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Abstract

This paper presents a hierarchical Bayesian framework for analyzing cog-
nitive social structure data, consisting of multiple undirected, binary net-
works. The proposed model incorporates fixed and random effects within
a probit regression structure, combined with latent multiplicative interac-
tion effects, enabling the characterization of social relationships. Through
Bayesian estimation using Markov chain Monte Carlo methods, the model
generates shrinkage estimators that borrow information across networks, pro-
viding an interpretable spatial representation of actor interactions and a ro-
bust framework for predicting missing links. Key contributions include the
identification of essential network features, the exploration of latent dimen-
sions, and a comprehensive evaluation of the model’s predictive performance.
Applications to real CSS data demonstrate the flexibility and utility of the
proposed approach, highlighting its capacity to address challenges such as
network dependencies, latent position identifiability, and model selection.

Keywords: Bayesian hierarchical model; Cognitive social structure; Latent
space models; Multinetwork analysis; Social network analysis.

Resumen

Este articulo presenta un marco Bayesiano jerarquico para analizar datos
de estructuras sociales cognitivas, conformados por miltiples redes binarias
no dirigidas. El modelo propuesto incorpora efectos fijos y aleatorios dentro
de una estructura de regresion probit, junto con efectos latentes de inter-
acciéon multiplicativa, lo que permite caracterizar relaciones sociales entre
actores. Mediante estimacién Bayesiana con métodos de Monte Carlo via ca-
denas de Markov, el modelo genera estimadores con contraccién que toman
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prestada informacién entre redes, proporciona una representacion espacial in-
terpretable de las interacciones entre actores y ofrece un marco robusto para
predecir enlaces faltantes. Las contribuciones principales incluyen la identi-
ficacion de caracteristicas esenciales de la red, la exploraciéon de dimensiones
latentes y una evaluacion integral del desempeiio predictivo del modelo. Las
aplicaciones a datos reales de estructuras sociales cognitivas muestran la
flexibilidad y utilidad del enfoque propuesto, asi como su capacidad para
abordar desafios relacionados con dependencias de red, identificabilidad de
posiciones latentes y selecciéon de modelos.

Palabras clave: Analisis de redes sociales; Anélisis multired; Estructura
social cognitiva; Modelo Bayesiano jerarquico; Modelos de espacio latente.

1. Introduction

The study of networks, structures formed by actors and their interactions, is
essential across fields such as social sciences, biology, and computer science. Net-
works can be binary (presence or absence of connections) or weighted (connections
with associated values) and are categorized as directed or undirected, depending on
the symmetry of relationships. Since the 1990s, statistical methods have advanced
to summarize network patterns, model formation processes, and predict future or
missing connections while quantifying uncertainty. Network data are often repre-
sented as graphs or adjacency matrices, which capture connections between actors
and facilitate analysis. Statistical tools for network analysis include descriptive
methods for visualization, modeling methods to explain network structure, and
process methods to study how interactions influence actor attributes. These ap-
proaches enable understanding of the behavior and structure of interconnected
systems across disciplines.

A statistical network model is a probability distribution p(- | @) indexed by an
unknown parameter 8 € ©. Unlike approaches focused on visualizing or describing
network topology, statistical models aim to understand the stochastic mechanisms
underlying network formation. These models allow for testing the significance of
predefined network features, assessing associations between node or edge attributes
and network structure, and imputing missing observations. Unlike deterministic
or algorithmic models, statistical models inherently quantify uncertainty in the
estimates they produce.

The inherent nature of networks introduces dependencies among actors and
ties, such as reciprocity and clustering. These dependencies are fundamental to
the specification of statistical models, ensuring they provide a reasonable represen-
tation of the data. Since network models are stylized representations of data gen-
eration mechanisms, incorporating such dependencies is essential for their utility
and validity. A concise discussion of statistical models for cross-sectional (static)
networks is presented below. For a more detailed treatment, see Newman (2003),
Kolaczyk (2009), Goldenberg et al. (2010), and Snijders (2011).

This work examines undirected networks where a single edge can exist between
any two vertices. However, many real-world networks capture multiple relation-
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ships among a shared set of actors, allowing for the possibility of more than one
edge connecting the same pair of actors. In such cases, these edges may or may
not have distinct identities. Our focus is on situations where multiple edges are
distinguishable based on their class or origin. This framework considers a collec-
tion of networks over a common set of actors, where each network is composed of
edges derived from the same source. Relational data organized in this manner is
commonly referred to as multigraph or multinetwork data.

