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Abstract 
In this article is shown a path to define constants as well as input and output variables when elaborating a parametric model of an internal 
combustion engine by triggered ignition. There are discussed the different critical factors that should be considered when determining the 
constants and variables, this includes the engine operating conditions, the properties of the fuel and the emissions generated. In addition, 
there is also described the methods used to measure and validate these constants, variables, graphic methods and the different type of model 
founded. It concludes with the revision of the practical applications of the parametric model including its performance and concentration 
of the CO2 emissions to the environment.   
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Definición de constantes y variables de entrada y salida para la 
elaboración de un modelo paramétrico de un motor de combustión 

interna de encendido provocado 
 

Resumen 
Este artículo presenta un enfoque para definir constantes y variables de entrada y salida en la elaboración de un modelo paramétrico de un 
motor de combustión interna de encendido provocado. Se discuten los factores críticos que deben tenerse en cuenta al determinar las 
constantes y las variables, incluyendo las condiciones operativas del motor, las características del combustible y las emisiones que generan. 
Además, se describen los métodos utilizados para medir y validar las constantes y variables, los métodos de grafos y los tipos de modelos 
encontrados. El artículo concluye con una revisión de las aplicaciones prácticas del modelo paramétrico, incluyendo su rendimiento y la 
concentración de emisiones de CO2 al ambiente.  
 
Palabras clave: modelos paramétricos; motor de combustión interna; encendido provocado; rendimiento; emisiones. 

 
 
 

1. Introduction 
 
Nowadays, the application of the computation for 

mechanical design is fundamental in the different industries. 
The manufacture of parts by the 3D modeling has become a 
remarkable importance [1]. With the capacity of the latest 
technology just as software´s allows a faster and more 
accurate production. In order to find and establish a better 
design pattern there were developed different referential 
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models, being one of them the Parametric Design (PD), this 
determines and point sout the best possible combination of 
values for all the parameters needed to describe the design 
object [2] by mathematical formulas. Despite the ambiguity 
to establish parameters in a model, which means work with 
variables in a parameter defined ambiance, the parametric 
model is an improvement in the behavior and performance 
for creating architectural or mechanical models because it 
includes relational parameters to the different elements [3,4].  
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The Parametric Modelling (PM) has a correlation 
between input and output variables, which are defined by a 
functional dependance among the set of parameters with 
unknown value. However, these can be estimated through its 
own inputs and outputs available [5]. Defining these 
variables require some rules focused in logical and 
imperative programming in addition of measuring the 
variational geometry based in parametric characteristics and 
solve the restrictions presented in the model [6].  

The PM has a wide range of applications in different 
areas, as it exposed by [7] it can be used in 3D modeling, by 
determining a model to establish the security of passengers 
inside a vehicle. In the same way in the construction area [8], 
tunnels [9], aerial systems [10], or even social studies [11]. 
Some investigations described below are made and the 
associate benefits when applying PM in each area.  

In [12] a parametric design methodology was developed 
in the aviation company Eurocopter to accelerate the process 
of designing a gearbox for helicopters, achieving a time 
improvement and optimizing its construction. 

Another example is in [13] investigation where it was 
implemented a PM in the pavement design with the goal of 
reducing its production costs by the modification of the layers 
without affecting negatively in its structural properties. The 
results shown a significant improve in the design not only for 
its cost reduction but also for its increased lifetime when 
applying optimizing algorithms in the design phase.  

Like the previous one, [14] is an investigation to estimate de 
future civil hypersonic plane costs using a new parametric model 
which integrates the design of the vehicle with its own operative 
parameters. As the favorable results obtained in the development 
of the project Horizon 2020 STRATOFLY, being these ones 
economically viable and technically feasible. 

In another area, [15] there was a study to check the 
optimization of forms and dimensionality of the design space 
when implemented an PM in a design simulation. With the 
integration to the design along with the optimization algorithm 
the design space was freed-up considerably which also means in 
a construction resources reduction. 

In the automotive industry, there have been many 
investigations where is applied PM to develop some 
modifications in the fuel injector [16], reduce engine emissions 
[17] or also measure its performance [18]. However all of the 
described articles are related to the diesel engines.  

