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Abstract 
Streamflow forecasting is essential for water resources management in several social and economic strategic sectors, involving space-
temporal variability modeling of the hydrological processes and the influence of several climatic phenomena. Furthermore, high water-
dependent sectors such as the Colombian electricity market, require not only the expected streamflow values but also the occurrence 
probability or reliability bands of such forecast inflows necessary in robust risk analyses. We propose a mathematical approach for monthly 
streamflow forecasting in Colombia and quantify its predictability, incorporating climate model outcomes as a time series of macroclimatic 
indexes and punctual hydro-climatological stations. The methodology integrates parametric and non-parametric models, exogenous 
variables analysis, and uncertainty estimation through stochastic modeling. This research will contribute to the Colombian hydrology 
understanding and provide elements for risk analysis, planning, and decision-making in social and economic sectors involved with water 
resources management. 
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Predictibilidad de los aportes mensuales de energía en Colombia 
 

Resumen 
El pronóstico de caudales es esencial en la gestión de los recursos hídricos en varios sectores sociales y económicos estratégicos e involucra 
la modelación de variabilidad espacio temporal de los procesos hidrológicos y la influencia de varios fenómenos climáticos. Además, la 
alta dependencia del agua en sectores como el mercado eléctrico colombiano requiere (solo los valores de caudal esperados, sino también 
su probabilidad de ocurrencia o bandas de confianza de tales pronósticos necesaria en análisis robustos de riesgo. Se propone un enfoque 
matemático para el pronóstico mensual de caudales en Colombia y la cuantificación de su predictibilidad, incorporando resultados de 
modelos climáticos como series temporales de índices macroclimáticos y estaciones hidroclimatológicas puntuales. La metodología integra 
la aplicación de modelos paramétricos y (paramétricos, el análisis de variables exógenas y la estimación de la incertidumbre mediante 
modelos estocásticos. Esta investigación contribuirá en el entendimiento de la hidrología colombiana y brindará elementos para el análisis 
de riesgo, la planificación y la toma de decisiones en los sectores sociales y económicos involucrados con la gestión de los recursos hídricos. 
 
Palabras clave: pronóstico de caudales; incertidumbre; predictibilidad de los caudales colombianos. 

 
 
 

1 Introduction 
 
Space-temporal variability understanding of the 

hydrological process is an imperative goal because of its 
environmental, social, economic, and cultural implications. 
Research in hydro-climatological topics is necessary to 
improve the water resource management of the country, 
where future water availability estimation through 
streamflow forecasting is a central task for the strategic 
planning of electrical, agricultural, tourist, and drinking 
water distribution sectors. Water resources management 
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relies on hydrological historical data and future projections, 
where precipitation and streamflow time series, statistical 
analysis, and modeling have allowed a better understanding 
of the country's hydro-climatological processes. 
Furthermore, hydrological forecasting is an essential task for 
planning, and improving it is a continuous challenge to gain 
confidence in the decision-making process involving 
strategic national sectors. 

Thanks to its abundant water resources, hydroelectricity 
makes up about 70% of the generation matrix, where 
different reservoirs help manage the natural inter-annual 
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variability linked to the hydro-climatological behavior. This 
high dependence on water availability and the uncertainty 
associated with the evolution of the climatic system led to 
significant levels of vulnerability to deal with through 
reservoir management, streamflow forecasting, and 
uncertainty quantification. Government planning institutions, 
the system operator, and the hydroelectric power plant 
owners perform the monthly streamflow forecasting for the 
Colombian electricity market to guarantee reliability through 
energetic resources management (mainly water, coal, and 
gas). Despite the availability of climate data and monthly 
streamflow time series of rivers used for the hydroelectricity 
generation in Colombia, streamflow forecasting uncertainty 
estimation is still subject to improvement. A mathematical 
approach incorporating elements such as the time of the year, 
the prediction horizon, and the climatic events will improve 
the forecasting activities using probabilistic methodologies. 

This research starts with the importance of improving 
water availability forecasting and determining the reliability 
of the results. Both are essential tasks for planning in 
different highly water-dependent sectors, where not only the 
expected values are necessary but also the probability of 
occurrence of other plausible scenarios. Moreover, apart 
from the practical applications of this research, another goal 
is related to the continuous efforts to understand the 
Colombian hydro-climatological processes through 
mathematical modeling. 

The next two subsections present an overview of the 
Colombian hydro-climatology variability and the 
mathematical modeling applied to hydrological time series. 
Then, section 2 describes the data and procedure to obtain the 
time series of interest. Section 3 corresponds with the 
methodology, and describes the models evaluated and the 
forecasting process. Finally, analysis and conclusions about 
the model performance and forecasting uncertainty in 
Colombia are given in sections 4 and 5. 

