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Abstract

The current study employs the ratio-cum-product estimator to estimate
the population mean of a sensitive study variable, aiming to overcome is-
sues related to non-response and measurement error in the context of double
sampling. The characteristics of the proposed class of estimators are com-
puted up to the first order of approximation. A comparative analysis is
conducted to assess the performance of the suggested estimator amongst the
class of estimator and the estimator proposed by Kumar & Zhang (2023).
Additionally, theoretical findings are supported by conducting two model
based simulation study by using an hypothetical population. The simu-
lation results demonstrates that the proposed ratio-cum-product estimator
under double sampling exhibits the lowest mean squared error among Ku-
mar & Zhang (2023) estimator and all classes of suggested estimator which
indicates their superior performance in estimating the population mean of
a sensitive variable. As a result, the suggested estimator offers a valuable
tool for estimating the population mean in surveys conducted across various
agriculture, environmental studies, market research and health surveys.
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Resumen

El presente estudio emplea el estimador de razén-producto para estimar
la media poblacional de una variable de estudio sensible, con el objetivo de
superar los problemas relacionados con la falta de respuesta y el error de
medicién en el contexto del muestreo doble. Las caracteristicas de la clase
de estimadores propuesta se calculan hasta el primer orden de aproximacién.
Se realiza un anéalisis comparativo para evaluar el desempeiio del estimador
sugerido entre la clase de estimador y el estimador propuesto por Kumar
& Zhang (2023). Ademas, los hallazgos teoricos se respaldan mediante la
realizaciéon de un estudio de simulacién utilizando una poblacién creada ar-
tificialmente. Los resultados de la simulacion demuestran que el estimador
de razon-producto propuesto bajo muestreo doble exhibe el error cuadratico
medio mas bajo entre el estimador de Kumar & Zhang (2023) y todas las
clases de estimador sugerido, lo que indica su desempeifio superior en la es-
timacién de la poblacién. media de una variable sensible. Como resultado,
el estimador sugerido ofrece una herramienta valiosa para estimar la media
poblacional en encuestas realizadas en diversos estudios agricolas, ambien-
tales, de mercado y de salud.

Palabras clave: Variable sensible; Falta de respuesta; Error de medicién;
Doble muestreo; Técnica de Respuesta Aleatoria Opcional (ORRT).

1. Introduction

The tendency of survey respondents to produce responses that are considered
as socially acceptable or desired, rather than representing their genuine beliefs
or behaviors, is referred to as social desirability bias. In survey research, it is
not always feasible to directly observe such variables due to their delicate nature.
Respondents may feel uncomfortable or embarrassed sharing private information
with the interviewer, especially when the questions touch on sensitive topics like
corruption, criminal activity, abortion, drug addiction, and more. As a result,
maintaining privacy and ensuring respondents trust becomes crucial for obtaining
accurate and reliable survey data. When conducting social surveys that involve
sensitive characteristics, optional randomized response models provide respondents
with the choice to either disclose the true response or provide a scrambled response.
If a respondent does not perceive the question as sensitive, they have the option
to report the true response. In order to cope with refusals on sensitive variables,
Warner, S. L. (1965) introduced a randomized response technique (RRT) was lim-
ited to binary variables. Further, survey statisticians including Eichhorn, B. H.
and Hayre, L. S. (1983), Gupta, S., Gupta, B. and Singh, S. (2002), Gupta, S.
N. and Thornton, B. and Shabbir, J. and Singhal, S. (2006), Saha, A. (2008),
and Diana, G. and Perri, P. F. (2011), have examined the population mean of
sensitive variables where the study variable is sensitive in nature. The most com-
monly used statistical sampling technique that involves taking two samples from
a population to estimate population parameters with increased efficiency and ac-
curacy is Double sampling. This technique is particularly useful when a complete
census of a population is not feasible or too expensive, but a less efficient sam-

Revista Colombiana de Estadistica - Applied Statistics 48 (2025) 215-237



A Class of Ratio Cum Product Estimators Using ORRT Models 217

pling technique would lead to inaccurate results. It is used in various fields such
as market research, public health, and social sciences. It was first identified by
Neyman, J. (1934) and then numerous authors have used auxiliary data to work
on various aspects of two-phase sampling, including Pradhan, B. (2014), Singh,
B. and Choudhury, S. (2012), Zaman, T. and Kadilar, C. (2019), Shabbir, J. and
Ahmed, S. and Sanaullah, A. and Onyango, R. (2021), Kumar, S. and Kour, S. P.
(2021), Dash, P. and Sunani, K. (2022) and so on.

When the respondents refuse to answer the sensitive question then this result,
a high rate of non-response which may badly affect the estimates of population
parameters. So, for estimating sensitive variables in survey research several au-
thors likewise Zhang, Q., Khalil, S. and Gupta, S. (2021), Kumar, S. and Kour,
S. P. (2021), Kumar & Kour (2022), Kumar & Zhang (2023), Kumar & Joorel
(2023), Azeem & Salam (2024) developed the mean estimator for estimating the
population mean of sensitive variable in the simultaneous presence of non-response
and measurement error by utilizing ORRT models.

