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Abstract

In this study, we introduced a problem for the estimation of the popula-
tion mean of two sensitive variables using ORRT models. A class of estima-
tors has been developed for the estimation of ratio and product estimators.
Up to the first degree of approximation, properties of the proposed estima-
tors including bias and mean square error have been studied. To show the
efficacy of the proposed class of estimators, we compare it with the conven-
tional estimators and the PRE of the proposed class of estimators is obtained
with respect to the usual ratio and product estimator. The simulation study
justified that our suggested estimator is more efficient than the existing es-
timator in terms of having higher PRE.

Key words: Auxiliary variable; Bias; Mean square error (MSE); Non-res-
ponse; Optional RRT; Sensitive study variables.

Resumen

En este estudio, presentamos un problema para la estimacion de la media
poblacional de dos variables sensibles utilizando modelos ORRT. Se ha de-
sarrollado una clase de estimadores para la estimacién de razén y producto.
Hasta el primer grado de aproximacién, se han estudiado las propiedades
de los estimadores propuestos, incluido el sesgo y el error cuadratico medio.
Para mostrar la eficacia de la clase de estimadores propuesta, la comparamos
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con los estimadores convencionales, y se obtiene el PRE de la clase de esti-
madores propuesta con respecto al estimador habitual de razén y producto.
El estudio de simulaciéon que nuestro estimador sugerido es méas eficiente que
el estimador existente en términos de tener un PRE mas alto.

Palabras clave: Error cuadratico medio (MSE); Falta de respuesta; Sesgo;
TSR opcional; Variables sensibles del estudio, Variable auxiliar.

1. Introduction

There is a possibility that survey sampling will yield incorrect information if
the variable of interest is sensitive. Such surveys often lead to respondents refus-
ing to be honest when questions regarding drug addiction, illegal behavior, risky
driving, etc. As a result of having to share such personal information, respon-
dents may provide false information unintentionally or refuse to participate in the
survey directly. Direct questioning could not provide comprehensive and trust-
worthy information, which leads to bias. Therefore, it is a significant concern in
such investigations. The randomized response technique (RRT), first described by
Warner (1965), minimizes potential bias and is used to gather reliable data while
protecting respondent’s privacy. Further, Greenberg et al. (1971) expand the
Randomized Response model (RRM) to estimate the mean of a sensitive variable.
In addition, Eichhorn & Hayre (1983), Singh & Mathur (2005), Gjestvang & Singh
(2006), Gupta et al. (2010), Diana & Perri (2011), Chaudhuri & Pal (2015), Bouza
et al. (2018), Zhang et al. (2018), Murtaza et al. (2020), Waseem et al. (2021),
Kumar et al. (2021), Qureshi et al. (2022), and others have also done research in
this area.

Surveys on sensitive topics may also result in non-response if respondents de-
cline to provide the information or show no interest. Initially, Hansen & Hurwitz
(1946) put forth the notion of gathering a sub-sample of non-respondents and then
individually interviewing this sub-sample to acquire information. A response rate
of 40-50% is considered acceptable, but in practice, it is substantially lower, ac-
cording to Fan & Yan (2010) and Miller & Dillman (2011). Furthermore, Foradori
(1961), Cochran (1977), Khare & Srivastava (1997), Singh & Kumar (2009), Singh
& Kumar (2011), and Kumar & Bhougal (2011) investigated the methodology and
proposed many forms of estimators for population parameters based on Hansen &
Hurwitz (1946).

A key goal in every statistical estimating technique is to get more precise esti-
mators of parameters of interest. It is also generally known that adding additional
information to an estimation procedure leads to better estimates. The ratio and
product estimation approach develops better estimators by using auxiliary infor-
mation that is linearly related to the variable under investigation and is used to
estimate the population means. Cochran (1940) and Murthy (1964) estimators
of ratio and product are notable examples, respectively. The ratio and product
estimator of two parameters is crucial in practice. For example, measuring the pro-
portions of people under different modes of livelihood and total crop production
(i.e., a product of cultivated area and yield rate) in a region is equally significant
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as estimating the total population and total cultivated area (Singh (1965)). In
addition, Koyuncu & Kadilar (2009), Haq & Shabbir (2013), Yadav & Kadilar
(2013), etc., developed more ratio and product estimators. Sousa et al. (2010)
established the ratio estimator, which uses non-sensitive auxiliary data and the
ASR model to estimate the mean of a sensitive study variable. The estimation of
population means of a sensitive variable based on an ORR model, Kalucha et al.
(2015) developed a ratio estimator. By applying ORRT models, Kumar & Kour
(2021), Kumar & Kour (2022), Kumar, Kour & Zhang (2023), Choudhary et al.
(2023), Kumar, Kour, Gupta & Joorel (2023) developed the mean estimator for
estimating the population mean of sensitive variable.

Reviewing the previous studies and motivated by the work of Singh & Karpe
(2009), we developed a class of estimators for estimating the ratio and product
estimators of two population mean of sensitive variables using ORRT models. Fur-
ther, the rest of the paper is arranged in such a manner that section 2 describes the
optional randomized response technique. Some existing estimators are discussed
in 3. The proposed estimator along with its properties are discussed in section
4. In section 5, we compare the proposed estimator with the other conventional
estimators and the efficiency conditions are developed. Section 6 provides a sim-
ulation study to check the effectiveness of the proposed estimator. At Last, the
conclusion is discussed in section 7.

