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Abstract

The current study employs the ratio-cum-product estimator to estimate
the population mean of a sensitive study variable, aiming to overcome is-
sues related to non-response and measurement error in the context of double
sampling. The characteristics of the proposed class of estimators are com-
puted up to the �rst order of approximation. A comparative analysis is
conducted to assess the performance of the suggested estimator amongst the
class of estimator and the estimator proposed by Kumar & Zhang (2023).
Additionally, theoretical �ndings are supported by conducting two model
based simulation study by using an hypothetical population. The simu-
lation results demonstrates that the proposed ratio-cum-product estimator
under double sampling exhibits the lowest mean squared error among Ku-
mar & Zhang (2023) estimator and all classes of suggested estimator which
indicates their superior performance in estimating the population mean of
a sensitive variable. As a result, the suggested estimator o�ers a valuable
tool for estimating the population mean in surveys conducted across various
agriculture, environmental studies, market research and health surveys.
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Resumen

El presente estudio emplea el estimador de razón-producto para estimar
la media poblacional de una variable de estudio sensible, con el objetivo de
superar los problemas relacionados con la falta de respuesta y el error de
medición en el contexto del muestreo doble. Las características de la clase
de estimadores propuesta se calculan hasta el primer orden de aproximación.
Se realiza un análisis comparativo para evaluar el desempeño del estimador
sugerido entre la clase de estimador y el estimador propuesto por Kumar
& Zhang (2023). Además, los hallazgos teóricos se respaldan mediante la
realización de un estudio de simulación utilizando una población creada ar-
ti�cialmente. Los resultados de la simulación demuestran que el estimador
de razón-producto propuesto bajo muestreo doble exhibe el error cuadrático
medio más bajo entre el estimador de Kumar & Zhang (2023) y todas las
clases de estimador sugerido, lo que indica su desempeño superior en la es-
timación de la población. media de una variable sensible. Como resultado,
el estimador sugerido ofrece una herramienta valiosa para estimar la media
poblacional en encuestas realizadas en diversos estudios agrícolas, ambien-
tales, de mercado y de salud.

Palabras clave: Variable sensible; Falta de respuesta; Error de medición;
Doble muestreo; Técnica de Respuesta Aleatoria Opcional (ORRT).

1. Introduction

The tendency of survey respondents to produce responses that are considered
as socially acceptable or desired, rather than representing their genuine beliefs
or behaviors, is referred to as social desirability bias. In survey research, it is
not always feasible to directly observe such variables due to their delicate nature.
Respondents may feel uncomfortable or embarrassed sharing private information
with the interviewer, especially when the questions touch on sensitive topics like
corruption, criminal activity, abortion, drug addiction, and more. As a result,
maintaining privacy and ensuring respondents trust becomes crucial for obtaining
accurate and reliable survey data. When conducting social surveys that involve
sensitive characteristics, optional randomized response models provide respondents
with the choice to either disclose the true response or provide a scrambled response.
If a respondent does not perceive the question as sensitive, they have the option
to report the true response. In order to cope with refusals on sensitive variables,
Warner, S. L. (1965) introduced a randomized response technique (RRT) was lim-
ited to binary variables. Further, survey statisticians including Eichhorn, B. H.
and Hayre, L. S. (1983), Gupta, S., Gupta, B. and Singh, S. (2002), Gupta, S.
N. and Thornton, B. and Shabbir, J. and Singhal, S. (2006), Saha, A. (2008),
and Diana, G. and Perri, P. F. (2011), have examined the population mean of
sensitive variables where the study variable is sensitive in nature. The most com-
monly used statistical sampling technique that involves taking two samples from
a population to estimate population parameters with increased e�ciency and ac-
curacy is Double sampling. This technique is particularly useful when a complete
census of a population is not feasible or too expensive, but a less e�cient sam-
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pling technique would lead to inaccurate results. It is used in various �elds such
as market research, public health, and social sciences. It was �rst identi�ed by
Neyman, J. (1934) and then numerous authors have used auxiliary data to work
on various aspects of two-phase sampling, including Pradhan, B. (2014), Singh,
B. and Choudhury, S. (2012), Zaman, T. and Kadilar, C. (2019), Shabbir, J. and
Ahmed, S. and Sanaullah, A. and Onyango, R. (2021), Kumar, S. and Kour, S. P.
(2021), Dash, P. and Sunani, K. (2022) and so on.

When the respondents refuse to answer the sensitive question then this result,
a high rate of non-response which may badly a�ect the estimates of population
parameters. So, for estimating sensitive variables in survey research several au-
thors likewise Zhang, Q., Khalil, S. and Gupta, S. (2021), Kumar, S. and Kour,
S. P. (2021), Kumar & Kour (2022), Kumar & Zhang (2023), Kumar & Joorel
(2023), Azeem & Salam (2024) developed the mean estimator for estimating the
population mean of sensitive variable in the simultaneous presence of non-response
and measurement error by utilizing ORRT models.

This paper aims to develop a ratio-cum-product estimator in the presence of
non-response and measurement error at the same time under Double sampling and
by utilized two auxiliary variable(s). This paper is structured as follows. Section 2
describes the optional randomized response technique and existing estimators. The
proposed estimator along with its properties are discussed in Section 3. In Section
4, we compare the proposed estimator with the other conventional estimators and
the e�ciency conditions are developed. Section 5 provides a simulation study to
check the e�ectiveness of the proposed estimator. Finally, the brief summary or
conclusion is discussed in Section 6.

2. Notations and Existing Estimators

Let us consider ξ = ξ1, ξ2, . . . , ξN be a �nite population of size N units and
from ξ, a sample of size n is taken by using simple random sampling without
replacement (SRSWOR). Let Y be a sensitive study variable and X1 and X2 be
two non sensitive auxiliary variable(s) i.e. (Y , X1 and X2) and (S2

y , S
2
x1

and
S2
x2
) are the respective mean and variances of Y , X1 and X2. Assume S1 and

S2 be two scrambling variables with means( S1, S2) and variances (S2
S1
, S2

S2
),

respectively. Let W be the probability that respondent �nd the question sensitive.
If a respondent feels the question is sensitive then he or she is prompted to report
a scrambled response otherwise, a correct response is reported.

