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Abstract

In sample survey, missing data is a common issue. Various imputation
techniques have been developed to handle the missing data issue. But, a
miniscule work has been done to handle missing data issue in the presence of
measurement errors (ME) and correlated measurement errors (CME). This
manuscript proposes a few logarithmic imputation techniques and the accom-
panying point estimators to address the missing data issue when the data
are affected by CME. The mean square error (MSE) of the proposed impu-
tation methods is reported to the first order approximation. The dominance
conditions of the proposed imputation methods over the coeval imputation
methods are obtained. Afterward, a simulation study using an artificially
drawn population and a real data application are carried out to support the
theoretical findings.

Key words: Correlated measurement errors; Imputation; Missing data;
Mean squre error.

Resumen

En las encuestas por muestreo, la falta de datos es un problema comiin.
Se han desarrollado varias técnicas de imputaciéon para abordar el problema
de la falta de datos. Sin embargo, se ha realizado un trabajo mintisculo para
abordar el problema de la falta de datos en presencia de errores de medicion
(ME) y errores de medicion correlacionados (CME). Este manuscrito pro-
pone algunas técnicas de imputacion logaritmica y los estimadores puntuales
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que las acompanan para abordar el problema de la falta de datos cuando los
datos se ven afectados por CME. El error cuadratico medio (MSE) de los
métodos de imputaciéon propuestos se informa a la aproximaciéon de primer
orden. Se obtienen las condiciones de dominancia de los métodos de im-
putacién propuestos sobre los métodos de imputacién coetdneos. Luego, se
lleva a cabo un estudio de simulacién utilizando una poblacién dibujada ar-
tificialmente y una aplicacién de datos reales para respaldar los hallazgos
tedricos.

Palabras clave: Error de mediciéon correlacionado; Error cuadratico medio;
Datos faltantes; Imputacion.

1. Introduction

In sample survey, missing data is a common problem which reduces the quality
of data and ultimately results incorrect conclusions. Therefore, it is essential
to cautiously handle the problem of missing data. Imputation is an established
technique that is efficiently used to tackle the situation of missing data. Three
cardinal mechanisms-observed at random (OAR), missing at random (MAR), and
parameter distribution were first described by Rubin (1976). The OAR mechanism
arises when, provided the observed and unobserved data, the probability of the
observed missingness pattern does not depend on the observed data values for
every conceivable value of the missing data. The MAR mechanism takes place
when, given the observed and unobserved data, the probability of the observed
missingness pattern does not rely on the values of the unobserved data. The
missing completely at random (MCAR) is the combination of OAR and MAR.
The processes of MAR and MCAR were also separated by Heitjan & Basu (1996).
Various prominent authors developed a number of imputation methods over the
last few decades namely, mean, regression, ratio, cold deck, hot deck and other
imputation methods. The study of Singh & Horn (2000), Singh & Deo (2003),
Rueda & Gonzalez (2004), Ahmed et al. (2006), Toutenburg et al. (2008), Singh
(2009), Prasad (2018), Shahzad & Hanif (2019), Bhushan & Pandey (2021), Audu
& Singh (2021), Prasad (2021), Shahzad et al. (2022), Anas et al. (2022), Audu
et al. (2023), Bhushan & Kumar (2023), Bhushan, Kumar, Pandey & Singh (2023),
Bhushan & Kumar (2023), and Bhushan et al. (2024) are recommended to the
interested readers. To prevent the circumstance of missing data, these authors
took into account the MCAR mechanism and offered several imputation techniques
and the related point estimators based on auxiliary data. This study also considers
MCAR mechanism to impute the missing data.

Measurement or observational errors are the another source of non-sampling
error that arises when the observed value of the sample units deviates from the real
value. Faulty machinery, hiring people with little expertise, or other circumstances
might cause ME. Shalabh (1997) measured the effect of ME on the population
mean using classical ratio and product estimators. Manisha & Singh (2001) con-
sidered the regression type estimator in the presence of ME under simple random
sampling (SRS). Sahoo et al. (2006) computed the effect of ME using ratio and
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regression estimators. Gregoire & Salas (2008) measured the performance of the
ratio estimator of population total in the presence of ME. Singh & Karpe (2008)
considered the ratio and product estimators in case of ME. Singh (2009) developed
a class of population variance estimators under ME. Singh & Karpe (2010b) pro-
posed the mean, product and ratio estimators under SRS. In stratified random
sampling, Singh & Karpe (2010a) recommended the separate and combined ratio
and product estimators when data were tainted by ME. The computation of the
population variance under ME was addressed by Diana & Giordan (2012). The
regression and ratio type calibration estimators for the population mean in strat-
ified random sampling were developed by Vishwakarma et al. (2020). Singh et al.
(2022) computed the effect of MEs on some efficient variant of the product and
ratio estimators of mean utilizing auxiliary information. Singh et al. (2022) com-
puted the effect of MEs by using auxiliary information under systematic sampling.
Vishwakarma & Singh (2022) computed the effect of MEs on ranked set sampling
estimators of the population mean. Bhushan, Kumar, Shukla, Bakr, Tashkandy &
Hossain (2023) suggested some novel logarithmic type estimators in the presence
of MEs.

Bhushan, Kumar & Shukla (2023a) investigated some classes of the robust
estimators in the presence of CMEs. Bhushan, Kumar & Shukla (2023b) assessed
the impact of CMEs using logarithmic-type estimators. Bhushan et al. (2024)
evaluated the performance of novel logarithmic estimators under CMEs. Kumar
et al. (2023) measured the impact of CMEs on some efficient classes of estimators.
Kumar et al. (2024) investigated some robust imputation methods in the presence
of CMEs. To resolve the issue of missing data in the presence of CME, some new
logarithmic type imputation methods (LIM) have been introduced in this work.
The corresponding point estimators have been obtained to compute the population
mean and to analyze the effect of CME.

The subsequent section provides the formulation of the model and a recap of the
conventional imputation methods (CIM) in the case of CME. Some novel LIM and
their properties under CME have been proposed in Section 3 and the theoretical
conditions are obtained under which the LIM surpass the CIM. To support the
theoretical results and to study the impact of CME, an extensive simulation study
based on artificially generated data is carried out in Section 4, and a real data
application of the proposed LIM is provided in Section 5. The study is concluded
in Section 6.

2. CIMs and Their Properties

Consider a finite population £ = (k1, ko, ..., k) of size N from which a sample
of size n is drawn using simple random sampling without replacement to compute
the population mean py of study variable Y. Let r be the responding units out of
n sampled units. Let S, and S,, respectively, stand for the set of responding units
and non-responding units. The amount y; is retrieved for every unit, i € S,., but the
units 4 € S, have missing values and require imputation in order to complete the
creation of the sample data set. Let the imputation be performed consisting of the
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additional auxiliary information, Z, so Z; > 0, for all i € s provided that the data
Zs = {Z;;i € s} are available.

Further, we take the situation where data values may be measured with ME.
Let the observed values be represented by (y;, z;); i = 1,2,...,n and the true values
be denoted by (Y7, Z;). Let the observed values be expressed in additive forms as
yi = Y; +U; and z; = Z; + V;. Assuming that puy and pz are the population
means, o} and 0% are the population variances, Cy and Cz are the population
coefficients of variation of variables Y and Z, respectively, and py 7 is the coefficient
of correlation between variables Y and Z. The ME U; and V; are also unobservable
with means 0, variances 02U and o2, respectively and correlation coefficient prry. In
the presence of ME, s = (n—1)"'>""  (2;—2)% and s% ==Y (vi—y)? are
not unbiased estimators of the population variances 0% and 0%, respectively. Thus,
the expected values of s? and s in the case of ME are given by E(s?) = 0% + oy,

and E(sz) = 0% + o?, respectively.

When determining the characteristics of the imputation methods, we take into
account the notations described as follows: 7, = py (1 + €), z» = pz(1 +¢€1) and
Zn = pz(l + €) where, €, kK = 0,1,2 are error terms such that E(ex) = 0, k =
0,1,2, E(eg) = fTNyC}QM E(G%) = fT’NzC’%7 E(G%) = anzC%a E(E()fl) = fTNyZCYCZ7
E(eoe2) = fuXy.CyCyz, E(e162) = fuX,C%, where f, =n '—=N~7!, f, =r"1-N"1,
frn =1t —=n7Y Cy = Sy/py and Cz = Sz/uz. Also, X, = (0% + 03)/0%,
N, = (0% +0%)/0% and Ry, = (py.0y 0z + puwouoy)/oyoz.

2.1. Mean Imputation Method
Consider the notations of Lee et al. (1994), and for the imputation of unit

value, when the data are ridden with ME and the i*" sample unit is absent and
requires imputation, then the procedure of imputation is provided as

i fori e S,
Yo g forie S,

The point estimator is given below as

Cm =Y
The mean square error (MSE) of estimator (,, is given below as

MSE(n) = fR,CY (1)
Taking the additional information on auxiliary variable into account, the methods
of imputation are divided into the following strategies:
Strategy I: When pz is known and %, is utilized.

Strategy II: When uz is known and Z,. is utilized.
Strategy III: When gz is not known and Zz,, z,. are utilized.
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2.2. Ratio Imputation Methods

The conventional ratio imputation methods under CME are given below as.

Strategy I

i for i € S,
Yir, =9 1 ‘ [nflr (;ﬁz) _ Tﬂr] forie S,

Zn

Strategy 11

i fori e S,
e T e (4) -] fories,

Strategy I11

yi fori e S,
Yirg =4 1 {nyr (%n) _ Tgr} for i € S,

n—r

Under the strategies I, IT and III, the point estimators are given below as
- [ HZ
Crl = Yr ()
Zn
— [ Mz
CT‘Q = Yr (>
Zr
_ [ Zx
Q‘a =Yr (Z:)

The M SFE equations of these point estimators are given below as

MSE(C’H) = ﬂ%’(fTNyCSQ/ + anzC% - 2anyZCYCZ) (2)
MSE(CM) = U2Y(fTNyCSQ’ + erzC% - 2f7"NyZCYOZ) (3)
MSE(CTS) = M%’(eryC)% + frnNzC% - 2frnNyzCYCZ) (4)

2.3. Regression Imputation Methods

We define the classical regression imputation methods in the presence of CME
as.