This paper aims to develop a ratio-cum-product estimator in the presence of
non-response and measurement error at the same time under Double sampling and
by utilized two auxiliary variable(s). This paper is structured as follows. Section 2
describes the optional randomized response technique and existing estimators. The
proposed estimator along with its properties are discussed in Section 3. In Section
4, we compare the proposed estimator with the other conventional estimators and
the efficiency conditions are developed. Section 5 provides a simulation study to
check the effectiveness of the proposed estimator. Finally, the brief summary or
conclusion is discussed in Section 6.

2. Notations and Existing Estimators

Let us consider & = &1,&9,...,&n be a finite population of size N units and
from &, a sample of size n is taken by using simple random sampling without
replacement (SRSWOR). Let Y be a sensitive study variable and X; and X5 be
two non sensitive auxiliary variable(s) ie. (Y, X; and X5) and (S7, S7 and
ng) are the respective mean and variances of Y, X; and X5. Assume S; and
Sy be two scrambling variables with means( Si, S2) and variances (53 , S%.),
respectively. Let W be the probability that respondent find the question sensitive.
If a respondent feels the question is sensitive then he or she is prompted to report
a scrambled response otherwise, a correct response is reported.

To tackle the of problem non-response in sensitive surveys, Hansen, M. H.
and Hurwitz, W. N. (1946) technique has been modified by Zhang, Q., Khalil,
S. and Gupta, S. (2021), Kumar, S. and Kour, S. P. (2021), Kumar & Kour
(2022) to collect sensitive information from the respondents. In this technique,
the respondent gives direct answer in first phase then ORRT model is used to get
answer from a sub-group of non-respondents in the second phase.
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Therefore, ORRT model in the second phase is given as
Y with probability 1-W (1)
| S1Y 4+ S, with probability W,

with mean E(Z) = E(Y) and variance Var(Z) = Sg+53 W+5%, (S§+72)W. The
RRT modelis Z = (S1Y +.53)J +Y (1 —J), where J ~ Bernoulli(W) with E(J) =
W,Var(J) = W1 —-W) and E(J?) = Var(J)+ E*(J) = W. And the expectation
and variance of randomized mechanism is Er(Z) = (S1W +1—-W)Y + SoW and
Vr(Z) = (YQS§1 + S’%Z)W.

Let us take a transformation of the randomized response be 3, whose expec-
tation under the randomization mechanism is the true response y; and is given
as

~ Zi — §2W
S T
. ~ % ~ % Vi i (yfsz +5% YW
with Er(7:") = y; and Vg(3;") = (§Wf—(lz—i/l/)2 = (?1{/?/1+1—S;V)2 =T

From previous discussions, we assume that out of ‘n’ sample units, only n; units
provide response on first call and remaining ns = (n — ny) units do not respond.
Then a sub-sample of ns(= no/k(k > 1)) units are taken from non-responding
units ng, respectively. Then, a modified version of Hansen and Hurwitz estimator
suggested by Zhang, Q., Khalil, S. and Gupta, S. (2021) and Kumar & Kour (2022)
is given by

U =wili + w2,
with mean E(j ) =Y and variance

Wik {(55(2) + Q%Q))S?gl + S§~2}W
(S1W +1-W)2

Var(y') = AS? + )\*55(2) +

Similarly, one can write the estimator for X; and X, as
—% —x% —%
T = wW1T] + Wakiy

and
E; = wlfz + U)Qfsz
with E(z}) = X1, E(@5) = X, and Var(z}) = ASZ + /\*59231(2), Var(zs) =

2 * Q2
ASE, +A Swz(g).

In addition, let U; = y; — Y;, Vi = x1; — X1; and W; = z9; — Xo; be the
measurement error for the study variable (V) and auxiliary variables (X7, X3)
in the population. Let P, = z; — Z; represent the relative measurement error
associated with the sensitive variables (Z) in the face-to-face interview phase.
These measurement errors are considered to be random and uncorrelated, with

mean zero and variances S2, S2, 52 53(2), 5121)(2) and S7, respectively.
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In the context of non-response and measurement error simultaneously, the vari-
ances of g, are given by

Var(y ) = MS; + 52) + A (Sgz) + Sp)

Var(zy") = (52 + 5%) + )\*(Sil(z) + 53(2))
and
Var(@y') = A8, + 55) + X (52,4, + Siqa)
2 —2 2 2
where = i (St .