2. Optional Randomized Response Technique

Let us consider a finite population U; = Uy, Us, ..., Uy of size N and a simple
random sample (without replacement) of size n is taken from N. Assume that Y;
and Y5 be two sensitive study variables and X be an auxiliary variable. Let S
and S, be two scrambling variables with mean (S, S) and variances (S%,,Sg),
respectively. Also, let w be the probability that the respondent will find the
question is sensitive. In the ORRT version, the respondent may answer in the
two ways given in (1) depending on whether the respondent considers the question
sensitive or not. So, the general scrambling model for sensitive study variables
Yi;i=1,2 is given as

)Y with probability (1-w) (1)
"1 S1Y; + Sy with probability w,

The mean and variance of Z;; i = 1,2 is given by

E(Z;) = E(Y;)(1 —w) + E(S1Y; + S2)w = E(Y;)

and Var(Z;) = E(Z?) — E*(Z;) = S;i + S§2w + Sgl(Si + Y2)w.
We write the randomized linear model as Z; = (S1Y; + S2)J + Y;(1 —
expectat_ion and variance of the randomized mechanism are Eg(Z;) =
w)Y; + Sow and Varg(Z;) = (Y252, + Sg,)w.
where, S; and S; follows a normal distribution with mean (1,0) and variances
(S%,,5%,),1.e.,51 ~ N(1,5% ) and Sy ~ N(0,5%,), J ~ Bernoulli(w) with E(J) =
w,Var(J) =w(l —w) and E(J?) = Var(J) + E*(J) = w.

J) and the
(Slw +1-—
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2.1. Modified Hansen and Hurwitz Technique

Hansen & Hurwitz (1946) suggests a sub-sampling procedure in which they
assume that from n only ny units provide response on the first call and remaining
ng = n—ny units do not respond. Then, a sub-sample of size ny = 72; k is inverse
sampling ratio and (k > 1) is taken from the ns non-responding units. If the survey
is sensitive in the second phase then they give respondents the opportunity to
scramble their responses by using ORRT. In this case, using Hansen and Hurwitz’s
technique by assuming that the respondent group provides direct responses in the
first phase, and then the ORRT model i.e. (1) is used to provide responses from
a sample of non-respondents in the second phase.

Let §;; denotes a transformation of the randomised response on the j* block,
the expectation of which is real response y;; and is given as

. N R 282 +5%
with E(gi;) = yi; and Var(g;;) = %

(1946) estimator in the presence of non-response by using ORRT is given as

= Kij; 9 = 1,2. Hansen & Hurwitz

Ui = w1Pi1 + walio

where ;0 = 27:51(%—’“)
It is easy to verify that

E(y) =Y
The variance of ¥; is
Var(y;) =Y; ['7021_ + 7*051,(2) + KZ} (2)
where, . o
e =N W e Ehel L he L R
Czi- = b;% ;1 =1,2; is the coefficient of Variation for the respondent class, and
571(2) = ST,Z%’((TQ)), i = 1,2; is the coefficient of Variation for the non-respondent class.

3. Conventional Estimators

For the estimation of the population ratio R and product 15, it is assumed that
the population mean X of the auxiliary variable z is known. The usual ratio and
product estimators using ORRT models are defined as

R:& and p:?jng
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An Improved Class of Ratio and Product Estimators Based on ORRT Models 5

The MSE of the above estimators are given as

MSE(R) = R*[v{C2, + C2 — 2py142C,n Cya } + Y{CZ 9y + Coaay
— 20y152(2)Cy1(2)Co2(2) } + (K1 + K3)] (3)

MSE(P) = P? [’Y{Cf,l + 052 + 2py142C1 Cya} + ’Y*{C51(2) + 052(2)

+ 2py1y2(2)Cy1(2)Cya2) } + (K1 + K3)| (4)
where (e 2 g2 4s2 ) (c? 2 )82 482 1
+y + w +¥ + w
_ Whk yi(2) ' 71(2)/7S1 TSy _ Whk v(2) | Y2(2)/751 TSy
K, = rf { : 2(§1w+17w)2 } and Ky = Tf { : 2(5'1“’4’1*“’)2 }

Also, we considered Singh & Karpe (2009) estimators using ORRT models and

is defined as
(X
tir = R()
T

for estimating ratio R,

|z
top = P<X>
for estimating product P,

The mean square error (MSE) of the above defining estimators are as

MSE(t1R> = R2 [7(051 + CEQ + Cz - 2py1y20ylcy2 + 2py2wcy2cw
= 2py15C1Cs) +7° (0331(2) + 052(2) = 2py152(2)Cy1(2) Cya(2))
+ (K1 + K3)] (5)

MSE(tQR) = R2 [’7(651 + Cy22 + Cg - 2py1y2Cley2 — 2py2nyQCm
+2051:Cy1C2) + 7" (Cri2) + Ciaga) — 2Py132(2) Cy1(2)Ca(2))

MSE(tip) = P?[v(Cyy + Oz + CF + 2py152Cy1Cy2 — 2py2,Cy2C
= 20py1:Cy1C2) + 7" (Chia) + Craga) + 2051422 Cy12)Cya(2))

+ (Kl +K2)] (7)
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MSE(tap) = P*[v(Coy + Coa + C2 + 20y142Cy1Cya + 2py2:Cy2Ch
+ 2py13ccylcx) +" (051(2) + C’;2(2) + 2py1y2(2)0y1(2)0y2(2))

Some other existing estimator by combining the estimators (t1z with R), (tar with
R), (t1p with P), (t1p with P) are then defined as

ty=0tig + (1 —0)R

ty = dtar + (1 - $)R

for estimating ratio R,

ty =ntip + (1 —n)P

ts = dtop + (1 — (5)P

for estimating product P, where, 0, ¢, n and § are appropriately chosen charac-
terizing scalars.