Strategy I
M fori € S,
P g+ 2y - 2) forie s,

Strategy II
|y for i € S,
Vi =g+ 22— 5) fories,
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Strategy 111

Ur + (Zp — 2,) fori€ S,

n—r

)Y for: e S,
Yoy = nps

The point estimators are given as

G =Yr + B1(pz — Zn)
Clz = gr + ﬁQ(/I;Z - 27")
Gy = Ur + B3(2n — 2r)

where 31, B2 and B3 are regression coefficients of y on z.

The M SE equations of the above point estimators at optimum value of 5;(op) =
wy Ry Cy /uzR,Cy are given by

N2
min. MSE(G,) = i3 C3 (fmy - fN> (5)
NQ
min. MSE(G,) = frudC3 (N - N) (6)
NQ
min . MSE((,) = u3CE (ery — frn Ny> (7)

3. Proposed Imputation Methods

Logarithms are found to be fruitful because they demonstrate numbers on the
realistic scale that people can easily comprehend. Additionally, because logarithms
treat multiplication as a series of steps, they may depict events whose magnitudes
might differ enormously, such as the pH scale used to measure acidity. Such
frequently varying magnitudes can be measured efficiently in a single scale using
logarithmic scale graphs. In logarithmic scale graphs, the exponential changes are
shown by a straight line and make them easier to draw conclusion. The utilization
of logarithms in real life can be found in Richter scale for measuring earthquakes,
decibels for measuring sound and pH scale for measuring acidity. It can also be
utilized in exponential decay and growth namely, radioactive decay in radiocarbon
dating interest rate, invasive species, Covid-19 pandemic, bacterial growth and
compound rate, etc. Apart from these benefits of logarithms, the motivation of
using the logarithmic imputation methods is that the logarithmic imputations
provide efficient alternative imputations for the estimation of population mean in
the presence of missing data. Therefore, to deal with the issue of missing data in
the presence of CMEs, it is essential to explore and study the utilization of LIM
for the estimation of population mean. Following Bhushan & Kumar (2022) and
Bhushan & Kumar (2023), we construct the following LIM in the presence of CME
as
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Strategy 1

forie S,

Y.i b1 _
c — n%yr 1—|—log<z”)} —ry.| forie S,

i for i € S,
— m/)4yT 1+5410g( )} —rgr} fori e S,

<

y-ia4

Design II

i for i € S,
— m/gyr 1+5510g( )}—rgr} foric S,

<

Yoiag

Design 111

fori e S,
y-ia3 =

fori e S,
4 _ o\ %2 _
Yiay = . m@yr 1 + log (f;)} - ryr} fori € S,

_ g _
1+log(§—;>} S—T’y,«:| for i € S,

fori € S,
Yeiag = {nr [m/JGyT {1 + ¢ log (%)} - 7“377«} for i € S,

The point estimators are given by
Cay = Y1Ur _1 + log (
Car = Y2Ur _1 + log (
Goy = v 1+ log ()]
Cas = 1/J427r 1+ d4log (,UZ>:|

Cas = /(/}5377“ 1465 log (T>:|
L Hz

| Zr
gaa = war 14 56 10g <Z>:|
where v¢; and §;, i = 1,2,...,6 are appropriately selected scalars.

Theorem 1. The first order approzimated MSE and minimum MSE of the
consequent point estimators Cq,, © =1,2,...,6 of the proposed imputation methods
are given by
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MSE(Ca,) = py (1 + 97 Ly — 24 M;) (8)
min.MSE((,,) ~ uiy (1 — Af) (9)

where L1 = 1 + f»,«NyC?/ + 251(61 — l)anZC% + 451anyzCZOY; M, =1+
{51 (51 - 2)/2}anzC% + 51anyzCZCY; L2 =1+ eryC%f + 262(52 - 1)erzC% +
452eryzCZCY;' M2 =1+ {62(62 - 2)/2}fTNzC% + 52eryzCZCY; L3 =1+
[rRyCZ+263(03—1) frnR,C% 4403 frn Ry CzCy ; My = 1+{63(03—2) /2} frnR.C%+
03 frnRy:CzCy; Ly =1+ iR, CF 4 04(64 — 1) f,C% + 404 fuR,.CyCz; My =1 —
(64/2)fn0% +54anyzCYCZ; L5 = 1+f7NyC)2/ +65(65 - 1)f70% +465fT'NyzCYCZ;
Ms =1— (05/2)f-C% + 65 R,.CyCz; L = 1+ f:R,C% + 66(56 — 1) frnC% +
456frnNyzCYCZ; and MG =1- (56/2)frnc% + 66frnNyzCYCZ-

Proof. Cousider the first proposed point estimator (,, as

_ I
Car = V171 [1 +log (z)]
Ktz

Employing the notations defined in Section 2, the proposed estimator (,, can be
expressed as

01
Cay = Y1y (1 + €0) {1 + log {HZ(L;Q)H (10)
01
Zwluy(1+€0) <1+€2 — €2§> (].].)

Using Taylor series expansion in the right hand side, excluding the error terms
having power more than two, we get

2 0(61 —1
vy () 1401 (- 2 )+ 2= (12)
62
~ py Y1 <1 + €0 + d1€2 + d1€0€2 — G165 + 2163) (13)

Subtracting py both the sides of (13), we get

52
Caor =y = py S U1 [ 1+ €0 + 0161 + d1e0€1 — 516? + = f% -1 (14)
2

Squaring and taking expectation on both side of (14), we obtain the M SE of the
point estimator {,, up to first order approximation as
1+ {1+ f;R,CE +201(01 — 1) fR.C% + 461 fuR,.C2Cy }

MSE((ay) = pid -
(C 1) Ky _2w1 {]_ + w'anZC% + 51anyzCYCZ}

(15)
The MSE of the estimator (,, of (15) can further be written as
MSE(Cay) = piy (1 + 9Ly — 241 M) (16)
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where L1 =1+ eryC%/ + 2(51((51 - 1)anzC% + 451anyzCZCY and M1 =
1+ {51((51 — 2)/2}anZC% + 51anyZCZCy.

Partially differentiating (16) with respect to 11 and equating to zero, we get

OMSE()
O
13 (21 Ly — 2M7) = 0
My
wl(opt) = Tl

Putting the value of 1y (ops) in (16), we get the minimum MSE of the estimator
Cay S

M2
min.MSE(Cy,) = 1y ( — L;) (17)

The derivations of the M SE expressions of other suggested point estimators can
be deduced on the same lines. In general, we can write

MSE(CG7)%ﬂ%(lﬁ*w?Ll*QﬂJle)’ 22172,76 (18)

Partially differentiating (18) with respect to 1; and equating to zero, we get

IMSE)
;i B
1y (2L — 2M;) = 0
M;
wi(opt) = fz

Putting the value of ¢;(op) in (18), we get the minimum MSE of the estimator
Ca; as

M?
min . MSE((,,) ~ 13 <1 — LZ» > (19)
Note that the simultaneous optimization of ¢; and é;, i =1,2,...,6 of the MSFE
is not possible. Hence, we consider d; = d;(ops) such that ¢»; = 1 and use it inside
Vi = 1i(opt) to obtain (19).

The optimum value of §;, i =1,2,...,6 is given below as
Cy
5i(opt) = _Nyzm
which can be obtained by putting ¥; = 1 in the respective point estimators and
minimizing their M SFE expressions for the scalars §;, i = 1,2,...,6, respectively.
O
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Further, we compare the MSE of the proposed LIM with the MSE of the CIM
under strategies I, IT and III. The proposed LIM dominate the CIM under the
following conditions.

Condition 1.

The proposed LIM y;, , ¢ = 1,2,...,6 perform superior than the usual mean
imputation method ¥y,  under strategies I, II and III, if

M?
MSE((a,) < MSE(Gn) = <= > 1= iR,CY

i

Condition 2.
(i). The proposed LIM Yia,, =14 performs superior than the ratio imputation
method y;, under design I, if

2

M+
MSE(Gw,) < MSE(G,) = = > 1= [y CY — fuRoCF — 2/uR,.C2Cy

(ii). The proposed LIM Yia,» 1 =2,0 performs superior than the ratio imputation
method y;,, under design II, if

2
MSE(CIM) < MSE(C’I"Q) = % >1- fTNyC%/ +erzC% - 2eryzCZCY

i

(iii). The proposed LIM Y.i,,» ¢ = 3,6 performs superior than the ratio imputation
method y;,, under design IIL, if

2 _ 2 2 2
MSE((,,) < MSE(¢ry) = M > < L= fa®yCy — fraRyCy + [raR:C7 >

L; *2frnNyzCZCY

Condition 3.
(i). The proposed LIM Yia,, 1=1,4 performs superior than the regression impu-
tation method y ;. under design I, if

M2
MSE((,,) < MSE(G,) = L’ >1— f;R,CF + frR, CFR2

%

(ii). The proposed LIM Yie,, © = 2,0 performs superior than the regression
imputation method y;, under design II, if

2

M
MSE(G,) < MSE(G) = - > 1— [R,CH(1-R2))

(iii). The proposed LIM Yia,, © = 3,0 performs superior than the regression
imputation method y ;. under design III, if

M2
MSE(Ca,) < MSE(Gy) = 5 > 1= faRyCY = fraRy CF (1= RL,)

%
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4. Simulation Study

We conducted a simulation study to evaluate the performance of the LIM with
the CIM, employing an artificially generated normal population N(u,¥) of size

Ly 5
3
N =800 such that mean vector p= H OZ 1ol covariance matrix
0 0
0'12/ PYZ0Oz0y 0 0
Y — Py z0z0y 0% 0 0
0 0 0’%] pPUVOUOYV
0 0 pPUVOUOY 0"2/

pyz = 0.3, 0.6, 0.9, pyy = —0.9, —0.6, 0, 0.6, 0.9 and different values of oy,
0z, oy, oy which are given in the header of each Table. We have taken different
values of response rates such as r = 250, 260, 270, 280 to study the superiority of
the point estimators. We take 20,000 replications to tabulate the percent relative
efficiency (PRE) of the point estimators. The simulation steps are defined below.

Step 1. From a population of size N, select a random sample s of size n.
Step 2. Each time, select (n — r) sample units at random from the sample s.

Step 3. Apply suggested imputation techniques examined for quantified samples to
impute the selected units.

Step 4. Tabulate the required statistics.

Step 5. Repeat the above steps 20,000 times. The formula utilized to tabulate the
PRE is given below.