Kumar & Zhang (@23) suggest a ratio-cum-product type estimators when the
auxiliary variable(s) X; and X, are known under measurement error and non-
response using ORRT model is given by
f**

S&

szd — [a*:* + ﬂyrl( 7**) + ﬂyzg(

=/ ok —/ —kk
—**):I xl + xl x? fE2
Lo —kx —/ ’
1
where 877 = sp7.
Bya, =

k)
/s**2 is the estimate of the population regression coefficient
S;;l/S;TQ, M ym/s**z is the estimate of the population regression
coefficient B, = i /S22 and o* be a finite quantity

Yyra
The bias and mean squared error of T+

w4 1s given by
Bias(T V(4o —1) -4 Voo 0n2) (a0 22
ias(Fa) = Vlder = 1) = 48,0, (¢ - ) (22 - 212 - (%0 _ 2
L Qo32) | Y22 / Hi3 | M2
TN == )| 4By [N =N
®o2(2)  Y11(2)

2+ *>
Moz Hi11
* u*
_ (Ngs _ Niz) +)\*<i)3(2)
Ho2

n M12(2) )]
H11 Foze2y  H11(2)
+2aR (B — NS2) +2aRy(C — NS2))
and

MSE(T:,) =Y (4o — 1) + 16024 + 168
— 16N 82

yT2

yz1B+16B

yl’z - 16)\ ﬁyzl 1
— 32aByu, D + 32X aBys, pya, SySa, )
+ 32X aﬁywzpywz SySazy + 32Bya, Bya, E
+ 32X By Byws Sy Sy — 320 By, F + 160°k
which is optimum when
1y
ANk 4

adopt -

Byiﬂl(D )‘pvwls Sw1)+6yw2(F/\ pysz SZE2)
v’ +A+k
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*

Putting the value of a7 ,

estimator as

in (2), we get the minimum MSE of the proposed

~

MS Ein(T20) = V(4005 — 1)% + 168552, A + 1682, B + 1682,,C

sszd Yz

— 16X B, S2 — 16X B, 52, — 32055, By, D

yz1 P w,
+ 32)\/622ptﬁym1 Py, SySa, + 32>‘Iarl:ptﬂyrzpyrz Sy S, (3)
+ 32By$1 ﬂyzzzE + 32)"51}%1 ﬂng le ng

Aok %%
- 32adoptﬁyz2F + 16adopt"$a

where A = [A(S2 +52) + X*(S2) +52)], B = [A(S2, +52) + A" (82, , +5%)].

T1(2)
C= [)‘(532 +5%) + A*(S§2(2) + Sfu(Z))L D= ()‘pyailsysil T A Py o) Sy(2)S$1(2))7
E= [Apflm’zsmszz + )‘*pzlfz(z)sﬂ”l(z) Swz(z)]’ F= (Apyzzsysﬂm + )‘*/’Wz(z)sy@)swz@))'
In the coming section, we establish a ratio-product type exponential estimator.
The proposed estimator will be beneficial in the case of exponential type data and

for estimating the mean of a sensitive variable.

3. Proposed Estimator in Double Sampling

When the population mean of X; and X, are assumed to be unknown then
double sampling technique is used. This double sampling strategy is as follows that
in the first phase a large sample of fixed size n’ is taken from £ to evaluate X; and
X, in order to find estimates of X; and X5 and in the second phase fixed-size n
sub-sample is taken from n’ to observe Y only, so that (n < n’). Therefore inspiring
from Kumar, S. and Kour, S. P. (2021) and Kumar & Zhang (2023), we propose
following class of ratio-product estimators for estimating population mean Y of
the sensitive study variable in presence of non-response and measurement error
under Double sampling. Under this situation, the population means of X; and
X, are not known as

=/ Q@ s—xx\ T —/ —kk —/ —k %

T = wen™ L1 Lo o (T} —777) a(Ty — T3°)
d = WoyY —kk =/ €Xp =/ —k ok exXp =/ —k ok
T Ty I I

+w (T - T) +wa (75" - 7). (4)

To obtain the bias and MSE of Ty, we write

~%

T =Y+, w7 =X1(1+e), T, = X1 (1+¢)), 5" = Xo(1 +e57),
Zh = Xo(1 + €5) such that

E(e5") = E(e7) = E(e5") = E(¢)) = E(ey) = 0 and

(@) = (A -+ ), Bei*) = 2B, B(e5”?) = 4G,

(S7,+52) _ St

E(ef?) = N =, B(ef) = N =25,
1

2
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yazq Sy S

B@yer) = oD B@er) = ko BEe) = X835, B =
1 PyzoRyOx sk _kk) 1
)‘ ;Xz 2JE(61 62 )_Y1Y2E’

w1 w0 Se; Se sz s:
B(erey) = Nemztn pegre) = VR where A = (L - ), ¥

2

(= %) (A= W) = (£ = ) and x" = U=t

Expanding the right hand side of (4), multiplying out and neglecting terms of
¢’s having power greater than two, we have

o= |wo{1+" +ale — i) —nleh — e") + saalef — i) = Sas(eh — e5")

