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Some ring theoretical properties of skew
Poincaré-Birkhoff-Witt extensions

Algunas propiedades de anillos de las extensiones PBW torcidas
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Abstract. In this paper we investigate a notion of Armendariz ring for skew
Poincaré-Birkhoff-Witt extensions. We proceed with the study on the rela-
tionship between the ring theoretical properties of being Baer, quasi-Baer,
p-p- and p.q.-Baer of a ring R and a skew PBW extension A over R.
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Resumen. En este articulo investigamos una nocién de anillo de Armendariz
para las extensiones torcidas de Poincaré-Birkhoff-Witt. Procedemos con el
estudio de las relaciones entre las propiedades de Baer, quasi-Baer, p.p. y
p-q.-Baer de un anillo R y una extensién PBW torcida sobre R.
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1. Introduction

Kaplansky [14] defined a ring B as a Baer (resp. quasi-Baer, which was defined
by Clark in [7]) ring if the right annihilator of every nonempty subset (resp.
ideal) of B is generated by an idempotent (the objective of these rings is to
abstract various properties of von Neumann algebras and complete *-regular
rings; in [7], it was used the quasi-Baer concept to characterize when a finite-
dimensional algebra with unity over an algebraically closed field is isomorphic
to a twisted matrix units semigroup algebra). Another generalization of Baer
rings are the p.p.-rings. A ring B is called right (resp. left) p.p if the right
(resp. left) annihilator of each element of B is generated by an idempotent (or
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equivalently, rings in which each principal right (resp. left) ideal is projective).
Birkenmeir et. al., [5] defined a ring right (vesp. left) principally quasi-Baer (or
simply right (resp. left) p.q-Baer) ring if the right annihilator of each principal
right (resp. left) ideal of B is generated by an idempotent. Note that in a
reduced ring B, B is Baer (resp. p.p.-) if and only if B is quasi-Baer (resp.
p.q.-Baer), see [3] for more details.

We can find several results about commutative and noncommutative Baer,
quasi-Baer, p.p. and p.q.-Baer rings. Let us see some examples. If B is a
reduced ring, then B[z] is a Baer ring if and only if B is a Baer ring (in
[2], Theorem B, it was shown an example to illustrate that the condition to
be reduced is not superfluous). In the context of Ore extensions B[z;o,d] of
injective type, i.e., when o is injective, we found different works (cf. [3], [5],
[4], [7], [10], [11], [12], and others). Some of these papers consider 6 = 0 (in
this case, B|x; o] is called an Ore extension of endomorphism type) and o an
automorphism, or the case where o is the identity. However, it is important
to say that the Baerness and quasi-Baerness of a ring B and an Ore extension
Blxz;0,0] of B does not depend on each other. For instance, there exists a Baer
ring B but the Ore extension B[z;o,d] is not right p.q.-Baer; similarly, there
exist Ore extensions B[z;o,d] which are quasi-Baer, but B is not quasi-Baer
(see Remark 4.5, [4], [9] and [12] for detailed examples).

A natural question for the notions of Baer, quasi-Baer, p.p.-rings, and p.q.-
Baer, it is their behavior in the case of skew Poincaré-Birkhoff-Witt (PBW
for short) extensions introduced by Gallego and Lezama [8] as a generalization
of Ore extensions of injective type and PBW extensions (several homological
and ring properties of these extensions have been investigated, see [8], [19],
(18], [24] - [31], and others). In fact, it has been shown that skew PBW ex-
tensions contain remarkable examples of algebras such as the following: some
Auslander-Gorenstein rings, examples of skew Calabi-Yau algebras, quantum
polynomials, some kinds of quantum universal enveloping algebras, etc. (see
[19], [26], and [30]). It it important to say that these extensions include several
algebras which can not be expressed as Ore extensions (universal enveloping al-
gebras of finite Lie algebras, diffusion algebras, and others, see [19] or [27] for a
list of examples). With this in mind, we consider important to establish general
results in a theory of Baerness and quasi-Baerness for several noncommutative
rings. Precisely, in [27], a first treatment about these topics was established by
the second author using a notion of rigidness, the ¥-rigid rings ([27], Definition
3.2), with the aim of establishing necessary and sufficient conditions to guaran-
tee that all these properties are stable over skew PBW extensions. As a matter
of fact, X-rigid rings have been also studied by the second author in [29], with
the purpose of characterizing zip and reversible skew PBW extensions.

In this paper we investigate the (X, A)-Armendariz rings, which generalizes
the ¥-rigid and Armendariz rings (a more general treatment can be found in
[28]). As an application, we proceed with the study on the relationship between
the ring theoretical properties of being Baer, quasi-Baer, p.p. and p.q.-Baer
of a ring R and a skew PBW extension A over R. In this way, we generalize
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several results in the literature for Ore extensions of injective type and skew
PBW extensions.