The defining estimators above have the following mean square errors (MSE) as
MSE(tg) = R*[y(Cpy + Coy + 6C2 — 2py1,2C1 Cy2 + 20py2,Cy2Co
- 29Py1wcylcw) +7" (051(2) + 052(2) - 2Py1y2(2)cy1(2)cy2(2))

MSE(ts) = R*[v(Cy1 + Cp + ¢°C3 = 20y152Cy1 Cy2 — 26py22Cy2Cs
+ 2¢Pylzcy10m) + 7" (031(2) + 052(2) - 2py1y2(2)cy1(2)cy2(2))
+ (K1 + K3)] (10)

MSE(ty) = P*[y(C}, + Cy + 1°C2 + 2py12Cy1Cya — 20py20CyaCo
= 20py1:Cy1C) + 7" (Ciia) + Chagay + 2051422 Cy12)Cy2(2))
+ (K1 + K»)] (11)

MSE(L‘(;) = pP? [’}/(le + C§2 + 5205 + 2py1y20y10y2 + 25py2w0y20w
+20py1:C1Cs) +7* (Chia) + Cifagz) + 20y152(2)Cyi(2) Cya2))
+ (K1 + K3)] (12)

To find the minimum MSE of tg,4,t, and ¢5, we differentiate it w.r.t. 0, ¢,n, and
§, respectively and equating to zero, then we get the optimum values as

0 — pyGC’le*V py2atCy2 _ 90pf,

N pylszl - prmC

¢ = C y2 = ¢opt (]-4)
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— pyla:Cyl + py2:z:Cy2
Co

= Topt (15)

_pyGCyl + py2wcy2 =4

0= C opt

(16)

After substituting the optimum values from (13-16) in (9-12), respectively, then
we get the minimum MSE’s as

min.MSE(tg) = R? [’7(651 + Cy22 - leaccy% - PiszZz — 2015201 Cyp2
+ 20y120y2:Cy1 Cy2) +7° (051(2) + 052(2) —20192(2)Cy1(2)Ca(2))
+ (K1 + Kz)]

=min.MSE(ty) (17)
Similarly,

min.MSE(t,) = P? [7(051 + C;Q — pzeryQI - ,012/21,052 + 2py152C1 Cy2
= 2py12Py22Cy1Cy2) +7* (051(2) + 052(2) +201922)Cy1(2)Ca(2))
+ (K1 4 K3) ]
= min.MSE(ts) (18)

4. Proposed Estimator

Following the general class of estimators given by Srivastava & Jhajj (1981),
we introduced a novel class of estimators for estimating the ratio and product es-
timators of two population means of sensitive study variables using ORRT models
when the variance of the auxiliary variable is known at the estimation stage and
are defined as follows

tmr = RHR(u,v), (19)
for ratio R,
tmp = PHp(u,v), (20)
for product P, where, R = %, P=Y\Ys, R= Z%’ P=yip,u=%, 0= ;—2 and
X

Hpg(u,v) and Hp(u,v)is a function of u and v such that,

(a) The point (u,v) assumes the value in a closed convex subset Ry of two-
dimensional real space containing the point (1,1);

(b) The function Hg(u,v) and Hp(u,v) is continuous and bounded in Ry;
(C) HR(L 1) = HP(L 1) =1

(d) The first and second order partial derivative of Hgr(u,v) and Hp(u,v) exist,
continuous and bounded in Rs.
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To determine the bias and MSE of the proposed estimator up to first order
approximation, use the following transformation as

2

R Y1 R Y2 T sz

e == —1,85, = —l,ey==—-landes = - — 1

0=y T heT gy 'TX T 52
such that

E(&51) = E(é2) = E(e1) = E(e2) = 0;
E(&53) =vCh + 02 o T K1, E(&55) =1Chy + 7*0732(2) + Ka;
E(e}) =703, E(e3) = ()\004 — 1), E(ere2) = vCuAoo3;
E(€51€52) = 7Py1y2Cy1Cy2 + 7 py1y2(2)Cy1(2) Cy2(2);

(

*

0161) = ’Ypylmcylczv E(é82€1) = ’ypy2zcy2czy
E(é51e2) = 7Cyiri02, E(€5ze2) = 7Cy2Mo12;
rsq — N \V\T V" \ s v .
where, >\rsq = W and Hrsq = ﬁ Zizl(Yu - Y) (YQz - Y) (Xi - X)q;

200 H020H002
(r,s and ¢) are non-negative integer and pago, fto20 and ppp2 are the second order

moment, and A4, is the moment ratio.

