectiva para medidas en el subgrupo horosférico, que son
casi de dimensión completa.
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tiva.
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The geometry of non-arithmetic hyperbolic manifolds is mysterious in spite
of how plentiful they are. In the recent advances of Bader–Fisher–Miller–Stover
[1] for dimensional at least three and Margulis-Mohammadi [8] for dimension
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three, a finiteness result for certain submanifolds of non-arithmetic hyperbolic
manifolds was proven, answering a question independently asked by McMullen
and Reid. That is, these works show that there are only finitely many to-
tally geodesic hyperplanes of codimension 1. Their works rely on superrigidity
theorems and are not constructive.

An important class of non-arithmetic manifolds were constructed in the
1980’s by Gromov–Piatestski-Shapiro [6]. Their construction is produced from
two non-commensurable arithmetic manifolds.

Throughout we assume n ≥. We strengthen the results of Bader–Fisher–
Miller–Stover [1] and show quantitative finiteness for the Gromov–Piatestski-
Shapiro hybrid manifolds.

Theorem 0.1. Let M be a non-arithmetic compact hyperbolic n-manifold ob-
tained from the Gromov–Piatestski-Shapiro gluing construction. The number
of totally geodesic hyperplanes of codimension 1 in M is at most

L(voln−1(Σ)voln(X)κ−1
0 )κ1

where L = L(n), L/κ1 = L/κ1(κ0), and κ0 is rate of the decay of correlations
of the geodesic flow on M . Here volk denotes the natural Riemannian volume
on the k-dimensional manifold.

While this is stated for compact manifolds, a version of Theorem 0.1 holds
in the non-compact case after allowing the upper bound to depend on the Mar-
gulis constant of M . Moreover, the n = 3 case was proved in Lindenstrauss–
Mohammadi [7].

The proof of Theorem 0.1 relies on a number of ideas including a new
dynamical result of effective density of periodic orbits on lattice quotients of
SO(n, 1) (Theorem 0.2), a new result on a restricted projection problem (Theo-
rem 0.3), Margulis functions, ideas of geometric measure theory (coarse dimen-
sion), and an equidistribution theorem for rich measures of simple Lie groups
that behave horospherically (Theorem 0.4).

For n ≥ 3, let SO(n, 1) denote the group of determinant one matrices that
preserve the quadratic form

Q(x1, . . . , xn+1) = 2x1xn+1 −
n∑

k=2

x2
k

and G = SO◦(n, 1) denote the connected component of the identity. Geomet-
rically, G can be thought of as the oriented frame bundle of hyperbolic space
Hn.

Let H = SO◦(n− 1, 1) where n ≥ 3 and Γ be a lattice of G. We can think
about H as the group of determinant one matrices that preserve the restriction
of the quadratic formQ to Re1⊕· · ·⊕Ren−1⊕{0}⊕Ren+1. Fix Hn−1 ⊂ Hn with
an orientation so that H = {g ∈ G : g(Hn−1) = Hn−1}. Note that closed orbits
of H = SO(n− 1, 1) in X map to totally geodesic hyperplanes of codimension
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1 in the hyperbolic orbifold Hn/Γ under the quotient map π : Hn → Hn/Γ. As
such, we are interested in the action of H on X = G/Γ.

Perhaps surprisingly, Theorem 0.1 from follows Angular Rigidity of the
Gromov–Piatestski-Shapiro hybrid manifolds (proved in [5]) and the following
new effective density statement of H-orbits.

Theorem 0.2. Let Y ⊂ X be a periodic H-orbit in a compact X. Then for
every x ∈ X we have

dX(x, Y ) ≤ C1vol(Y )−κ2

where κ2 = κ2(κ0) and C1 = C1(κ0, vol(X), η). Here, κ0 is rate of the decay of
correlations of the geodesic flow on M and η is the minimum injectivity radius
over X.

As before, the requirement that X is compact is for simplicity sake. There
is a version in the non-compact case that takes into account the cusp of X.