 
1.1 Colombian hydro-climatology 

 
Several factors modulate Colombian hydro-climatology, 

such as the tropical dynamics, the Intertropical Convergence 
Zone (ITCZ) displacement during the year [1,21], the 
humidity inflow from the Amazon basin and the Pacific and 
Atlantic oceans, the hydrological surface process, and the 
Andes physiography. Additionally, various climatic 
phenomena operating in different spatial and temporal scales 
affect the Colombian hydro-climatology, like the Pacific 
Decadal Oscillation (PDO), the North Atlantic Oscillation 
(NAO), the Quasi-Bienal Oscillation (QBO), El Niño-
Southern Oscillation (ENSO), the Chocó low-level jet, the 
Mesoscale Convective Systems (MCS), the Madden-Julian 
Oscillation (MJO), and the tropical easterly waves [23,26]. 
The influence of this hydroclimatic complexity in water 
resources distribution, the access to numerous hydro-
climatological databases, and the computational capabilities 
justify the research efforts to shape a better conceptual 
framework of the hydrological processes and their 
predictability using mathematical modeling. This research 
aims to contribute to the knowledge of Colombian hydrology 
through monthly streamflow predictability estimation using 

probability theory approaches. 
Various hydrology and climate research form the 

conceptual framework for streamflow characterization and 
modeling in Colombia. Although ITCZ characterizes the 
streamflow annual cycle in the Colombian regions, other 
climate phenomena also influence the space-temporal 
variability. Associated with the trade winds, the Chocó low-
level jet [25] is a wind current with considerable influence on 
Colombian climatology, specifically in the central and 
western zones. Furthermore, the Chocó jet interacts 
dynamically and thermodynamically with the MCS [17] in 
the region [23,27,29-31]. Another significant jet stream for 
the hydrological characterization is the San Andrés jet 
[27,31], which is also associated with the trade wind 
transporting humidity from the Atlantic Ocean to Colombia. 
Climate change due to natural variability and anthropogenic 
actions, the PDO, and the NAO [23,35] operate on the 
interdecadal scale. The QBO (26 months) [14,30] and the 
ENSO, the main phenomena, operate on the interannual 
scale. The MJO (40-60 days) [32] and the weekly variability 
(5-7 days) relate to tropical westerly waves operate on the 
intra-annual scale. Finally, the tropical dynamics and the 
country’s physiographic are relevant on the diurnal scales 
[23,26]. The influence of these phenomena acting at different 
temporal scales shows the level of complexity related to the 
water resources distribution study and modeling in 
Colombia. 

The ENSO [1] is the global scale climate event that 
affects the most the Colombian hydro-climatology, from the 
monthly to interannual scales [25-28,33]. The ENSO is a 
quasi-periodic phenomenon with an average recurrence of 
four years that varies between two and seven years [40]. Most 
of the research regarding Colombian water resources 
incorporate the ENSO as the most important predictive 
variable [9-11,28,42]. However, The ENSO forecasting has 
limitations due to the climate system complexity, which are 
higher when forecasting goes further the northern hemisphere 
spring, time of the year known as the spring barrier [39,43] 
when there is high uncertainty about the evolution of the 
climate tropical system. Nevertheless, new approaches, more 
data, and better computational resources continuously 
improve the ENSO forecast [8], as modeling incorporating 
Machine Learning [13], information theory [22], and 
including some climatic variables [20] to overpasses the 
spring barrier. 

 
1.2 Mathematical modeling 

 
Streamflow forecasting is one of the most relevant tasks in 

water resources management [9,11,36,44], letting us anticipate 
the hydrological processes with a certain level of reliability. 
Physically-based hydrological and mathematical models are two 
ways to approach monthly streamflow forecasting. In the first 
case, simulation of the physical processes inside the basin 
demands high computational resources and amounts of 
information unavailable most of the time. In the second case, 
even though physical laws govern the hydrological processes, 
their non-linear complexities involving many variables justify the 
use of mathematical models, achieving versatility and including 
many more basins in the analysis. Hydrological forecasting 
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studies typically use mathematical or data-driven models, but 
most do not incorporate adequate measures of uncertainty [18]. 

Between statistical models, linear regression and 
autoregressive models have been traditionally used in streamflow 
prediction. Autoregressive models, which preserve the mean, 
variance, and autocorrelation structures of the series for a defined 
number of lags, have been widely used since the beginning of the 
sixties to the generation of time series [37], and Box and Jenkins 
[5] improved the mathematical framework since 1970. Fulfilling 
the model assumptions, they become parsimonious models 
suitable for time series modeling through a simple mathematical 
approach like in [1], where an autoregressive model is more 
accurate than a neural network model. 