2
I kok O\ Sskok ! kk | OSkok 1 ! Kk | Sskok 1 / k| “Oskok
+ale] —ef")ep” —nley —es)ey” + 2a1(€1 —eiM ey — 2042(62 —e5")eg
1 1
F (0%~ ef")? — alef i) + L0rP(eh — e5")? — (e - e5?)
1
+ g((al(eﬁ — &%) —az(ef —e5?))? — 201 (e — €1*?) + 202(el — e5?))
koK Kok 1 s’k koK s’k
—am(e] — €i")(eh — e5") + paan(el — ef")? — Tnan(el — i) (eh — e
1 *% *% 1 * %
~ Loaa(el — 1) (eh — e5) + man(es — c5)?)
w1 * ok / w2 ok /
+ (e —€1)+ 5 (e —e
Rl( 1 1) RQ( 2 2)
or
_ o
(Ty—Y)=Y wo{l +ey 4+ (a+ 71)(6/1 —ef* + (e5el —epter™))
g Kk sk ek Kok
_(774‘7)(8,2—62 + (€57ey — €5 es”))
1 1 1 1 1 1
+ (507 + 5001+ zaf)(ey — ef")* + (577 + Gnaz + ga3)
2 2 8 2 2 8 (5)
(ch — 577 — (nfa+ gou) + b+ son)(eh — i) (eh — €3
- i(a + 5041)(6112 —ef*?) + 5(77 + 5042)(6122 —e5*?)
W1, ey W2, yy
R ) + e - )],

where 61 = (a + ja1), 62 = (n + 3a2), 3 = [a(a;l) ooy et gng

0, = ﬁ(ﬂ;l) +%+ 042(04822)]'
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Taking expectation of both sides of (5) we get the bias of T, to the first degree
of approximation as

B(Td)Y{wo{lf)l +O0y—=— — 010 == +932+042}1}
VX,  YX, Xx. 'x 'x
= Y(woH —1).

Squaring both sides of (5) and neglecting terms e’s having power greater than two
we have

(T, -V)?=Y [1 + wg{l 285 + 201 (€} — ) — 205 (e — ) + 2
+ 401 (€57 ey — €57 ei”) — 402(€5"eh — €57 es”™) — 46102(e1 — e1")

1 1
+ (07 + o + aoy + —ai)(e] — €i*)? + (03 +n° + naz + ~a3)

4 4
r **270 /27 *%2 0 /27 k%2 ﬁ *% /N2
(e5 —e3”) 1(€12 — e7™%) + 02(e52 — e5™) ¢ + 2 (e1” —eh)
1
w% 1\2 1 / /
+ o3 (e" —e3)” + 2wowr ——{el” — ey +eger” —ege)
R3 Ry

*k *% 1
— 91(6/12 — € 2) + 02(6/22 — €9 2) + 2w0w2R—
2

e = ch+ Gl — Ee — O1(e" = ¢h) + ba(es” — ¢4)°}

+ 2w ws (7" —el)(es" —eh) — 2w{l +¢e5*

1
R1Rs
FOL(E] — €7 8 — e — a(eh — e + el — epes’)

1 1 1 1 1 1
+ (5012 + 5 + ga?)(ell —e )+ (5772 + 5N + éa%)

*ok ok o 1 .
(ch = ¢")7} = 010 (e} — i) (€ — €57) + S01(e1" — ef?)

1 sk w2 sk
- g5 - ) - 2 - )|,

where 01 = (o + 2a1), 62 = (n+ L), 03 = [a(a;l) + 5 + 76”(0‘81”) and

04 = W(le—l) _‘_%_’_ Oéz(agz—Q)]_

Taking expectation of both sides of (5), we get the MSE of fj* to the first
degree of approximation as

MSE(T;*) = V°[1 + wR Hy + w2H; + wiH + 2wowy Hi + 2wows Hj +
2wiwa HY — 2woHg],  (6)

where
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1 D* F* E*
Hi = |14+ —(A+ K) — 461 — + 405 — — 4610 —— + (67
Y YX1 YXQ XlX
B* Cc*
+205) —5 + (65 + 294)2] ;
X 2
* B*
Hf = —,
R2X
. O
H; = g
R3X,
1| D* B* E*
;= — —0h— +0o=——|,
T R [Yxl X 2X1X2]
1 [ F* E* c*
Hj = [ == + 922}7
RQ YX2 X1X2 9
E*
H; =
RiRy X1 X2
and
D* F* E* B* C*
He = |1—6 +0 4+ 0100 —— + 03— + 0, — |,
6 [ 1YX1 2YX1 1 2X1X SXi 473
B* = [(A=N)(SZ, +57) + X (53, ,, + o))
C" = [(A = N)(S2, +52) + N*(S%,, + S2)].
D* = [()\ N)pyzy SySay + A Pyzy 2 Sy 2)51.1(2)}
B = [(A A/)p$1$2sxlsx2 + A" paﬁlﬂfz(z)sxl(z)‘gxz(z)]
F* = [()\ )\’)pyms Sz, + A Py (2 Sy(Q)S@(z)}
Putting %}f‘m =0,7=0,1,2, we have
Hy Hi Hil [wo H§
Hy HY Hf| |wi| =10
Hy Hf Hi| |ws 0