To tackle the of problem non-response in sensitive surveys, Hansen, M. H.
and Hurwitz, W. N. (1946) technique has been modi�ed by Zhang, Q., Khalil,
S. and Gupta, S. (2021), Kumar, S. and Kour, S. P. (2021), Kumar & Kour
(2022) to collect sensitive information from the respondents. In this technique,
the respondent gives direct answer in �rst phase then ORRT model is used to get
answer from a sub-group of non-respondents in the second phase.
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Therefore, ORRT model in the second phase is given as

Z =

{
Y with probability 1-W

S1Y + S2 with probability W,
(1)

with mean E(Z) = E(Y ) and variance V ar(Z) = S2
y+S2

S2
W+S2

S1
(S2

y+Y
2
)W . The

RRT model is Z = (S1Y +S2)J+Y (1−J), where J ∼ Bernoulli(W ) with E(J) =
W,V ar(J) = W (1−W ) and E(J2) = V ar(J)+E2(J) = W . And the expectation
and variance of randomized mechanism is ER(Z) = (S1W +1−W )Y +S2W and
VR(Z) = (Y 2S2

S1
+ S2

S2
)W .

Let us take a transformation of the randomized response be yi whose expec-
tation under the randomization mechanism is the true response yi and is given
as

ŷ∗i =
zi − S2W

S1W + 1−W
,

with ER(ŷi
∗) = yi and VR(ŷi

∗) = VR(zi)

(SW+1−W )2
=

(y2
i S

2
S1

+S2
S2

)W

(S1W+1−W )2
= τi.

From previous discussions, we assume that out of `n' sample units, only n1 units
provide response on �rst call and remaining n2 = (n − n1) units do not respond.
Then a sub-sample of ns(= n2/k(k > 1)) units are taken from non-responding
units n2, respectively. Then, a modi�ed version of Hansen and Hurwitz estimator
suggested by Zhang, Q., Khalil, S. and Gupta, S. (2021) and Kumar & Kour (2022)
is given by

ŷ
∗
= w1y

∗
1 + w2ŷ

∗
2

with mean E(ŷ
∗
) = Y and variance

V ar(ŷ
∗
) = λS2

y + λ∗S2
y(2) +

W2k

n

[{(S2
y(2) + y2(2))S

2
S1

+ S2
S2
}W

(S1W + 1−W )2

]
.

Similarly, one can write the estimator for X1 and X2 as

x∗
1 = w1x

∗
1 + w2x

∗
12

and

x∗
2 = w1x

∗
2 + w2x

∗
22

with E(x∗
1) = X1, E(x∗

2) = X2 and V ar(x∗
1) = λS2

x1
+ λ∗S2

x1(2)
, V ar(x∗

2) =

λS2
x2

+ λ∗S2
x2(2)

.

In addition, let Ui = yi − Yi, Vi = x1i − X1i and Wi = x2i − X2i be the
measurement error for the study variable (Y ) and auxiliary variables (X1, X2)
in the population. Let Pi = zi − Zi represent the relative measurement error
associated with the sensitive variables (Z) in the face-to-face interview phase.
These measurement errors are considered to be random and uncorrelated, with
mean zero and variances S2

u, S
2
v , S

2
w, S

2
v(2), S

2
w(2) and S2

p , respectively.
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In the context of non-response and measurement error simultaneously, the vari-
ances of ŷ, are given by

V ar(ŷ
∗∗
) = λ(S2

y + S2
u) + λ∗(S2

y(2) + S2
p) + κ,

V ar(x∗∗
1 ) = λ(S2

x1
+ S2

v) + λ∗(S2
x1(2)

+ S2
v(2))

and

V ar(x∗∗
2 ) = λ(S2

x2
+ S2

w) + λ∗(S2
x2(2)

+ S2
w(2))

where κ = W2k
n

[
{(S2

y(2)+y2
(2))S

2
S1

+S2
S2

}W
(S1W+1−W )2

]
.

Kumar & Zhang (2023) suggest a ratio-cum-product type estimators when the
auxiliary variable(s) X1 and X2 are known under measurement error and non-
response using ORRT model is given by

T̂ ∗∗
sszd =

[
α∗ŷ

∗∗
+ β∗∗

yx1
(x′

1 − x∗∗
1 ) + β∗∗

yx2
(x′

2 − x∗∗
2 )

]( x′
1

x∗∗
1

+
x∗∗
1

x′
1

)(
x′
2

x∗∗
2

+
x∗∗
2

x′
2

)
,

where β∗∗
yx1

= s∗∗yx1
/s∗∗2x1

is the estimate of the population regression coe�cient
βyx1

= S∗∗
yx1

/S∗∗2
x1

, β∗∗
yx2

= s∗∗yx2
/s∗∗2x2

is the estimate of the population regression

coe�cient βyx2 = S∗∗
yx2

/Ŝ∗∗2
x2

and α∗ be a �nite quantity.

The bias and mean squared error of T̂ ∗∗
sszd is given by

Bias(T̂ ∗∗
sszd) = Y (4α− 1)− 4βyx1

[
(λ′ − λ)

(
α∗
03

α∗
02

− α∗
12

α∗
11

)
−

(
α∗
03

α∗
02

− α∗
12

α∗
11

)
+ λ∗

(
α∗
03(2)

α∗
02(2)

+
α∗
12(2)

α∗
11(2)

)]
+ 4βyx2

[
(λ′ − λ)

(
µ∗
03

µ∗
02

+
µ∗
12

µ∗
11

)
−
(
µ∗
03

µ∗
02

− µ∗
12

µ∗
11

)
+ λ∗

(
µ∗
03(2)

µ∗
02(2)

+
µ∗
12(2)

µ∗
11(2)

)]
+ 2αR1(B − λ′S2

x1
) + 2αR2(C − λ′S2

x2
)

and

MSE(T̂ ∗∗
sszd) = Y

2
(4α− 1)2 + 16α2A+ 16β2

yx1
B + 16β2

yx2
C − 16λ′β2

yx1
S2
x1

− 16λ′β2
yx2

S2
x2

− 32αβyx1
D + 32λ′αβyx1

ρyx1
SySx1

+ 32λ′αβyx2
ρyx2

SySx2
+ 32βyx1

βyx2
E

+ 32λ′βyx1
βyx2

Sx1
Sx2

− 32αβyx2
F + 16α2κ

(2)

which is optimum when

α̂∗∗
dopt =

1
4Y

2
+ βyx1

(D − λ′ρyx1
SySx1

) + βyx2
(Fλ′ρyx2

SySx2
)