The paper is organized as follows. Section 2 contains the definition and
some of the properties of the objects we are going to study, that is, the skew
PBW extensions. In Section 3 we introduce the (X, A)-Armendariz rings (Defi-
nition 3.4) and a more general class of rings, the (X, A)-weak Armendariz rings
(Definition 3.5). We show that every X-rigid ring is an (3, A)-Armendariz
ring (Proposition 3.6), but the converse is false (Example 3.7). However, in
Theorem 3.9, we prove the following equivalences: for a skew PBW extension
A of a ring R, R is reduced and (X, A)-Armendariz < R is Y-rigid < A is
reduced. In this way, our Theorem 3.9 generalizes [20], Theorem A, and [6],
Theorem 1 and Corollary 3. We also present some key results with the aim of
proving that if R is a (¥, A)-Armendariz ring, then A and R are Abelian rings
(Proposition 3.12 and Theorem 3.13). Now, in Section 4, we investigate the
properties of being Baer, quasi-Baer, p.p. and p.q.-Baer for skew PBW exten-
sions over (X, A)-Armendariz rings. Since 3-rigid rings are contained strictly
in (X, A)-Armendariz rings, our treatment generalize different results in the
literature. More precisely: (i) Theorem 4.1 generalizes [15], Theorem 10; [13],
Theorem 21; [22], Theorem 13; and [27], Theorem 3.9. (ii) Theorem 4.2 gener-
alizes [15], Theorem 9; [13], Theorem 22; [22], Theorem 14; and [27], Theorem
3.12. (iii) Theorem 4.3 generalizes [21], Propositions 3.2, 3.7, and Theorem
3.10. (iv) Theorem 4.4 generalizes [27], Theorem 3.13. The proofs presented
in this paper follow the ideas presented in [13], [22], and [28].

2. Skew PBW extensions

Definition 2.1 ([8], Definition 1). Let R and A be rings. We say that A is
a skew PBW extension of R (also called a o-PBW extension of R), which is
denoted by A := o(R)(z1,...,2y), if the following conditions hold:

(i) R C A4;
(ii) there exist elements x1,...,z, € A such that A is a left free R-module,
with basis the basic elements Mon(4) := {z* = 2 --z2" | a =

(a1,...,apn) € N} (20 :=1).

(iii) For each 1 < 4 < n and any r € R \ {0}, there exists an element
cir € R\ {0} such that z;r — ¢; ,z; € R.

(iv) For any elements z;, z; with 1 <4, j <mn, there exists ¢; ; € R \ {0} such
that z;z; — ¢; jx2; € R+ Rxy +--- + Ry,

Remark 2.2 ([8], Remark 2). (i) Since Mon(A) is a left R-basis of A, the
elements ¢; » and ¢; ; in Definition 2.1 are unique. (ii) In Definition 2.1, ¢; ; = 1.
This follows from z? —cmx? = Sg+s121+ -+ 8nxy, with s; € R, which implies
1—81'72‘:0:81‘.
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Proposition 2.3 ([8], Proposition3). Let A be a skew PBW extension of R.
For every 1 < i < n, there exist an injective endomorphism o; : R — R and an
o;-derivation 6; : R — R such that xz;r = o;(r)x; + 6;(r), for each r € R. We
write ¥ :={o1,...,0n} and A :={1,...,0n}.

Definition 2.4 ([8], Definition 4, and [18], Definition 2.3). Let A be a skew
PBW extension of a ring R.

(a) A is called quasi-commutative if the conditions (iii) and (iv) in Definition
2.1 are replaced by (iii’): for each 1 < i < mn and all » € R \ {0}, there
exists ¢;» € R\ {0} such that z;r = ¢; yz;; (iv’): for any 1 < 4,j < n,
there exists ¢;; € R \ {0} such that z;z; = ¢; jz,z;. (b) A is called
bijective if o, is bijective, for each 1 <4 < n, and ¢; ; is invertible, for any
1<i<j<n. (c) Ais called a skew PBW extension of endomorphism
type, if §; = 0, for every i. In addition, if o; is bijective, for each i, A is
called a skew PBW extension of automorphism type.

Examples 2.5. If R[z1;01,01] - - [Xn; 0p, 0,) is an iterated Ore extension where

then R[x1;01,01] - [Tn;0n, 0n] = o(R)(21,...,2n) ([19], p. 1212). In partic-
ular, note that skew PBW extensions of endomorphism type are more general
than iterated Ore extensions R[x1;01]:--[zn;0n]- On the other hand, skew
PBW extensions are more general than Ore extensions of injective type (dif-
fusion algebras, univesal enveloping algebras of finite Lie algebras, and others,
are examples of skew PBW extensions which can not be expressed as iterated
Ore extensions, see [19] for more details). Skew PBW extensions contains vari-
ous well-known groups of algebras such as some types of Auslander-Gorenstein
rings, some skew Calabi-Yau algebras, quantum polynomials, some quantum
universal enveloping algebras, etc. A detailed list of examples of skew PBW
extensions is presented in [19], [26], and [30].

Definition 2.6 ([8], Definition 6). Let A be a skew PBW extension of R with
injective endomorphisms o;, 1 <14 < n, as in Proposition 2.3.

(i) For a = (a1,...,a,) € N*, 0 := 07" .00, |a| := a1 + -+ a,. If

B=P1,...,0n) €N then a+ 5 := (a1 + f1,...,an + Bn)-

(ii) For X = 2® € Mon(A), exp(X) := o and deg(X) := |«|. The symbol =
will denote a total order defined on Mon(A) (a total order on N™). For
an element * € Mon(A), exp(z®) := a € N*. If 2% = 2 but 2 # 27,
we write 2% = 2%. Every element f € A can be expressed uniquely as
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f=apta1 X1+ +amXm, with a; € R\ {0}, and X, > --- = X;. With
this notation, we define lm(f) := X,,, the leading monomial of f; lc(f) :=
am, the leading coefficient of f; 6(f) := amXm, the leading term of f;
exp(f) := exp(Xyn), the order of f; and E(f) := {exp(X;) | 1 < < t},
and ag as the constant term of f. Note that deg(f) := max{deg(X;)}_;.
Finally, if f = 0, then Im(0) := 0, lc(0) := 0, 1t(0) := 0. We also consider
X > 0 for any X € Mon(A4). For a detailed description of monomial
orders in skew PBW extensions, see [8], Section 3.