A straightforward but naive approach to modeling multinetwork data involves

collapsing all the information into a single consensus network. Specifically, consider
a collection of J binary networks over a common set of I actors. Denoting the

corresponding adjacency matrices as Y; = [y;7 5], 7 = 1,...,J, where y; » ; = 1 if
there is a link between node i to node i’ in network j, and y; i ; = 0 otherwise, for
i,i' = 1,...,1, 4 < ', a consensus adjacency matrix Y* = [y} ;] can be obtained
using a threshold function as follows:
o 13 if %ijl yi,i’,j > 603 (1)
Yiir = 0, otherwise,

where §p is a fixed threshold taking values between 0 and 1. While this reduc-
tion is computationally simple and may seem practical, it is generally inadequate
because collapsing a collection of networks into a single network leads to signifi-
cant information loss. By contrast, modeling all networks simultaneously offers a
more effective alternative, as it allows for uncovering individual patterns within
each network while leveraging potential commonalities across networks to enhance
estimation.

Although multinetwork data has become increasingly prevalent in recent years,
there is limited model-based statistical literature on exchangeable networks out-
side the context of dynamic networks. Galaskiewicz & Marsden (1978) propose
the use of contingency tables for modeling multi-relational data. Fienberg et al.
(1985) extend loglinear models to analyze multivariate social networks, partition-
ing actors into blocks or subgroups. More recently, Rodriguez (2015) introduce an
innovative class of stochastic block models for multinetwork data by constructing
a joint prior on the community structure of all networks through fragmentation
and coagulation processes. See also all the references provided in the next sec-
tion regarding modeling of multilayer network data in the context cognitive Social
Structures.

Recent developments in latent space and latent-factor network models pro-
vide a natural methodological context for the proposed framework. Since the
foundational latent space model of Hoff et al. (2002), several extensions have in-
corporated bilinear, eigenmodel, and latent-factor structures to capture residual
dependence patterns such as transitivity, balance, clustering, stochastic equiva-
lence, and predictive structure in network data (Hoff, 2005, 2008, 2009; Handcock
et al., 2007; Li et al., 2011). In parallel, multilayer and replicated-network mod-
els have extended these ideas to collections of networks observed over a common
set of actors, using shared latent structures, hierarchical priors, or layer-specific
deviations to borrow information across networks and represent relational hetero-
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geneity (Gollini & Murphy, 2016; Salter-Townshend & McCormick, 2017; Durante
& Dunson, 2018; D’Angelo et al., 2019, 2020; D’Angelo et al., 2023; Wang et al.,
2019; Wilson et al., 2020; Sosa & Betancourt, 2022). The present work builds on
this literature and adapts these ideas to Cognitive Social Structure data, where
each layer corresponds to an actor-specific perception of the same social system.
In this sense, the proposed model is also connected to Bayesian and latent-variable
approaches for CSS and network perception data, including models for informant
accuracy, cognitive agreement, perceived social roles, and multiply reported net-
works (Butts, 2003; Rodriguez, 2015; Swartz et al., 2015; Sewell, 2019; Sosa &
Rodriguez, 2021; De Bacco, Contisciani, Cardoso-Silva, Safdari, Borges, Baptista,
Sweet, Young, Koster, Ross, McElreath, Redhead & Power, 2023; Aguiar & Ugan-
der, 2024). Thus, the contribution of this paper lies in integrating hierarchical
Bayesian modeling, probit regression, and latent multiplicative interaction effects
to jointly analyze CSS networks, quantify variation across individual perceptions,
borrow information across cognitive reports, and evaluate the inferential conse-
quences of replacing the full CSS by a single consensus network.

In this paper, we propose a hierarchical Bayesian model for an exchangeable
collection of undirected, binary networks. Specifically, we adopt a probit modeling
approach within a hierarchical framework that incorporates both fixed and random
effects. The linear predictor includes known covariate information and a symmetric
multiplicative interaction effect. This model enables the generation of shrinkage es-
timators that effectively borrow information across all data sources, offers a visual
and interpretable model-based spatial representation of social relationships, and
provides a natural framework for predicting missing links in multinetwork data.
Our approach extends beyond descriptive analyses, offering a robust mechanism
for testing the significance of predictors and making inferences about interaction
probabilities across all networks. Thus, the main contribution of this paper is
the integration and adaptation of established latent-variable network models and
hierarchical Bayesian methods to the analysis of Cognitive Social Structure multi-
network data. In particular, the proposed framework provides a principled way
to jointly model multiple perceptual networks, borrow information across them
through hierarchical shrinkage, obtain interpretable latent representations of per-
ceived social structure, and evaluate the consequences of replacing the full CSS by
a single consensus network.