Solving (6) we get the optimum values of (wg, w1, ws) as

A A A3
Wo(opt) = Euwl(opt) = A*7 2(opt) — A*

where

A" = Hi(H{H; — H3?) — H3(H; Hy — HyH3) + H; (H; Hy — H{ H),

A = Hg (Hy H; — H3?),
Al = —Hg(HyH; — H{H5)

223
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and

A5 = Hg(Hz Hs — H{ H).
Thus, the resulting minimum MSE of fj * is given by

(7)

. _ H:A*
MSEnu(Ti) =Y~ [1— 6 0].

A*
Now, we established the following theorem
Theorem 1. The MSE(T\;*) is greater than or equal to the minimum MSE of
T7" i.e.

MSE(T:*) > MSEwi(Tr)

with equality holds if w; = wj(ope), @ = 0, 1,2, where wj(opy), i = 0,1,2, is given in
(14).

For different values of (a,n, a1, as) a large number of estimators can be gen-
erated from the proposed class of estimators T** for the population mean Y and
is presented in Table 1. The properties of the members of the proposed class of
estimators can be studied from the suggested class of estimators.
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4. Efficiency Comparisons

To compare the mean squared error of the proposed estimator fj* to the mean
squared error of the class of proposed estimator and Kumar & Zhang (2023) esti-
mator, we establish the efficiency requirements as follows:

(i) MSEwn(T;*) < MSEwmin(T3),
if AnyHgAy — ATHg) Ay <0,
(ii) MSEmin(T5*) < MSEmin(f(*zti)),
if Ay HgAy— AHgoAjm) <0,
(i) MSEmin(Ty*) < MSEmin(T(55),
if Ay HgAg — A"Hg3 Mg <0,
(iv)  MSEmin(T;*) < MSEmin(T(),
if AlyHgAy — A" Heg)Agay <0,
(V) MSEuwin(Ty*) < MSEmin(T(5y),
if AlHgAy— AHg5 A5 <0,

(Vi) MSEmin(T5*) < MSEmin(Tj5),

—2 HEAG (C*D*2 —2D*E*F™* + B*F*z)
Y {1 A } |:(A+K) B0 —F7) <0,

(vii))  MSEmin(T5*) < MSEmin(T}5),

o[ HIA D*
vi1- —[(A+K)-

(vii)  MSEpin(T5*) < MSEmin(Tj5),

if

—2 HEA F2
Y {1 e (A+K) o <0,

(ix)  MSEmin(T;*) < MSEmin(Tj5y),

HgA;;} [(A+ K)B* — D*?] —0

. B
i { A" | BY’ 4+ {(A+ K)B* — D*2}
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(x)
if

(xvii)

if

MSEpin(T3*) < MSEpin (T(*lzd))
Z‘w)Hé‘AS - A*Ht::(lo)Ag(lo) <0,
M S Banin(T5) < M S Eupin (£5),
ASH; — A*HE <0,
MSEpin(T5*) < MSEmin(tEkikd))
0(1)H0 A*ltjg(l) <0,
M S Eyin (Tj*) < MS Emin (£5)),
AboyHy — A*Hyp) <0,
MSEpin(Tj*) < MSEuin(i5),
o3y Ho — A" Hg 3y <0,
M S Buin(T) < MSBuin(t5,)),

Ay Hy — A Hy iy <0,

MSEuwin(T;*) < MSEwmn (), =0,1,2,3,4,

_ H2 *D*2 _ 9D*E*F* 4 B*F*2
YQ{l— 6}—[A+k:—c +

(B*C* _ E*2)

MS Ein (T;*) < MS Buin (T(:.)
2 52 2 ASskok ASskok
Y |1-— HS‘ -Y (4adopt ) + 160zdoptA + 16/8ya:1
16X 32, S2 — 16X 37,52, — 32a55,18yz, D + 32N 55,

az:ptﬁyle + 16/\22;2115“ <0.

Bym Py SySan +
32)\/A;:ptﬂyzz PyzsSySzs + 328z, Byas B + 32X Byay Byws Suy Sus—

227

If the above relations from (i) to (xvii) holds true then it is clear that the proposed
estimator is more efficient than the other class of proposed estimator(s) and Kumar

& Zhang (2023) estimator that are used for comparison purpose.