Mathematical models are functional at incorporating 
efficiently secondary data like macroclimatic index time 
series from climate models’ outcomes. Most of the 
streamflow forecasting research in Colombia involves 
exogenous variables related to the ENSO characterization, 
and among the mathematical models used are those based on 
linear regression, neural networks, Multivariate Adaptive 
Regression Spline (MARS), autoregression, spectral 
analysis, and entropy [7,36]. It is also relevant to highlight 
the limitations of the analogous-based models [41], the 
importance of multivariate series when using dynamic 
system theory [6], and the usefulness and versatility of 
Machine Learning [45]. Otherwise, non-parametric 
forecasting is an appropriate methodology to deal with error 
propagation when using exogenous variables [34]. 

Despite the number of methodologies and models used to 
forecast the water resources in Colombia, limitations in 
uncertainty modeling justify investigative efforts to improve 
water resources management. Some common approaches to 
estimate the uncertainty are probabilistic methods based on 
historical models’ performance [19], the construction of 
confident bands using independent components [44], the use of 
autoregressive modeling to generate probabilistic scenarios [16], 
autoregressive residual representation using the t-student 
distribution [12], parental methods [2], and bootstrap-based 
models [1,24,38]. However, it is necessary to improve and 
develop methodologies to quantify the uncertainty in the 
forecasting process. It requires considering the geographical 
zone, the spatial and temporal scales, the month at the beginning 
of the forecast, the forecasting horizon, and the active climatic 
phenomena. Stochastic modeling and the estimation of 
confidence intervals will provide more and better elements for 
risk analysis, planning, and decision-making in the sectors 
involved with water resources management. 

The ENSO is the most influential climate event in Colombian 
hydrology, and most of the monthly streamflow forecasting 
models incorporate it through projected data of the Pacific Ocean 
temperature. However, climate forecasting also involves high 
uncertainty, which propagates to streamflow forecasting that 
usually is not quantified. This research aims to quantify monthly 
streamflow forecasting uncertainty in Colombia by incorporating 
measuring station data, secondary time series, modeling, and 
evaluation using efficiency, parsimony, and physical 
representability criteria. In the short and medium term, 
streamflow forecasting is commonly a time series where 
confidence intervals or another uncertainty measure rarely 
integrate the forecasting values. The lack of knowledge or 

information about the models’ predictive capacity depreciates the 
forecasting task and increases the risk of making erroneous 
decisions. Moreover, the hydrological process’s complexity and 
modeling limitations in streamflow forecasting make it essential 
to include the expected values and the quantification of its 
uncertainty. 

The advantages of probabilistic approaches are related to the 
need to highlight the uncertainty of the streamflow forecasting 
process and the importance of having tools for better 
management of the resources through risk analysis. The 
methodology proposed will be applicable in different sectors 
involving hydrological forecasting, specifically in the Colombian 
electrical market, improving the understanding of spatial and 
temporal variability of Colombian water resources. The 
Colombian electrical market is an economic sector with a high 
dependence on water resources from rivers that flow to several 
reservoirs in the country. This condition has led to the 
instrumentation of several basins in the country, with more than 
30 monthly streamflow time series available for studying the 
spatial and temporal water resource distribution. Furthermore, 
this worthy data and additional climate data justify the 
mathematical modeling to have more reliable forecasting results. 

 
2. Data 

 
Hydroelectric projects in Colombia (Figs. 1, 2) represent 66% 

of the power system capacity. We used the data from 41 monthly 
streamflow time series related to the rivers that supply the main 
hydroelectric projects in Colombia, accounting for more than 
90% of the inflows. Record length varies depending on the time 
series, ranging from 1938 to 2023 for the longest and from 1982 
to 2023 for the shortest series (Figs. 1, 2, Table 1). 

Energy inflows, it is hydrological inflows to hydroelectric 
power plants, are also known as SIN time series and are 
usually represented in Colombia in GWh units or as a 
percentage of the historical mean. XM, as administration of 
the Colombian energy market, updates the SIN time series 
daily, and it has been available since 2000.  

To have a much longer SIN time series necessary for 
robust statistical analysis, we reconstruct it using the monthly 
streamflow data since 1950 by converting the streamflow 
time series (monthly average in cubic meters per second) to 
power using the conversion factor (energy power and 
streamflow ratio) associated to each hydropower plant and 
then to energy according with the seconds of the month, 

 

𝐸𝐸 = 𝑠𝑠�𝑓𝑓𝑖𝑖 ∙ 𝑄𝑄𝑖𝑖

𝑛𝑛

𝑖𝑖=1

 

 
where 𝐸𝐸 is the total monthly energy inflow in [𝐺𝐺𝐺𝐺ℎ], 𝑄𝑄𝑖𝑖  

is the monthly streamflow value of the river 𝑖𝑖 associated with 
the hydroelectric power plant 𝑖𝑖 in [𝑚𝑚3/𝑠𝑠], 𝑓𝑓𝑖𝑖 is its 
corresponding energy power and streamflow ratio in 
[𝐺𝐺𝐺𝐺/𝑚𝑚3/𝑠𝑠], 𝑛𝑛 is the number of rivers, and 𝑠𝑠 is a constant 
containing the seconds of the month. Fig. 3 shows the multi-
annual monthly means calculated in the 1982-2023 period, 
where all the streamflow series have records. 
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Figure 1. Location of the Colombian hydroelectric projects with installed 
capacity greater than 20 MW.  
Source: The authors. 