é
é

o

4.1. Bias and MSE of Proposed Estimator
The class of estimators t,,z and t,,p are expressed in terms of expected values

and by expanding Hg(u,v) and Hp(u,v) about the point (1,1) in a second order
Taylor’s series, we obtain. For ratio R,

P ?Hﬂl—k(u—l),l—&-(v—l)}
2

~ ? [HR(l, )+ (u—1)Hig+ (v—1)Hyp + (u—1)*Hzp
2

+ (v—1)*Hyp + (u—1)(v — 1)Hsg]

where,
OHp OHx 1 9Hp 19°Hr
Hir = =5 "y Hor = 5 Pl Hor = 5750 laay Fan = 5755 laay
10%Hp
d Hsp = ==L
AR HSE = 5 Bude |(171)

Similarly for product P,
tmp = 2 Hp[1+ (u—1),1+ (v —1)]
~ g [Hp(1,1) + (u = )Hip + (0 = 1) Hop + (u — 1) Hap
+ (1} — 1)2H4p + (U, - 1)(1} — 1)H5p}

aHP 8HP . 132Hp
where, Hip = —— ’(1 1)7 ‘(1 1)? P_§W|(Ll)’
162HP 13 Hp
H4P‘§W<u>7andH5P 2 Gudo |01
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Then, the expression of t,,z and t,,p in term of ¢’s, we have

Y1(1 + €
tmpr = _1(731) {1 +e1Higp+exHor + B%HgR + 6§H4R + 6162H5R:| (2].)
Ya(1+ é5,)

tmp = Y1(1 + &5)Ya(1 + é5y) [1 +e1Hip +egHop + €3 Hyp + e3Hyp + 61€2H5P}

(22)
Taking expectation on both side of equation (21) and (22), the bias of t,,gr and
t,,p are obtained as

B(tmr) = R['Y{HSRCg + Hir(Moos — 1) + H5rCrAo03 + H1rCo(py1.Cy1
— py2:Cy2) + Har(Cyr1dioz — Cyadorz) — py1y2Cy1Cya + Cry }
+7{Chaz) = Py1va@ Cn () Coae) } + Kz} (23)

B(tmp) = P[W{ngCi + Hyp(Xoosa — 1) + HspCrroos + HipCor(py12.Cy1
+ py2:Cy2) + Hap(Cy1 X102 + Cyaro12) + pylyQCylcyQ}
+ 7*{Py1y2<2>0y1(2>0y2<2>}] (24)

The MSE of the proposed estimators is obtained by squaring and taking expecta-
tions on both sides of equations (21) and (22) as

MSE(tyr) = R? [7{H3R0§ + H2 (oot — 1) + C2 + C2y + 2Hy p HapCo Ao
+2H1RC(py12Cy1 — py2:C2) + 2Har(Cyidio2 — Cyaroi2) — 2py142

Cy1Cy2} + 7*{051(2) + 052(2) = 2py192(2)Cy1(2)Cya(2) } + (K1 + K3)
(25)

MSE(tmp) = P [W{prcg + HZp(Aoos — 1) + C2) + C2, + 2H, pHapC ooy
+2H1pCor(py15Cy1 + py2:Cy2) + 2Hap(CyiA102 + Cyaror2) + 204142
Cylczﬂ} + 7*{051(2) + 052(2) + 2Py1y2(2)0y1(2)cy2(2)} + (K1 + K2)}

(26)

To obtain the minimum MSE of t¢,,r and t,,p, differentiate it with respect to
Hir,Hsr and Hqp, Hop, respectively, we get

Oy150 - Cy251

Higp = T = HlR(opt)
Hop = X003 (Py1z — Py2x) ;3@,1)\102 + Cyoror Hanopt
Cy160 + Cy2d
Hip=-—% OCz(53 = Hyp(opt)
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~ A003(py1z + py2e) — Cyidioe — Cyadotz I
= 53 = 112P(opt)

Hyp

where,

502: [A1022003 — Py1z(Aooa — 1)], 1 = [Ao12A003 — Py2z(Aooa — 1)], 03 = [Aooa —
1 — Ajos)

After substituting the optimum value of Hig, Hog and Hyp, Hop in (25) and
(26), respectively, then the minimum MSE of proposed estimators are as
min MSE(tmr) = B[ 1{ Hip(opyC2 + Hin(opty (Moot = 1) + C2y + Cly

+ 2I_IlR(opt)-[7[2R(opt)(jac>\003 + 2I{U%(o;nt)c’z (pylmcyl - py?nyQ)
+ 2Hs p(opt) (Cy1 A 102 — Cyaro12) — 2py192C1 Cya } + 7*{051(2)

+ Cha2) = 20414220 Cy1(2) Oy} + (K1 + Kz)] (27)

min.MSE(t,p) = P {V{HfP(opt)Ci + H3popry(Mooa — 1) + C5y + Cy

+ 2H1P(opt)H2P(opt) CzAoo3 + 2H1P(opt) Cy (pyla:cyl + pyZJ:CyZ)
+ QHQP(Opt) (Cyl/\102 + CyQ)\OlQ) + 2py1ngley2} + ’}/*{051(2)

+ 032(2) + 2py1y2(2)Cy1(2)Cya(2) } + (K1 + Kz)} (28)

5. Efficiency Comparisons

In this section, we find the conditions by comparing the MSE of proposed
class of estimator with the MSE of usual ratio and product estimator and other
considered existing estimators.