In the next section, we conducted a simulation study by using R software to
verify the above results.
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5. Simulation Study

To evaluate the performance of proposed estimator, we conduct a simulation
study to compare the mean squared error (MSE) of the proposed class of estimator
by using R software. We assume three finite populations of size N = 10,000
generated from a normal distribution and from N we picked a large sample of
size n’ = 7000 and a small sample of sizes n = 3000, 4000, 5000 is taken from n'.
In the first phase, only 1600 (n1) provide a response to the survey question and
ng = n—ny i.e. 2400 of them do not respond. In the second phase, we take another
sample (ns = %) from the non-respondent group by using different values of
k =2,3,4,5. First a variable X; ~ N(0.2,1), Xo ~ N(0.2,1) and variable Y which
is defined as Y = aX; +aX2+ N(0, 1) generated from a normal distribution where
a = 0.02. And second a variable Y which is defined as Y = bX; + bX5 + N(0,1)
generated from a normal distribution where b = 0.05. The scrambling variable(s)
S1 is taken from a normal distribution with a mean of 1 and a variance of 0.5,
whereas the scrambling variable S; is drawn from a normal distribution with a
mean of 0 and a variance of 1, respectively. The MSE’s of the considered estimators
for different levels of W (i.e. 0.2 to 1) and k (i.e. 2,3,4,5) are shown in Table 2
to 7.

Next, we calculate PRE’s of the proposed and existing estimator for different
values of n,k and W.

Thus, the percent relative efficiency of the proposed estimator (777*) among the

different classes of proposed estimator i.e. f(*l’;l), f(*;i), T("})*d), T(Td): T(”‘5”;l), f(?d),
Tz Tisay Tioay> Tioay: ta*s t(iay K
and Kumar & Zhang (2023) estimator (7.

sszd

i tAgd), tA?g‘d), fz‘zd), tAE‘;‘d), unbiased estimator (7;*)

), respectively, are as

MSE(y;")
PRE(1) = 100 8
0 l MSEQ) | (®)
where, « = 15", T(%y, Tty Ty Tiaay Tay Tieay Tiray T Tisay Tioay ta

t’(kfd), t?;d)a t?;d)ﬂ t?:dﬁ tz‘;‘d) and T7 ;.

Tables 2, 3 and 4 represents the comparison of percent relative efficiency (PRE)
of the proposed estimator over different class of estimator(s), unbiased estimator
(y3*) and Kumar & Zhang (2023) estimator for different values of ‘n’, ‘k’” and ‘W’

in double sampling when Y = aX; 4+ aX3 + N(0,1) where a = 0.02.
1. Tt is clear from Table 2, 3 and 4 that if we increase the sample size from 3000

to 5000, the percent relative efficiency of all the considered estimator(s)
decreases.
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TABLE 3: Percent Relative Efficiency (PRE) of estimator(s) at varying values of k and W when n = 4000 and model Y = aX1+aX2+N(0,1),

where a = 0.02.
Estimator(s) W =0.2 W =0.6 w=1

k— 2 3 4 5 2 3 4 5 2 3 4 5
U 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00
T 275.59  387.18 511.71 629.86 354.83 470.33 569.72 666.74 530.99 712.10 908.35 1109.62
mm*&v 269.01 372.52 491.39 594.52 353.71 466.87 566.03 660.29 532.21 71245 907.91 1107.75
mmwv 241.75  305.69 358.19 410.53 340.45 442,56 528.24 618.42 524.17 699.82 891.27 1087.24
mw*mv 245.64 316.87 375.51 433.26 345.43 452.25 542.32 635.92 529.52 708.55 902.84 1102.12
mev 232.99  292.90 342.47 392.53 334.49 434.37 518.23 607.20 519.80 694.09 884.62 1079.41
mwwv 233.15  292.79 341.96 391.64 334.27 433.85 517.33 605.98 519.43 693.48 883.77 1078.26
ﬂmmwv 102.76  106.09 107.85 109.47 101.44 103.17 104.09 104.87 100.67 101.44 101.97 102.60
ﬂmﬂwv 101.33 102.87 103.72 104.70 100.69 101.53 102.02 102.53 100.29 100.59 100.77 100.99
\Hmw*& 101.40 103.07 103.78 104.30 100.74 101.60 101.96 102.21 100.38 100.84 101.18 101.57
u;mwwv 231.72  289.56 337.83 386.86 333.53 432.21 515.27 603.64 519.04 692.63 882.57 1076.62
\Hmmym& 231.79 289.76 337.89 386.47 333.57 432.28 515.20 603.32 519.14 692.88 882.98 1077.21
e 232.75 289.55 337.50 385.42 335.39 433.53 516.38 603.95 521.72 695.85 886.64 1081.45
Mw& 232.82 289.41 336.97 383.87 336.55 433.86 516.17 602.5 523.78 697.30 887.41 1081.18
Mw& 235.8 294.61 344.15 393.78 337.38 437.01 521.30 610.34 522.66 697.21 887.94 1083.00
MM& 239.63 304.61 359.06 41272 342.26 446.19 53441 626.42 527.95 705.74 899.15 1097.30
NM,& 227.77  283.68 331.19 379.40 331.67 429.41 512.18 600.25 518.37 691.68 881.56 1075.60
Mw 102.76  106.09 107.85 109.47 101.44 103.17 104.09 104.87 100.67 101.44 101.97 102.60
xx 232.40 292.06 341.14 390.71 333.56 433.16 516.41 604.78 518.56 692.30 881.97 1075.60
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TABLE 5: Percent Relative Efficiency (PRE) of estimator(s) at varying values of k and W when n = 3000 and model Y = bX;+bX2+N(0,1)