Y
2
+A+ κ

.
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Putting the value of α̂∗∗
dopt in (2), we get the minimum MSE of the proposed

estimator as

MSEmin(T̂
∗∗
sszd) = Y

2
(4α̂∗∗

dopt − 1)2 + 16α̂∗∗2
doptA+ 16β2

yx1
B + 16β2

yx2
C

− 16λ′β2
yx1

S2
x1

− 16λ′β2
yx2

S2
x2

− 32α̂∗∗
doptβyx1D

+ 32λ′α̂∗∗
doptβyx1

ρyx1
SySx1

+ 32λ′α̂∗∗
doptβyx2

ρyx2
SySx2

+ 32βyx1
βyx2

E + 32λ′βyx1
βyx2

Sx1
Sx2

− 32α̂∗∗
doptβyx2

F + 16α̂∗∗2
doptκ,

(3)

where A =
[
λ(S2

y + S2
u) + λ∗(S2

y(2) + S2
p)
]
, B =

[
λ(S2

x1
+ S2

v) + λ∗(S2
x1(2)

+ S2
v(2))

]
,

C =
[
λ(S2

x2
+ S2

w) + λ∗(S2
x2(2)

+ S2
w(2))

]
, D =

(
λρyx1SySx1 + λ∗ρyx1(2)

Sy(2)Sx1(2)

)
,

E =
[
λρx1x2Sx1Sx2 + λ∗ρx1x2(2)

Sx1(2)
Sx2(2)

]
, F =

(
λρyx2SySx2 + λ∗ρyx2(2)

Sy(2)Sx2(2)

)
.

In the coming section, we establish a ratio-product type exponential estimator.
The proposed estimator will be bene�cial in the case of exponential type data and
for estimating the mean of a sensitive variable.

3. Proposed Estimator in Double Sampling

When the population mean of X1 and X2 are assumed to be unknown then
double sampling technique is used. This double sampling strategy is as follows that
in the �rst phase a large sample of �xed size n′ is taken from ξ to evaluate X1 and
X2 in order to �nd estimates of X1 and X2 and in the second phase �xed-size n
sub-sample is taken from n′ to observe Y only, so that (n < n′). Therefore inspiring
from Kumar, S. and Kour, S. P. (2021) and Kumar & Zhang (2023), we propose
following class of ratio-product estimators for estimating population mean Y of
the sensitive study variable in presence of non-response and measurement error
under Double sampling. Under this situation, the population means of X1 and
X2 are not known as

Td = w0ŷ
∗∗
(

x′
1

x∗∗
1

)α(
x∗∗
2

x′
2

)η

exp

{
α1(x

′
1 − x∗∗

1 )

x′
1 + x∗∗

1

}
exp

{
α2(x

′
2 − x∗∗

2 )

x′
2 + x∗∗

2

}
+ w1(x

∗∗
1 − x′

1) + w2(x
∗∗
2 − x′

2). (4)

To obtain the bias and MSE of Td, we write

ŷ
∗∗

= Y (1 + ê∗∗0 ), x∗∗
1 = X1(1 + e∗∗1 ), x′

1 = X1(1 + e′1), x
∗∗
2 = X2(1 + e∗∗2 ),

x′
2 = X2(1 + e′2) such that

E(ê∗∗0 ) = E(e∗1) = E(e∗∗2 ) = E(e′1) = E(e′2) = 0 and

E(ê∗∗20 ) = 1

Y
2 (A+ κ), E(e∗∗21 ) = 1

X
2
1

B, E(e∗∗22 ) = 1

X
2
2

C,

E(e′21 ) = λ′ (S
2
x1

+S2
v)

X
2
1

, E(e′22 ) = λ′ (S
2
x2

+S2
w)

X
2
2

,
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E(ê∗∗0 e∗∗1 ) = 1
Y X1

D, E(ê∗∗0 e∗∗2 ) = 1
Y X1

F , E(ê∗∗0 e′1) = λ′ ρyx1
SySx1

Y X1
, E(ê∗∗0 e′2) =

λ′ ρyx2
SySx2

Y X2
, E(e∗∗1 e∗∗2 ) = 1

X1X2
E,

E(ê∗∗1 e′2) = λ′ ρx1x2
Sx1

Sx2

X1X2
, E(ê∗∗2 e′2) = λ′ S

2
x2

S2
w

X
2
2

, where λ =
(
1
n − 1

N

)
, λ′ =(

1
n′ − 1

N

)
, (λ− λ′) =

(
1
n − 1

n′

)
and λ∗ = (k−1)W2

n .

Expanding the right hand side of (4), multiplying out and neglecting terms of
e′s having power greater than two, we have

Td = Y

[
w0

{
1 + ê∗∗0 + α(e′1 − e∗∗1 )− η(e′2 − e∗∗2 ) +

1

2
α1(e

′
1 − e∗∗1 )− 1

2
α2(e

′
2 − e∗∗2 )

+ α(e′1 − e∗∗1 )ê∗∗0 − η(e′2 − e∗∗2 )ê∗∗0 +
1

2
α1(e

′
1 − e∗∗1 )ê∗∗0 − 1

2
α2(e

′
2 − e∗∗2 )ê∗∗0

+
1

2
(α2(e′1 − e∗∗1 )2 − α(e′21 − e∗∗21 )) +

1

2
(η2(e′2 − e∗∗2 )2 − η(e′22 − e∗∗22 ))

+
1

8

(
(α1(e

′
1 − e∗∗1 )− α2(e

′2
2 − e∗∗22 ))2 − 2α1(e

′2
1 − e∗∗21 ) + 2α2(e

′2
2 − e∗∗22 )

)
− αη(e′1 − e∗∗1 )(e′2 − e∗∗2 ) +

1

2
αα1(e

′
1 − e∗∗1 )2 − 1

2
ηα1(e

′
1 − e∗∗1 )(e′2 − e∗∗2 )

− 1

2
αα2(e

′
1 − e∗∗1 )(e′2 − e∗∗2 ) +

1

2
ηα2(e

′
2 − e∗∗2 )2

}
+

w1

R1
(e∗∗1 − e′1) +

w2

R2
(e∗∗2 − e′2)