 
 

 
Figure 2. Zoom of the of the Colombian hydroelectric projects.  
Source: The authors. 
 

Table 1.  
Monthly streamflow time series used.  

ID Hydroelectric 
Plant 

Streamflow time 
series 

Beginning 
year 

1 Albán Alto Anchicayá 
Digua 

1976 
1976 

2  Amoyá Amoyá 1974 
3 Betania Betania 1961 
4 Carlos Lleras Carlos Lleras 1972 
5 Calima Calima 1946 
6 Chivor Batá 1978 

7 Cucuana 
 

Cucuana 
San Marcos 

1972 
1972 

8 El Quimbo El Quimbo 1961 

9 Esmeralda 

Campoalegre 
Chinchina 

Estrella 
San Eugenio 

1980 
1961 
1972 
1980 

10 Guatapé Nare 1956 

11 Guatrón 

Concepción 
Nechí Pajarito Dolores 

Guadalupe 
Tenche 

1955 
1955 
1938 
1955 

12  Guavio Guavio 1963 
13 Ituango Ituango 1982 
14 Jaguas San Lorenzo 1956 
15 La Tasajera Grande 1942 

16 Miel 
Miel 

Guarinó 
Manso 

1963 
1980 
1966 

17 Minas Escuela de Minas 1956 

18 Pagua 
Bogotá (regulado) 

Blanco 
Chuza 

1965 
1972 
1967 

19 Playas Guatapé 1959 

20 Porce 2 Porce 2 
Quebradona 

1973 
1942 

21 Porce 3 Porce 3 1973 
22 Prado Prado 1955 
23 Salvajina Salvajina 1947 
24 Salto II Bogotá (regulado) 1965 
25 Samper Bogotá (regulado) 1965 
26 San Carlos San Carlos 1965 
27 San Francisco San Francisco 1980 
28 San Miguel San Miguel 1974 
29 Sogamoso Sogamoso 1959 
30 Urrá Urrá 1960 

Source: The authors. 
 
 
From January 1950 to December 2023, the SIN inflows 

time series as a percentage of the average conditions is 
constructed by dividing each energy month’s value by the 
long-term monthly mean. In months with some missing 
streamflow data, SIN values in percentage are estimated 
using available data, and the 𝐸𝐸 value by multiplying it with 
the corresponding historical monthly mean. 

 
2.1 Standardization 

 
Most of the hydroelectric streamflow time series in 

Colombia has a clear bimodal annual cycle, with two 
maximums at April-May and October-November because of 
the pass of the ZCIT two times in a year through the center 
of Colombia. Moreover, the east region of Colombian, with 
two of the largest hydropower plants (Chivor and Guavio), 
exhibits a unimodal annual cycle with a maximum in June- 



Hurtado-Montoya & Moreno-Reyes / Revista DYNA, 91(234), pp. 24-33, October - December, 2024. 

28 

 
Figure 3. Monthly multi-annual means of the SIN time series for the three 
ENSO climatological conditions.  
Source: The authors. 

 
 

 
Figure 4. SIN time series in percentage of the average conditions.  
Source: The authors. 

 
 

July, which entails for the total energy inflows one period of 
high inflows (April-November) and another of low inflows 
(December-March) which are known as the wet and dry 
seasons for the Electricity Colombian Market. 

To capture not the known intra-annual variability but the 
inter-annual variability associated with climatic events as the 
ENSO, the E monthly time series is standardized by 
removing the multi-annual mean of the month and dividing it 
by the standard deviation of the month. With this 
transformation, time series are scaled with zero mean and 
unit standard deviation without an annual cycle. Fig. 3 shows 
the reconstructed SIN time series, while Fig. 4 shows the 
monthly multi-annual means for the three ENSO 
climatological conditions. 

 
2.2 ENSO time series 

 
The ENSO is the principal climatological phenomenon 

affecting Colombian water resources availability and should 
be incorporated in the forecasting models to represent inter-
annual climate fluctuations. One of the most common 
climatic variables used in ENSO monitoring is the Oceanic 
Niño Index (ONI), calculated by the NOAA (National 
Oceanic and Atmospheric Administration) agency. The ONI, 
available since 1950, tracks the running 3-month average sea 
surface temperatures in the east-central tropical Pacific 
between 120°-170°W (denominated as El Niño 3.4 region) to 
estimate the anomaly (deviation from mean conditions). ONI 
index data is available in 
https://origin.cpc.ncep.noaa.gov/products/analysis_monitori
ng/ensostuff/ONI_v5.php. 