This article is structured as follows: Section 2 presents the motivation for this
work, focusing on cognitive social structure (CSS) data and the importance of
studying networks with multiple relational perspectives. Section 3 introduces a
hierarchical Bayesian model for analyzing CSS data, incorporating fixed and ran-
dom effects, as well as latent multiplicative interactions. Section 4 describes the
Bayesian estimation process using Markov Chain Monte Carlo methods. Section
5 addresses identifiability issues and proposes a Procrustean transformation to en-
sure consistent inference. Section 6 discusses the selection of the latent dimension,
highlighting methods like cross-validation and information criteria for model se-
lection. Section 7 applies the proposed methodology to CSS data, with a focus
on exploratory analysis, prior elicitation, and interpreting results such as regres-
sion coefficients, interaction probabilities, and latent positions. Section 8 evaluates
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the model’s predictive capabilities using link prediction experiments. Finally, Sec-
tion 9 concludes with a discussion of the findings and potential future research
directions.

2. Motivation

The model presented in this work is motivated by the analysis of cognitive so-
cial structure data (Roethlisberger & Dickson, 1939; Sampson, 1968; Krackhardt
& Kilduff, 1986; Krackhardt, 1987; Butts, 2003; Brands, 2013; Swartz et al., 2015;
Sewell, 2019; Sosa & Rodriguez, 2021; Sosa & Betancourt, 2022; De Bacco, Contis-
ciani, Cardoso-Silva, Safdari, Lima Borges, Baptista, Sweet, Young, Koster, Ross
et al., 2023; Aguiar & Ugander, 2024). In social network analysis, the structure
of a system is defined as a set of relational statements between all pairs of actors
within the system. Accordingly, the Cognitive Social Structure (CSS) of a sys-
tem is represented as y; ;+ ;, where ¢ denotes the sender of the relation, ¢ denotes
the receiver, and j represents the perceiver of the relation between 7 and 7'. It is
important to note that y; ; ; = ¥ ;,; for symmetric relations.

We analyze the CSS reported by Krackhardt (1987), which involved 21 manage-
ment personnel from a high-tech machine manufacturing organization. The study
aimed to evaluate the effects of a recent management intervention program. Each
participant completed a questionnaire, indicating not only who they considered
to be their friends but also their perceptions of friendships among others. This
dataset represents a complete CSS comprising 21 networks, each with dimensions
21 x 21. Additionally, attribute information for each executive was available, in-
cluding corporate level (president, vice-president, or general manager), department
membership (four departments labeled 1 through 4, with the CEO not assigned
to any department), tenure (in years), and age (also in years). The dataset is
publicly available at http://moreno.ss.uci.edu/data.html.

We consider a collection Y = {Y1,..., Y2}, comprising J = 21 undirected,
binary networks Y; = [y; - ;| over a common set of I = 21 actors. Here, y; ;/ ; =1
indicates that individual j believes executives ¢ and ¢’ are friends, and y; i ; = 0
otherwise. A subset of these multinetwork data is illustrated as undirected graphs
in Figure 1, alongside the corresponding adjacency matrices shown in the first
row of Figure 6. While there is notable variability in perceptions across networks,
certain patterns are consistent. For example, more than half of the management
personnel believe that actors 2 and 18 (both vice-presidents), actors 21 (vice-
president) and 17 (manager) in department 2, and actors 14 (vice-president) and
3 (manager) in department 3, are friends. Additionally, managers 3, 8, 9, and 20
report fewer than six friendships each, with manager 9, who identifies only four
friendships, being the sole executive to consider himself without any friends. In
contrast, senior executives (president and vice-presidents) report networks with
over 20 connections each.

A common approach to analyzing CSSs is to study a consensus network. We
construct a consensus network Y* following equation (1), including a link if at
least half of the personnel reported a friendship between a given pair of actors (see
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the bottom-right panel of Figure 1). This consensus network clearly highlights a
well-known pattern in social networks: homophily—the tendency of similar indi-
viduals to associate with one another. With few exceptions, connected vertices
share the same shape, color, and size, indicating that executives who are con-
sensually perceived as friends tend to have similar corporate levels, department
memberships, and tenure within the company.