In this paper, the objective is to determine the variables for a 
gasoline engine modelling, addressing the design parameters 
needed to define and elaborate an optimal and precise model. 

 
2. Dichromatic graph methods 

 
It is used to solve the variables of the problem that will be posed 

that at the same time will create algorithms and allow to find de 
relation inside the set of data that is form by edges and corners. 

The Dichromatic Graph Method (DGM) represents the 
structure of mathematical models, situations, and problems 
and algorithms through dichromatic graphics that transform 
successively. This method consists in the execution of the 
different graph transformations [19].  

This graph theory was initially elaborated to solve 
combinatory problems, it is mainly used in computational 

problems, Enn Tyugu an actual scientific leader of the 
Tallinn Cybernetic Institute, proposed and created 
foundations theoretically the method in 1970. He included 
two color graphs to represent the structure of the 
mathematical models [20].  

A mathematical model is solved applying the DGM, by 
creating calculation algorithms in the engineering, most 
methods tend to use graphs, being principally applied in two 
directions: the automatic generation of algorithms and the 
assistance for the visualization and interaction with the model 
structure [20]. 

 
2.1 Applications for the dichromatic graph method 

 
Lately, this is the most used method when it comes to 

problem solving in the different engineering areas, among them 
are some publications like Rivero who uses the method in the 
creation of mechanical design algorithms. The graphs are an 
efficient tool to elaborate these algorithms that work as a response 
to solve the diverse nature complex problems [21]. 

[22] used this method in his coil springs, in fact, and 
algorithm approach permit the improvement of the 
understanding of the matter at hand, it is because it will show 
the relation between the variables of the mathematical model.   

In order to apply this method as the solution of a problem, 
it is needed to follow the steps shown below as mentioned by 
[22]: 
1. Define the kind of mathematical model to use. 
2. Define the variables and relations of the model. 
3. Define the relation that appears in each variable. 
4. Create the model´s graph. 
5. Pose the problem. 
6. Define the input and output variables. 
7. Create the problem´s graph. 
8. Determine the degrees of freedom of the problem. 
9. Make the pairing. 
10. Determine the solution algorithm. 

For the graph creation, such as the model or problem, the 
steps presented in Fig. 1 must be followed. 

 

 
Figure 1. Steps used in the dichromatic graph method. 
Source: Marrero, 2011. 
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3. Parametric model types for internal combustion 
engines, triggered fired and four stroke engines 

 
3.1 Black, gray and white box models 

 
Between the Internal Combustion Engines (ICE) models 

we can highlight these three kinds: black, gray and white box 
[23]. Each of them has its own advantages and disadvantages 
so none is “better” than the other, just when solving practical 
problems if one of them is precise the other ones will show 
deficient results, so to choose the one that fits better is 
necessary to have an advance understanding of the main 
problem as well as the input and output data.   

The black box models tend to be phenomenological, 
regressive and linear, making them the simplest ones but also 
less flexibles in the practice [24]. The structure of this model 
is used when there is no consideration of the system´s 
background [25] or when the physic associated to this is very 
difficult to model [26]. Moreover, the white box systems are 
totally based on the physics and could model the continual 
dynamics variations of the states of the system [24]. The 
increase in its complexity, achieve by the consideration of the 
physics behind means that the obtained results are better [25].  

A midpoint between these two types of models is the one 
called grey box, which in automotive applications, is based 
on regressive models as well as physical mathematical 
structure [23]. These models provide more precision to the 
results and decrease the computing time due to the technics 
used are less complex [26]. 

 
3.2 MVEMs and CCEMs 

 
Two of the most common models inside the automotive 

field are the Mean Value Engine Model (MVEM) and the 
Cylinder-by-Cylinder Engine Model (CCEM) [27,28]. The 
first ones are considered gray box models because of some 
complex phenomenon (like the combustion represented 
through dynamics equations) are replaced by algebraic 
relations commanded by data [24] or by an engine mapping 
[27]. Models like this one can become very compact as is 
shown by [29] where, starting from a tristate non-linear 
dynamic system, it achieves the approximate representation 
of the whole ICE with the precision with standards for the 
engineering application. 