_ MSE(Gn)
PRE = MSE(G) x 100
| 20000
. f— o — 2
where MSE(() 50,000 ; (G — py)

such that ¢; = ¢, Gy Gyy ©=1,2,3 and (g, 2 =1,2,...,6. Table 1 to Table 8
provide an overview of the outcomes of the simulation study reported in terms of
PRE. The results reported in Table 1 to Table 4 are obtained utilizing different
valuations of 0%, 0%, 0%, 0% and response rate r such as 250, 260, 270 and 280,
whereas the results reported in Table 5 to Table 8 are obtained utilizing different
valuations of 0%, 0%, 0%, 0% and level of ME such as 15, 20, 25 and 30. After
profoundly observing the outcomes of the simulation study, which are described
in Table 1 to Table 8, we draw the following interpretation:

(1). From Table 1 based on 0% = 27, 0% = 24, 0f, = 17 and 0% = 19, it
has been observed that: (a). when the response rate is r = 250 then the
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PRE of the ratio estimator (,, under design I increases with the successive
increase in the values of correlation coefficient py z from 0.3 to 0.9. The PRE
also increases with the successive increase in the magnitude and direction of
puv from -0.9 to 0.9. This tendency in the PRE values of ¢,, can be also
observed from strategies I and III. (b). The similar tendency as observed
in the change in PRE of (., discussed in previous point can be also observed
from the PRE values of the conventional point estimators (;,, ¢ = 1,2,3 of
CIM y ;,, and proposed point estimators (4,, @ =1,2,...,6 of LIM y;, . (c).
The similar tendency in the PRE of the mean estimator (,,, conventional
regression and ratio estimators (;,, ¢,, ¢ = 1,2,3 and proposed estimators
Ca;r © = 1,2,...,6 under strategies I, II, III can be observed for the other
response rates r = 260, 7 = 270 and r = 280. (d). The PRE of the point
estimators based on CIM and LIM increases with the successive incremental
change in the values of response rate r from 250 to 280. (e). Moreover,
the point estimators (,,, ¢ = 1,2,...,6 based on LIM dominate the point
estimators such as (,, ¢ and (;,, ¢ = 1,2, 3 based on CIM for different values
of response rate r under strategies I, IT and III.

. The interpretation as drawn in points (1) for the results of Table 1 can also

be drawn from the results revealed in Tables 2-4 based on different valuations
of 02, 0%, 0% and 0%

. From Table 5 based on 02 = 27, 02 = 24, it has been noticed that: (a). when

the level of ME is 15% then the PRE of the ratio estimator ¢,, under design
T increases with the successive increase in the values of correlation coefficient
pyz from 0.3 to 0.9. The PRE also increases with the successive increase
in the magnitude and direction of pyy from -0.9 to 0.9. This pattern in the
PRE values of ¢, can be also observed from strategies IT and III. (b). The
similar pattern as observed in the change in PRE of ¢,, discussed in previous
point can be also observed from the PRE values of the point estimators ¢,
i =1,2,3 based on CIM y.;,, and point estimators (o,, ¢ = 1,2,...,6 based
onLIM y,, . (c). The similar pattern in the PRE of the point estimators .,
G, © =1,2,3 based on CIM Yip,» Yo, and point estimators (,,, % =1,2,...,6
based on LIM y;, can be noticed for different levels of ME such as 20%,
25% and 30%. (d). The PRE of the point estimators based on CIM and LIM
increases with the successive incremental change in the level of ME from 10%
to 40%. (e). Moreover, the point estimators (,,,7 = 1,2,...,6 based on LIM
surpass the point estimators such as ¢, and (;,, ¢ = 1,2, 3 based on CIM for
different levels of ME under strategies I, II and III.

. The interpretation as discussed in points (3) for the results of Table 5 can

also be drawn from the results of Tables 6-8 based on different valuations of

2 2 2 2
oy, 0y, of and oy,
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5. Real Data Application

This section provides an example of applying the suggested imputation tech-
niques to a real population. The real population is obtained from Sarndal et al.
(2003, pp. 652-659), which is based on 284 municipalities in Sweden. In general,
a municipality consists of a town and its surroundings. The municipalities differ
significantly in terms of size and other characteristics. In this study, Y; is consid-
ered as the actual number of seats in 1982 (S82) in municipal council, and y; is
considered as the measured number of seats in 1982 (S82) in municipal council,
whereas X; is taken as the true number of conservative seats in 1982 (CS82) in
municipal council, and x; is taken as the measured number of conservative seats
in 1982 (CS82) in municipal council. The needed descriptive statistics are as fol-
lows: N = 284, n = 60, r = 54, uy = 46.0704, px = 9.095, 05 = 158.5533,
02 = 24.3690, 02 = 67.4993, 02 = 1.4220, p,, = 0.6878, and p,, = —0.0155.
The graphical representation of the data is shown by the density plot presented in
Figure 1. Figure 1 illustrates that the variable X has a right-skewed density.
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FicURrE 1: The density plots of the seats data.

For the above data, the PRE of the suggested estimators is determined using
the following expression:

MSE(m)

PE = NSE()

x 100. (20)

The results are shown in Table 9, based on the existing imputation techniques
and the proposed imputation techniques.

Based on Table 9, it can be seen that the performance of the suggested esti-
mators is better than the existing estimators for all strategies considered in this
study.
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TaBLE 1: PRE of different point estimators when o3 = 24, 03 = 27, 05 = 17 and

oY =19.
Strategy I Strategy II Strategy I1I
T opyz pov Gy Gy Cay Cay [ Gy Cay Gas Gry G Gay Gag
250 03 -09 7245 103.63 105.23 105.31 66.58  104.85 106.34  106.44 80.15  101.13 10297 102.99
-06 7479 100.62 10L73  101.75 69.21  100.82 101.90  101.93 90.26  100.20  101.35  101.36
0 89.15 10258 103.91  103.78 86.16  103.43 104.82  104.65 96.25  100.81  102.03 101.99

0.6 11414 11767 11921 11871 11955 12472 12641  125.71 10413 105.05 106.32  106.18

0.9 13012 13155 13401 132.89 14400  146.32 149.05 14743 108.00 10831  110.39  110.09

06 -09 77.79 10041 10157  101.56 72.63  100.55 101.70  101.69 91.63  100.13  101.29 101.29
0.6 8485 101.37  102.62 102.54 80.93  101.81  103.10  103.00 9460 10043 101.61 101.59

0 10648  112.61  114.03  113.66 108.73  117.35 11890  118.37 101.99  103.72  104.91  104.80

0.6  139.67 14056 14218 141.28 159.98  161.53 16342  162.08 110.00 11017 11143  111.20

0.9 16437 169.02 170.72  169.43 207.00  216.93  219.08  217.07 114.33 11503 116.30  115.99

09 -09 86.84 10267 103.88 103.75 83.33  103.55 104.81  104.65 9538  100.84 101.94 10190
0.6 9789 10722 10856  108.31 97.24  109.75 11119 11085 99.32 10220 103.37  103.30

0 12811 12958 13110 13041 140.77 14313 144.87 14385 107.55  107.88  109.07  108.89

0.6  180.30 188.04 189.73 188.28 242.65 26178  264.08  261.82 116.62 117.62 11883  118.49

0.9 23032 26246 26432  262.47 395.06  546.63  550.48  550.64 12211 12470 125.86  125.44

260 03 09 7141 10381 105.30 105.38 66.72  104.80 106.20  106.30 91.03 10091  102.66  102.68
0.6 7367 10066 10170 101.72 69.19  100.82 101.85  101.87 91.91  100.16 101.25 101.26
0 88.58  102.73  103.99  103.87 86.15 10343 10473 10457 96.92 10066 101.80  101.77

0.6 11517 11896 12043 119.93 119.64 12478 12638 125.72 103.35 10408 10526  105.16

0.9 13256 13412 13648 135.34 14411 14641 14898  147.46 106.44 106.68 108.62  108.39

06 -09 7673 10044 10152 101.52 72.58  100.55 101.63  101.63 93.05  100.11  101.20  101.20
0.6 8404 10143 10262 102.54 80.87 10179 103.01 10291 95.53  100.35 10145 101.43

0 106.84 11343 11479 11441 108.67 117.31 11877  118.28 101.60  103.00  104.10  104.02

0.6 14310 144.08 14564 144.72 160.08  161.61 16339  162.12 108.01 10814 109.30  109.13

0.9 17099 176.33 17799  176.67 20720 21713 219.14  217.26 11138 11193 11310 11287

09 09 8.06 102.80 103.94 103.82 83.20  103.51  104.69  104.54 96.16  100.67 101.70 10167
0.6 9765 107.62 108.90 108.65 97.09  109.67 111.02 110.71 99.41 10177 102.86  102.80

0 130.21  131.84 13329  132.59 140.67  143.04 14468 143.72 106.06 10632  107.42  107.28

0.6  189.40 198.44 200.10 198.61 242.84  261.90 264.06 261.93 113.15 11391 115.02 11477

0.9 24984 29046 292.36  290.53 395.85  546.82  550.45  550.57 17.32 11925 12032 120.01

270 03 09 70.14  104.09 10547 105.54 66.61 10485 106.17  106.26 9296 100.70  102.37  102.38
0.6 7258 10069 101.67  101.69 69.21 10081 101.78  101.81 93.71  100.12  101.16  101.16

0 88.00  102.89  104.09  103.96 86.17  103.42 104.65  104.50 9763 10050 10157  101.55

0.6 11609 12019 12161 1211 11951 12467 12618 12555 10253 103.08 10418  104.10

0.9 13500 136.67 13893 137.78 143.96 14620 148.62 147.18 10483 10501 106.81  106.64

06 -09 7575 10046 10148 101.48 72.62 10054 10156  101.56 9462 10008 10111 10111

06 8331 10152 10265 102.57 80.91  101.80 102.94  102.85 96.56  100.27 10130  101.29

0 107.32 11434 11564  115.26 108.74 117.33 11871 118.24 101.23 10228  103.31  103.25

0.6  146.67 147.76 14928 148.34 159.94 16147  163.15  161.96 106.00  106.10  107.17  107.05

0.9 17815 18428 18591 184.55 206.90 216.75 218.65 216.88 108.46 10885 109.94  109.77

09 -09 8.45 10299 10408 103.96 83.29  103.54 104.66 104.51 97.06  100.52 101.48  101.46
0.6 97.62 108.15 109.38 109.13 97.21  109.74  111.02  110.72 99.57 10136 102.37  102.33