Proposition 2.7 ([8], Theorem 7). Let A be a polynomial ring over R with
respect to the set of indeterminates {x1,...,x,}. A is a skew PBW extension
of R if and only if the following conditions are satisfied:

(i) for each x* € Mon(A) and every 0 # r € R, there exist unique elements
ro = 0%(r) € R\ {0}, par € A, such that z®r = rox® + po,r, where
Par =0 or deg(pa,r) < |al, if po,r # 0. If r is left invertible, so is rq,.

(ii) For each z,x° € Mon(A) there exist unique elements co 5 € R and
Pa,p € A such that z°zP = co gz P + po g, where co 5 is left invertible,
Pa,p =0 or deg(pa,p) < |a+ B, if pa,p # 0.

Remark 2.8. ([27], Remark 2.10) If X; := 27" --- 20 and Y; := :E’f” g
then

)

Qq Qi j Qg Qin j
azXzbJYj = ;0 (bj>x l‘ﬁj + aipaiho'?zﬂ('“(ngn(b)))zQ 2. Ty, IBJ

el ) ) 3 L Qin B
T GT Py 05 (o (ofim m) T3 T

JPNC 75 W 73] - o, Qia | pQin By
+ ;T Ty pa13’0'7;414 (ofin (b)))$4 xnznx J
. pil pi2 | . Yi(n—2) o Qin 0
+ + a;xt ry Tin—2) Paygn_1y,0%in (b)Tn' " T

i} i P
In this way, when we compute every summand of a; X;b;Y; we obtain products
of the coefficient a; with several evaluations of b; in ¢’s and ’s depending of
the coordinates of ay.

3. (3, A)-Armendariz rings and (X, A)-weak
Armendariz rings

Following [16], an endomorphism o of a ring B is called to be rigid if ac(a) =0
implies @ = 0, for a € B. A ring B is said to be o-rigid if there exists a rigid
endomorphism ¢ of B. It is clear that any rigid endomorphism of a ring is
a monomorphism, and o-rigid rings are reduced ([12], p. 218). Properties of
o-rigid rings have been studied by several authors (c.f. [12]) and [16]). Now,
from [23], a ring B is called an Armendariz ring if whenever two polynomials
fx) = ag + arwy + - + ama™, g(x) = bg + b1z + -+ + bzt € Blx] with
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f(x)g(xz) = 0, then we have a;b; = 0, for every 4, j. Motivated by the results
established in several papers ([1], [2], [12] and [15]), in [13], it was defined B
to be o-skew Armendariz if whenever polynomials f(z) = ap + a1z + -+ +
amx™, g(x) = by + byzy + -+ + bt € Blx;o] satisfy f(x)g(x) = 0, then
a;o'(bj) = 0, for every i, . This definition and the results presented in [1], [2],
[13] and [17] were generalized in [22] considering the (o, d)-skew Armendariz
rings. More exactly, in [22], Definition 1, it was introduced the following notion:
Let ¢ be an endomorphism and ¢ an o-derivation of a ring B. B is called an
(0,0)-skew Armendariz (or simply, (o, d)-Armendariz) ring, if for polynomials
f(x) =ag+ a1z + - + apa™ and g(x) = bg + b1z + - -+ + byt in Blz;o0,9],
f(z)g(z) = 0 implies a;z’bja? = 0, for every i,j. Note that every o-skew
Armendariz ring is (o, d)-skew Armendariz, since § is the zero mapping, and
every subring of an (o, §)-Armendariz ring is (o, §)-Armendariz. Also, every o-
rigid ring is (o, §)-Armendariz, but the converse does not hold ([13], Example
1).

In [22], Definition 2, it was also introduced the following definition: Let
o be an endomorphism and ¢ be an o-derivation of B. B is called an (o, d)-
skew weak Armendariz (or simply (o,d)-weak Armendariz) ring, if for linear
polynomials f(z) = ag + a1z and g(z) = by + biz in Blx;0,0], f(x)g(z) =0
implies a;z'b;x? = 0, for 4,5 € {0,1}. It follows from the definitions that every
(0,06)-Armendariz ring is (o, §)-weak Armendariz, and that every subring of an
(0,06)-weak Armendariz ring is (o, §)-weak Armendariz. Nevertheless, an (o, d)-
weak Armendariz ring is not necessarily (o, §)-Armendariz ([17], Example 3.2).
It is important to say that in [22] it was presented an affirmative answer to
a question formulated in [13], p. 115: it was proved that for a ring B with a
monomorphism ¢ and o-derivation 8, B is o-rigid if and only if it is reduced
and (o, )-weak Armendariz.

As we saw above, for the Ore extensions B[z; 0, ] the more general notions
of Armendariz are the (o, 0)-Armendariz and (o, 0)-weak Armendariz, and since
Ore extensions of injective type are particular examples of skew PBW exten-
sions, we introduce these notions for this kind of extensions (Definitions 3.4 and
3.5, respectively). Before, we recall the notion of ¥-rigid ring and some key
properties with the aim of showing that ¥-rigid rings are (X, A)-Armendariz
rings.

Definition 3.1. Let B be a ring and ¥ a family of endomorphisms of B. X
is called a rigid endomorphisms family if ro®(r) = 0 implies r = 0, for every
r € B and o € N*. A ring B is called to be X-rigid if there exists a rigid
endomorphisms family ¥ of B.