Notably, we make no assumption on arithmeticity of Γ. In the case that
Γ is arithmetic, Theorem 0.2 is a special case of work by Einsiedler–Margulis–
Venkatesh [4] and Einsiedler–Margulis–Mohammadi–Venkatesh [3] where they
prove an effective equidistribution result. Furthermore, when G = SO(3, 1),
Theorem 0.2 was proved in Lindenstrauss–Mohammadi [7].

The proof of Theorem 0.2 takes up the majority of this paper. As such,
we give an outline of the proof of Theorem 0.2. We follow the strategy of
Lindenstrauss–Mohammadi [7].

Let A = {at = diag(et, 1, . . . , 1, e−t) ∈ Mat(n+1) : t ∈ R} be a 1-parameter
family of diagonalizable elements. Let N denote the unipotent subgroup that
geometrically corresponds to the expanding horosphere of at. Explicitly,

N :=

n(s, r) :=

 1 (s, r) 1
2∥(s, r)∥

2

0n−1
T Idn−1 (s, r)T

0 0n−1 1

∈ Mat(n+ 1,R) : (s, r) ∈ Rn−1


where ∥ · ∥ denotes the standard Euclidean norm on Rn−1. Let us := n(s, 0)
denote the part of N inside of H and vr := n(0, r) denote the remaining
direction.

We write the Lie algebra of SO(n, 1) as Ad(H)-invariant subspaces Lie(H)⊕
Lie(H)⊥ and denote the complement with respect to the Killing form as r :=
Lie(H)⊥. The compliment explicitly can be written as a subset of Mat(n+1,R)
by

r :=

Z(r1, c, r2) :=


0 0n−2 r1 0

0n−2
T 0n−2 cT 0n−2

T

r2 −c 0 r1
0 0n−2 r2 0

 : r1, r2 ∈ R, c ∈ Rn−2

 .

The vector space r ≃ Rn can be naturally partitioned into three types of direc-
tions: the expanding direction of A where lengths of vectors increase under the
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A-action, the contracting directions of A where lengths of vectors decrease un-
der the A-action, and the neutral direction where the length of vectors doesn’t
change under the A-action.

Step 1: The first step is the construction of a Margulis function fY associ-
ated to a closed orbit Y = Hx. We prove that fY is integrable with respect to
the invariant probability measure µY on Y with a bound comparable to vol(Y ).

By using integrability of fY and a pigeonhole argument, we can find a finite
subset F of r with cardinality comparable to vol(Y ) such that F has coarse
dimension close to 1 and a point y ∈ Y such that exp(F )y ⊂ Y . To be more
precise, we mean for some δ > 0, which may be taken to be arbitrarily close 1,
and all (#F )−1 ≤ b ≤ 1 we have

#(Br(Z, b) ∩ F )

#F
≤ Cbδ for all Z ∈ F

where C ≥ 1.
Since F ⊂ r and exp(F )y ⊂ Y , then we interpret this as a dimension gain in

the transversal direction to H. In fact, for technical reasons, we must further
zoom into the set F so that the error terms arising from various quantities
including the contracting and neutral directions are negligible in Step 3. That
is to say, we find w0 in the fiber F , a range of scales b1 depending explicitly on
#F , and a subset F ′ ⊂ Br(w0, b1)∩F that continues to have coarse dimension
δ at scales (#F )−1 < b < b1. By working with the new center exp(w0)y, we
can control the errors of various terms that arise. This step requires [2, Lemma
5.2] from the work of Bourgain–Furman–Lindenstrauss–Mozes.

Step 2: We use a projection theorem to move the dimension gained in Step
1 into the remaining horospherical direction.