0 132.58 13434 13575 135.03 14073 143.07 14461 143.71 104.57 10476 105.78  105.68

0.6 19966 21026 211.92  210.38 242.66  261.53  263.58  261.57 109.74 11028 11131 11113

0.9 27355 326.39 32839  326.62 395.62  546.24  549.67  549.76 11271 11407 11506 114.84

280 03 09 6897 104.31 105.60  105.68 66.61  104.83  106.08  106.16 9511 10047  102.07  102.08
0.6 7L50  100.71  101.63  101.66 69.25  100.79  101.71  101.73 95.64  100.08 101.06 101.07
0 8745 103.07 10421  104.09 86.21 10343  104.60 10445 98.39  100.34 101.34 10133

0.6 117.28 121.65 123.02 122.51 119.64 12474 12617 12558 10171 10208 10310  103.05

0.9 137.89 139.70 141.89  140.71 14413 146.34 14863  147.27 103.24 10336 105.04  104.93

06 -0.9 7476 10047 10144 101.43 72.66  100.52 101.49 101.49 96.28  100.05 101.03  101.03
0.6 8257 10161 102.68  102.6 80.96  101.80  102.88  102.80 97.64  100.18 101.16  10L15

0 107.84 11533 116.59  116.20 10882  117.39  118.69 118.25 100.84 10154  102.50  102.46

0.6  150.81 15199  153.47  152.51 160.10  161.59  163.18  162.04 104.00 10407  105.07  104.99

0.9 18667 19377 19539 193.98 207.19  217.03 21884 21715 105.60 10585  106.87  106.76

09 -09 8480 103.16 10420 104.08 8336  103.53  104.59 10445 97.99  100.35 101.26  101.24
06 9755 10865 109.83  109.57 97.28  109.73  110.94  110.66 99.71 10092 101.87 101.84

0 13524 137.13 13851 137.78 14091 14321  144.67 14382 103.07 10319 10414  104.08

0.6 21182 22462 22629 224.69 24285 261.93  263.87  261.96 10642 106.77  107.73  107.62

0.9 303.64 375.03 37719 375.61 39574 546.95 55020  550.31 10830 109.15 11007 109.93
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TABLE 2: PRE of different point estimators when 0% = 31, or%/ = 33, 02U = 21 and
o =23
Strategy I Strategy II Strategy I1I
T opyz pov Gy [ [ Cay Gy [ Cay Cas Gry Gy Cay Cag
230 03 09 7263 10336 10546 105.36 6678 10443 10646 10658 8024 10105 10345 10343
0.6 748 10056 10194 101.96 69.33 10074 10210 10213 90.31 10018 10161 10162
0 8014 10266 10431 10415 86.14 10355 10526 10505 96.25 10084 10235 10230

0.6 113.82 117.61 11951 118.90 119.09 12463 126.73  125.86 104.04 10503  106.61  106.44

0.9 12954 13121 13440 132.97 143.07  145.77 14929 147.23 107.87 10824  110.94  110.55

06 -09 7801 10041 101.83 101.82 72.89  100.55 101.97  101.96 91.73  100.13  101.55 10155
0.6 8.06 101.51 103.06 102.95 8117 102.01  103.60  103.46 9468 10048 101.93 101.89

0 106.49  112.89 11462 114.16 10875 117.75  119.64  118.99 101.99  103.79 10524  105.11

0.6 139.73 140.77 14275  141.65 160.09 16189  164.21  162.55 11001 11021 11L75 11147

0.9 164.22 168.74 170.83  169.25 20669 21633 21896  216.51 11430 11499 11654 11617

09 -09 874 10299 10454 10437 85.65  103.98 105.60 105.38 96.10 10094 10235 1023
06 9854 10778 109.43  109.11 93.08 11054 11230 111.86 99.53  102.37  103.79  103.69

0 129.10 13059 13245 13158 142.35 14476 146.91 14562 107.77 10810 10955  109.33

0.6  181.88 189.38 19146  189.67 246.45 26524 268.11  265.29 116.83  117.79 11926  118.85

0.9 22638 263.18 26542  263.20 380.10  550.77  555.17  556.38 12175 12475 12622 125.7

260 03 09 7L60 103.52 10549  105.58 66.93 10443 106.29 10641 9111 100.84 103.13  103.15
0.6 7378 10060 101.89  101.92 69.31  100.75  102.02  102.05 91.96  100.15 101.49 10150
0 88.57 10282 10438  104.22 86.14  103.54 105.15 10495 96.92 10068 102.09  102.05

0.6 11483 11889 120.71  120.09 119.19 12469 126.66 125.84 103.28 10407  105.53  105.40

0.9 13194 13374 13680 135.35 14319 14586 149.18  147.23 106.34  106.62  109.14  108.84

06 -09 7696 10044 10177 10176 7283 100.55 101.88  101.87 93.14 10011 10144 101.44
06 8426 10159 103.05 102.94 8112 10199 10348  103.35 9560 10039 10174 10171

0 106.86  113.73  115.38  114.91 108.69  117.71 11949  118.87 101.60  103.06 10440  104.30

0.6 143.17 14430 14621 145.09 160.19 16196  164.14  162.58 108.02  108.17 10959  109.38

0.9 17081 176.00 178.04 176.42 20687 216.51 21899  216.68 11136 111.89  113.33  113.05

09 -09 88.06 103.14 10460 104.44 85.54  103.94 10546  105.25 96.77  100.75  102.07  102.03
0.6 9834 10822 109.79 10947 97.93 11046 11211 11170 99.58 10191  103.22  103.15

0 13132 13295 13474  133.86 14228 144.68 146.69 145.49 106.24  106.50  107.83  107.66

0.6 19131  200.04 202.09  200.24 246.77 26539 268.09 26543 113.31 11404 11539 115.08

0.9 24489 29143 29371  291.54 380.64  551.14  555.29  556.39 117.05 11929 12064  120.25

270 03 09 7034 103.78 105.60  105.69 66.81 10448 106.23  106.34 93.03 10065 102.82  102.84
0.6 7270 10063 101.84 101.87 69.33  100.74  101.94 10197 93.74  100.11  101.39  101.39
0 87.99 10298 10447  104.31 86.16  103.53  105.05  104.87 9763 10052 101.84 10181

0.6 11573 12012 12187 121.25 119.06 12458 12643 12567 10248 103.07 10443  104.33

0.9 13432 13625 139.18 137.71 143.05 14564 148.77 14693 10476 10497 107.30  107.09

06 -09 7599 10046 10172 10171 72.88 10054  101.80  101.79 9468 10008 10134 101.34
06 8354 10169 103.07 102.97 8116  101.99 10340 103.28 96.62  100.30 101.56 10155

0 107.34 11466 11625 115.78 10876  117.73 11941 11883 101.23 10233 103.57  103.5

0.6 146.75 148.01 14987 148.72 160.05 161.82 163.88  162.41 106.00 106.12  107.44  107.29

0.9 177.95 183.90 185.90 184.23 206.58  216.14 21847  216.29 10845 10883 110.16  109.96

09 -09 8752 10335 10475 104.58 85.62  103.97 10540 105.21 97.53  100.58 101.81 10178
0.6 9835 108.80 11030  109.98 98.06  110.53 11210 11171 99.70 10146  102.69  102.64

0 133.77 13555 13729 136.39 14232 14470  146.60 145.46 10470 10489  106.13  106.01

0.6 201.84 21216 21421  212.30 246.47  265.01  267.55  265.05 109.85 11037 111.62 11141

0.9 267.24 327.67 330.03 328.00 38031 550.46 55438 555.40 11252 11409 11535  115.08

280 03 09 6917 103.98 105.68  105.77 66.82 10446 106.11  106.21 9515 10044 102.52  102.53
0.6 7162 10065 10179  101.82 69.37  100.72  101.86  101.89 95.67 10007 101.29 101.29
0 8744 103.17 10459 10443 86.20  103.54 104.99  104.81 98.38  100.35 101.59 10157

0.6 11690 121.58 12327 122.63 11920 12465 12641  125.69 101.68 10207  103.33  103.28
0.9 13715 13925 14208 140.58 14323 145.79 14875 147.01 103.19 10333 105.51  105.38

06 -09 75.00 10047 10166 101.65 7292 100.52 101.72 10171 96.33  100.05 101.25 10125
0.6 881 101.79 103.11  103.00 81.21 10199 103.33  103.22 97.68  100.20 101.40 10138
0 107.86  115.67 117.21  116.73 108.84 117.78 11938  118.83 100.84 10157 102.73  102.69
0.6 15090 152.27 15409  152.9 16022  161.94  163.89  162.50 104.01 10408 105.31  105.21
0.9 18645 19334 19532  193.60 206.89 21643  218.64  216.57 105.60 10584  107.08  106.95
09 -09 8.95 103.54 10488 104.71 85.67  103.96 105.32 105.14 9831 10039  101.55 101.53
06 9829 10934 11078 11045 98.10 11052 11201 111.63 9980 10099 102.14  102.10

0 136.55 13848  140.17  139.25 14250  144.85  146.65 145.57 103.16 10328 10443  104.35
0.6 21447 22691 22898  226.99 246.75 26540  267.82 26544 106.50  106.83  107.99  107.86
0.9 29555 376.78 379.31  377.61 380.61  551.10  554.82  555.79 108.18  109.16  110.34  110.17
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TaBLE 3: PRE of different point estimators when o3 = 35, 03 = 40, 05 = 20 and

% = 15.
Strategy I Strategy II Strategy III
T pyz puv Gy [ Gay Gas [ Gy Cas Cas Gy Gy Gay Gag
250 03 -09 7295 100.67 10197 101.99 67.14  100.89  102.16  102.19 89.39 10021 101.56  101.57
-0.6  77.68 10039 10179 10177 7250 100.52 10193  101.90 9158  100.13 10150  101.50
0 90.19  104.39 10595 105.73 8744 10588  107.53  107.23 96.64  101.36  102.75  102.68

06 10981 115.71 11750  116.96 11336 12183 12381  123.04 10294 10454  106.03  105.87

09 12125 12471 12659 12583 130.10 13542 137.54  136.44 105.94  106.77  108.28  108.07