Along with the ONI, whose data is historical, El Niño 3.4 
anomaly forecasts made by different global climate agencies 

and collected by the Research Institute for Climate and 
Society (IRI) were used. Every month, the IRI publishes 
forecasts for the next nine months of about 25 agencies, 16 
of which use dynamic climate models and nine statistical 
models. Historical data on this forecasting activity has been 
available since 2002 in https://iri.columbia.edu/our-
expertise/climate/forecasts/enso/current/?enso_tab=enso-
sst_table. 

 
3. Methodology 

 
Different mathematical models commonly used in 

hydrological time series forecasting and widely employed in 
Colombia were implemented, as well as the use of the Root 
Mean Square Error (RMSE) as the error metric for the 
models' performance analysis. We evaluated simple and 
multiple linear regression, simple and multiple linear 
regression using robust techniques, analogous series, non-
parametric regression, neural networks, decision trees, and 
autoregressive models. The SIN time series length is 888 
months long (1950-2023), and it was divided into calibration 
(1950-2012) and test (2013-2023) periods, representing 85% 
and 15%. We sensitized and adjusted the model parameters 
in the calibration period and evaluated the model in the test 
period, estimating the error variance to posterior uncertainty 
analysis. 

Analogous series is the simplest model analyzed and 
commonly used in Colombia in medium and long-term 
energetic analysis. The first step is to compare the last 𝜏𝜏 
(model parameter) observed months with the historical 
record to determine the most similar period with the present 
condition (last 𝜏𝜏 months). After that, the forecast is the 
observed data following that period. We also incorporated the 
ONI time series to determine the most similar historical 
period, accounting for the streamflow and the climate signal, 
and using the Euclidean distance as a similarity criterion. 

Robust techniques applied to simple and multiple linear 
regression involve discarding outliers or atypical data 
according to different criteria: data points with high residuals 
or far away according to the Euclidean distance (kNN) or the 
Mahalanobis distance. Another technique evaluated consists 
of the estimation of the parameters of the regression through 
a modification of the covariance matrix, employing statistical 
measures for the correlation and standard deviation less 
sensitive to outliers like the Kendall and Spearman for the 
correlation and the MAD for the standard deviation. 

We also fitted autoregressive models to the data. These 
models are also linear, in which the number and values of the 
parameters are a function of the linear structure dependence 
of the data. An autoregressive model 𝐴𝐴𝐴𝐴(𝑝𝑝) is defined as: 

 
𝑌𝑌𝑡𝑡 =  𝛽𝛽 + 𝜙𝜙1 ∙ 𝑌𝑌𝑡𝑡−1 + ∙∙∙+ 𝜙𝜙𝑝𝑝 ∙ 𝑌𝑌𝑡𝑡−𝑝𝑝 + 𝜖𝜖𝑡𝑡 

 
where 𝛽𝛽, 𝜙𝜙1, ∙∙∙ , 𝜙𝜙𝑝𝑝 are the model parameters and 𝜖𝜖𝑡𝑡 is 

assumed to be a white noise process. An autoregressive 
model with exogenous variable 𝐴𝐴𝐴𝐴𝐴𝐴(𝑝𝑝) is defined as: 

 

𝑌𝑌𝑡𝑡 =  𝛽𝛽 + 𝜙𝜙1 ∙ 𝑌𝑌𝑡𝑡−1 + ∙∙∙+ 𝜙𝜙𝑝𝑝 ∙ 𝑌𝑌𝑡𝑡−𝑝𝑝 + �𝛾𝛾𝑗𝑗 ∙
𝑚𝑚

𝑗𝑗=1

𝑋𝑋𝑡𝑡,𝑗𝑗 + 𝜖𝜖𝑡𝑡 
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Figure 5. Time series’ dependence structure.  
Source: The authors. 

 
 
where 𝑋𝑋𝑡𝑡,𝑗𝑗 are the exogenous regressors. Model 

parameters were estimated using Conditional Maximum 
Likelihood. 

Fig. 5 shows the correlation structure of the data. The 
autocorrelation diagram exhibits a quick decay, with 
correlations statistically significant observed until ten 
months. However, the partial autocorrelation diagram 
suggests that only the first lag represents almost all the linear 
dependence structure of the series. The pattern observed in 
the autocorrelation and partial autocorrelation diagrams is 
typical of AR models, and due to the high correlation 
between the inflows and the ONI time series, we also 
evaluated autoregressive models with exogenous variables 
(ARX). Although analyzed, different autoregressive models 
like AR with climatically conditioned parameters or 
SARIMA models using non-standardized data led to a good 
forecasting performance (results not shown), but AR1 and 
ARX1 models are superior according to parsimony criteria. 