Let ξs denote the projection onto the expanding direction of r after the
application of Ad(us). That is, ξs : r ≃ Rn → R is given by

ξs(Z) =
(
Ad(us)Z

)+
where ·+ denotes the projection of a vector onto the single dimension corre-
sponding to the expanding direction. The upshot of Step 1 and Bourgain–
Furman–Lindenstrauss–Mozes [2] is that for each w ∈ F ′ and t = | log(b1)|, the
expanding horosphere about exp(w′)y can be controlled up to small error by
the following multiple of the expanding direction etξs(w) about the expanding
horosphere of the new center atus exp(w0)y and some w in the fiber of exp(w0)y
whose norm is controlled by w′ and w0. More precisely, for y1 := atus exp(w0)y
and for each w′ ∈ F ′,

atus exp(w
′)y = gw′ exp(etξs(w))y1 ∈ Y

where gw′ encodes now negligible error arising from the various quantities such
as the contracting and neutral directions of w as well as the difference in fibers
above y and exp(w0)y. Since we have expanded by at, the scales where F ′ has
coarse dimension δ is now given by b−1

1 (#F )−1 < b < 1.
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The following projection theorem states that the set F ′ ⊂ r of coarse dimen-
sion δ can be projected onto the expanding direction and preserve the coarse
dimension δ.

Theorem 0.3. Let 0 < δ < 1, 0 < b0 < 1, and 0 < ε < δ/100. Suppose F ⊂ r
is a finite set such that for all b0 < b < 1 we have

#(Br(Z, b) ∩ F )

#F
≤ Cbδ for all Z ∈ F

where C ≥ 1
Then for every b0 < b < 1, there exists a subset Bb ⊂ B := {s ∈ Rn−2 : 1 ≤

∥s∥ ≤ 2} with
|B \Bb| ≪ ε−Abε

so that the following holds. Let s ∈ Bb, there exists Fb,s ⊂ F with

#(F \ Fb,s) ≪ ε−Abε · (#F )

such that for all Z ∈ Fb,s, we have

#
(
{Z ′ ∈ Fb,s : |ξs(Z ′)− ξs(Z)| ≤ b}

)
≪ Cb−10ε

0 · bδ · (#F )

where A and the implied constants are absolute.

As such, a large subset of F ′ has that the projection under ξs has coarse
dimension at all scales b−1

1 (#F )−1 < b < 1. Moreover, by Step 1 and Bourgain–
Furman–Lindenstrauss–Mozes [2], other terms have negligible error. Informally
what this has accomplished is reduced the analysis of atus exp(F

′)y to that of
exp(etξs(F

′))y1 with errors of order Cb1 for a fixed constant C.
Step 3: We can now consider the counting measure on etξs(F

′). By Step 2,
we know that this set has course dimension δ for any δ ∈ (1/2, 1) on sufficiently
large scales. In particular, after normalizing, there is a probability measure ρ
on [0, 1] (thought of as a subset of the expanding direction) which satisfies

ρ(J) ≤ Cbδ

for every interval J of length b−1
1 #F−1 < b < 1 and a constant C ≥ 1. That is,

we have a measure on the horosphere in exp(r) with nearly full dimension. The
following theorem shows that expanding translates of the Lebesgue measure on
U and the measure constructed on the horosphere in exp(r) equidistribute.

Theorem 0.4. There exists κ = κ(κ0) and ε = ε(κ0) such that the following
holds. Let 0 ≤ ε ≤ ε0 and 0 < b < 1. Let ρ be a probability measure on [0, 1]
which satisfies

ρ(J) ≤ Cbδ

for every interval J of length b and a constant C ≥ 1.
If δ > 1− ε, then for | log(b)/4| ≤ t ≤ | log(b)/2| and f ∈ C∞

c (X), we have∣∣∣∣∣
∫
[0,1]

∫
[0,1]n−2

f(atusvrx)dsdρ(r)−
∫
X

f(x)dmX(x)

∣∣∣∣∣ ≪ C1/2S(f)e−κt.
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In particular, expanding translates of exp(etξs(F
′))y1 equidistribute in X.

By noting that the range for the parameter t depends on b which is comparable
to vol(Y )−1, we can complete the proof of Theorem 0.2.
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