]
or

(Td − Y ) = Y

[
w0

{
1 + ê∗∗0 + (α+

α1

2
)(e′1 − e∗∗1 + (ê∗∗0 e′1 − ê∗∗0 e∗∗1 ))

− (η +
α2

2
)(e′2 − e∗∗2 + (ê∗∗0 e′2 − ê∗∗0 e∗∗2 ))

+ (
1

2
α2 +

1

2
αα1 +

1

8
α2
1)(e

′
1 − e∗∗1 )2 + (

1

2
η2 +

1

2
ηα2 +

1

8
α2
2)

(e′2 − e∗∗2 )2 − (η(α+
1

2
α1) +

1

2
(α+

1

2
α1))(e

′
1 − e∗∗1 )(e′2 − e∗∗2 )

− 1

2
(α+

1

2
α1)(e

′2
1 − e∗∗21 ) +

1

2
(η +

1

2
α2)(e

′2
2 − e∗∗22 )

+
w1

R1
(e∗∗1 − e′1) +

w2

R2
(e∗∗2 − e′2)

}]
,

(5)

where θ1 = (α + 1
2α1), θ2 = (η + 1

2α2), θ3 =

[
α(α+1)

2 + αα1

2 + α1(α1+2)
8

]
and

θ4 =

[
η(η−1)

2 + ηα2

2 + α2(α2−2)
8

]
.
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Taking expectation of both sides of (5) we get the bias of Td to the �rst degree
of approximation as

B(Td) = Y

[
w0

{
1− θ1

D∗

Y X1

+ θ2
F ∗

Y X2

− θ1θ2
E∗

X1X2

+ θ3
B∗

X
2

1

+ θ4
C∗

X
2

2

}
− 1

]
= Y (w0H

∗
6 − 1).

Squaring both sides of (5) and neglecting terms e′s having power greater than two
we have

(Td − Y )2 = Y
2
[
1 + w2

0

{
1 + 2ê∗∗0 + 2θ1(e

′
1 − e∗∗1 )− 2θ2(e

′
2 − e∗∗2 ) + ê∗∗20

+ 4θ1(ê
∗∗
0 e′1 − ê∗∗0 e∗∗1 )− 4θ2(ê

∗∗
0 e′2 − ê∗∗0 e∗∗2 )− 4θ1θ2(e

′
1 − e∗∗1 )

+ (θ21 + α2 + αα1 +
1

4
α2
1)(e

′
1 − e∗∗1 )2 + (θ22 + η2 + ηα2 +

1

4
α2
2)

(e′2 − e∗∗2 )2 − θ1(e
′
12− e∗∗21 ) + θ2(e

′
22− e∗∗22 )

}
+

w2
1

R2
1

(e∗∗1 − e′1)
2

+
w2

2

R2
2

(e∗∗2 − e′2)
2 + 2w0w1

1

R1
{e∗∗1 − e′1 + ê∗∗0 e∗∗1 − ê∗∗0 e′1

− θ1(e
′2
1 − e∗∗21 ) + θ2(e

′2
2 − e∗∗22 ) + 2w0w2

1

R2

{e∗∗2 − e′2 + ê∗∗0 e∗∗2 − ê∗∗0 e′2 − θ1(e
∗∗
1 − e′1) + θ2(e

∗∗
2 − e′2)

2}

+ 2w1w2
1

R1R2
(e∗∗1 − e′1)(e

∗∗
2 − e′2)− 2w0{1 + ê∗∗0

+ θ1(e
′
1 − e∗∗1 + ê∗∗0 e′1 − ê∗∗0 e∗∗1 )− θ2(e

′
2 − e∗∗2 + ê∗∗0 e′2 − ê∗∗0 e∗∗2 )

+ (
1

2
α2 +

1

2
αα1 +

1

8
α2
1)(e

′
1 − e∗∗1 )2 + (

1

2
η2 +

1

2
ηα2 +

1

8
α2
1)

(e′2 − e∗∗2 )2} − θ1θ2(e
′
1 − e∗∗1 )(e′2 − e∗∗2 ) +

1

2
θ1(e

∗∗2
1 − e′21 )

− 1

2
θ2(e

∗∗2
2 − e′22 )− 2

w2

R2
(e∗∗2 − e′2)

]
,

where θ1 = (α+ 1
2α1), θ2 = (η + 1

2α2), θ3 =

[
α(α+1)

2 + αα1

2 + α1(α1+2)
8

]
and

θ4 =

[
η(η−1)

2 + ηα2

2 + α2(α2−2)
8

]
.

Taking expectation of both sides of (5), we get the MSE of T̂ ∗∗
d to the �rst

degree of approximation as

MSE(T̂ ∗∗
d ) = Y

2[
1 + w2

0H
∗
0 + w2

1H
∗
1 + w2

2H
∗
2 + 2w0w1H

∗
3 + 2w0w2H

∗
4+

2w1w2H
∗
5 − 2w0H

∗
6

]
, (6)

where
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H∗
0 =

[
1 +

1

Y
2 (A+K)− 4θ1

D∗

Y X1

+ 4θ2
F ∗

Y X2

− 4θ1θ2
E∗

X1X2

+ (θ21

+ 2θ3)
B∗

X
2

1

+ (θ22 + 2θ4)
C∗

X
2

2

]
,

H∗
1 =

B∗

R2
1X

2

1

,

H∗
2 =

C∗

R2
2X

2

2

,

H∗
3 =

1

R1

[
D∗

Y X1

− θ1
B∗

X
2

1

+ θ2
E∗

X1X2

]
,

H∗
4 =

1

R2

[
F ∗

Y X2

− θ1
E∗

X1X2

+ θ2
C∗

X
2

2

]
,

H∗
5 =

E∗

R1R2X1X2

and

H6∗ =

[
1− θ1

D∗

Y X1

+ θ2
F ∗

Y X1

+ θ1θ2
E∗

X1X2

+ θ3
B∗

X
2

1

+ θ4
C∗

X
2

2

]
,

B∗ =
[
(λ− λ′)(S2

x1
+ S2

v) + λ∗(S2
x1(2)

+ S2
v(2))

]
,

C∗ =
[
(λ− λ′)(S2

x2
+ S2

w) + λ∗(S2
x2(2)

+ S2
w(2))

]
,

D∗ =
[
(λ− λ′)ρyx1SySx1 + λ∗ρyx1(2)

Sy(2)Sx1(2)

]
,

E∗ =
[
(λ− λ′)ρx1x2Sx1Sx2 + λ∗ρx1x2(2)

Sx1(2)
Sx2(2)

]
,

F ∗ =
[
(λ− λ′)ρyx2SySx2 + λ∗ρyx2(2)

Sy(2)Sx2(2)

]
.