On the other side, the objective of CCEM, also called 
Within-Cycle, Crank-Angle based Models (WCCM), is to 
model the dynamics of the engine combustion and valves as 
well as the dynamics of the flow of the mass and the energy 
depending on the turning angle of the crankshaft. Therefore, 
they are considered as white box models [24]. The 
development has taken place since decades ago as is 
presented by [30], who predicts the performance of a 4-
strokes triggered ignition engine in a wide operation range. It 
is worth mentioning that inside de CCEM can be find two 
types: the predictive and the diagnostic, being the first type 
dependent on the second [28]. A detailed explanation about 
this last classification can be found in [31]. 

The validity of the MVEM, as well as the CCEM, 
depends on the application. When it comes to design, 
development and evaluation of an ICE, the CCEMs are the 

best choice. On the other hand, the MVEMs are used for 
control and observation of the engine in real time [28]. It is 
also because the MVEMs have been developed for situations 
when it is in stationary state, meaning that transitory state 
conditions make the results not precise at all [32].  

 
3.3 Adimensional and multidimensional models 

 
Here is presented another way to classify the models for 

describing the functioning of the ICE which is by grouping 
them by its dimension. The simplest ones are the 
adimensional models [33].  In this smaller group we can find 
those models that does not present a spatial resolution but can 
consider many zones inside the combustion chamber [34]. 
The models that only use one zone tend to use an empirical 
obtained burn rate for each operation point of the engine, so 
when we have access to this information and the data 
extrapolation needed is small, this type is the most suitable 
when it comes to accuracy [33]. One of the most important 
mathematical functions used for this burn rate is the Wiebe 
function. This one predicts the performance of the ICE [35].   

When some of the geometrical parameters are considered 
inside the thermodynamics mainly, is said that is multi-zone [33]. 
When it has two zones, as shown for [36] or [37], one zone that is 
burnt is considered as well as another one that is not. Moreover, 
because it is necessary to consider the thickness of the flame in the 
enclosed area between the areas that are totally burnt and the ones 
totally un-burnt inside the combustion chamber, tri-zone models 
have been created [33]. So, the main reason of the tri-zone models 
are to improve compared to the bi-zone´s accuracy of the theorical 
results and the experimental ones like in [38]; to simulate new 
spark plugs configurations with the aim of improving the fuel 
consumption when combined with a VVT system [39] or more 
specific analyses concerning the modeling of the flame [40].   

The multidimensional models have their application 
when analyzing limited conditions or particulars [33]. This 
makes the computing more complex and demanding. New 
approaches, however, are combining multidimensional and 
adimensional models which permit to create a bridge 
between these two types as shown by [41], where an 
adimensional model was used to simulate the process of 
combustion by combining it with a CFD tridimensional 
model which is used to analyze the variances of the Cinetic 
energy and its dissipation in the cold gases flow inside the 
cylinder. 

 
4. Internal combustion engine modeling parameters 

 
One of the objectives of this work is to provide an 

overview of the parametrical models to simulate the ICE that 
use the Otto cycle, in the next section is about the parameters 
that are needed when working with adimensional models.  
Whatsoever the works presented by [41-44] can be checked 
if the lectors want to deepen their knowledge. 

 
4.1 Unique zone adimensional models’ parameters 

 
Inside this group, there are the MVEM. As mentioned 

before, these are grey box and consider that the combustion 
inside the cylinder, because the conditions are frontier  
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Figure 2. Cause and effect diagram for a SI engine 
Source: Guzzella and Onder, 2010. 

 
 

defined, is going to develop in identical form each time these 
conditions are imposed at the start of the work cycle [45]. 

Generally, as mentioned by the author named before, the 
independent variables are going to be the time and the 
alternative nature of the ICE and is represented through the 
delay of the effect between cylinders. This approach allows 
to model the engine with isothermal conditions in the intake 
manifolds and a pure delay system in the exhaust manifold.  