06 -09 8.11 10190 10362 103.50 86.10 10252 10430  104.13 96.24  100.60 10221  102.18
-0.6 9549 10452 10632  106.09 9414 106.06  107.94  107.63 98.51 10140 103.03  102.96

0 11470 11746 11936 118.76 12036 12442 12649 125.64 10428 10499  106.59  106.42

06 13974 14132 14338 14224 160.10  162.85  165.227  163.52 11001 11032 112.00 111.70

09 155.89 16140 16351  162.02 189.84 20087  203.38  201.14 11296 11386 11554 115.17

09 -09 10480 11012 111.94 111.54 106.44 11380  115.76  115.21 10149 103.03 10462  104.50
-0.6 11485 11749 11936  118.77 12058 12445 12651 125.67 104.32  105.00 106.57  106.41

0 14290 14398 14598 144.82 165.65  167.57  169.90  168.16 110.63  110.83 11241 112.12

06 18480 20113  203.22  201.31 253.63  297.37  300.18  297.56 11721 11918  120.74  120.29

09 21508 26410 26621 264.14 34046 556.13  559.69 56348 12066  124.82 12639  125.84

260 03 -09 7L72 100.72 101.93  101.96 67.05 10090  102.09  102.12 9L15  100.18 10145 101.45
-0.6  76.59 10042 101.73  101.71 7241 10052 101.84  101.81 93.00  100.10 10139  101.39
0 89.64 10463 106.11  105.89 8741 10584 10739  107.11 97.23 10110 10239  102.34

06 11047 11681 11853 11798 11339 12185  123.71  122.99 10239 103.67  105.04  104.93

09 12285 12659 12840 12763 130.18 13546 13746  136.42 104.80 10545 106.84  106.69

06 -09 8849 10200 103.62  103.5 86.05  102.50  104.17  104.01 96.90  100.48 101.99  101.96
-0.6 9519 10478 10648  106.25 94.08  106.03  107.80  107.50 98.77 10114  102.65 102.60

0 115.69 11865 12046  119.86 12034 12436 12631 125.52 10345  104.03  105.50  105.37

06 14316 14491 14689 145.73 160.18 16291  165.14  163.54 108.02 10826  109.81  109.58

0.9 16131 167.57 169.61 168.09 189.97 20101  203.37  201.26 11032 11102 11257  112.30

09 -09 10501 110.72 11245 112.05 106.32  113.71 11555  115.04 10119 102.44  103.91  103.82
-0.6 11577 11863 12041 119.82 12044 12433 12626 12547 10347 10402 10547  105.35

0 146.61  147.77  149.69  148.51 165.61 16745  169.64  168.01 10849  108.64 11010  109.88

06 19473 213.99 216.04 214.09 253.95 29745  300.10  297.63 113.60 115.09 11654  116.20

09 23098 29261 29471 29278 340.90  556.40  559.76  563.27 11622 119.34 12080  120.38

270 03 -09 70.61 100.75 101.89  101.92 67.10  100.89 10201  102.04 93.11  100.13 10134  101.34
-0.6 7561 10043 101.67 101.65 7247 10051 101.76  101.73 9458  100.08 10129  101.29
0 80.23 10494 10635 106.13 87.56 10587  107.33  107.07 97.90 10084  102.05 102.01

06 11112 117.87 11952 11896 11336 12174 12349 12281 101.81  102.77 10404  103.96

09 12444 12844 13018 12940 130.09 13527 137.16  136.18 103.62 10410 105.39  105.28

06 -09 8793 10212 103.67 103.54 86.09 10251  104.08  103.93 97.62  100.37 10179  101.76
-0.6 9496 10508 106.70 10647 9412 106.03  107.71 10743 99.07 10087  102.29  102.25

0 116.79 11998 121.71  121.10 12038 12440 12624 12548 10262 103.05 10442  104.33

06 146.73 14866 150.58  149.40 160.02 16274  164.84  163.33 106.00 106.18  107.62  107.46

09 16710 17419 17618 17462 189.73  200.66  202.89  200.90 107.69  108.19  109.64  109.44

09 -09 10539 11146 11312 112.72 106.41 11378 11551  115.02 100.92  101.86  103.23  103.17
-0.6  116.94 12001 121.73  121.13 120.58 12444 12626 125.52 102.64 103.06 10441  104.32

0 150.71  152.00 153.87  152.67 165.64 16749  169.55  168.02 106.36  106.48  107.83  107.67

0.6 205.96 229.00 231.03  229.05 253.77 29714 299.64 29730 11007 11113 11248 112.24

09 24989 329.20 33133  329.69 340.67  555.59  558.76  562.02 11194 11413 11549  115.20

220 03 -09 6953 100.77  101.84  101.87 67.19  100.86 10192  101.95 95.23  100.09 10123 101.24
-0.6 7466 10045 101.63 101.61 7256 100.50  101.69  101.66 96.27  100.05 10120  101.20

0 88.73 10524 10659  106.37 87.60  105.87  107.26  107.01 98.57 10057 10170  101.68

06 11196 11918 120.77  120.21 113.51 12185 12351  122.86 10124 101.87 103.06  103.01

09 12636 130.69 13239 13159 13028 13544 13723 136.30 10244 102.76  103.96  103.89

06 -09 8739 10225 103.72  103.60 86.15 10251  104.00  103.86 98.38 10025 10158  101.57

-0.6 9475 10540 10695  106.72 9419 106.06  107.64  107.38 99.37  100.59 10192  101.90

0 118.00 12141 123.09 12247 12048 12446 12620 12549 10177 102.06 103.34  103.28

0.6 15091 153.03 15490 153.69 160.24 16291  164.90  163.47 104.01 10412 105.47  105.37

09 17396 18210 18405 18244 190.02 20095  203.07  201.18 105.11 10543  106.78  106.66

09 -09 10578 11221 11381 113.40 106.48 11379 11544  114.98 100.63  101.26  102.54  102.50
-0.6 11814 12141 12307 12246 12064 12446  126.19 12548 10179  102.06 103.32  103.26

0 155.35  156.81  158.63  157.39 165.84  167.69  169.65  168.19 10424 10432 105.58  105.48
06 21932 247.39 24943 24741 253.95 297.50  299.87  297.65 106.63  107.31  108.57  108.42
09 27338 379.03 38125  380.17 340.94  556.49  559.49  562.62 107.81  109.19 11046  110.28
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TABLE 4: PRE of different point estimators when o3 = 50, 03 = 45, 05 = 30 and
o = 25.
Strategy I Strategy II Strategy I1I

T opyz pov Gy [ [ Cay Gy [ Cay Cas Gry Gy Cay Cag

250 03 09 7265 10131 10343 103.30 66.81 10204 10386 1039 8925 10049 10251 10257

06 7L 10036 10243 10244 725310047 10254 1025 9159 10011 10221 10222

0 9464 10385 10651 106.21 9304 10514 10792 10752 9822 10120 10364 10355

06 11308 11684 11954 11871 11801 12349 12644 12528 10381 10483 10711 10688

09 12620 12814 130.96 129.75 13776 140.82 143.99 142.23 10712 10756 109.87  109.54