Putting
MSE(T̂∗∗

d )
∂wi

= 0, i = 0, 1, 2, we haveH
∗
0 H∗

3 H∗
4

H∗
3 H∗

1 H∗
5

H∗
4 H∗

5 H∗
2


w0

w1

w2

 =

H
∗
6

0

0

 .

Solving (6) we get the optimum values of (w0, w1, w2) as

w0(opt) =
∆∗

0

∆∗ , w1(opt) =
∆∗

1

∆∗ , w2(opt) =
∆∗

2

∆∗ .

where

∆∗ = H∗
0 (H

∗
1H

∗
2 −H∗2

5 )−H∗
3 (H

∗
2H

∗
3 −H∗

4H
∗
5 ) +H∗

4 (H
∗
3H

∗
5 −H∗

1H
∗
4 ),

∆∗
0 = H∗

6 (H
∗
1H

∗
2 −H∗2

5 ),

∆∗
1 = −H∗

6 (H
∗
2H

∗
3 −H∗

4H
∗
5 )
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and

∆∗
2 = H∗

6 (H
∗
3H

∗
5 −H∗

1H
∗
4 ).

Thus, the resulting minimum MSE of T̂ ∗∗
d is given by

MSEmin(T̂
∗∗
d ) = Y

2
[
1− H∗

6∆
∗
0

∆∗

]
. (7)

Now, we established the following theorem

Theorem 1. The MSE(T̂ ∗∗
d ) is greater than or equal to the minimum MSE of

T̂ ∗∗
d i.e.

MSE(T̂ ∗∗
d ) ≥ MSEmin(T̂

∗∗
d )

= Y
2
[
1− H∗

6∆
∗
0

∆∗

]
,

with equality holds if wi = wi(opt), i = 0, 1, 2, where wi(opt), i = 0, 1, 2, is given in
(14).

For di�erent values of (α, η, α1, α2) a large number of estimators can be gen-

erated from the proposed class of estimators T̂ ∗∗ for the population mean Y and
is presented in Table 1. The properties of the members of the proposed class of
estimators can be studied from the suggested class of estimators.
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ŷ
∗
∗
( x

′ 1
x
∗
∗

1

) α(
x
∗
∗

2 x
′ 2

) η
(
w

0
=

1
)

0
0

α
1

α
2

t̂
∗
∗

2
d
s

=
ŷ
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4. E�ciency Comparisons

To compare the mean squared error of the proposed estimator T̂ ∗∗
d to the mean

squared error of the class of proposed estimator and Kumar & Zhang (2023) esti-
mator, we establish the e�ciency requirements as follows:

(i) MSEmin(T̂
∗∗
d ) < MSEmin(T̂

∗∗
(1d)),

if ∆∗
(1)H

∗
6∆

∗
0 −∆∗H∗

6(1)∆
∗
0(1) < 0,

(ii) MSEmin(T̂
∗∗
d ) < MSEmin(T̂

∗∗
(2d)),

if ∆∗
(2)H

∗
6∆

∗
0 −∆∗H∗

6(2)∆
∗
0(2) < 0,

(iii) MSEmin(T̂
∗∗
d ) < MSEmin(T̂

∗∗
(3d)),

if ∆∗
(3)H

∗
6∆

∗
0 −∆∗H∗

6(3)∆
∗
0(3) < 0,

(iv) MSEmin(T̂
∗∗
d ) < MSEmin(T̂

∗∗
(4d)),

if ∆∗
(4)H

∗
6∆

∗
0 −∆∗H∗

6(4)∆
∗
0(4) < 0,

(v) MSEmin(T̂
∗∗
d ) < MSEmin(T̂

∗∗
(5d)),

if ∆∗
(5)H

∗
6∆

∗
0 −∆∗H∗

6(5)∆
∗
0(5) < 0,

(vi) MSEmin(T̂
∗∗
d ) < MSEmin(T̂

∗∗
(6d)),

if Y
2
[
1− H∗

6∆
∗
0

∆∗

]
−
[
(A+K)− (C∗D∗2 − 2D∗E∗F ∗ +B∗F ∗2)

(B∗C∗ − E∗2)

]
< 0,

(vii) MSEmin(T̂
∗∗
d ) < MSEmin(T̂

∗∗
(7d)),

if Y
2
[
1− H∗

6∆
∗
0

∆∗

]
−
[
(A+K)− D∗

B∗

]
< 0,

(viii) MSEmin(T̂
∗∗
d ) < MSEmin(T̂

∗∗
(8d)),

if Y
2
[
1− H∗

6∆
∗
0

∆∗

]
−
[
(A+K)− F ∗2

C∗

]
< 0,

(ix) MSEmin(T̂
∗∗
d ) < MSEmin(T̂

∗∗
(9d)),

if

[
1− H∗

6∆
∗
0

∆∗

]
−

[
(A+K)B∗ −D∗2]

B∗Y
2
+ {(A+K)B∗ −D∗2}

< 0,
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(x) MSEmin(T̂
∗∗
d ) < MSEmin(T̂