Actor 7, Pres., Dept. 1 Actor 14, Vice., Dept. 3
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F1GURE 1: The figure presents visualizations of selected networks in the CSS correspond-
ing to actors 7, 14, and 17, with the bottom-right panel displaying the consen-
sus network. The shape of each vertex represents the executive’s corporate
level (star: president, actor 7; square: vice-presidents, actors 2, 14, 18, and
21; circle: managers). Vertex color reflects the executive’s department (note
that the president is not affiliated with any department), and vertex size is
proportional to the executive’s tenure in the company.

As part of the analysis in Section 7, we incorporate the attribute information
described earlier. To this end, we define an (I x I x P)-dimensional array X
that stores vectors of predictor variables x; ;» = [ 1,. .. ,xivi/,p]T for each pair
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of actors (i,4'). Specifically, we consider P = 4 covariates defined as follows:
i =1forall 1l <i<i <I;z 9 =1Iif executives ¢ and i’ have the same
corporate level, and z; ;s » = 0 otherwise; x; ;» 3 = 1 if both executives belong to the
same department, and z; ; 3 = 0 otherwise; and x; ;/ 4 = |tenure; — tenure;/|, where
tenure; is the number of years the i-th executive has worked at the company. Age
is excluded as a covariate because it is highly correlated with tenure (r? = 47.8%).
For each network, the linear predictor is given by

P
T _ .
wi,i’/Bj - ZBp,sz,z’,p;
p=1

where (31 ; represents the global mean effect, and 35 ;, 83, and B4 ; capture the
contributions of corporate level, department membership, and tenure, respectively,
to friendship formation in the j-th cognitive structure. In Section 7.5, we perform
inference on each regression coefficient using both the full CSS and the consensus
network. Our findings reveal that relying on the consensus network instead of the
full CSS can potentially result in misleading conclusions regarding the associations
between the predictors and friendship perception.

3. A Joint Model for CSS Data

Given a collection of J exchangeable undirected, binary networks over a com-
mon set of I actors, the symmetry of each Y; without accounting for covariate
information suggests that the {y;; ;} may be appropriately modeled as compo-
nents of a Row-and-Column Ezchangeable (RCE) array. A matrix A = [a;;] is
considered RCE if the random variables a;; have the same distribution as a ) x(5)
for all finite permutations 7. In this context, exchangeability implies that row and
column labels carry no additional information about Y ;, meaning that any prob-
abilistic model should treat nodes within network j as exchangeable (Hoff, 2005,
2008).

The exchangeability assumptions used in the model should be interpreted as
modeling assumptions for the residual relational structure, rather than as a claim
that all actors are substantively interchangeable in the organization. In organi-
zational social networks, actors often differ systematically according to hierarchy,
department, tenure, and other institutional roles. These features may induce forms
of dependence that depart from idealized exchangeability. In the proposed formu-
lation, part of this heterogeneity is explicitly incorporated through dyadic covari-
ates in the linear predictor, including corporate level, department membership,
and tenure difference. Conditional on these observed covariates and on the latent
multiplicative effects, the remaining dependence is modeled through a partially
exchangeable latent-variable representation. Thus, the exchangeability assump-
tion provides a useful statistical approximation that supports information sharing
and parsimonious modeling across networks. Nevertheless, its adequacy depends
on whether the main sources of systematic organizational heterogeneity are ob-
served and included in the model. If important actor attributes or institutional
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mechanisms are omitted, the exchangeability approximation may be less appro-
priate, and extensions with additional covariates, group-specific effects, or more
structured priors may be required.

Under the assumption of row-and-column exchangeability, any random adja-
cency matrix Y; can be represented using a latent variable model. Building on the
results of Aldous (1985) and Hoover (1982), and assuming that the collection of
networks is also exchangeable, each element y; ; ; of the adjacency matrix Y can
be expressed as y; ;7 ; = I{z; . ; > 0}, where z; ;7 ; are auxiliary random variables
defined as:

Ziglj = Cj + Oz(uimui/,j) + €iil 5+

ind

Here, w;; = [ui1j,---,Uui k] ~ F(u | w;) are independent latent random

vectors in RX; € ind N(0,1) are ii.d. pair-specific effects; (; and =o; are
parameters to be estimated; and «(-,-) is a symmetric function, which may also
involve parameters to be estimated.