06 -09 8202 10073 10282 1027 7755 10097 10309 102.99 9344 10023 10225 10223

06 8879 10260 10482 10461 8572 10346 10577 10549 96.12 10082 10286 1028

0 10020 114356 11697 116.27 11251 12015 12280 12182 10277 10424 10625 10605

06 13088 14122 143.96 14243 160.34 16260 16588  163.59 11004 11030 11245  112.06

09  160.69 16520 16314  166.04 19042 20894 21247  209.24 11375 11447 11663 11613

09 00 9466 10352 10774 1074 9307 10742 10077 10931 9823 10170 10366 103.56

06 10462 11145 11376 113.19 10620 11568 11820 11740 10143 10340 10535 10519

0 13492 13579 13835 137.03 15180 15335 15634 15437 10903 10921 11120 11086

06 18453 19320 19603 193.54 2296 27531 279.25 27538 1718 11825 12025 11968

09 22520 26296 26598  262.99 37605 549.53 55537 5571 12165 12474 12675 12603

260 03 -09 7150 10165 10341 10348 6681 10206 10377 103.86 9106 10040 10235 10236

06 7670 100.38 10233 10234 7254 10048 10241 10242 9304 10009 10207 102.07

0 9433 10406 10657 106.28 9303 10511 10771 10733 9854 10097 10324 103.17

06 11403 11804 12061 11978 11810 12352 12630 12520 10312 10391 106.02 105.84

09 12827 13036 133.06 13184 13786 14080 14386 14221 10574 10608 10822  107.97

06 00 SLIL 10076 10273 10266 TTEL 10095 10295 10285 9458 10019 10208 102.00

06 8816 10273 10484 10463 8567 10343 10560 10534 9680 10066 10257 10252

0 10978 11552 11782 11712 11249 12011 12239 12167 10224 10342 10528 10513

06 14332 14479 4743 14587 16042 16273 16573  163.38 10804 10824 11022 100.93

09 16675 17200 17477 172.63 19954 20006 212.37 20934 11093 11149 11348 11311

09 09 9426 10582 107.92 107.38 9295 10736 10956 109.13 9852 10037 10319 10311

06 10480 11213 11431 11376 10605 11559 117.04 1172 10114 10274 10454 10442

0 13773 13866 14L14 1398 15183 15325 13606 15421 10723 10737 10920 108.94

06 10440 20454 207.33 20477 2325 27541 219.12 27548 11358 11439 11622 11580

09 24348 29112 20417 20127 37644 54975 535.25 55710 11697 11927 12113 12060

270 03 09 7036 10173 10338 10345 6681 10204 10366 10374 9303 10030 10215 10217

06 7570 10040 10223 10224 725710047 10230 10230 9460 10007 10194 10194

0 9400 10432 10671 10641 9301 10513 10738 107.22 9888 10074 10286 10281

06 1487 11920 12067 12083 1799 12341 12603 125 10236 10295 10491 10478

09 13028 13255 13515 13391 137.69 14060 14330 141.94 10431 10456 10655 106.38

06 00 8028 10081 10267 1026 TTR6 10096 10284 10275 9582 10014 10092 10191

06 876l 10290 10490 10470 8572 10344 10549 105.24 9755 10030 10229 10226

0 1044 11659 11881 11810 11253 12014 12248 12161 10171 10260 10432 10422

06 14691 14854 15110 149.52 16028 16258 16540  163.37 106.02 10617 10801 107.80

09 17331 17929 182.00 179.80 19928 20871 21183 20897 10813 10853 110.38 11012

09 09 9403 10622 10822 107.8 9304 10740 10949 109.07 9888 10005 10275 10270

06 10520 11300 11512 11454 10618 11568 117.91 117.20 10089 10209 10377 10368

0 14084 14187 14427  142.90 15186 15328 155.94 15419 10544 10554 10723 107.05

06 20555 21758 22037 21773 23303 275.00 27858 27515 11005 11063 11232 11203

09 26549 32722 330.39 327.60 37617 54898 53417 55587 11246 11408 11580 115.43

280 03 09 6922 10180 10335 10341 66.87 102001 10353 10361 9516 10020 10L96 10197

06 TAT0 10040 10214 10215 7260 10045 10218 10219 9627 10005 10181 10182

0 9377 10438 10687 10656 9310 10514 10746 107.12 9925 10050 10249  102.46

06 11599 12060 12208 12213 11815 12350 12598 125.00 10160 10199 10382 103.74

09 13276 13508 13771 13644 13792 14081 14350 14203 10290 10307 10491 10480

06 -09 7943 10085 10262 10254 7760 10095 10273 10265 9712 10010 10L77 10L77

06 8704 10308 10499 10478 8§77 10345 10539 10515 9833 10034 10202 10200

0 11119 1776 11989 119.07 11263 12019 12242 12159 10116 10175 10336 10330

06 15112 15290 15540 153.76 16050 16273 16542 16349 10402 10412 10583  105.70

09 18112 18800 190.68 18840 19963 20002 21198  209.27 10539 10565 107.38  107.21

09 09 9376 10660 10852 10818 9300 10741 10938 10899 9924 10071 10231 10227

06 10536 11385 11580 11530 10623 11568 11779 117.12 10061 10141 10298  102.92

0 1436 14548 14783 14641 15207 15345 15597 15431 10364 10370 10528  105.16

06 21887 23343 23624 23350 23327 A2 2T 20549 10662 10699 10857 108.38

09 20337 37625 310.63 37742 37659 549.84 55476 55640 10815 109.16 11076  110.33
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TABLE 5: PRE of different point estimators when 0% = 24, 0% = 27.

Strategy I Strategy IT Strategy IIT
%ofME  pyz  pv Gy Gy Ca Cay [ [ Gaa Gas [ Gy Gag Gas
15 03 -09 9L16 10236 103.36  103.28 88.65  103.14 10417  104.06 96.99  100.74 10168  101.65
<06  93.82 10341 10443  104.32 9201 10454 105.61 10547 97.94 10106 102.01 10197
0 99.98  106.55 107.61  107.44 99.97  108.83 109.95 109.72 99.99 10201 10296 10291

06 10628 110.56 111.66 11142 10846 11443 11560 115.27 101.93 10315 10411  104.04

09 10979 113.13 11424 11396 11334 11809 11928  118.89 102.94 10386  104.82  104.74

06 -09 11325 11577 116.86 116.55 11827 12193 12311 122,67 10389 10456 10549  105.40
-0.6 11744 11918 120.28 11991 12438 12697 12817 127.66 104.99 10543  106.36  106.26

0 12747 12839 12952 129.03 139.75 14122 14248 14178 10741 10762  108.55  108.42

06 13797 13949 140.63 140.02 157.05  159.66  160.97  160.06 109.66  109.96  110.90  110.74

09 14406 14658 14773 147.04 167.71 17225 173.58  172.56 11085 11132 11226 112.08

09 -09 15153 15290 15400 153.28 18144 184.07 18540 184.30 11221 11245 11328 11311
-0.6  160.01  162.67 163.78  162.98 198.03  203.48  204.87  203.62 113.64 11406 11489  114.70

0 180.95 19259  193.74 19273 24422 27368 27521  273.72 116.71 11818  119.03  118.79

0.6 20887 23446 235.65 23447 320.53 41152 41346 41241 12002 12248 12330  123.02

09 22419 26427 26548 264.28 372.05 55711 559.46  560.47 12155 12483  125.65 125.36

20 03 -09 8835 10143 10245 102.39 85.17  101.90  102.94  102.87 95.95 10045 10142  101.40
-0.6 9157 10246  103.51  103.42 89.17  103.28 104.36  104.24 97.14  100.77  101.75  101.72
0 99.19  106.07  107.17 107 98.94 10817  109.33  109.10 99.74  101.87  102.85  102.80

06 10727 11123 11237 11211 10982 11537 11659  116.23 102.22 10334 10434 104.26

09 11184 11473 11589 11557 116.24 12040 121.66 121.21 103.51 10428 10528  105.19

06 -09 10786 111.72 112.83 112.56 11064 11607 11726 1169 102.39 10347 10444 104.36
-0.6 11275 11533 11646 116.14 117.55 12128 12251  122.05 103.76 10444 10541  105.32

0 12481 125.80 12697 12649 135.58 137.12 13841 137.73 106.79  107.02  108.00  107.87

06 13798 13948 140.67 140.03 15707 159.64  161.00  160.06 109.66  109.96 11093  110.77

09 14595 14878 149.99 14925 17112 176.31  177.70  176.60 11120 11172 112,69  112.50

09 -09 13897 139.61 140.73 140.12 158.76  159.88  161.18  160.27 10986  109.99 11085  110.69
-0.6 14814 149.15  150.28  149.57 17512 176.98 17835  177.26 11161 11179 112,65 11247

0 17215 179.75  180.93  179.96 22382  241.35 24287 241.39 11549 11655 11743  117.20

06 20502 22749 22872 22752 308.79 38425 386.19  384.87 11961 12185 12271 12243

09 22335 264.19 26545 26421 369.02  556.67  559.07  560.20 12147 12482 12568 125.38

25 03 -09 8.90 10084 101.88 101.84 8219 10112 102.17  102.11 95.01 10027 101.26  101.25
-0.6  89.59 10175 102.83  102.75 86.70  102.33 10343  103.33 96.41 10055 101.56  101.54
0 98.48  105.65 106.79  106.62 98.01  107.59 108.79  108.57 99.51 10174 102.77  102.72

06 10820 111.87 113.06 11278 11111 11628 117.56  117.17 10248 10351 10455  104.47

09 11384 11632 11753 11718 11912 12273 12404 123.54 104.05 10470  105.74  105.64

06 -09 10235 10859 109.68  109.47 103.13 11166 11283  112.53 100.74 10260 103.56  103.49
-0.6  107.81 11222 113.34  113.06 11058 116.78  117.99  117.60 102.37  103.61 10457  104.49

0 12246 12358 12479 12433 13194  133.67 135.00 134.34 106.23  106.50  107.51  107.39

06 13986 141.08 14230 14163 160.31  162.44  163.85 162.84 11004 11028 11125  111.08

09 14982 15284 154.08 153.28 178.23  183.93 18540 18419 11191 11244 11342 113.22

09 -09 12909 13020 13133 130.81 14234 14412 14542 14465 107.77  108.02  108.91  108.78
-0.6 13864 13929 14044  139.81 158.20  159.32  160.67  159.73 109.79  109.92 11082 110.66

0 164.75  169.73  170.95 170.02 20781 21848  220.01  218.57 11439 11514 116.06 115.83

06 20159 22149 22277 22153 20868  362.36  364.33  362.81 11923 12129 12218  121.90

09 22326 264.18 26550  264.2 368.69 556.63 559.13  560.31 12146 12482 12572 12540

30 03 -09 8.7 10051 10156  101.54 79.61  100.68 101.74  101.71 9415 10016 101.19 101.18
-0.6  87.83  101.23 10232 102.27 8453 101.63 102.75  102.67 95.75  100.39 10143 10141

0 97.83  105.28 106.46  106.29 97.16  107.09 108.32  108.1 99.30 10163  102.69  102.64

06 10895 11254 11377 11347 11216 11724 11857 11815 102.70  103.70 10477 104.68

09 11583 11788 119.15 11875 12201 125.03 12641 125.86 10457 10510  106.19  106.08

06 -09 9828 10623 107.34 107.16 97.74  108.39  109.57  109.32 99.44 10191 102.90 102.85
-0.6 10411 109.74  110.88  110.64 10549 11327 11449 11415 101.28 102,92 103.92  103.84

0 12035 121.66 12291 12246 12874 130.73  132.09  131.46 105.72  106.04  107.09  106.97

06 13959 140.93 14220 141.50 15985  162.17  163.63  162.59 10998 11025 11127 111.09

09 15178 15498 15627 15542 181,93  188.07 189.61 188.31 11226 11281 113.82  113.61

09 -09 12113 12328 12442 12398 12991 13320 13449 133.84 10591 10643 107.36  107.24
-0.6 13174 13243 133.62 133.05 146.63  147.76  149.13  148.28 108.35 10850  109.46  109.31

0 15845 16171 16296  162.06 19491 20149  203.03  201.65 113.38 11391 11487 114,65

06 19576 215.62 21694 215.68 282.26 34226 34417 34261 11856  120.71  121.66 121.37

09 22449 26430 265.67 26431 37312 557.29  559.94  561.05 12157 12483 125.75 12542
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TABLE 6: PRE of different point estimators when o%

=31, 0% =33.