Note that if ¥ is a rigid endomorphisms family, then every element o; € X is
a monomorphism. In fact, 3-rigid rings are reduced rings: if B is a ¥-rigid ring
and 72 = 0 for 7 € B, then 0 = ra®(r?)o®(c%(r)) = ro®(r)o®(r)o*(c®(r)) =
ro®(r)o®(ro®(r)), i.e., ro*(r) = 0 and so r = 0, that is, B is reduced (note
that there exists an endomorphism of a reduced ring which is not a rigid endo-
morphism, see [12], Example 9). With this in mind, we consider the family of

Boletin de Matemadticas 24(2) 131-148 (2017)



Some ring theoretical properties of skew Poincaré-Birkhoff-Witt extensions 137

injective endomorphisms ¥ and the family A of ¥-derivations in a skew PBW
extension A of a ring R (see Proposition 2.3).

Proposition 3.2. ([27], Lemma 3.3) Let B be an X-rigid ring and a,b € B.
Then:

(i) If ab =0 then ac®(b) = 0®(a)b =0, for a € N".

(ii) If ab = 0 then ad?(b) = 6°(a)b =0, for B € N™.

(iii) If ab = 0 then ac®(6°(b)) = ad® (0% (b)) = 0, for every o, B € N™.
(iv) If ac®(b) = a%(a)b = 0 for some 6 € N", then ab = 0.

For the next proposition, suppose that the elements c; ; are invertible and
they are at the center of R.

Proposition 3.3. ([27], Proposition 3.6) Suppose that R is an L-rigid ring.
Let f =ag+ a1 X1+ 4+ amXm, g =0by+b1Y1 + -+ bY; be elements of
a skew PBW extension A of R. Then fg = 0 if and only if a;b; = 0, for all
0<i<m, 0<j<t.

Next, we define the key concepts of this paper.

Definition 3.4. Let A be a skew PBW extension of a ring R. We say that R
is an (X, A)-Armendariz ring, if for polynomials f = ag + a1 X1 + -+ + ap X
and g = by +b1Y7 + -+ b:Y; in A, the equality fg = 0 implies a;X;b;Y; = 0,
for every i, j.

Definition 3.5. Let A be a skew PBW extension of a ring R. We say that R
is an (X3, A)-weak Armendariz ring, if for linear polynomials f = ag + a1z +
~~+apxy, and g = bg + by + - -+ + by, in A, the equality fg = 0 implies
a;x;bjx; = 0, for every i, j.

Proposition 3.6. Fvery X-rigid ring is (X, A)-skew Armendariz ring.
Proof. The assertion follows from Propositions 3.2, 3.3, and Remark 2.8. [

As a particular case of Proposition 3.6, we obtain [21], Lemma 2.5. The
following example shows that there exists a non-Y-rigid ring which is (3, A)-
Armendariz.

Example 3.7. ([22], Example 9) Let o be an endomorphism and ¢ be an
o-derivation of B. Let B be an o-rigid ring and

a b c
Bg:{ 0 a d |a,b,c,d€B}.
0 0 a

Consider the endomorphism extended & of Bz defined by &((ai;)) = (o(aiy)),
and the extended derivation § : B3 — B3 given by d((ai;)) = (6(as;)). Then
Bs is (7, 9)-Armendariz and is not reduced, so it is not 7-rigid.
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Proposition 3.8. If R is an (X, A)-weak Armendariz ring and ab = 0, then
0*(a)0*(b) = 6*(a)b =0, for every o € N™.

Proof. Since it is sufficient to prove the case o;(a)d;(a) = d;(a)b = 0, the
assertion follows from [22], Lemma 3. O

In [20] and [6], both authors of these papers gave a positive answer to
the following question formulated in [13], p. 115: Let o be a monomorphism
(or automorphism) of a (commutative) reduced ring B and B be a o-skew
Armendariz. Is B o-rigid? The content of Theorem 3.9 is the generalization
of this answer to skew PBW extensions. Again, we suppose that the elements
¢; ; in Definition 2.1 (iv) are invertible and commute with every element of R.

Theorem 3.9. If A is a skew PBW extension of a ring R, then the following
statements are equivalent:

(i) R is reduced and (2, A)-Armendariz;
(ii) R is X-rigid;
(iii) A is reduced.
Proof. (ii) < (iii) This is the content of [27], Proposition 3.5. (ii) We saw above
that every Y-rigid ring is reduced, so the assertion follows from Proposition 3.6.
Let us prove (i) = (ii) Suppose that R is reduced, (X, A)-Armendariz and is
not Y-rigid. Then there exists 3 € N with ac®(a) = 0 and a # 0. Note
that 0”(a)o”(0?(a)) = 0”(ac?(a)) = 0. Using that R is reduced, the equality
(0%(a)a)? = 0P (a)ac®(a)a = 0 implies 0”(a)a = 0. Equivalently, since a # 0,
0P is injective, and R is reduced, then 0”(a) # 0 and (07(a))? # 0. With this
in mind, consider the elements f = 0”(a) + 0%(a)z?, g = a — 0% (a)2z®. Then
fg=(0°(a) + 0 (a)2")(a - o’ (a)a”)
= % (a)a — (6°(a))?2” + 0P (a)2Pa — o (a)2P 0P (a)2”
=~ (07(a))*a” + 0°(a) 0" (a)2” + pp.a] — o7 (a)[07 (07 (@))2” + qp,05(a))a”
— Uﬁ(a)pg,a — aﬁ(aaﬂ(a))xﬁmﬁ — aﬁ(a)qﬁ’aa(a)xﬁ

Oﬁ (a)p,@,a - Uﬁ (a’)qﬁ,oﬁ (a)xﬁv

where pg , = 0 or deg(pg,a) < |B], ifpg,a # 0, and 48,08(a) = 0 Or deg(q57aa(a)) <
18], if qg.55(a) # 0. Since aoc?(a) = 0”(a)a = 0, Remark 2.8 and Proposition
3.8 guarantee that o”(a)ps,, = Uﬁ(a)qﬂ,og(a)xﬁ =0, so fg = 0. By assump-
tion, R is (¥, A)-Armendariz, that is, —(c?(a))? = 0, but —(0”(a))? # 0, i.e.,
we have obtained a contradiction. Hence, R is X-rigid. O

Corollary 3.10. ([22], Theorem 6) A ring B with a monomorphism o, is an
o-rigid ring if and only if it is a reduced (o, §)-weak Armendariz ring.
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Next, we present some key results about (3, A)-Armendariz rings which are
very important in Section 4.