Under partial exchangeability (Bernardo & Smith, 2001), covariation between
Yi,r,; and a vector of known predictor variables x; ; can be incorporated into the
model by letting ¢; = @« 8;, where B; = [B1,...,8p;] . Typically, 8 is the
intercept for all j, implying ; ;1 = 1 for 1 < i < ¢ < I. A full specification of
the model requires selecting the form of the latent effects a(-,-), the distribution
F(- | -) of the latent variables, and the dimension K of the latent space. For
notational convenience, indices are structured as follows: 4,7 = 1,...,I, with
1<iyj=1,...,J;p=1,...,P;and k=1,... K.

The symmetric multiplicative interaction o(u; ;, i ;) = uzjul-/,j is an appeal-
ing choice for the latent effects due to its tractability and its ability to capture
varying degrees of balance and clusterability. This interaction, commonly referred
to as bilinear effects, provides a less general, positive semi-definite version of the
eigenmodel. However, bilinear effects weakly generalize the distance model and,
more importantly, account for certain types of third-order dependence patterns and
varying degrees of balance and clusterability observed in the motivating dataset
described in Section 2. Moreover, it is worth noting that bilinear models and
eigenmodels are essentially equivalent when all diagonal entries of the weight ma-
trix A = diag(\1,...,A\k) are strictly positive. By letting uf = A'/?u;, we can
observe that a(u},u}) = u} "u} is a reparameterization of the weighted inner
product a(u;, u;) = u;r Awu;. We refer the reader to other alternatives for latent
effects explored in the literature to date: (Nowicki & Snijders, 2001; Hoff et al.,
2002; Schweinberger & Snijders, 2003; Hoff, 2005; Handcock et al., 2007; Hoff,

2008, 2009; Li et al., 2011).
The first stage of the model is defined as follows:

y B ind 1, if 25 >0
1,1’,5 1,1, .
0, if Z i <0, (2)
ind T T
Ziirg | Bjs Wig,wir j, @i ~ N(x; 0B +w; juir j,1).

T

In this formulation, x; 3; captures patterns in the data related to the known
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predictor information «; ;/, while u;':jui/’j accounts for additional patterns unre-
lated to the predictors. To complete the specification, we assume multivariate
normal distributions for the latent variables as a standard choice:

ik | Mier 0% P N g, 02), (3)

allowing the latent characteristics w;j ; to have a common actor-specific mean
effect 7; ;. with constant variability o across networks.

Together, equations (2) and (3), along with independent conjugate priors:

ind ind ind

Bpj ™~ N(agp,03), mip ~ N(ayk,by), o~ 1G(ag,bs), (4)
constitute a full hierarchical Bayesian model for exchangeable multinetwork data
(see Figure 2). The usual conditional independence assumptions for hierarchical
models apply, ensuring that the only dependencies are those explicitly specified.
Additionally, the hyperparameters agp, b3, ayk, by, ao, and b, are treated as
known quantities, with their elicitation discussed in Section 7.2.

By B e Bi-1 Bs

FIGURE 2: Graphical representation of the model.

The hierarchical nature of the model enables the generation of shrinkage es-
timators for latent positions in the social space, effectively borrowing informa-
tion across all networks. This allows for the identification of interactions that
are consistently preserved throughout the system. Furthermore, the hierarchical
structure provides a natural and intuitive framework for predicting missing links
in the multinetwork setting. The model’s specification also facilitates straightfor-
ward estimation of unobserved characteristics for each actor, offering a visual and
interpretable, model-based spatial representation of social relationships.

Finally, integrating out €; ;/ ; reveals that y; ; ; are conditionally independent
with interaction probabilities given by

_ T T
Oiirj =P = 1| By wij, wir j, i) = © ()48, + uj juir j)
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where ®(-) is the cumulative distribution function of a standard normal random
variable. The full likelihood can thus be expressed as:

Yi,i -
p(Y‘{ﬁ]},{U]},X HHa’L'L/ 7 17011/ ) e )
7 o<i’
where U; = [u1,...,ur ]’ is an I x K matrix whose rows correspond to the
latent effects in the j-th network.

4. Estimation

Bayesian parameter estimation for the proposed model can be carried out using
Markov Chain Monte Carlo (MCMC; e.g., Gamerman & Lopes 2006) algorithms,
where posterior distributions of the unknown parameters are approximated by
empirical distributions derived from samples generated by the Markov chain.