Strategy I Strategy II Strategy IIT

%ofME  pyz  pov Gy G Gay Ga Gra Gy Gay Gas Gy Gy Gay Gag
15 03 -09 90.70 10237 103.62  103.52 88.08  103.15 10445 10431 96.82  100.75 101.91 101.88
-0.6 9337 10342 10469  104.56 9143 10456 105.89  105.71 97.78 10107  102.24  102.20

0 99.58  106.58 107.90  107.69 99.44  108.87 110.26  109.97 99.86  102.01 103.20 103.13

0.6 10593 11061 11198 111.68 107.98 11450 11596  115.54 101.82 10317 10436  104.27

09 10947 11318 11456 11421 11288 11816 119.65 119.16 102.85 103.87 105.07 10497

06 -09 11286 11579 11713 116.74 117.70 12195 12341 12285 103.78 10456 10571  105.59
-0.6 117.09 11918 12054 120.09 12386 12697 12846 127.82 10490 10543  106.58  106.45

0 12731 12842 12981 12921 13949 14126 14282 141.95 107.37  107.62 10877  108.61

06 138.04 13954 14095 140.19 15717 159.75 16137  160.24 109.67 10997 11112 11092

09 14426 146.62 14805 147.19 16805 17233 173.99 172.71 110.89 11133 11248 112.26

09 -09 151.20 15290 154.27 153.37 180.82 184.05 18571 184.34 11215 11245 11351  113.28
-0.6  159.55 16271 16410  163.10 19711 203.56 20528 203.73 11356 11407 11512 114.88

0 183.10 19276  194.19  192.93 24942 27412 276.08 274.17 116.99 11820 11923 118.94

06 20692 23427 235.74 23429 31455 410.75  413.09 411.92 119.81 12246 12350 123.16

0.9 22171 26412 265.62 264.14 363.13  556.27  559.06  560.68 12131 124.82 12586 12549

20 03 -09 87.87 10144 102.71  102.63 8459 10191 103.21  103.11 95.77 10046  101.66 101.64
-06 9110 10247 103.78  103.67 8858 10329 10464 10449 96.97  100.78  101.99  101.96

0 98.79  106.10 10747 107.26 9840 10821 109.65 109.37 99.61  101.87 103.10 103.04

0.6 10693 11128 11270 112.38 10936 11544 11697 116.52 10212 103.35  104.60  104.50

09 11152 11478 11622 115.83 11579 12047 12204 12148 103.42 10430 10554 10543

06 -09 107.38 111.73 11310 112.77 10998 116.08 11756 117.10 102.25 10348 10466 104.57
-0.6 11233 11533 116.72  116.32 11695 12128 12279 12223 103.64 10444 10563  105.52

0 124.60 12582 12726 126.68 13525 137.16 13876  137.91 106.74  107.03 10822  108.07

0.6 13805 139.53 14100 140.21 15720 159.73 16142  160.25 109.67  109.97 11117 110.96

09 14617 148.82 15031  149.39 17152 17637 17811  176.73 111.25 11173 11292 11269

0.9 -09 13889 13961 141.01 140.25 15862 159.88 161.51  160.37 109.84 109.99 11109 110.89
-0.6  147.95 14919 150.62 149.73 17476 177.07 17877 17742 11157 11180 11289 112,67

0 17374 17989 181.36  180.16 22740 24168 243.61 24173 115.72 11657 117.64 117.35

06 20323 22729 22882 227.33 30348 38351 385.86 384.34 11941 121.83 12292 12257

09 22091 26412  265.67 264.14 360.32 55624 559.10  560.89 121.23 12482 12591 12552

25 03 -09 841 10084 102.13  102.08 81.60 10112 10243  102.36 94.82 10027 101.51 101.49
-0.6 8910 101.76  103.09  103.00 86.10  102.34  103.71  103.59 96.23  100.56 101.81  101.78

0 98.07 10568 107.09  106.89 9746  107.63 109.12  108.84 99.37 10175  103.03  102.96

06 107.87 11192 11341 113.05 11066 116.36  117.95 11746 102.39 10353 10482 104.72

09 113.62 11636 117.87 11743 11879 12278 12443 12380 103.99 10471 106.01 105.88

0.6 -09 101.70 10861 109.95  109.68 10225 11169 11312 11275 100.54  102.60 103.77  103.69
-0.6 10725 11226 113.63  113.28 109.79  116.84 11833 117.84 102.21  103.62 10479  104.69

0 12221 12360 125.09 12452 13156 133.70 13535  134.53 106.17  106.51  107.75  107.59

06 139.86 141.08 14258 141.74 160.30 16242 16417  162.93 110.03 11027 11146 111.25

0.9 15033 15289 15442 15343 179.18  184.04 185.87 184.36 112.00 11245 113.64 11339

09 -09 12917 13020 131.63 13097 14247 14413 14575 14480 107.79  108.02  109.16  108.98
-0.6  138.63 139.34  140.79  140.00 158.18 15940 161.10  159.92 109.79  109.93 11107 110.87

0 16593 16985 171.36 170.21 21030 218.75 22067 218.86 11457 11515 11627  116.00

06 199.93 22129 22288 221.34 29392  361.65 364.03 362.25 119.04 121.27 12240 122.04

09 22197 26414 265.77 264.16 364.06 556.37  559.40  561.13 12133 124.82 12595 12555

30 03 -09 8326 10051 101.81 10179 79.02  100.68 10199  101.95 93.95 100.16 101.44 101.43
-0.6 8733 10123 10259  102.52 83.93  101.63 103.03  102.93 95.56  100.39  101.69  101.66

0 9741 10530 106.77  106.56 96.61  107.12 108.66  108.38 99.16  101.64  102.96  102.90

06 108.76 11254 11409 113.71 111.89 11724 11891  118.38 102.64 103.70  105.04 104.93

09 11548 117.95 11953 119.03 12151 12514 126.86  126.16 10448 10512 106.46  106.32

06 -09 9758 106.25 107.61 107.39 96.82 10842 109.86  109.55 99.21 10192 103.12 103.06
-0.6 10349 109.78 111.18  110.87 10466 113.32 11483 11441 101.09  102.93 10414  104.06

0 12007 12168 12322 122.66 12831 13075 13245  131.66 105.65 106.05 107.33  107.18

06 139.89 141.08 142.64 14178 16036 16244 16425 162.96 110.04 11028 11151 11129

0.9 15193 15500 156.60 155.54 18220 188.10 190.01 188.40 112.28 11281 114.06 113.79

09 -09 12132 12328 12473 12417 13020 13320 13483  134.02 105.96  106.43 107.61 10746
-0.6 13156 13249 133.96 133.25 14634 147.86  149.55 14851 108.31 10852 109.67  109.49

0 159.32 16181 163.37  162.25 196.65 201.71 203.64 201.91 11353 11393 11509 114.82

06 197.90 21565 217.30 215.73 288.19 34235 34480 342.75 11881 120.72 121.87 121.51

0.9 22079 26413 265.81 264.16 359.90  556.33  559.41  561.37 121.22 12482 126.00 125.58
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TABLE 7: PRE of different point estimators when 0% = 35, 0% = 40.

Strategy I Strategy 11 Strategy I1I
%ofME  pyz  pov Gy G Cay Ga Gra Gy Gay Gas Gry Gy Cag Gag
15 03 -09 8404 10242 103.39 103.47 79.96 10322 10444 10428 9427 100.76  101.82  101.79

-0.6 8688 10349 10468 104.54 83.38 10466 10592 105.72 95.39  10L09 10216  102.12

0 93.52  106.68 10793 107.70 91.62  109.01 11035 110.04 97.83  102.04 103.13  103.06

0.6 10047 11074 11205 111.73 10062 11468 11611  115.66 100.15 10320 1043  104.21

09 10437 11333 11467 11429 10585 118.38  119.85  119.33 101.36  103.91  105.02  104.91

06 -09 11323 11577 117.36 116.90 11824 121.92  123.64  123.00 103.88  104.56  105.93  105.79
-0.6 11738 119.17  120.78 12025 12429 12697 12872 127.97 104.97 10543  106.80  106.65

0 127.28 12838 130.02  129.32 13946 14121 143.03  142.02 107.36  107.61  108.99  108.79

06 13764 13947 14114 14025 156.50  159.64 161.52  160.22 109.59  109.96 11133  111.10

09 14365 14656 14824 147.24 166.98 172.23 17415  172.68 110.77 11132 11269 11243

09 -09 150.61 152.85 15445 153.41 179.72  183.96  185.86  184.29 11205 11244 11370 11343
-0.6 15860 16259 16421  163.04 195.21  203.31  205.28  203.51 11341 11405 11530 115.01

0 18140 192.82 19446 193.01 24530 27428  276.49 274.34 116.77 11821 11942 119.08

0.6 20380 23434 23602 234.36 30517 41105  413.61  412.56 11947 12247 12370  123.30

09 21765 26412 26582 264.15 349.05  556.26  559.22  561.82 12091 12482 126.05 125.62

20 03 -09 8109 10147 10264 102.56 76.46  101.95 103.16  103.05 93.05 10047 10156 101.53
-0.6 8450 10253 103.74  103.62 80.51  103.36  104.63 104.47 9446 100.80 101.90 101.87

0 92.68  106.19 10749 107.26 90.56  108.34 109.73  109.42 97.54 10190 103.03  102.96

0.6 10159 11140 11277 11243 10210 11561 11712 116.63 100.50  103.38  104.53  104.43

0.9 10665 11494 11635 115.92 10897 12071 12227 12167 102.04  104.3¢ 10549 10537

0.6 -09 107.88 11172 11334 112.96 11067 11607 11781 117.28 102.39 10347 10489  104.78
-0.6 11274 11533 11698  116.52 11753 121.28 12307 12241 103.75  104.44 10587 105.73

0 12466 12579 12749  126.81 13534 137.11 13898  138.00 106.76  107.02  108.45 108.26

06 13765 13946 141.19 140.27 156.51  159.62 161.58  160.22 109.59  109.96 111.39  111.14

09 14552 14877 150.52 149.45 17033 176.29 17830 176.71 11112 11172 11314 112.87

0.9 -09 13871 13957 141.21 140.32 158.32  159.80 161.69  160.37 109.81  109.98 111.28  111.05
-0.6 14743 14908 150.74  149.71 173.80 176.85 178.81  177.26 11148 11178 113.08  112.82

0 17246 179.95 181.65  180.25 22452 241.81  244.00  241.86 115.53  116.57  117.84  117.51

06 20034 22739 229.13 227.42 205.08 383.86 386.45 384.94 119.09 12184 12313  122.72

09 21684 26407 26583 264.11 34633 555.99  559.03  561.85 12084 12482 126.10 125.65

25 03 -09 7854 100.86 102.04 101.98 73.50 10114 102.35  102.27 91.96 10027 101.40 101.38
-0.6 8242 10180 103.04 102.94 78.03  102.39  103.67  103.54 93.61  100.57 10171  101.68
0 91.92 10576 10710  106.88 80.61 107.75 109.18 108.87 97.26 10177 10294 10288

06 10264 11203 11348 113.10 103.52 11652 11810 117.57 100.83  103.56  104.76  104.65

09 109.05 11651 11800 117.52 11230  123.01  124.67 123.99 102.73 10475  105.96  105.82

0.6 -0.9 10231 108.58 11017  109.86 103.07 11165 113.35 112.92 100.73  102.60  103.99  103.90
-0.6  107.74 11220 11383 11343 11047  116.76 11852  117.96 102.35  103.61  105.00  104.89