Proposition 3.11. If R is an (3, A)-weak Armendariz ring, then o;(e) = e
and 0;(e) =0, for every idempotent element e of R.

Proof. Consider an idempotent element e of R. Then §;(e) = o;(e)d;(e) +
di(e)e. Let f,g € A given by f =d;(e) +0x1 4+ -+ 021 + oy(€)x; + 011 +

-+ 0z,,andg=e— 1+ (e—1)x; +---+ (e — 1)x,, respectively. Recall that
0;(1) = 0, for every i. Let us show that fg = 0:

fg=13di(e)e—1)+ > die)(e — Vaj + oi(e)zile — 1) + Y _oi(e)zi(e — 1)a;

=1 =
:54@@_4)+§:@@Xe—1ng+axdbﬂe—1ﬂr+&@—1”
n i oi(e)]oi(e — Dz + di(e — 1))z,

Equivaljently,

fg=di(e)le—1)+ ilaicexe = Dz; + oi(€)[(oi(€) = i(1))zi + 5i(¢)]

4 i ai(e)(oi(e) — os(1))a; + di(e)]a;
e—1+§:5 )(e = Dz;j +oi(e)[oi(e)ri — xi + di(e)]
+ Z oi(e)|oi(e)zi — a; + &;(e)]a;
_ ile )+ Z ))z; + oi(e)z; — aile)z; + ai(e)di(e)
+im zi — oi(e)z: + oi(e)i(e))z;

= d;(e)e — d;(e) + Z e)ex; — 251 e)x; + oi(e)d;(e) + Z oi(e)di(e)z;

= o;(e)o;(e) + d;i(e)e — d;(e) + <Z(O’i(6)§i(€) +di(e)e — 51-(6)))%-

= 0.
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Since R is (X, A)-weak Armendariz, we obtain d;(e)(e — 1) = 0, i.e., §;(e)e =
di(e), and hence o;(e)d;(e) = 0.

Now, consider the elements s and t of A given by s = §;(e)—(1—0;(e))x; and
t=e+ Z?Zl exj, respectively. Then st = 0. Let us see:

st = ij —oi(e))zie — (1 — 02(6))@62%
= di(e)e + di(e)e Z xj — zie + oi(e)zie — e zn; zj +oi(e)zie i x;
e)e+ di(e Zx] e)z; + di(e)) + oj(_e)(m(e)wz— + 52-(;)_)
— (oi(e)w; + 6;(e)) ixj + ai(e)(ai(e)x; + 6 ( ij,
or what is the same,
st = d;(e)e + d;(e)e zj; zj — oi(e)xi — §i(e) + oi(e)z; + oi(e)di(e)
—oi(e Z:: jz:xj +Ui(e)xijz:;xj +0i(e)5i(e)jéxj.

Since 0;(e) = d;(e)e and o;(e)d;(e) = 0, then st = 0. By (X, A)-weak Armen-
dariz condition we know that d;(e)e = 0, which shows that d;(e) = 0.

Consider the elements u,v € A given by u = 1 — e + (1 — e)o;(e)z; and
v=-e+ (e —1)o;(e)x;. Then

uv = e+ (e — 1)oy(e)x; — €2 — e(e — 1)oy(e)x; + (1 — e)ai(e)zse
+ (1 —e)oi(e)zi(e — 1)o;(e)x;
= eo;(e)x; — o;(e)x; —eoi(e)x; + eoi(e)x; + (1 — e)o;(e)(oi(e)x; + d;(e))
+ (1= e)oi(e)(oi(e)zi — xi + di(e))oile)z;
= —oile)z; + eoi(e)x; + oi(e)x; + gi(e)d;(e) — eoi(e)x; — eoi(e)d;(e)
+ [oi(e)x; — oi(e)x; + oi(e)d;(e) — eoi(e)x; + eoi(e)x; — eai(e)d;(e)]oi(e)x;
= 0.

Hence, by the (£, A)-weak Armendariz condition, (1 —e)(e — 1)o;(e) = 0, i.e.,
ea;(e) = o;(e).

Now, let w = e+ e(1 — o4(e))x;, 2=1—e—e(l — g;(e))z; be elements of
A. Then
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wz = e—e* —e*(1—ai(e))z; +e(l — oi(e))w — e(l — o4(e))zie
— e(1 = ai(e))zie(l — oi(e)z
= —e(l —o(e))zie[l + (1 — oy(e))xy]
=—e(l- Uz( )(oi(e)zi + di(e))[1 + (1 — oi(e))xi]
= (—eai(e)z; + eoi(e)w:)[1L + (1 — oi(e))xi]
=0,

since that d;(e) = 0 and o;(e)o;(e) = o;(e). Then, (3, A)-weak Armendariz
condition implies e(—e(1 — o;(e))) = 0, which shows that ec;(e) = e, and so
oi(e) =e. O

Proposition 3.12. Let A be a skew PBW extension of an (3, A)-Armendariz
ring R. If e =eg+e1 X1+ -+ emXim is an idempotent element of A, then
€ = €g.