The unknown quantities in the model include the auxiliary variables Z =
{#.i1,;}, the regression coefficients 8 = {0, ;}, the latent variables U = {u; ; ;},
the mean of the latent variables § = {n; »}, and the common variance o2. Given
a prior distribution on the model parameters, the full posterior distribution can
be expressed as:

P(Z,ﬁ,Uﬂ% 'Y, X) o prw,J|ZH,J X H szz’j|mm'5 Jru”uz,wl)

1<i’,j 1<i’,j
x T Nk s [mik,0%) x TINBpj | asp, b3)
ikj p.j
< JINik | anr,b2) x1G(0® | ag, bs).
ik

This formulation combines the likelihood and priors for all parameters, leveraging
the hierarchical structure of the model to compute the posterior distribution.

Joint posterior inference for the model parameters can be achieved by con-
structing a Gibbs sampler, which involves iteratively sampling each parameter
from its full conditional distribution. Although it is a slight abuse of standard
mathematical notation, the full conditional distribution of a parameter ¢, given
the remaining parameters, the covariate information, and the data, is denoted
as p(¢ | rest). Let ¥ = {Z,3,U,n,0?} represent the complete set of param-
eters and hyperparameters. Algorithm 1 below iteratively generates a sequence
T(l), e T(S), e T(S), starting from an initial set of values YO,
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Algorithm 1 Gibbs Sampler for Joint Posterior Inference
1. Initialize the parameters Y(© = {Z(O),ﬁ(o), U 5O (52)0},

2. Repeat for s =1,2,...,5:

a) Sample Zf‘?,] ~p(zi g |rest), for 1 <i<i' <I,j=1,...,J.

b) Sample ugfj) ~p(u;; |rest), fori=1,...,I,j=1,...,J.

¢) Sample ,8§S) ~ p(B; | rest), for j =1,...,J.

(s)

i

)
)
)
d)
e) Sample (62)(*) ~ p(c? | rest).

Sample n;”’ ~ p(n, | rest), for i =1,..., 1.

3. Until convergence is achieved.

Starting from the current state of the parameters YE) a single iteration of
the procedure described in Algorithm 1 generates a new set of parameters Y+
When run iteratively, the distribution of the generated samples converges to the
target posterior distribution p(Z,3,U,n,0? | Y,X). Posterior quantities of in-
terest can then be approximated from the empirical distribution of the generated
samples. The full conditional distributions in Algorithm 1 are implemented using
the Repp (Eddelbuettel, 2013) package within the R environment. The source code
and additional details about the full conditional distributions are available upon
request from the author.

5. Identifiability

Let Q be any K x K rotation or reflection matrix, satisfying Q" = Q™!
and det(Q) = 1 (for rotation) or det(Q) = —1 (for reflection). Consider the
transformation uj ; = Qu; j, where u; ; € RX. We have:

ul Jul = (Quiy) (Quiy) = v ,(QTQuij = u juy j,

which demonstrates that bilinear products in Euclidean space are invariant under
rotation or reflection. Consequently, for each I x K matrix of latent positions U},
there exists an infinite number of alternative latent positions that yield the same
log-likelihood, i.e.,

logp(Y [ {B;},{U;},X) = logp(Y | {8;},{Uj}, X),

for any U7 equivalent to U; under rotation or reflection. This invariance also holds
for the prior distribution of n} = Qmn,, where n, = [, 1,...,7: x|, provided that
anr =0 for all k (i.e., E[n; x] = 0 for all ¢ and k a priori).

This identifiability issue can be addressed by basing inference on equivalence
classes of latent positions. Let [U;] represent the set of all positions equivalent to
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U; under rotations and reflections, for j =1,...,J. For a given equivalence class
[U,] and a target configuration Uy, inference is performed by selecting the element
of [Uj,] closest to Uy in terms of squared positional difference. Specifically, we set
U; =U;Q, where Q is the orthogonal matrix that minimizes the sum-of-squares
criterion:

L(Q) =tr [(Uy - U;Q) " (Uy — U,Q)] .

The matrix U7 is commonly referred to as the orthogonal Procrustean transforma-
tion of Uj, and it is straightforward to compute. Let LDRT denote the singular
value decomposition (SVD) of UJ U;, where LTL = I; and R'R = I, with
I,, being the m x m identity matrix. In this context, the rotation matrix Q that
minimizes L(Q) is given by Q = RL". For a comprehensive review of Procrustean
transformations in the context of multidimensional scaling, see Borg & Groenen
(2005).

Let E = [ny,...,m;]" denote the I x K mean matrix associated with the la-
tent variables in the model. Typically, the target configuration Ug is chosen as
the first value of E after the burn-in period of the sampler, i.e., Uy = E(nburn+1)
This approach focuses inference on specific elements of each configuration to fa-
cilitate posterior inference on the latent characteristics of every actor within each
network. The same Procrustean transformation is applied to all E(®) when con-
ducting posterior inference. In summary, the Procrustean transformation is an
essential postprocessing step that ensures identifiability in the model.