Forecast confidence interval were estimated with two 
different approaches. In the first one, we used the error 
variance estimated in the test period, calculated after the Box-
Cox transformation used to stabilize the variance over the 
residuals. Otherwise, in the second one and using the 
empirical function of the residuals, we used Bootstrap to 
generate 1000 series of residuals to simulate 1000 possible 
outputs, re-calibrate the model, and obtain a distribution of 
the parameters. This methodology starts estimating the 
autoregressive coefficients 𝛽𝛽 and 𝜙𝜙 in the equation 𝑌𝑌𝑡𝑡 = 𝛽𝛽 +
𝜙𝜙 ∙ 𝑌𝑌𝑡𝑡−1 + 𝜖𝜖𝑡𝑡, the computation of the residuals 𝜖𝜖𝑡𝑡, and the 
definition of its empirical distribution function of the 
centered residuals. If the residuals are not centered, then 𝑒̃𝑒𝑡𝑡 =
𝜖𝜖𝑡𝑡 − 𝑒̂𝑒 and 𝑒̂𝑒 = 1

𝑛𝑛−𝑝𝑝
∑ 𝜖𝜖𝑡̂𝑡𝑛𝑛
𝑡𝑡=𝑝𝑝+1  equations are used. 

Using Bootstrap to draw i.i.d. 𝜖𝜖𝑡𝑡∗ resamples from the 
empirical distribution of the residuals 𝐹𝐹�𝜖𝜖�  leads to one forecast for 
each residual resampling defining the recursion 𝑌𝑌𝑡𝑡∗ = 𝛽𝛽 + 𝜙𝜙 ∙
𝑌𝑌𝑡𝑡−1∗ + 𝜖𝜖𝑡𝑡∗. It allows computing 𝐵𝐵 future observations where the 
mean represents the future expected value, it is the forecast, and 
the 5% and 95% percentiles define the confidence band. 

Continuing with more sophisticated models capable of 
capturing the nonlinearities present in the time series, we 
calibrated non-parametric regressions, neural networks, and 
decision trees models. In all the cases and according to the 
train and test periods, optimal parameters estimation using 
the train data consisted of a bias and variance trade-off. For 
the case of non-parametric regression, we evaluated different 
kernels and bandwidth values, in neural networks we  
 

Table 2.  
Algorithm.  

1: Estimate 𝛽𝛽 and 𝜙𝜙 in  𝑌𝑌𝑡𝑡 = 𝛽𝛽 + 𝜙𝜙 ∙ 𝑌𝑌𝑡𝑡−1 + 𝜖𝜖𝑡𝑡  using Conditional 
Maximum Likelihood Estimation 

2: Compute the residuals 𝜖𝜖𝑡𝑡 

3: Define the empirical distribution function of the centered 
residuals 𝐹𝐹�𝜖𝜖�  

4: if residuals 𝜖𝜖𝑡𝑡 are centered: 
5:          𝑒̃𝑒𝑡𝑡 = 𝜖𝜖𝑡𝑡   
6: if not: 
7:          𝑒̃𝑒𝑡𝑡 = 𝜖𝜖𝑡𝑡 − 𝑒̂𝑒 and 𝑒̂𝑒 = 1

𝑛𝑛−𝑝𝑝
∑ 𝜖𝜖𝑡̂𝑡𝑛𝑛
𝑡𝑡=𝑝𝑝+1  

8: end if 
9: for 𝑖𝑖 = 1 𝑡𝑡𝑡𝑡 𝐵𝐵: 
10:         Draw a i.i.d. 𝜖𝜖𝑡𝑡∗ resample from 𝐹𝐹�𝜖𝜖�  
11:         Compute 𝑌𝑌𝑡𝑡𝑡𝑡∗ = 𝛽𝛽 + 𝜙𝜙 ∙ 𝑌𝑌𝑡𝑡−1∗ + 𝜖𝜖𝑡𝑡∗ 
12: end for 
13: 𝑌𝑌𝑡𝑡_𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 = 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚(𝑌𝑌𝑡𝑡𝑡𝑡∗) 
14: 𝑌𝑌𝑡𝑡5% = 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑌𝑌𝑡𝑡𝑡𝑡∗ , 0.05) 
15: 𝑌𝑌𝑡𝑡95% = 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑌𝑌𝑡𝑡𝑡𝑡∗ , 0.95) 

Source: The authors. 
 
 

considered different configurations varying the number of 
neurons and layers, while for the decision trees the deep was 
the hyper-parameter calibrated. 

In all the models described above, the target variable is the 
standardized energy inflows, and the predictive variables are the 
past standardized energy inflows and the past and forecast ONI 
time series. We analyzed different numbers of lags for the 
predictive variables, especially for the non-linear models, and 
calibrated monthly models, which is 12 models (one per month), 
trying to obtain a better forecasting performance. 