The MVEM are commonly used for control and evaluation 
activities [29, 46, 47] for that, the output parameters will be, more 
than physical, are signals that can be used by an electronic controller. 
For that, [45] considers that the main output variables of the model 
are the torque produced by the engine, the temperature, pressure and 
mass trapped inside the cylinder in function of the turning angle of 
the crankshaft as is presented in [46] model.  

The particularity of the cause-effect model as is 
simplified in the fig. 2 where is clear that are not considered 
in the input but vary in function of the time (independent 
variable) changes the value. These parameters depend on the 
type of model, because are selected arbitrarily until certain 
point, among them are often found the mass flow rate of air 
that enters the cylinder, the pressure in the intake manifolds, 
mass flow rate of fuel injected by the valves and the mass 
flow of the mixture that enters the cylinder [45]. 

 
4.2 Multizone adimensional models’ parameters 

 
The multizone models may be cylinder by cylinder, 

where the main input parameter is the crankshaft turning 
angle, while the output is the pressure inside the cylinder as 
showed in the models made by [38,39] or even the 
temperature of the exhaust gases [23,36]. 

It is worth mentioning that because these are more complex, 
this type of engine modeling requires many sub models in order to 
simulate the complex combustion process inside the cylinder. As 
mentioned by [33], there are five phenomes that require a 
submodel to create the zero-dimension multizonal parametrization: 
suction, heat transfer, burnt gas composition, mass burnt ratio and 
the turbulence inside the cylinder. 

For the suction, can be use models already developed as the 
one proposed by [48] or the submodel presented in the review work 
by [49]. However, the work by [33] provides the characteristics that 
a submodel should contain for the mass burnt ratio. For the heat 
transfer inside the cylinders can be used models by [50] and [51], 
which are commonly used in the triggered ignition combustion 
engine modeling. For the last one, the properties of the gases 
involved in the combustion can be obtained from the 
thermochemical tables from National Institute of Security and 
Technology [52] and the volume of the cylinder must be 
determined by geometrical relations depending of the turning angle 
and the angular velocity of the crankshaft. The mentioned relations 
must also contain the cylinder diameter, the travel, the length of the 
connecting rod and the compression ratio of the engine [33].  

The multizone models are both in complexity and type of 
applications, a bigger amplitude that the unique zone models. 
An overall picture of these models, together with its 
classifications, combustion approach and principal 
submodels can be reviewed in the investigation work by [49]. 

 
4.3 Models involving emissions 

 
For the analysis of the parametric models, we consider the 

input and output variables. These second ones, as mentioned, could 
be emissions, power, torque, efficiency, energy lost by heat, etc. 

In order to achieve a better efficiency and less contamination, 
it has to develop an ideal combustion in all its cycles and when 
achieving this type of combustion is obtained molecular nitrogen 
(N2), carbon dioxide (CO2) and water (H2O). As known, the 
function cycles of a thermal combustion engine cannot be perfect, 
there are generated other additional elements like volatile organic 
compounds (OVC), carbon monoxide (CO), sulfur oxide, lead 
compound and nitrogen oxides (NOX) [53].  

For the analysis the engine studied function must be 
established, illustrate the characteristics, cylinder capacity, and 
max power at those RPM´s, the torque, number of cylinders, 
compression ratio, fuel injection system, type of fuel, octane rating 
fuel and the most important for the emissions, the type of catalyst 
which will be used as input variables [54]. For the response output 
variables, the concentration of the exhaust emissions is taken while 
idling or minimum which is the static test. 

The units and measures of these values are shown in the 
table below, obtained from [53]. 

 
Table 1. 
Output variables (emissions) and their magnitude. 

Variable Symbol Unit 
Carbon monoxide CO % 
Hydrocarb HC ppm 
Carbon Dioxide CO2 % 
Lambda  𝜆𝜆 - 
Oxygen O2 % 

Source: Rojas, et. al. 2019. 
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As [55] mentions that the in the adimensional multizone 

if an analytic expression is used for the mass burnt rate, these 
become predictive tools that apart from calculating the power 
produced or the engine efficiency, are also capable of 
predicting the NOX emissions of that engine. 