6. Selection of the Latent Dimension

The selection of the latent dimension K typically depends on the objective
of the analysis. For descriptive purposes, such as visualizing social relationships,
K = 1,2, or 3 is usually sufficient to facilitate effective visual representation.
However, if the analysis extends beyond description, such as for tasks like link
prediction, higher values of K may yield improved performance. Consequently, a
robust model selection strategy is required in such circumstances to identify the
most appropriate value of K.

A common approach to model selection is cross-validation. Specifically, L-fold
cross-validation evaluates the out-of-sample predictive performance of models with
different values of K as follows:

1. Randomly divide the N = (é) data points into L sets of approximately equal
size.

2. Foreachl=1,...,L:

a) Estimate the posterior distributions of the model parameters using the
data excluding set .

b) Compute the posterior predictive mean for each dyad in set I, based on
the data excluding set .
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The posterior predictive means (which correspond to posterior probabilities) gen-
erated through this procedure can be evaluated using the associated Receiver Op-
erating Characteristic (ROC) curve and its corresponding Area Under the Curve
(AUCQC) (Hoft, 2008, 2009; Kolaczyk & Csardi, 2014). This provides a reliable mea-
sure of the model’s predictive performance for different values of K.

Alternatively, likelihood-based measures of fit can be employed for model selec-
tion (Hoff, 2005; Handcock et al., 2007; Airoldi et al., 2009; Gelman et al., 2014).

~ (K " ~
After obtaining posterior estimates g = {B(K),U(K)} for a given range of K,

the values of log p(Y | \il(K)) can be compared to evaluate the trade-off between
model fit and complexity. Let n represent the number of hyperparameters in the
model, and N = (}) denote the total number of observed dyads. As a function of
K, the Akaike Information Criterion (AIC) and Bayesian Information Criterion
(BIC) are defined as follows:

Y 42n and BIC(K) = —2logp(Y | #")) ¥ nlog N,

()

AIC(K) = —2logp(Y | &'

where the preferred model is the one with the lowest criterion value.

However, since the parameters in ) are modeled hierarchically, treating
them as fixed effects in equations (5) may lead to an overestimation of model
complexity (Hoff, 2005). For hierarchical models, Gelman et al. (2014) recommend
using the Deviance Information Criterion (DIC), which is defined as:

~ (K
DIC(K) = —2logp(Y | @' )) + 25l (6)

where the penalty term pgl% for model complexity is given by:
K
phit = 2 (logp(Y | #) ~ Eflogp(Y | #) | Y]).

The expectation in the second term can be approximated by averaging over MCMC
samples. This provides a more robust evaluation of model complexity and fit in
hierarchical settings.

Although BIC, DIC, and cross-validated AUC provide useful empirical guid-
ance for selecting the latent dimension, their interpretation in hierarchical latent-
variable network models requires some caution. In particular, the nominal number
of parameters may overstate the effective complexity of the model because the hi-
erarchical structure induces shrinkage and information sharing across networks.
Moreover, latent-position models are nonstandard from a likelihood perspective
due to rotational and reflection invariances, as discussed in Section 5. For this
reason, we do not interpret these criteria as formal evidence for a uniquely true
value of K. Rather, we use them as complementary practical summaries of model
fit, effective complexity, and predictive performance. BIC provides a conserva-
tive likelihood-based reference, DIC incorporates a posterior estimate of effective
model complexity, and cross-validated AUC directly evaluates out-of-sample link
prediction.
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7. Application

7.1. Exploratory Data Analysis

Continuing the analysis of the CSS discussed in Section 2, we now examine
the popularity of each executive across all networks in the CSS, measured by their
connectivity to other actors. Let d; ; represent the (normalized) degree of actor ¢
in network j. Figure 3 summarizes the degree distribution of each executive across
the networks.

Overall, most executives perceive themselves as having more friends than in-
dicated by the consensus network, with the exception of actors 8 and 9, both
managers in departments 1 and 2, respectively. Actor 8’s perception aligns with
the consensus network, while actor 9 believes he has fewer friends than the general
opinion suggests. Actors 2 (a vice-president in department 4) and 11 (a manager
in department 3) stand out as the executives perceived by their peers as having
the most connections.