∗∗
(10d)),

if ∆∗
(10)H

∗
6∆

∗
0 −∆∗H∗

6(10)∆
∗
0(10) < 0,

(xi) MSEmin(T̂
∗∗
d ) < MSEmin(t̂

∗∗
d ),

if ∆∗
0H

∗
0 −∆∗H∗

6 < 0,

(xii) MSEmin(T̂
∗∗
d ) < MSEmin(t̂

∗∗
(1d)),

if ∆∗
0(1)H

∗
0 −∆∗H∗

6(1) < 0,

(xiii) MSEmin(T̂
∗∗
d ) < MSEmin(t̂

∗∗
(2d)),

if ∆∗
0(2)H

∗
0 −∆∗H∗

6(2) < 0,

(xiv) MSEmin(T̂
∗∗
d ) < MSEmin(t̂

∗∗
(3d)),

if ∆∗
0(3)H

∗
0 −∆∗H∗

6(3) < 0,

(xv) MSEmin(T̂
∗∗
d ) < MSEmin(t̂

∗∗
(4d)),

if ∆∗
0(4)H

∗
0 −∆∗H∗

6(4) < 0,

(xvi) MSEmin(T̂
∗∗
d ) < MSEmin(t̂

∗∗
(dj)), j = 0, 1, 2, 3, 4,

if Y
2
[
1− H∗2

6

H∗
0

]
−
[
A+ k − C∗D∗2 − 2D∗E∗F ∗ +B∗F ∗2

(B∗C∗ − E∗2)

]
< 0,

(xvii) MSEmin(T̂
∗∗
d ) < MSEmin(T̂

∗∗
(sszd))

if Y
2
[
1− H∗2

6

H∗
0

]
− Y

2
(4α̂∗∗

dopt − 1)2 + 16α̂∗∗2
doptA+ 16β2

yx1
B + 16β2

yx2
C−

16λ′β2
yx1

S2
x1

− 16λ′β2
yx2

S2
x2

− 32α̂∗∗
doptβyx1D + 32λ′α̂∗∗

doptβyx1ρyx1SySx1+

32λ′α̂∗∗
doptβyx2

ρyx2
SySx2

+ 32βyx1
βyx2

E + 32λ′βyx1
βyx2

Sx1
Sx2

−
32α̂∗∗

doptβyx2
F + 16α̂∗∗2

doptκ < 0.

If the above relations from (i) to (xvii) holds true then it is clear that the proposed
estimator is more e�cient than the other class of proposed estimator(s) and Kumar
& Zhang (2023) estimator that are used for comparison purpose.

In the next section, we conducted a simulation study by using R software to
verify the above results.
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5. Simulation Study

To evaluate the performance of proposed estimator, we conduct a simulation
study to compare the mean squared error (MSE) of the proposed class of estimator
by using R software. We assume three �nite populations of size N = 10, 000
generated from a normal distribution and from N we picked a large sample of
size n′ = 7000 and a small sample of sizes n = 3000, 4000, 5000 is taken from n′.
In the �rst phase, only 1600 (n1) provide a response to the survey question and
n2 = n−n1 i.e. 2400 of them do not respond. In the second phase, we take another
sample

(
ns = n2

k

)
from the non-respondent group by using di�erent values of

k = 2, 3, 4, 5. First a variableX1 ∼ N(0.2, 1), X2 ∼ N(0.2, 1) and variable Y which
is de�ned as Y = aX1+aX2+N(0, 1) generated from a normal distribution where
a = 0.02. And second a variable Y which is de�ned as Y = bX1 + bX2 +N(0, 1)
generated from a normal distribution where b = 0.05. The scrambling variable(s)
S1 is taken from a normal distribution with a mean of 1 and a variance of 0.5,
whereas the scrambling variable S2 is drawn from a normal distribution with a
mean of 0 and a variance of 1, respectively. The MSE's of the considered estimators
for di�erent levels of W (i.e. 0.2 to 1) and k (i.e. 2, 3, 4, 5) are shown in Table 2
to 7.

Next, we calculate PRE's of the proposed and existing estimator for di�erent
values of n, k and W .

Thus, the percent relative e�ciency of the proposed estimator (T ∗∗
d ) among the

di�erent classes of proposed estimator i.e. T̂ ∗∗
(1d), T̂

∗∗
(2d), T̂

∗∗
(3d), T̂

∗∗
(4d), T̂

∗∗
(5d), T̂

∗∗
(6d),

T̂ ∗∗
(7d), T̂

∗∗
(8d), T̂

∗∗
(9d), T̂

∗∗
(10d), t̂

∗∗
d , t̂∗∗(1d), t̂

∗∗
(2d), t̂

∗∗
(3d), t̂

∗∗
(4d), t̂

∗∗
(jd), unbiased estimator (ŷ∗∗d )

and Kumar & Zhang (2023) estimator (T̂ ∗∗
sszd), respectively, are as

PRE(ι) =

[
MSE(ŷ∗∗d )

MSE(ι)

]
× 100 (8)

where, ι = T ∗∗
d , T̂ ∗∗

(1d), T̂
∗∗
(2d), T̂

∗∗
(3d), T̂

∗∗
(4d), T̂

∗∗
(5d), T̂

∗∗
(6d), T̂

∗∗
(7d), T̂

∗∗
(8d), T̂

∗∗
(9d), T̂

∗∗
(10d), t̂

∗∗
d ,

t̂∗∗(1d), t̂
∗∗
(2d), t̂

∗∗
(3d), t̂

∗∗
(4d), t̂

∗∗
(jd) and T̂ ∗∗

sszd.

Tables 2, 3 and 4 represents the comparison of percent relative e�ciency (PRE)
of the proposed estimator over di�erent class of estimator(s), unbiased estimator
(ŷ∗∗d ) and Kumar & Zhang (2023) estimator for di�erent values of `n', `k' and `W '
in double sampling when Y = aX1 + aX2 +N(0, 1) where a = 0.02.

1. It is clear from Table 2, 3 and 4 that if we increase the sample size from 3000
to 5000, the percent relative e�ciency of all the considered estimator(s)
decreases.
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ŷ
∗∗
d

1
0
0
.0
0

1
0
0
.0
0

1
0
0
.0
0

1
0
0
.0
0

1
0
0
.0
0

1
0
0
.0
0

1
0
0
.0
0

1
0
0
.0
0

1
0
0
.0
0

1
0
0
.0
0

1
0
0
.0
0

1
0
0
.0
0

T̂
∗∗
d

2
4
8
.3
9

3
1
8
.5
2

4
1
7
.7
7

4
9
7
.8
5

2
8
4
.3
4

3
4
9
.6
8

4
1
0
.7
9

4
6
4
.7
1

3
8
2
.6
0

4
9
9
.9
5

6
0
1
.4
7

7
3
7
.4
3

T̂
∗∗
(1

d
)