Proof. The equalities e(1 — e) = 0 and (1 — e)e = 0 can be written as (eg +
er X1+ temXm)((1—eg)—e1 X1 — - —enXm) =0and ((1—eg)—e1 X1—- - —
emXm)(eo+e1 X1+ +enXm) =0, respectively. By the (X, A)-Armendariz
condition, eg(1 —eg) = 0, ege; = 0, and (1 — eg)e; = 0, for every i, so e; = 0,
for 1 <i < n, and hence e = ¢y = 6(2). O

From Theorem 3.9 we know that a ring R is Y-rigid if and only if A is
reduced. The next result, Theorem 3.13, extend Theorem 3.9 and also [13],
Proposition 20, and [22], Theorem 12, to the context of (X, A)-Armendariz
rings.

Theorem 3.13. If A is a skew PBW extension of an (X, A)-Armendariz ring
R, then A is an Abelian ring.

Proof. We know that for every idempotent element e of R, o;(e) = e and
di(e) = 0, for each ¢ = 1,...,n (Proposition 3.11). Now, from Proposition
3.12 it follows that every idempotent element of A is an idempotent element
of R, which means that it is sufficient to prove the assertion for R, that is,
we want to see that R is Abelian. With this in mind, let C' be the set of
idempotent elements of R. Note that efR N (1 — f)(1 —e)C = 0, for every
e, f € C. More exactly, if this is not the case, then ef(—t) = (1 — f)(1 —e)s €
efRN(1—f)(1—e)C =0forsomet € Randse€ C. Let g=e+ . (1— f)z;
and h = (1 —e)s+ > ., ftz;. Then
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gh=-e(l—e)s+ Zeftxi + Z(l — Nz (1l —e)s
i=1 i=1

(S5 ) (S )

i=1

:Zeft;vz—&-Zl— (1—e)sx;

Since R is (3, A)-Armendariz, then eft = 0, whence ef RN(1— f)(1—e)A = 0.
Now, note that if fe =0 for two elements f,e of C, then ef = 0. This follows
from the following facts: —ef = (1 — f)(1—e)f €efRN (1 — f)(1 —e)C = 0.
Ifk=e+er(l—¢)andl = (1 —e) + (1 — e)re, with r € R, then k% =
(et+er(l—e))(et+er(l—e)) =e*+e?r(1—e)+er(l—e)eter(l—e)er(l—e) =
eter(l—e) = k; 12 = (1—e+(1—e)re)(1—e+(1—e)re) = 1—e+(1—e)re—e+e?—
e(l—e)re+(1—e)re—(1—e)re2 +(1—e)re(l —e)re=1—e+ (1 —e)re = I;
1—ek =N-e)eter(l—e)) =e+er(l—c)—e—er(l—e) = 0;
el =e(l—e+ (1 —e)re) =e—e?+e(l —e)re = 0. Since k,l and 1 — ¢
are idempotent elements, then k(1 —e) =le =0, i.e, (e +er(l —e))(1 —e) =
(1—e+(1—e)re)e = 0, or equivalently, e—e?+er(1—e) = e—e?+(1—e)re? = 0.
Hence er = ere = re, that is, R is Abelian. O]

4. Baer, quasi-Baer, p.p. and p.q.-rings over
skew PBW extensions

As an application of the treatment developed in Section 3, next we study the
relationship between the properties of being Baer, quasi-Baer, p.p. and p.q.-
Baer of a ring R and a skew PBW extension A over R. We generalize several
results in the literature for Ore extensions ([13], [15], [21] and [22]) and for skew
PBW extensions ([27]). Recall that for a subset C of a ring B, r5(C) denotes
the right annihilator of C'in B, that is, rg(C) = {r € B | er =0, for allr € C}.

First, our Theorem 4.1 extends [15], Theorem 10; [13], Theorem 21; [22],
Theorem 13; and [27], Theorem 3.9, to the skew PBW extensions over (X, A)-
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skew Armendariz rings.

Theorem 4.1. If A is a skew PBW extension of an (X, A)-Armendariz ring
R, then R is a Baer ring if and only if A is a Baer ring.

Proof. Suppose that A is Baer, and let B be a nonempty subset of R. Then
r4(B) = eA for some idempotent e € R (Proposition 3.12). Hence, rg(B) =
ra(B)N R = eANR = eR, ie., R is Baer. Conversely, if R is Baer, from
Theorem 3.13 we know that R is Abelian, and since every Abelian Baer ring is
reduced, the assertion follows from [27], Theorem 3.9. O

Now, our Theorem 4.2 extends [15], Theorem 9; [13], Theorem 22; [22],
Theorem 14; and [27], Theorem 3.12.

Theorem 4.2. If A is a bijective skew PBW extension of an (X, A)-Armendariz
ring R, then R is a p.p.-ring if and only if A is a p.p.-ring.

Proof. Suppose that A is a p.p.-ring. If r is an element of R, there exists an
idempotent element e of R such that rs({a}) = eA (Proposition 3.12), and
hence rr({a}) = eR, that is, R is p.p.