 
4. Results 

 
As expected, all the models evaluated (Table 2) presented 

better results than the simplest forecasting method, the monthly 
multi-annual mean (RMSE = 0.26 and RMSE = 0.25 for the 
calibration and test periods). Additionally, the error metric in the 
test period is higher using non-linear models than simpler linear 
models. It is due to a high linear dependence between the SIN’s 
time series with its lags and with the exogenous variable, rather 
than a non-linear dependence, or possibly due to the lack of other 
variables that adequately represent the non-linear dependence 
structure. Besides, the monthly models that consider an 
independent model for each month do not improve the forecasting 
performance despite increasing the number of parameters 12 times.  

 
4.1 Autoregressive model 

 
Due to the linear dependence structure of the data and the 

fact that it is a time series, the ARX1 is the best of all the 
models studied. This model presents better adjustment, has 
few parameters, and allows simulating the stochastic nature 
of the SIN time series, preserving the historical dependence 
structure and incorporating the climate signal through the 
exogenous variable. Furthermore, the ARX1 model is more 
suitable since it retains temporal and climate coherence when 
forecasting ahead of one month. 
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Table 3.  
Results.  

Model/RMSE 
Standard Model Monthly Model 

Calibration Test Calibration Test 
Analogous  0.90   
Analogous ONI   0.91   
Simple linear regression 0.71 0.81 0.69 0.82 
Multiple linear 
regression 0.68 0.76 0.64 0.78 

Deep data residuals 0.68 0.75 0.65 0.76 
Deep data residuals Knn 0.68 0.76 0.65 0.76 
Deep data residuals 
Mahal. 0.68 0.75 0.65 0.77 

Robust - Kendall 0.69 0.76 0.66 0.76 
Robust - Spearman 0.68 0.76 0.64 0.77 
Robust - MAD 0.68 0.76 0.70 0.77 
Robust - Kendall-MAD 0.70 0.76 0.69 0.77 
Robust - Spearman-
MAD 0.68 0.76 0.71 0.77 

AR1 0.71 0.81   
ARX1 0.68 0.75   
Non-parametric 
regression 0.71 0.81 0.63 0.82 

Mult. non parametric 
reg. 1.00 1.02 0.60 0.77 

Decision Trees 0.64 0.82 0.52 0.80 
Neural Networks 0.70 0.75 0.64 0.77 

 *CLIMATOLOGICAL RMSE: 0.99 y 1.02 
Source: The authors. 

 
 
Fig. 6 shows the forecasting results in the test period for 

a horizon of one month. After fitting the ARX1 model with 
the standardized SIN time series, as described in section 3, 
the residuals distribution obtained follows a normal 
distribution (Fig. 7). Similarly, with the Box-Cox 
transformation, normality in residuals is met (Fig. 8), but the 
new model is adjusted after two transformations, increasing 
the complexity of the model. Moreover, the residuals met the 
non-autocorrelation hypothesis with and without the Box-
Cox transformation (Fig. 9).  

Neither the Gaussian residual distribution nor data 
transformation is necessary with the bootstrapping approach, 
in which the simulations start from the empirical distribution 
of the residuals. Fig. 6 shows a comparison of the simulation 
in the test periods. Both forecast values and confidence 
intervals are similar, making the bootstrapping method more 
suitable as it is less restrictive. Although not perfectly, the 
forecast follows the tendency and variability of the observed  

 

 
Figure 6. ARX1 forecasting results in the test period.  
Source: The authors. 

 
Figure 7. Residuals distribution of the ARX1 model.  
Source: The authors. 

 
 

 
Figure 8. Residuals distribution of the ARX1 model after the Box-Cox 
transformation.  
Source: The authors. 

 
 

 
Figure 9. Residuals partial autocorrelation of the ARX1 model after the Box-
Cox transformation.  
Source: The authors. 

 
 

data, and more importantly, the forecast uncertainty 
represented by the shaded area adequately contains the 
observed data for the level of significance assumed (5%). 

Figs. 10 and 11 are related to the uncertainty level of the 
forecast process. Fig. 8 compares the AR1 and ARX1 models 
of how the error variance increases with the forecast horizon. 
Naturally, in both cases, the error variance increases with the 
time horizon, and it is evident how the exogenous variable 
influences this increase to be less pronounced, maintaining 
the error variance significantly lower concerning the AR1 
model (without exogenous variables). Moreover, Fig. 9 
shows the level of uncertainty according to the target month, 
estimated as the quotient between the uncertainty length and 
the multi-annual average value of the forecast month. 
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Figure 10. Error variance as a function of the forecast horizon.  
Source: The authors. 

 
 

 
Figure 11. Forecast uncertainty for each month of the year.  
Source: The authors. 