2
2
5
.9
6

2
8
4
.3
2

3
6
2
.7
7

4
1
8
.0
8

2
7
9
.8
2

3
4
3
.7
1

4
0
4
.4
3

4
5
6
.2
5

3
8
4
.2
6

5
0
1
.5
7

6
0
3
.2
2

7
3
6
.5
3

T̂
∗∗
(2

d
)

1
9
7
.6
7

2
3
3
.3
7

2
6
4
.4
0

2
9
3
.8
2

2
6
3
.1
0

3
1
7
.9
3

3
6
2
.6
1

4
0
7
.5
9

3
7
1
.6
0

4
8
2
.7
1

5
7
3
.3
5

6
9
8
.5
5

T̂
∗∗
(3

d
)

1
9
9
.6
6

2
4
3
.8
3

2
8
1
.3
4

3
1
7
.0
9

2
6
9
.5
5

3
3
0
.3
7

3
7
9
.9
1

4
2
9
.4
2

3
8
0
.3
9

4
9
7
.5
0

5
9
3
.0
5

7
2
4
.0
8

T̂
∗∗
(4

d
)

1
8
4
.8
9

2
1
6
.1
4

2
4
4
.2
2

2
7
0
.9
4

2
5
4
.2
7

3
0
6
.4
9

3
4
9
.2
2

3
9
2
.5
4

3
6
4
.6
2

4
7
3
.4
4

5
6
2
.2
2

6
8
5
.3
5

T̂
∗∗
(5

d
)

1
8
5
.9
7

2
1
7
.0
5

2
4
5
.2
9

2
7
1
.8
9

2
5
4
.3
5

3
0
6
.3
7

3
4
9
.0
4

3
9
2
.1
6

3
6
4
.1
4

4
7
2
.5
8

5
6
1
.2
0

6
8
3
.9
8

T̂
∗∗
(6

d
)

1
0
2
.3
3

1
0
4
.2
9

1
0
5
.6
6

1
0
7
.0
1

1
0
1
.2
7

1
0
2
.3
5

1
0
3
.0
7

1
0
3
.8
0

1
0
0
.6
6

1
0
1
.4
8

1
0
2
.2
2

1
0
3
.3
8

T̂
∗∗
(7

d
)

1
0
1
.0
9

1
0
1
.8
8

1
0
2
.1
8

1
0
2
.6
1

1
0
0
.6
0

1
0
1
.0
2

1
0
1
.2
0

1
0
1
.4
4

1
0
0
.3
4

1
0
0
.7
2

1
0
0
.9
2

1
0
1
.2
8

T̂
∗∗
(8

d
)

1
0
1
.2
3

1
0
2
.3
7

1
0
3
.3
5

1
0
4
.2
3

1
0
0
.6
7

1
0
1
.3
2

1
0
1
.8
4

1
0
2
.3
3

1
0
0
.3
2

1
0
0
.7
5

1
0
1
.2
7

1
0
2
.0
7

T̂
∗∗
(9

d
)

1
8
4
.7
3

2
1
4
.6
4

2
4
1
.8
1

2
6
7
.4
9

2
5
3
.6
8

3
0
5
.0
5

3
4
7
.1
7

3
8
9
.8

3
6
3
.8
2

4
7
1
.8
2

5
5
9
.9
1

6
8
1
.8
7

T̂
∗∗
(1

0
d
)

1
8
4
.8
7

2
1
5
.1
3

2
4
2
.9
8

2
6
9
.1
1

2
5
3
.7
5

3
0
5
.3
4

3
4
7
.8
1

3
9
0
.6
9

3
6
3
.8
1

4
7
1
.8
5

5
6
0
.2
5

6
8
2
.6
6

t̂ ∗∗d
1
8
7
.0
3

2
1
7
.5
7

2
4
6
.0
0

2
7
2
.5
4

2
5
7
.3
4

3
0
9
.6
0

3
5
3
.2
6

3
9
6
.9
3

3
6
8
.2
4

4
7
6
.9
7

5
6
6
.8
6

6
9
0
.2
7

t̂ ∗∗(1
d
)

1
8
5
.0
0

2
1
7
.3
5

2
4
7
.0
5

2
7
4
.3
6

2
5
8
.9
5

3
1
2
.2
8

3
5
6
.9
4

4
0
1
.0
9

3
7
2
.0
4

4
8
1
.2
6

5
7
1
.5
9

6
9
4
.3
6

t̂ ∗∗(2
d
)

1
8
9
.9
2

2
2
1
.7
9

2
4
9
.9
5

2
7
6
.7
6

2
5
9
.0
1

3
1
1
.9
1

3
5
5
.1
2

3
9
8
.8
2

3
6
9
.3
9

4
7
9
.1
5

5
6
8
.4
4

6
9
1
.8
6

t̂ ∗∗(3
d
)

1
9
2
.3
7

2
3
1
.7
3

2
6
5
.2
9

2
9
7
.0
6

2
6
5
.4
1

3
2
3
.8
3

3
7
1
.4
3

4
1
9
.0
8

3
7
8
.0
7

4
9
3
.5

5
8
7
.3
1

7
1
5
.8
7

t̂ ∗∗(4
d
)

1
7
8
.4
5

2
0
7
.0
6

2
3
3
.2
9

2
5
8
.3
8

2
5
0
.6
4

3
0
1
.3
2

3
4
2
.9
6

3
8
5
.3
3

3
6
2
.5
9

4
7
0
.2
6

5
5
7
.9
6

6
7
9
.6
6

t̂ ∗∗d
j

1
0
2
.3
3

1
0
4
.2
9

1
0
5
.6
6

1
0
7
.0
1

1
0
1
.2
7

1
0
2
.3
5

1
0
3
.0
7

1
0
3
.8
0

1
0
0
.6
6

1
0
1
.4
8

1
0
2
.2
2

1
0
3
.3
8

T̂
∗∗
s
s
z
d

1
7
8
.8
8

2
1
0
.2
4

2
3
7
.4
9

2
6
3
.0
8

2
4
7
.3
3

2
9
8
.3
1

3
3
8
.9
1

3
7
9
.9
3

3
5
6
.0
5

4
6
1
.7
6

5
4
6
.9
1

6
6
5
.1
2

Revista Colombiana de Estadística - Applied Statistics 48 (2025) 215�237



A Class of Ratio Cum Product Estimators Using ORRT Models 233

T
a
b
l
e
6
:
P
er
ce
n
t
R
el
a
ti
v
e
E
�
ci
en
cy

(P
R
E
)
o
f
es
ti
m
a
to
r(
s)
a
t
va
ry
in
g
va
lu
es

o
f
k
a
n
d
W

w
h
en

n
=

4
0
0
0
a
n
d
m
o
d
el
Y

=
bX

1
+
bX

2
+
N
(0
,1
)

w
h
er
e
b
=

0
.0
5
.