Conversely, suppose that R is a p.p.-ring. Consider a nonzero element
f=ap+ a1 X1+ -+ anX,y of A. Then, there exists an idempotent e € R
with rr({ar}) = exR, for every 0 < k < m. Let e := ege; - - - e,,. Note that
e? = e and eR = (,_,7r({ar}), since R is Abelian (Proposition 3.12 and
Theorem 3.13). Now, by Remark 2.8 and Proposition 3.11, we have fe = 0,
that is, eA C ra(f). Now, if g =bo+b1Y1 + -+ b:Y; € ra(f), then fg =0,
ie., a; X;b;Y; = 0, for every 4,j. Since a;X;0;Y; = a;[0% (b;) X; + pa,p,Y; =
a;io® (b)) XYy + @iPa; b, Vi = ai0® (b)) [Cay 3,2 + o, ;] + @ipa v, Y = 0,
whence a;0%(b;)cq, 5, = 0. Using the bijectivity of R, a;c®(b;) = 0 (where
Payb; and pa, 5, are as in Proposition 2.7), whence 0% (b;) € rr({a;}) = e R,
for every 0 < i < m, 0 < j < t. Hence, b; € eR = (i, rr({a;}), for all
0 < j <t, which implies g € eA. We conclude that eA = rs({f}), i.e,, Ais a
p.p.-ring. O

Next theorem generalizes [21], Propositions 3.2, 3.7, and Theorem 3.10.

Theorem 4.3. If A is a bijective skew PBW extension of an (X, A)-Armendariz
ring R, then R is a quasi-Baer ring if and only if A is a quasi-Baer ring.

Proof. Suppose that A is quasi-Baer. Let I be an ideal of R. Since A is
quasi-Baer, there exists an idempotent e € A with r4(IA) = eA, where e =
eo +e1 X1+ -+ en Xy, By Proposition 3.12, we obtain eq € rg(I), which
shows that egR C rr(I). Now, if a € rr(I), then a € ra(JA)N R = egANR,
i.e., a = eqg, for some g € A given by g = bg + b1Y1 + - - - + b, Y;. Necessarily,
a = epbo, that is, a € egR, whence rg(I) C egR. This fact concludes the proof.

Conversely, suppose that R is quasi-Baer. Let I be a nonzero ideal of A.
Let us see that r4(I) = eA for some idempotent element e of R. Consider the
set I' = {0} U{le(f) | f € I}. Note that I’ is a nonzero left ideal of R. Now,

Boletin de Matemadticas 24(2) 131-148 (2017)



144 Arturo Nino & Armando Reyes

if we take elements a € I’ and r € R, we know that there exists an element
f € I given by the expression f = ag+ a1 X7 + -+ + am-1Xm-1 + aXp,. If
am = (Qm1y- - Qmn), let —aSP = (—aymn, ..., —am1). Since A is bijective,
we consider the expression

fomom (1) = ago ™% (1) + a1 X107 (1) + -+ + a1 Xpm_10 %™ (1)
+a X0 (1)
= ago ™ (r) + ar [0 (07 (1)) X1 + Dy, et ()]
+ ot a1 (00 (0T (1) Xt D, et ()
+alo (07 (1) Xom + Dy, et ()

that is,

fo,fa?é) (7«) — aoa*a?ﬁf (T) =+ alo.al(o.fagn? (T‘))Xl + alpal,a*a?f?(r)

op

+ ot ama109m (0T (1) X1 + Am-1P,,
+ arX,, +ap,,

_170_‘1’?7{) (r)

my@ = (7))

where Po; oo (r) = 0, or deg(paj a*a?ﬁ’(r)) < |ay| if Py oS (1) £ 0, for
1 < j < m (Proposition 2.7 (i)). Since le(fo=n (r)) = ar, I’ is a two-sided
ideal of R. By assumption, there exists an idempotent e € R with rg(I’) = eR.
With this in mind, let us show that eA C ra(I). Let f € I given by the

expression above. By Propositions 2.3 and 3.11, we have

f@ = (ao + ale + -+ amlemfl + aXm)e
=age+ a1 Xie+ -+ am_1Xm_1e+aX,e
=age+a1eX1+ -+ am_1eXm_1 + acX,,.

Since rr(I’) = eR, we obtain ae = 0. Note that fe = age + a1eXy + -+ +
am—16Xm_1 is an element of I with lc(fe) = am—1e, ie., am_1e € I'; and
using the equality rg(I’) = eR, we have a,,_1e = 0, which means that fe =
ape + a1 X1e 4+ -+ 4+ am_2eX,n_2. Again, since fe is an element of I where
le(fe) = am—se € I, then a,,—se = 0. Continuing in this way, we can see that
fe=0,s0eA Cru(I).

Next, let us show that r4(I) C eA. Let f € I given by the expression above,
and g =bg+ b Y1+ +b:Y; € ra(I), whence fg = 0. Let us see that g = eg.
Set h:=g—eg. Then fh =0, h="by — eby + (by —eb1)Y1 + -+ + (by — eby) Yy,
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and

fh=(ao+a1 X1+ -+ aXm)(bo — ebo + (by —eb1)Y1 + -+ + (bs — eby)Yr)
= ao(bo — ebo) + ao(br — eb1)Y1 + - - - + ao(bs — ebs) Yz + a1 X1bo
+a1X1(b1 —eb1)Y1
+-- a1 Xi(be — eb)Yi + - - + aXm(bo — ebo)
+ aXm(b1 —eb1))Yr + -+ aXm(be — eb)Yr
= ao(bo — ebo) + ao(by — eb1)Y1 + -+ + ao(bs — €bs)Y: + a1[0™" (bo) X1 + Doy bo]
+ a1[c® (b1 — eb1) X1 + Paq by —eby Y1 + - -+ 1[0 (by — €be) X1 + Pay b —eb, | Y2
+ -4 alo®™ (bo — ebo) X + Pan b —cbo) + a[o "™ (b1 — €b1) X + Pay by —eby ) Y1
+ a[o®™ (br — €be) Xom + Doy by —ebi | Y

that is,

fh = ao(bo — ebo) + ao(br — eb1)Y1 + - - + ao(bs — eb)Y: + a10“! (bo) X1 + a1Pay bg
+ a0 (b1 — 6b1)[ca1,ﬁ1$a1+61 + Pay,B1] + a1Pay by —eby Y1
+ o a10° (b — €be)[Car 5t TP+ Doy pi] + Q1Day b —cbe Ve
+ -+ ac®™ (bo — €bo) Xm + aPay, bo—ebo
+ ac®™ (by — eb1)[car, 5, 2™ TP + Do, 5]