where b = 0.05.
Estimator(s) W =0.2 W =0.6 w=1

k— 2 3 4 5 2 3 4 5 2 3 4 5
@M* 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00
e 248.39  318.52  417.77 497.85 284.34 349.68 410.79 464.71 382.60 499.95 601.47 737.43
m;mﬂ,& 225.96  284.32 362.77 418.08 279.82 343.71 404.43 456.25 384.26 501.57 603.22 736.53
m;mmwv 197.67 233.37 264.40 293.82 263.10 317.93 362.61 407.59 371.60 482.71 573.35 698.55
m;mm*& 199.66 243.83 281.34 317.09 269.55 330.37 379.91 429.42 380.39 497.50 593.05 724.08
MJAM*& 184.89  216.14 244.22 270.94 254.27 30649 349.22 392.54 364.62 473.44 562.22 685.35
\Hmw*& 185.97  217.056 24529 271.89 254.35 306.37 349.04 392.16 364.14 472.58 561.20 683.98
NJA*@*& 102.33  104.29 105.66 107.01 101.27 102.35 103.07 103.80 100.66 101.48 102.22 103.38
u;mw*é 101.09 101.88 102.18 102.61 100.60 101.02 101.20 101.44 100.34 100.72 100.92 101.28
u;mw*& 101.23  102.37 103.35 104.23 100.67 101.32 101.84 102.33 100.32 100.75 101.27 102.07
MJA*@*& 184.73  214.64 241.81 267.49 253.68 305.05 347.17 389.8 363.82 471.82 559.91 681.87
mm*o% 184.87  215.13 24298 269.11 253.75 305.34 347.81 390.69 363.81 471.85 560.25 682.66
th 187.03  217.57 246.00 272.54 257.34 309.60 353.26 396.93 368.24 476.97 566.86 690.27
N,w& 185.00 217.35 247.05 274.36 258.95 312.28 356.94 401.09 372.04 481.26 571.59 694.36
m& 189.92  221.79 24995 276.76 259.01 311.91 355.12 398.82 369.39 479.15 568.44 691.86
m& 192.37 231.73 265.29 297.06 265.41 323.83 371.43 419.08 378.07 493.5 587.31 715.87
NMRV 178.45 207.06 233.29 258.38 250.64 301.32 342.96 385.33 362.59 470.26 557.96 679.66
mw 102.33 104.29 105.66 107.01 101.27 102.35 103.07 103.80 100.66 101.48 102.22 103.38
xx 178.88  210.24 23749 263.08 247.33 298.31 338.91 379.93 356.05 461.76 546.91 665.12
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TABLE 7: Percent Relative Efficiency (PRE) of estimator(s) at varying values of k and W when n = 5000 and model Y = bX;+bX2+N(0,1)

where b = 0.05.
Estimator(s) W =0.2 W =06 W=1
k— 2 3 4 5 2 3 4 5 2 3 4 5
@M* 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00
e 233.00 373.17 691.57 1636.50 213.21 271.63 333.26 389.13 252.25 324.45 393.12 456.01
mmwv 204.68  295.68  462.85 764.78 205.89  258.98 316.99 371.30 250.68 321.68 389.15 453.69
m;mev 157.11 186.30 212.56 235.68 186.28  224.14 261.49 297.40 240.39 305.93 368.5 421.87
\Hmmﬁv 149.05 187.33  221.39 251.02 183.86  227.39  269.36  309.29 240.33 309.77 375.44 431.34
\HMMWV 145.17  168.10 190.09 210.34 179.21  213.93 249.18 283.56 235.88 299.73 361.02 413.55
u;mw*& 146.46  169.58  191.42 211.33 179.68  214.39 249.46  283.49 235.95 299.72 360.9 413.33
ﬂmmwv 104.17 108.17 110.74 112.09 102.17 104.26  105.58 106.30 100.97 101.98 102.82 103.07
u;mﬂwv 101.95 103.58 104.7 105.47 101.03 101.91 102.50 103.01 100.46 100.87 101.16 101.15
ﬂﬁ*mwv 102.14 104.38 105.59 105.97 101.12 102.31 102.97 103.12 100.50 101.11 101.65 101.87
ﬂﬁwwv 144.25 164.98 185.38 204.71 178.54  212.04 246.39 280.20 235.45 298.61 359.25 411.42
m%m& 144.44 165.79  186.27 205.21 178.63  212.44 246.86 280.31 235.48 298.85 359.74 412.13
iy 143.12 163.01 183.05 202.22 178.78  212.09 246.49 280.21 236.51 299.97 361.07 414.34
Mw& 139.96 161.26  181.88 201.31 177.78 211.72 246.36  280.11 236.73 300.57 361.75 415.46
MM&V 147.14  169.02  190.37 210.63 181.27  215.71 250.89 285.59 238.02 301.99 363.32 416.21
MM,&V 140.66 170.54  197.75 222.59 179.23  218.89 258.08 296.17 238.05 305.75 369.96 425.21
MM&V 136.91 154.87 173.89 192.58 174.72  206.68 240.32 273.87 233.66 296.12 356.35 408.51
Mw 104.17 108.17 110.74 112.09 102.17 104.26  105.58 106.30 100.97 101.98 102.82 103.07
xx 144.41  167.99 189.82 209.64 178.08 212,99 24787 281.49 234.19 297.72 358.30 409.53