0 122.33 12357 12533 124.67 13175 133.66 13559  134.64 106.20  106.50 107.98  107.80

0.6 139.61 141.09 14285 141.88 159.87  162.44 16447  163.03 109.98 11028  111.69 111.44

0.9 14968 15286 154.65 153.49 177.97  183.98  186.09  184.35 111.88 11244 11386  113.57

09 -09 12928 130.16 131.84 131.07 142,64 14406 14596 144.85 107.81  108.01  109.37  109.16
-0.6 13841 13923 14093  140.01 15780 159.22  161.18  159.82 109.75  109.91 11126 111.03

0 164.97  169.90 17165 170.31 20827 21885 221.05 21898 11442 11516 11648 116.16

06 19723 22140 22321 22145 286.33  362.04 364.67 362.82 118.73 12128 12262 1222

09 21790 26415 26599 264.18 34993  556.42  559.65  562.42 12094 12482 12615 125.68

30 03 -09 7633 10051 101.70  101.67 70.96  100.68 101.88  101.84 90.97  100.16 101.32 101.31
-0.6  80.59  101.26 10252 102.44 75.87  101.67 102.97  102.86 92.84 10040 10158 101.56

0 91.23 10538 106.77  106.54 88.74 10723 10870 108.40 97.02 10166 102.87 102.81

06 103.64 11265 11415 113.75 10486 117.40  119.05 118.48 101.14  103.73  104.97  104.86

09 11126 11809 11965 119.12 11542 125.35  127.10  126.34 103.35 105.16 10641  106.26

06 -0.9 9825 106.23 107.84 107.58 97.70  108.39 110.09  109.74 99.43 10191 10335 103.27
-0.6 10405 109.73 11139 11103 10542 11325 115.03  114.54 10126 102.92  104.36  104.26

0 12025  121.66 12347 122.82 12858 130.72  132.70 131.78 105.70  106.04 107.58  107.40

06 13965 14110 14293 141.92 159.94 16247 164.57 163.07 109.99 11028  111.75  111.49

09 15143 15497 15684 155.61 181.26  188.06  190.27  188.41 11219 11281 11428 113.97

09 -09 121.62 12324 12495 12430 13066 133.15 135.05 13411 106.03  106.42 107.83  107.65
-0.6 13176 13256 13428 13346 146.67 147.98  149.95 148.73 108.36  108.53  109.91  109.69

0 158.61 161.86 163.66 162.37 195.22  201.80  204.01  202.03 11341 11393 11531  115.00

06 19542 21565 217.54 215.74 28132 34236 345.08  342.87 11852 120.72  122.08 121.66

0.9 21802 26417 266.08 264.20 35033 556.52  559.88  562.75 12095 12482 12621  125.72
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TABLE 8: PRE of different point estimators when ¢% = 50, o2 = 45.

87

Strategy T Strategy TT Strategy ITT
% of ME  pyz  puv [ [N Cay Cay Gra [N Caz Ca [N [N Cas Cag
15 0.3 -0.9 89.33 102.40 104.24  104.08 86.38 103.19  105.09 104.89 96.32 100.76  102.46  102.42
-0.6 92.01 10345 10532 105.12 89.71 104.60 106.56  106.29 97.30 101.08  102.80  102.74
0 84.00 100.44  103.00 102.98 79.91 100.58  103.15  103.12 94.25 100.14  102.70  102.69
0.6 88.20 100.99  103.69  103.59 84.99 101.32  104.05  103.92 95.90 10032 102.93  102.90
0.9 90.37 101.60 104.34  104.19 87.67 102.12  104.92  104.72 96.70 100.51  103.13  103.09
0.6 -0.9 11151 115.82 117.16 11577 121.99 12408 123.28 103.42 10457 106.18  106.02
-0.6 115.88 119.18 120.46 122.08 126.98 129.11 128.18 104.59 105.43 107.04 106.86
0 126.62 128.48 129.60 13841 14137 14361 142.34 107.21 10764 10924  109.01
0.6 138.06 139.67 141.72 140.61 157.21 159.99 162.35 160.7 109.68 110.00 111.62 111.33
09 144.65 146.74  148.81 147.56 168.76 172.54 174.98 173.10 110.96 111.35 112.97 112.66
0.9 -0.9 111.51 115.82 117.73 117.16 115.77 121.99 124.08 123.28 103.42 104.57 106.18 106.02
-0.6 115.88 119.18 121.12 120.46 122.08 126.98 129.11 128.18 104.59 105.43 107.04 106.86
0 126.62 128.48 130.47 129.6 138.41 141.37 142.34 107.21 107.64 109.24 109.01
0.6 138.06 139.67 141.72 140.61 157.21 159.99 160.70 109.68 110.00 111.62 111.33
0.9 144.65 146.74  148.81 147.56 168.76 172.54 173.10 110.96 111.35 112.97 112.66
20 0.3 -0.9 86.46 101.45 103.32 103.21 82.87 101.93 103.69 95.23 100.46 102.23 102.19
-0.6 89.70 102.49 104.41 104.24 86.84 103.31 105.08 96.46 100.78 102.56 102.51
0 97.40 106.16 108.17 107.85 96.59 108.30 109.99 99.15 101.89 103.68 103.59
0.6 105.9 111.41 113.51 113.02 107.94 115.63 117.21 101.82 103.39 105.22 105.07
09 110.53 114.89 117.03 116.43 114.38 120.64 122.12 103.14 104.33 106.16 105.99
0.6 -0.9 105.84 111.75 113.69 113.21 107.85 116.11 117.55 101.80 103.48 105.15 105.01
-0.6 110.92 115.32 117.3 116.72 114.94 121.26 122.62 103.25 104.44 106.11 105.95
0 123.75 125.88 127.93 127.08 13393 137.25 138.32 106.54  107.04 108.71  108.48
0.6 138.10 139.67  141.80 140.65 157.27 159.99 160.73 109.68 110.00 111.69 111.39
0.9 172.37 176.53 177.07 111.33 111.74 113.43 113.09
0.9 -0.9 158.18 160.06 160.76 109.79 110.01 111.51 111.23
-0.6 175.91 177.61 178.11 111.68 111.85 113.34 113.03
0 233.87 24142 241.51 116.11 116.55 118.01 117.61
0.6 32459  382.60 383.54 120.15 121.81 123.30 122.81
09 398.74  556.80 562.51 122.19 124.83 126.32 125.78
25 0.3 -0.9 79.88 101.12 102.95 94.24 100.27 102.09 102.07
-0.6 84.34 102.35 104.19 95.69 100.56 102.40 102.36
0 95.60 107.71 109.47 98.90 101.77  103.62  103.53
0.6 109.27 116.55 118.17 102.10 103.57 105.47 105.31
0.9 11751 122,99 124.49 103.75  104.75 106.66  106.47
0.6 -0.9 99.51 111.76 113.24 99.88 102.62 104.23 104.12
-0.6 107.28 117.02 118.42 101.67 103.65 10527 105.13
0 130.04 % 134.96 10593 106.52 10825 108.03
0.6 159.64 163.06 109.96 11026 11191 111.61
0.9 180.17 184.61 112.09 112.46 114.12 113.77
0.9 -0.9 145.22 107.58  108.04 109.59  109.35
-0.6 157.94 160.60 109.76 109.99 111.54 111.25
0 214.41 218.73 114.86  115.14 116.65 116.27
0.6 312.63 361.32 119.74 121.24 122.79 122.29
0.9 402.68 562.02 12228 124.82 126.37 125.81
30 0.3 -0.9 77.30 102.55 93.35 100.16  102.03  102.02
-0.6 82.16 103.54 95.00 100.39  102.29  102.26
0 94.70 109.03 98.66 101.65 103.58  103.48
0.6 110.53 119.11 10236 103.74  105.71  105.55
0.9 120.19 126.82 104.25 105.15 107.13 106.92
0.6 -0.9 94.01 110.06 98.48 101.93  103.59  103.50
-0.6 102.04 114.99 100.49 102.97 104.64 104.51
0 126.62 132.10 105.37  106.06 107.85 107.63
0.6 159.65 163.06 109.96 110.26 111.97 111.66
0.9 183.73 188.79 11242 11283 11457 11419
0.9 -0.9 128.06 134.47 105.61 106.45 108.06 107.84
-0.6 144.27 148.50 108.04 10848 110.05 109.79
0 199.09 201.85 113.72 115.48 115.11
0.6 305.91 342.72 119.50 12229  121.79
0.9 231.16 264.25 266.81 264.27 398.34 563.18 122.18 126.45 125.86
TABLE 9: PRE of the estimators for real population.
Strategy I Strategy II Strategy III
Crq <1y Cay Cay Cry Ciy Cay Cag Cry Cig Cag Cag
43.76 151.77 152.48 151.99 40.55 163.72 164.62 163.95 84.67 105.04 105.20 105.17
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6. Conclusion

To tackle the issue of missing data in the presence of ME, some prominent
studies have been conducted under SRS which are useful to estimate the char-
acteristics of population but, a miniscule work has been done to deal with the
problem of missing data under CME. In this study, we have proposed some LIM
for the estimation of population mean under CME and evaluated the impact of
CME at different levels. The MSE of the point estimators of the LIM is deduced
to the first order of approximation. The comparative study is carried out to de-
termine the efficiency conditions under which the LIM surpass the CIM. We have
executed a simulation study to support the theoretical results and to compute the
impact of the CME over the efficiency of the point estimators based on LIM. The
simulation results are revealed in Tables 1-8 by PRE. The results of Table 1 to
Table 4 exhibit that the PRE of the point estimators (,,, ¢ = 1,2,...,6 based
on the reasonably chosen values of 0%, 0%, 07 and 0% varies as the value of py z
varies from 0.3 to 0.9 which is also depend on the sign and value of pyy. The
same pattern in the PRE of the LIM can be observed from Table 5 to Table 8
which are based on different percentages of ME. The PRE of the LIM are found
to be rather different under uncorrelated ME and CME. Furthermore, the point
estimators based on LIM surpass the point estimators based on CIM for reason-
ably chosen values of 0%, 0%, 07 and 0%, pyz, puv and percentages of ME. The
PRE of the point estimator (,, repress the PRE of the point estimator (,,. There-
fore, the proposed LIM are strongly advised to the survey experts in real-world
circumstances to deal with the issue of uncorrelated ME and CME.
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