For Ratio R,

(i) min.MSE(tmr) < MSE(R), iff

|:7{H12R(opt)c:3 + HgR(opt)(Aom — 1) + 2H, r(opt) Har(opt) Cx 003
+2H1R(Opt)caz (pylxcyl - py2:vcy2) + 2H2R(opt)(cy1>\102 - Cy2>\012)}:| <0

(ii) min.MSE(tymr) < MSE(tyg), iff

[’Y{HfR(om)Cz + H22R(0pt)(/\004 — 1) + 2H1 r(opt) H2R(opt) Ce Aoo3
+2H1 R(opt) Cz (y12Cy1 — py22:Cy2) + 2Hop(opt) (Cyr1A102 — Cy2aAo12)
*032; - 2py2TCy20r + 2py1TCylc"c}:| <0
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(iii) min.MSE(tmr) < MSE(taz), iff

{V{HfR(opt)Cz + H22R(opt)()‘004 — 1) + 2H 1 R(opt) H2R(0pt) Cz Ao03
+2H1R(opt)0x (pylxcyl - prxOyQ) + 2H2R(opt) (Cy1>\102 - Oy2>\012)
_Cg + 2py2ny2Cw - 2pyGCylcw}i| <0

(iv) min. M SE(tmr) < min.MSE(tg) = min.MSE(t,), iff

|:’Y{H12R(opt)cg + Hi g (opt) (Ro0s = 1) + 2H1 piopty HaR(opt) CaMoo3
+2H1R(0pt)093 (pylxcyl - prwCyQ) + 2H2R(opt) (Cy1A102 - CyQAOIQ)
+p§1:cc§1 + szICyQQ + 2py1wpy2wcylcy2}i| <0

For product P,

(v) min.MSE(t,,p) < MSE(P), iff

|:’7{H12P(opt)oz + H3p(opty(Mooa = 1) + 2H1 p(opt) Hap(opt) Cr Ao0s

F2H, p(opt) Ca (Py12Cy1 + py22Cy2) + 2Hop(opt) (Cy1 Aoz + CyQ)\OIZ)}:| <0

(vi) min.MSE(tmp) < MSE(t1p), iff

[’Y{pr(om)cg + H22P(opt)()‘004 — 1) + 2H1 p(opty H2p(opt) C Moo03
+2H 1 p(opt) Cz (py12Cy1 + py2:Cy2) + 2Hop(opt) (Cy1A102 + Cyaroi2)
*Cﬁ + 2Py2x0y20x + 2py1x0ylcac}:| <0

(vii) min.MSE(t,mp) < MSE(tz2p), iff

[’Y{lep(opt)cg% + H3p(opry(Aooa — 1) + 2H1 p(opt) Hap(opt) Ca: Aoos
+2H1 P (opt) Ca (Py1:Cy1 + py2:Cy2) + 2Hap(opt) (Cy1 102 + Cyaro12)
~C2 = 2p,2,Cy2Cy = 201, CnCa}| < 0

(viii) min.MSE(tmp) < min. MSE(t,) = min.MSE(ts), iff

|:’Y{H12P(opt)oz + HQZP(opt)(/\O(M — 1) + 2H1 p(opty H2p(opt) Cz Mo03
+2H1 p(opt) Ca (Py12Cy1 + py2:Cy2) + 2Hap(opt) (CyrAi02 + Cyaroi2)
+p§1xC§1 + p?%QICSQ + 2py]mpy2ICylcy2}:| < 0

11

If the above conditions from (i-viii) holds true, then proposed class of ratio and
product estimator is more efficient than other considered conventional estimators.

Revista Colombiana de Estadistica - Theoretical Statistics 47 (2024) 1-23



12 Monica Choudhary, Sunil Kumar, Sanam Preet Kour & Tania Verma

6. Simulation Study

This section of the paper discusses how well the proposed class of estimators
performs as compared to the usual ratio and product estimators when the study
variables are sensitive by nature. Now, we perform a simulation study using R
Software to verify the performance of the proposed class of estimator over the
considered existing estimator. For this we generated an artificial population of size
N = 150 and draw a sample of size n = 50 using SRSWOR with 53.3% response
rate. From the sample only 10(n;) provide a response to the survey question
and 40(nz) of them do not respond. Then, we take another sample (n, = 72)
from the non-respondent group by using k = 2,3,4. Here, we take two different
model for ratio and product estimators with scrambling variable S; ~ N(1,10)
and Sy ~ N (0, 10).

For ratio estimator, X = rnorm(N,15,1), Y1 = X + rnorm(N,15,1) and
Y2 = X + rnorm(N,15,1).

For product estimator, X = rnorm(N,10,1), Y1 = X + rnorm(N,5,1) and
Y2 = X + rnorm(N, 5,1).

Next, we calculate PRE’s of the proposed and existing estimator against usual
ratio and product estimators, respectively, for different values of w.

Thus, the percent relative efficiency of the conventional and proposed class
of estimators( t,,g and t,,p) with respect to the usual ratio R and product P
estimators, respectively, are as

[ MSE(R)
PRE(ER) = |3rer | 00 (29)
Where, ER = tmR,t1R7t2R,t9 and t¢
[ MSE(P) ]
PRE(Ep) = | ——== 1
RE(Ep) MSEEL | 00 (30)

Where, Ep = tmp, tlp,tgpﬂfn and t(;.
The findings are shown in Table 1 to 6, respectively.

Following points are noted from Table 1 to 3 as

e Table 1 to 3 represent the performance of proposed class of ratio estimator
against the considered conventional ratio estimators.

e It is envisaged from Table 1 to 3, that our proposed estimator is more efficient
then all other considered conventional estimator.

e Also, from Table 1 to 3, with the increasing value of w, the PRE of proposed
estimator (i.e., t,,g) are decreases.

e The PRE of tig first decreases then increases, but the behaviour of tyg
opposite to t1g i.e., first increases then decreases, and the PRE of ¢y & t4
first decreases then increases and then again decreases with the increasing
value of w.
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e The performance of tog is very less than all the considered estimator and ¢y
& t, are equally efficient.