b
E
st
im

a
to
r(
s)

W
=

0
.2

W
=

0
.6

W
=

1

k
→

2
3

4
5

2
3

4
5

2
3

4
5

ŷ
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2. From Table 2, when the value of k increases from 2 to 5 and W increases
from 0.2 to 1, the percent relative e�ciency of all considered estimator(s)

increases i.e. unbiased estimator (ŷ∗∗d ), T̂ ∗∗
d , T̂ ∗∗

(1d), T̂
∗∗
(2d), T̂

∗∗
(3d), T̂

∗∗
(4d), T̂

∗∗
(5d),

T̂ ∗∗
(6d), T̂

∗∗
(7d), T̂

∗∗
(8d), T̂

∗∗
(9d), T̂

∗∗
(10d), t̂

∗∗
d , t̂∗∗(1d), t̂

∗∗
(2d), t̂

∗∗
(3d), t̂

∗∗
(4d), t̂

∗∗
(jd), T̂

∗∗
sszd also

increases.

3. It is also illustrated from Table 2, 3 and 4 that the percent relative e�ciency
of proposed estimator T̂ ∗∗

d is highest among all other class of estimator(s) i.e.

ŷ∗∗d , T̂ ∗∗
(1d), T̂

∗∗
(2d), T̂

∗∗
(3d), T̂

∗∗
(4d), T̂

∗∗
(5d), T̂

∗∗
(6d), T̂

∗∗
(7d), T̂

∗∗
(8d), T̂

∗∗
(9d), T̂

∗∗
(10d), t̂

∗∗
d , t̂∗∗(1d),

t̂∗∗(2d), t̂
∗∗
(3d), t̂

∗∗
(4d), t̂

∗∗
(jd) and Kumar & Zhang (2023) estimator (T̂ ∗∗

sszd). In the
end, we obtain that the proposed estimator is more e�cient than the other
di�erent classes of proposed estimator and Kumar & Zhang (2023) estimator
in terms of having highest percent relative e�ciency.

Tables 5, 6 and 7 represents the comparison of percent relative e�ciency (PRE)
of the proposed estimator over di�erent class of estimator(s) and Kumar & Zhang
(2023) estimator for di�erent values of `n', `k' and `W ' in double sampling when
Y = bX1 + bX2 +N(0, 1) where b = 0.05.

1. It is visualize from Table 5, 6 and 7 that if we increase the sample size, the
percent relative e�ciency of all the considered estimator(s) decreases.

2. From Table 5, 6 and 7 when the value of k increases from 2 to 5 and W
increases from 0.2 to 1, the percent relative e�ciency of all considered es-
timator(s) increases i.e. unbiased estimator (ŷ∗∗d ), T̂ ∗∗

d , T̂ ∗∗
(1d), T̂

∗∗
(2d), T̂

∗∗
(3d),

T̂ ∗∗
(4d), T̂

∗∗
(5d), T̂

∗∗
(6d), T̂

∗∗
(7d), T̂

∗∗
(8d), T̂

∗∗
(9d), T̂

∗∗
(10d), t̂

∗∗
d , t̂∗∗(1d), t̂

∗∗
(2d), t̂

∗∗
(3d), t̂

∗∗
(4d), t̂

∗∗
(jd),

T̂ ∗∗
sszd also increases.

3. It is also illustrated from Table 5, 6 and 7 that the percent relative e�ciency
of proposed estimator T̂ ∗∗

d is highest among all other class of estimator(s) i.e.

ŷ∗∗d , T̂ ∗∗
(1d), T̂

∗∗
(2d), T̂

∗∗
(3d), T̂

∗∗
(4d), T̂

∗∗
(5d), T̂

∗∗
(6d), T̂

∗∗
(7d), T̂

∗∗
(8d), T̂

∗∗
(9d), T̂

∗∗
(10d), t̂

∗∗
d , t̂∗∗(1d),

t̂∗∗(2d), t̂
∗∗
(3d), t̂

∗∗
(4d), t̂

∗∗
(jd) and Kumar & Zhang (2023) estimator (T̂ ∗∗

sszd). In the
end, we obtain that the proposed estimator is more e�cient than the other
di�erent classes of proposed estimator and Kumar & Zhang (2023) estimator
in terms of having highest percent relative e�ciency.

6. Conclusion

The brief summary of this paper has addressed the challenging task of esti-
mating the population mean of a sensitive variable under non-response and mea-
surement error using ORRT models under double sampling. The e�ciency of
the proposed estimator and class of estimator are evaluated up to the �rst or-
der of approximation and the conditions are also determined in comparison to
other examined estimators and Kumar & Zhang (2023) estimator. We have con-
ducted two model based simulation study i.e., Y = aX1 + aX2 + N(0, 1) and
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Y = bX1 + bX2 +N(0, 1) with varying values of sample size n, non response rate
k and sensitive question probability W . Through the simulation study, the ef-
fectiveness and performance of the proposed class of estimator is evaluated and
found that the proposed estimator T̂ ∗∗

d obtain the highest percent relative e�ciency

among the di�erent classes of proposed estimator i.e. ŷ∗∗d , T̂ ∗∗
(1d), T̂

∗∗
(2d), T̂

∗∗
(3d), T̂

∗∗
(4d),

T̂ ∗∗
(5d), T̂

∗∗
(6d), T̂

∗∗
(7d), T̂

∗∗
(8d), T̂

∗∗
(9d), T̂

∗∗
(10d), t̂

∗∗
d , t̂∗∗(1d), t̂

∗∗
(2d), t̂

∗∗
(3d), t̂

∗∗
(4d), t̂

∗∗
(jd) and Kumar

& Zhang (2023) estimator (T̂ ∗∗
sszd). As a result, we favour the proposed estimator

T̂ ∗∗
d for future studies by the researchers in practice.
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