+ Doy, by —eby Yi +aoc®™ (bt - ebt)[camyﬁtxaerﬁt + pam+5t] + APay, by —eby Yt

whence lc(fe) = aoc® (b, — eby)ca,, 5, = 0, i.e., ac® (b — eb;) = 0, and so
o%m (b — eby) € rr(I') = eR. Hence, 0®m (b — eb;) = ec®™ (by — eb;), that is,
by — eby = e(by — eby), and so by — eby = 0. Using a similar reasoning we can see
that b; —eb; = 0, for 0 < j <t, which shows that h = 0, that is, g = eg. This
proves that r4(I) C eA, so A is a quasi-Baer ring. O

Finally, our Theorem 4.4 generalizes [27], Theorem 3.13.

Theorem 4.4. If A is a bijective skew PBW extension of an (X, A)-Armendariz
ring R, then R is a p.q.-Baer ring if and only if A is a p.q.-Baer ring.

Proof. First, suppose that A is a p.g-Baer ring. We want to see that R is p.q-
Baer. Let sR be a principal right ideal in R. Since A is p.q-Baer, there exists an
idempotent e € A such that r4(sA) = eA, where e = eg+e1 X0, +- - +emXa,, s
but since e is an idempotent element, by Proposition 3.12 we have e = e, so
eo € Tr(sR), that is, eR C rr(sR). Now, let us see that rr(sR) C egR. Let
b € rr(sR). Since b € A, we have b = epg with g = co + 1 X, + -+ + &t X3,
but necessarily g € R so b = ecy, i.e., b € eg R, which shows that rg(sR) C egR.

Conversely, suppose that R is p.q-Baer, and let us see that A is p.q-Baer
also. Let gA be a principal right ideal in A, with ¢ = ag+a1Xa, +- -+ amXa,,,
and exp(X,,,) = am = (Qm1, @m2--., Omn). We want to show that r4(gA) = eA
with e an idempotent element in A. Consider J = {0} U {lc(h) | h € gA}. We
claim that J = a,, R. If a,b € a, R, since A is a bijective skew PBW extension
of R, we can consider the element o=*""(b) where —a® = (—mn, ..., —m1).
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Then lc(go=*"" (b)) = a,b, so we obtain that a,b € J. Now it is easy to see
that J C a,, R because the leading monomial of a product is in fact the product
of the leading polynomials. Hence, we obtain that J is a principal ideal of R
generated by a,,, so by hypothesis we have rg(J) = eR, for some idempotent
e of R, it is enough to see that r4(gA) = eA. Let us prove eA C ra(gA),
that is, (gp)e = 0, for every gp € gA, but we see that pe = ep, for every
polynomial p € A (Proposition 3.11), so we have to see that ge = 0. With
this in mind, consider ge = (ag + a1 X0, + -+ + amXa,,)e = age + a1 X4, e +
ot amXa,, e =aetareXy, + -+ am_1eXa,, | +ameX,,, but ane=0so
ge = apetareXq, + - -+am-1eX,,,_,, and then a,,_;eis the leading coefficient
of ge so am_1e € J, so we obtain ge = ape + a1eXo, + - +am_1eX,,, |, =
aoe + a1eXq, + -+ am_1eeX,,, , = aoe + a1eXy, + - + am—2eX,,, .-
Again, since a,,_2e € J, then a,,_o = 0. Continuing in this way we conclude
that ge = 0, so eA = r4(gA). Finally, let us show that r4(gA) C eA. Let
h e€ra(gA), h="by+ b1Y1 + ... + b.Ys, where gf = 0. Taking z := h — eh, we
obtain gz = 0, and using the same argument used in Theorem 4.3 we conclude
that h = eh. This proves that r4(gA) C eA, so A is a principally quasi Baer
ring. O

Remark 4.5. (i) ([9], Example 2.8). Let B = k[t] be the polynomial ring
over a field k and o be the endomorphism given by o(f(t)) = f(0).
Then B is quasi-Baer but the ring B[xz; o] is not a quasi-Baer ring. This
example shows that the assumption on R (injective endomorphisms) is
not a superfluous condition in Theorem 4.3. Another examples which
show the importance of rigidness of R can be found in [12], Examples 9
and 10 (1).

(ii) ([4], Example 1.6). There is a ring B and a derivation ¢ of B such that
Blx; 6] is a Baer ring but B is not quasi-Baer. Let B = Z[t]/(t?), with
the derivation § such that §(f) = 1 where t = t + (t2) in B, and Z|[t]
is the polynomial ring over the field Zs of two elements. Consider the
Ore extension Blx;d]. If we set e11 = tx, e12 =, ea1 = to? + x, and
€92 = 1+1tx in B[x; ], then they form a system of matrix units in B[x; d].
Now the centralizer of these matrix units in B[x;d] is Zo[2?]. Therefore
Blx; 8] & My(Zo[x?]) = My(Zs)[y], where Mo (Zo)[y] is the polynomial
ring over Ms(Zs3). So the ring Blx;d] is a Baer ring, but B is not quasi-
Baer.

(iii) Since prime rings are quasi-Baer, if A is a bijective skew PBW extension
of a prime ring R, then A is prime ([18], Corollary 4.2, or [25], Proposition
3.3) and hence quasi-Baer.
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