TABLE 1: PRE of the proposed and existing ratio estimator with respect to usual ratio
estimator for k = 2

Estimator n =40
w=0.2 w =04 w = 0.6 w = 0.8 w=1
tmR 134.6828 190.5363 170.8708 118.5198  100.0117
tir 110.8748 99.2541 100.2286  102.3050 98.5560
tor 99.9981 99.9970 99.9957 99.9986 100.0000
ty 100.0000 100.0000 100.0001  100.0000 100.0000
ty 100.0000 100.0000 100.0001  100.0000 100.0000
n =45
tmR 350.9810 272.9284 243.8051 211.0215 100.0141
tir 99.9855 99.9913 99.9909 99.9913 100.0000
tor 99.9898 99.9920 99.9946 99.9952 100.0000
ty 99.1488 100.7468 99.7698 101.2729 99.7828
ty 99.1488 100.7468 99.7698 101.2729 99.7828
n = 50
tmR 154.2558  136.0052 131.3350 130.1940 100.8953
tir 104.9325  103.1830 99.0614 98.6202 100.2205
tor 99.9956 99.9966 99.9994 100.0002 99.9999
tg 100.0003  100.0003 100.0002 100.0005 100.0000
o 100.0003  100.0003 100.0002 100.0005 100.0000

TABLE 2: PRE of the proposed
estimator for k = 3

and existing ratio estimator with respect to usual ratio

Estimator n =40
w=0.2 w=0.4 w = 0.6 w=0.8 w=1
tmR 117.4478  124.1317  120.0394 110.5994 100.0059
tir 112.7617 107.2395 103.7318  102.84270 98.5450
tor 99.9989 99.9984 99.9988 99.9992 100.0000
tg 100.0000  100.0000  100.0000 100.0000 100.0000
ty 100.0000 100.0000  100.0000 100.0000 100.0000
n =45
tmR 267.6842 170.0753  162.7086 152.3073 100.0070
tir 99.9907 99.9943 99.9941 99.9944 100.0000
tor 99.9934 99.9948 99.9965 99.9969 100.0000
tg 98.9049 100.9735 99.6993 101.6682 99.7845
ty 98.9049 100.9735 99.6993 101.6682 99.7845
n = 50
tmR 128.5935 120.4318 118.2384 117.6661 100.5929
tir 106.3194 104.1169 98.7916 98.2230 100.2932
tor 99.9972 99.9978 99.9996 100.0001 99.9999
to 100.0002  100.0002  100.0001 100.0003 100.0000
ty 100.0002 100.0002  100.0001 100.0005 100.0000
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TABLE 3: PRE of the proposed and existing ratio estimator with respect to usual ratio
estimator for k = 4

Estimator n=40
w=0.2 w =04 w = 0.6 w=0.8 w=1
tmR 111.6557 113.1468 107.86568  107.4243  100.0039
tir 113.5450 108.7787 104.5756  103.0823 98.5414
tor 99.9984 99.9990 99.9995 99.9994 100.0000
to 100.0000  100.0000  100.0000 100.0000  100.0000
ty 100.0000  100.0000  100.0000  100.0000  100.0000
n =45
tmR 185.9612  143.9406  140.0967 134.2134  100.0047
tir 99.9931 99.9958 99.9956 99.9958 100.0000
tor 99.9952 99.9961 99.9974 99.9977 100.0000
to 99.7892 101.0831 99.6651 101.8609 99.7851
ty 99.7892 101.0831 99.6651 101.8609 99.7851
n = 50
tmR 119.4119 114.2638 112.8625 112.4856  100.4432
tir 106.9729  104.5631 98.6633 98.0340 100.3294
tor 99.9980 99.9984 99.9997 100.0001  100.0000
to 100.0002 100.0001  100.0001  100.0003  100.0000
ty 100.0002  100.0001  100.0001  100.0003  100.0000

Following points are noted from Table 4 to 6 as

e Table 4 to 6 shows the results of the suggested class of product estimators
in comparison to the existing product estimators under consideration.

e It is envisaged from Table 4 to 6, that the performance of our proposed
estimator is outstanding then all other considered conventional estimator.

e Also, from Table 4 to 6, the PRE of proposed estimator (i.e., t,,p) are
decreases, but the PRE of top are increases with the increasing value of w.

e The PRE of t;p first increases then decreases and then again increases and
decreases, and the PRE of ¢y & t, first increases then decreases with the
increasing value of w.

o The performance of tg & t4 are equally effective but less than all the consid-
ered estimators.
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TABLE 4: PRE of the proposed and existing product estimator with respect to usual

product estimator for k = 2

Estimator n =40
w=0.2 w =04 w = 0.6 w = 0.8 w=1
timp 160.2515  139.6268  129.2720 128.5368  100.0123
t1p 99.9944 99.9954 99.9968 99.9961 98.5414
top 99.9971 99.9985 99.9981 99.9992 100.0000
ty 90.1909 93.2487 96.4017 97.7465 101.4652
ty 90.1909 93.2487 96.4017 97.7465 101.4652
n =45
tmp 118.4956  114.0844 111.1203 110.9805 100.0041
t1p 99.9977 99.9980 99.9986 99.9983 100.0000
top 99.9988 99.9994 99.9992 99.9996 100.0000
ty 88.0705 91.3670 95.2845 97.0097 101.4802
tg 88.0705 91.3670 95.2845 97.0097 101.4802
n = 50
tmp 193.2220 155.6005 140.7693  138.0035 101.2111
tip 99.9940 99.9957 99.9943 99.9936 99.9998
top 99.9940 99.9955 99.9977 99.9987 99.9999
ty 95.2994 96.9150 100.9446  100.3958 99.7799
ts 95.2994 96.9150 100.9446  100.3958 99.7799