One emission directed approach is proposed by [47]. In 
his model, the contaminant gases are dependent on the 
crankshaft turning degree, the RPM´s, the lambda factor and 
the braking torque. In addition, a black box model is used for 
its estimation because of the complexity of the exhaust gases 
formation description and not always are the main objective 
of the internal combustion engine modeling.   

Another parametric model example for the emissions 
control can be seen in [56], there were used black box 
parametric model already defined before. Variables that 
allowed to select a part of the data where needed to create to 
identify and others to validate. In this case, 262 data items 
were used, 250 to identify and the 12 remaining to validate. 
The next step was creating commands that allowed a 
comparison between the different models in the comparison 
as well as the validation. Following that, is making an 
analysis of the data, like input variables to get the CO2 
concentration and the average global temperature as output. 
With that information it was possible to storage the input 
values in the created vectors in order to save the information 
and make the relations between each one. The CO2 
concentration can be modified to analyze the output 
parameters that are the average global temperature. 

 
5. Example for variable selection for an internal 

combustion engine model 
 
Bayesian modeling is a statistical approach that is based 

on Bayes' theorem to infer the probability of a hypothesis in 
function to the available evidence. This type of statistics uses 
a prior probability of the hypothesis together with the 
experiment or observation, calculates another probability 
with the obtained data [57]. This update is done through 
Bayes' law, which relates the prior probability, the 
plausibility of the data and the subsequent probability. 

A variable is a numerical representation of a characteristic 
or event in a data set, nevertheless, in the Bayesian model the 
continuous occurrence of an event is considered a random 
variable, which allows us to calculate the mean, deviations 
and confidence intervals or credibility [58]. It is worth 
emphasizing that the randomness of the variable implies 
greater uncertainty due to its uncertain behavior, however, 
this model allows us to determine a better approach of a 
hypothesis with other variable or output. To identify the 
variables in the Bayesian model we must carried out an 
analysis of the components or parameters that affect the 
process, these ones vary from the study to which it is carried 
out, for example, the exposed temperature of a chemical [58] 
or the resistance of a structure under certain frequencies [59]. 

The output variables are the numerical or graphic 
representation which estimates the changes or alterations of 
a process before certain study parameters, it could be a 
machine, a structure, chemical compound, among others; for 
that reason, it has applications in some areas, such as decision 

making, risk analysis, artificial intelligence, medicine, and 
engineering. The results or output variables allow us to 
determine the behavior and performance of the variable 
under certain parameters or conditions which statistically 
represent the best or worst scenario (hypothesis) [60]. 

 
6. Conclusions 

 
• As a result, the parametric modeling allows to determine 

the parameters needed for the application of the design 
object through formulas, by improving the behavior and 
performance in the development of the studied models. 

• The parametric modeling is needed to recognize the 
relation between input and output parameters, which 
values are unknown. It can be defined starting from the 
application to we need to check, this could be logic 
programming, variational geometry or the restrictions in 
the modeling. The output variables could be the 
emissions, power, torque, efficiency, and heat loss 
power, etc. for them it is necessary take into account the 
exhaust emission concentration in the idling or minimal 
advance.  

• A good way to focus the parametric method is by 
dichromatic graphs, using them for the resolution of 
algorithms in partnership with the variables relation 
obtained by a group of data formed by edges and corners. 
This is principally applied in two directions: the 
automatic algorithm generator and the assistance with 
regard to the visualization and interaction with the 
mathematical model structure. 

• They are divided in two main groups according to its 
internal combustion engines functioning and its 
dimension. The adimensional are those that does not 
have a special resolution but can use a MVEM, 
considering a grey box model starting from a dynamic 
system it can represent almost the entire engine 
functionality with an engineering precision, it focuses on 
the observation and control of the active engine. The 
multidimensional are applied in limited or particular 
conditions, which converts in a very complex and 
demanding model which main model to use is CCEM 
that is about designing, developing and evaluating the 
ICE. 

• Generally, in the multizone models, the main input 
parameters is the crankshaft turning angle and the output 
is the cylinder pressure or even in some cases the 
temperature of the exhaust gases. Moreover, being more 
complex it requires the use of submodels as the suction, 
heat transfer, burnt gas composition, burnt mass ratio 
and turbulence inside the cylinder. 
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