 
 

4.1 El Niño 2023-2024 
 
In May 2023, began one of the strongest El Niño events 

in recorded history according to the NOAA ONI index. Only 
five El Niño events have reached two degrees temperature 
anomaly umbral, and between them is the El Niño 2023-2024 
with high global impacts. Particularly in Colombia, since 
May 2023, a prolonged water availability deficit was 
observed. 

To visualize the model performance in the 2023-2024 
event, Fig. 12 shows the one-month ahead forecast for the 
April-December 2023 period, while Fig. 13 shows the 
forecasting exercise for the April-December 2023 period 
using the March 2023 observed inflows and the 9 ONI 
projected values. The model follows the low streamflow 
tendency because of the serial dependence and the expected 
continuity of the El Niño event, as suggested by the climate 
agencies and incorporated in the exogenous values. As 
expected in the 9-month forecasting exercise, confidence 
bands increase with the forecasting horizon, reflecting both 
the natural uncertainty associated with several months ahead 
forecast and the duration and intensity of the event.   

 

 
Figure 12. One-month ahead April-December 2023 forecast.  
Source: The authors.  

 
Figure 13. April-December 2023 forecast using the March 2023 observed 
inflows and the 9 ONI projected values.  
Source: The authors. 

 
 

4.2 La Niña 2024-2025 
 
According with the official CPC ENSO probability 

forecast, based on a consensus of CPC and IRI forecasters 
available in https://iri.columbia.edu/our-
expertise/climate/forecasts/enso/current/ and published on 
March 14, El Niño 2023-2024 was expected to finish 
between April and May, followed by two or three months of 
neutral conditions and of a La Niña 2024-2025. Fig. 14 shows 
the December 2023 - August 2024 forecast using the 
November 2023 observed inflows and the 9 ONI projected 
values. Consistent with the El Niño event, the forecast 
suggests system inflow below the historical mean until April. 
However, the observed inflows have been below forecasted 
values due to the limitation of the model by not incorporating 
other variables that could explain the intense system water 
deficit, such as those related to the Amazon basin and 
Atlantic Ocean activity. In addition to the above, ENSO 
patterns and their influence on Colombia may be changing 
because of the temperature records of the last 2 years, making 
it more difficult the forecasting exercise. However, the 
reliability bands capture the variability of the series 
according to the selected significance level.  

 

 
Figure 14. December 2023 - August 2024 forecast using the November 2023 
observed inflows and the 9 ONI projected values.  
Source: The authors. 

 
 

5. Conclusions 
 
We studied the Colombian monthly streamflow 

predictability through the evaluation of different forecasting 
mathematical models, the use of robust and non-parametric 
techniques, and the incorporation of exogenous data, trying 
to extract the maximum amount of information only from the 
streamflow time series and estimating reliability bands using 
probabilistic approaches, providing tools for a better water 
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resources management in the country. 
After analyzing the correlation structure of the data 

employing techniques such as the partial autocorrelation 
function, monthly energy inflow forecasting through 
different mathematical models was evaluated. The 
autoregressive model with exogenous variables presented the 
best results due to the inflows' high dependence on the 
previous month, the linear dependence structure of the series, 
and the climate information contained in the ONI series. 
Besides, confidence interval estimation using Bootstrap from 
the empirical distribution of the residuals allows for a reliable 
estimate of uncertainty without assuming any residual 
distribution. The stochastic structure of the model finally 
adopted permits the estimation of multiple plausible 
scenarios when forecasting, which is an essential condition 
in the study of uncertainty and risk analysis. The 
methodology for estimating confidence bands allows us to 
represent the Colombian hydro-climatology complexity 
related to its geography, physiography, and hydro-
climatological season. 

Three aspects determined the viability of incorporating 
exogenous variables in the forecasting process. Firstly, a 
statistical analysis of the energy inflow series allowed us to 
conclude about a significant dependence on the ONI 
exogenous variable. Secondly, the exogenous data, with 
predicted ONI values for a horizon of 9 months, significantly 
impact the energy inflow forecast, especially when 
predictions are made for horizons longer than three months. 
Finally, using parsimony criteria, despite having more 
parameters, the exogenous variable incorporation leads to an 
increase in the performance or predictability of the model. 

Machine learning models implemented did not show 
better performance than autoregressive models. It could be 
because the time series does not exhibit nonlinearities, it is 
much less than the linear dependence, or there is not enough 
available exogenous data to incorporate in the models. In 
summary, autoregressive models are more appropriate to 
capture the time series dynamics. 

The results obtained in this research will contribute to the 
understanding of the hydro-climatological processes in 
Colombia via mathematical modeling, as the forecasting and 
reliability bands estimation methodology will provide tools 
for decision-making in sectors dealing with the uncertainty 
associated with the distribution of the water resources. 
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