TABLE 5: PRE of the proposed and existing product estimator with respect to usual

product estimator for k = 3
Estimator n=40
w=0.2 w =04 w = 0.6 w=0.8 w=1

tmp 128.3030 116.1176  107.8658 115.8588  100.0062
t1p 99.9967 99.9980 104.5756 99.9976 100.0000
top 99.9983 99.9988 99.9995 99.9995  100.0000
to 88.6822 95.6241 100.0000  97.2357  101.4764
123 88.6822 95.6241 100.0000 97.2357 101.4764

n =45
tmp 118.4956  114.0844 111.1203 110.9805 100.0041
tip 99.9977 99.9980 99.9986 99.9983  100.0000
top 99.9988 99.9994 99.9992 99.9996  100.0000
to 88.0705 91.3670 95.2845 97.0097 101.4802
ty 88.0705 91.3670 95.2845 97.0097 101.4802

n = 50
tmp 144.7289 130.0515 122.9612 121.5892  100.8017
tip 99.9962 99.9972 99.9963 99.9959 99.9999
top 99.9962 99.9971 99.9985 99.9991 99.9999
ty 94.0563 96.0458 101.2213  101.8070 99.7076
ts 94.0563 96.0458  101.2213  101.8070  99.7076
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TABLE 6: PRE of the proposed and existing product estimator with respect to usual

product estimator for k = 4

Estimator n=40
w=0.2 w =04 w = 0.6 w = 0.8 w=1
tmp 118.4956  114.0844 111.1203 110.9805 100.0041
tip 99.9977 99.9980 99.9986 99.9983 100.0000
tap 99.9988 99.9994 99.9992 99.9996 100.0000
to 88.0705 91.3670 95.2845 97.0097 101.4802
to 88.0705 91.3670 95.2845 97.0097 101.4802
n =45
tmp 185.9612  114.0844  111.1203 110.9805 100.0041
tip 99.9825 99.9942 99.9965 99.9956 100.0000
top 99.9855 99.9994 99.9992 99.9996 100.0000
to 99.9898 91.3670 95.2845 97.0097 101.4802
ty 88.0705 91.3670 95.2845 97.0097 101.4802
n = 50
tmp 129.4232  120.5901 115.9808 115.0772  100.5992
tip 99.9972 99.9979 99.9973 99.9969 99.9999
top 99.9972 99.9978 99.9989 99.9994 99.9999
ty 93.4818 95.6360 101.3534  102.0038 99.6717
ts 93.4818 95.6360 101.3534  102.0038 99.6717

6.1. Numerical Illustration Using Real Dataset

The dataset is based on Census 2011 literacy rates in India. The data is of
N = 35 Indian states and union territories and sample of size n = 15 is drawn from
the population. The literacy rate is spread across the major parameters-Overall,
Rural and Urban. Let y1, y2 and = denotes the number of literates (people) in
2001, 2011, and the total literacy rate (2011), respectively.

We have taken into account S; = 1; S, = 0 and S2, = 0.5;52, = 1 in order to
minimize the effect of scrambling on the real data.

From Table 7, it is clear that the performance of our proposed ratio and prod-
uct estimator i.e. t,,g and t,,p is outstanding better then all other considered
existing estimator(s). Also, from Table 7, the PRE of proposed ratio estimator
first decreases for w = 0.2 to 0.4 then increases and again decreases when w = 0.8.
But the PRE of proposed product estimator first increases for w = 0.2 to 0.4 then
decreases when w = 0.6 and again increases when w = 0.8. So, for real dataset
our proposed ratio and product estimator performs well as compared to other
considered estimators.
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TABLE 7: PRE of the proposed and existing ratio and product estimator with respect to
usual ratio and product estimator for kK = 3

Estimator w = 0.2 w =04 w = 0.6 w = 0.8

tmR 365.8602  311.8663  709.0322  439.4191
t1r 113.1646  131.7994 80.3672 98.1132
tar 99.9995 99.9995 99.9995 99.9996
ty 100.0001  100.0000 95.2845 100.0000
ty 100.0001  100.0000 95.2845 100.0000
tmp 322.1020  399.3888  238.4184  245.4303
tip 99.9991 99.9989 99.9993 99.9992
tap 100.0004  100.0005 100.0003  100.0003
to 88.3670 75.8732 124.4294  101.9233
te 88.3670 75.8732 124.4294  101.9233

7. Conclusion

This article focuses on the ORRT model in the presence of non-response only
on study variables and also addresses a class of estimators for estimating the popu-
lation ratio and product estimator of two sensitive study variable(s). Additionally,
the suggested class of estimator’s characteristics (i.e., bias and MSE) have been
examined. Singh & Karpe (2009) estimators are taken into consideration to eval-
uate the adequacy of the proposed class of estimators. To verify the theoretical
findings, a simulation study using R software is conducted for both real and ar-
tificial population. The simulation results clearly demonstrate that our proposed
class of estimators is better than other widely utilized conventional estimators. As
a result, we recommend that our proposed ratio and product class of estimator
performs well when the respondent finds the survey is sensitive.
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Appendix