sszd
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2. From Table 2, when the value of k increases from 2 to 5 and W increases
from 0.2 to 1, the percent relative efficiency of all considered estimator(s)

~ ~

increases i.e. unbiased estimator (§3*), 75", T(isy» Tiony: Tiomy Tinnyr s

Tsay> Tiray Tisayr Tioayr Tiioay> ta’s tiay> Lzays Lzayr titay t(jay Tesza als0
increases.

3. It is also illustrated from Table 2, 3 and 4 that the percent relative efficiency
of proposed estimator T;* is highest among all other class of estimator(s) i.e.

* %\**

Ya's Ty Ty Tay Tiray Tisay Teay Ty Tsayr Toayr Ttoay ta > tiays

3y Ty tiaays gy and Kumar & Zhang (2023) estimator (T77,,). In the

end, we obtain that the proposed estimator is more efficient than the other
different classes of proposed estimator and Kumar & Zhang (2023) estimator
in terms of having highest percent relative efficiency.

Tables 5, 6 and 7 represents the comparison of percent relative efficiency (PRE)
of the proposed estimator over different class of estimator(s) and Kumar & Zhang
(2023) estimator for different values of ‘n’, ‘k’ and ‘W’ in double sampling when
Y =bX; +bXs 4+ N(0,1) where b = 0.05.

1. It is visualize from Table 5, 6 and 7 that if we increase the sample size, the
percent relative efficiency of all the considered estimator(s) decreases.

2. From Table 5, 6 and 7 when the value of k increases from 2 to 5 and W
increases from 0.2 to 1, the percent relative efficiency of all considered es-

~

timator(s) increases i.e. unbiased estimator (y7*), fc’l‘*, T(*f;), T\(*Qtl), f(g*d),

T Ty Tioay Ty T Tisiys Totoays T Bty Tsyr Bisay Tar iy

Tk :
T 4 also increases.

3. It is also illustrated from Table 5, 6 and 7 that the percent relative efficiency
of proposed estimator T;* is highest among all other class of estimator(s) i.e.

(1d)? ~(2d)? ~(3d)? ~(4d)> ~(5d)> ~(6d)> ~(7d)> ~(8d)’ ~(9d)’ (1/0\(1)7 (1d)?
5y U3y t?‘;‘d), t(jq) and Kumar & Zhang (2023) estimator (7,,;). In the

end, we obtain that the proposed estimator is more efficient than the other
different classes of proposed estimator and Kumar & Zhang (2023) estimator
in terms of having highest percent relative efficiency.

6. Conclusion

The brief summary of this paper has addressed the challenging task of esti-
mating the population mean of a sensitive variable under non-response and mea-
surement error using ORRT models under double sampling. The efficiency of
the proposed estimator and class of estimator are evaluated up to the first or-
der of approximation and the conditions are also determined in comparison to
other examined estimators and Kumar & Zhang (2023) estimator. We have con-
ducted two model based simulation study i.e., ¥ = aX; 4+ aXs + N(0,1) and
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Y =bX; + X2 4+ N(0,1) with varying values of sample size n, non response rate
k and sensitive question probability W. Through the simulation study, the ef-
fectiveness and performance of the proposed class of estimator is evaluated and
found that the proposed estimator 7);* obtain the highest percent relative efficiency
among the different classes of proposed estimator i.e. 47", f(*ﬁi)’ f(*;:i), f(g*d), ’JA“(Z*d),
Ti5ays Toay> Tiray> Tisay T(oay T(toay ta's t{iays t(za)> t(3a)> t(day> 1(ja) a0d Kumar
& Zhang (2023) estimator (T

wx 4). As aresult, we favour the proposed estimator

fj* for future studies by the researchers in practice.

[Received: February 2024 — Accepted: June 2024]
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