All necessary derivation for Bias and MSE

For ratio R estimator,
Y1
2

~ ?[HR(l, 1)+ (u—1)Hip + (v — V)Hop + (u — 1)2Hsp
2

+ (v—1)*Hyp + (u — 1)(v — 1)Hsp)

e (2 () ()
G () (&

Using the expected terms, we get

151(1 + €61)

Ya(1 + €y)

Y1

Y,

Y R R
= YT(l + €51 — €02 — €160 + 602) [1 +e1Higp +exHop + engR + e2H4R
2

mR = [1 +61H1R+€2H2R+€%H3R+€§H4R+€1€2H5R}

(14 e5)(1+e5y) " [1 +e1Hip + eaHor + €5 Hap + e3Hyp + €1€2H5R}

+ €1€2H5R}

After multiplication, we get
Y Ak Ak
tmR = YTl [1+4 e1Hig + e2Hag + €1 Hsg + e3Hap + ereaHs g + €5y + €51e1Hig
2

A%2
+eégreatar — €50 — epe1H1r — €goeaHap — €31 €50 + 602]
Yl Y1
timg — [e1Hig + eaHap + el Hsp + e3Hap + e1eaHs g + €51 + €61 Hip
AR A 1 2 0 0
. . . U %2
+ 60162H2R — 632 — 682€1H1R — 632€2H2R — 681682 + 602] (A].)

Taking expectation on both side of equation (A1), then we get

Y,

=F A (e1Hsg + e3Hyg + ere2Hsp + €561 Hir + €512 Hag
2

Aok Ak Ax2
— égper Hir — é5peaHap — €560, + 653)

After putting the expected value, we get the Bias of ¢, that is defined in equation
(23).
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Again taking expection and squaring on both side of equation (A1), then we get

Y12 Y N
E[tme YTl] =F YTl(elHlR+62H2R+€?H3R+6§H4R+6162H5R+631
2 2

Ak Ak Ak Ak Ak
+égre1Hir 4 €y1eaHop — €0y — €goe1 Hir — €ppeaHop
2

Ak A% Ak2
— 851602 + €55)

All higher order greater than degree 2 are ignored, then

_ _ 2
Y772 Y; . .
E[tme Tl} =F T1(€1H1R+62H2R+6017602)
Y, Ys
_ & 2 2772 2772 %2 | %2
=\¥ EleTH{p +e3Hyp + €57 + €53 +2e1eaHirHapn
2

P Ak A~ ~ Ak A%
+2e1é0Hir — 2e1€60,H1r + 2e2é5; Hop — 2e2é50Hap — 2651 €59

After putting the expected values, we get the MSE of t,,z that is defined in
equation (25).

Similarly, for product P estimator,

tmp =12 Hp[1+ (u—1),1+ (v—1)]
glgg [Hp(l, 1) + (u — 1)H1p + (U — 1)H2p + (u — 1)2H3p

+ (v —1)2Hyp + (u—1)(v — 1)H5p]
Y1Y2 [1 + (% - 1>H1P + (;;zc( - 1>H2P + (% - 1>2H3P
2 2

(;—;;{ - 1>2H4P + (% - 1) (;7;;( - 1)H5P}

Using the expected terms, we get

Q

+

tmp Yl(]. =+ égl)}é(l =+ é32) [1 +e1Hip + esHop + 6%H3p =+ €§H4p + 6162H5P}

1)72(1 —+ égl)(l —+ é82) |:1 +e1Hip +esHop + G%ng —+ €§H4p + 6162H5p:|

1Ya(1 + €51 + €5 + €51€652) [1 +e1Hyp + exHyp + € Hyp + €3 Hyp
+ €1€2H5P}
After multiplication, we get

tmp = Y1Y2[1 + e1H1p + e2Hop + e1Hsp + e3Hyp + ereaHsp + €5y + é51e1Hip

Ak A~k Ak Ak Ak Ak
+ ég1eaHap + €5y + €gge1 Hip + eggea Hap + 65,65,
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|:th — Yﬂ?z} =Y1Ys|erHip + eaHop + eiHzp + e2Hyp + eresHsp + €5,
+égie1Hip + éh1eaHap + €59 + €91 Hip + égoeaHap
+ €51€02) (A2)

Taking expectation on both side of equation (A2), then we get

E|tmp —Y1Ya| = E|Y1Y2(e1Hsp + e3Hup + e1e2Hsp + &j1e1Hip + €5eaHop

A A Ak Ak
+ 602€1H1P + 602€2H2P + 601602)

After putting the expected value, we get the Bias of ¢, p that is defined in equation
(24).
Again taking expection and squaring on both side of equation (A2), then we get

_ _12 _
E[th - Y1Yz} =F Y1YQ(€1H1P +egHop + e Hsp + e3Hyp + ereaHsp + €5,

Ak Ak Ak Ak Ak Ak Ak
+ ége1Hip + égreaHap + €5y + €ppe1 Hip + €g9e2Hop + 601602)

All higher order greater than degree 2 are ignored, then
2

__12 -
E|:tmp7Y1Y2:| =F Y1Y2(61H1p+62H2P+é817é32)

__\2
- (Yle) E|e2H2, + 2H2p + 2 + 622 + 2erexHy pHop

+ 261@31H1P + 261é32H1P + 262é81H2P + 262@32H2P + 2(%1(%2

After putting the expected values, we get the MSE of t,,p that is defined in
equation (26).
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