Noteworthy cases include actors 10 and 17 (both managers in department 1),
who display significant egocentricity compared to how they are perceived by others.
Actor 10, in particular, is generally seen as having no friends, but he views himself
as being highly connected. These findings highlight the discrepancies between
self-perception and the collective consensus in the CSS.

Department
NA-1 2 3 4 1 1 1 1 2 2 2 2 2 2 2 3 3 4 4 4
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FI1GURE 3: Degree distribution d; ; across networks. The i-th boxplot summarizes the
distribution of {d; ; : i’ # i}, with d;; represented by a blue asterisk (x)
and the corresponding degree in the consensus network Y* marked by a red
times symbol (x). The color of the boxplot border indicates the executive’s
position in the company: Black for the president, red for vice-presidents, and
green for managers.
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7.2. Prior Elicitation

Given B, w;j, wy j, and @;,;, the y; ;s ; are conditionally independent and
follow a Bernoulli distribution with success probability 8; ,, ; = ®(a; ; ;), where
Qi = wzl-,ﬁj + u;':jui/,j. Before collecting data, and in the absence of prior
information about the 0; i ;, it is reasonable to expect these probabilities to follow
approximately a uniform distribution over the interval (0,1). To achieve this, we
assume that the random summation w, ju; ; = >, wi juir k; does not deviate
significantly from a normal distribution. This motivates us to set E[uzjuigj] =0
and Var[u;':jui/d} =1.

Considering that:

K
E[“Zjuiﬁj] = Z af]k’
k=1

it is sensible to set a,, = 0, making the interaction probabilities 6; ; ; centered
around 0.5 a priori. Furthermore, since:
T 2
Var([u] juq j] ~ K (b + E[0?])",
it follows that b2 +b,/(as —1) = K~'/2, which implies b, = (K /2 —b2)(a; —1).
This constraint requires 0 < b < K —1/2 given a, > 1.

For simplicity, we set a, = 2 and b7 = K~'/2/2. Additionally, to use diffuse
priors for the regression coefficients, we set ag, = 0 and b3 = 100°.

To illustrate, when K = 4, we find that b?7 = (.25, indicating little variation
among the actor-specific means of the latent characteristics. We also obtain b, =
0.25, which makes the prior distribution of 0 place 95% of its mass between 0.045
and 1.032. Figure 4 shows a histogram of the prior distribution of §; ; ; for K = 4.
Although the distribution is not completely uniform, it is centered at 0.5 and
flattens as K increases. Larger values of K result in a prior distribution for 6; ; ;
that more closely approximates a uniform distribution.

The prior calibration described above should be interpreted as a weakly infor-
mative default rather than as an exact mechanism for inducing a uniform prior
distribution on the interaction probabilities. The variance calculations rely on
moment-based approximations for the latent multiplicative term and are used
mainly to keep the prior scale comparable across different values of K. In particu-
lar, the prior is designed to center the interaction probabilities around 0.5 and to
avoid overly concentrated prior mass near either 0 or 1 before observing the data.
This calibration provides a stable default specification for the empirical analysis,
while preserving enough flexibility for the likelihood to dominate the posterior
inference.

We also examined the robustness of the main conclusions to moderate changes
in the hyperparameters controlling the variability of the latent effects. The sub-
stantive findings remained qualitatively stable, particularly the differences between
the full CSS analysis and the consensus-network analysis, the relative importance
of the covariates, and the main patterns in the latent representations. Thus, the
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FIGURE 4: Prior simulation of 6; ,/ ; for K = 4.

conclusions reported below do not appear to be driven by a highly specific prior
choice. Nevertheless, a broader sensitivity analysis may be useful in applications
with smaller networks, fewer layers, or stronger prior information.

7.3. Chains

We fit the hierarchical model defined in equations (2) and (3), with independent
conjugate priors specified in (4). A Bayesian analysis is performed using 100,000
scans from a Markov chain, as described in Section 4, for K = 1,...,9 (see Section
7.4 for details). Starting values for all model parameters, except o2, are randomly
assigned from a standard normal distribution, while the starting value for o2 is

drawn from its prior at each initialization.

The Markov chains (not shown here) exhibit satisfactory mixing, and the di-
agnostic checks indicate that discarding the first 50,000 iterations as burn-in is
sufficient for posterior inference. To obtain approximately independent draws, we
retain one sample from every 500 iterations, resulting in a total of 1,000 samples
for each parameter. These 1,000 samples are approximately independent and iden-
tically distributed according to the corresponding posterior distribution, forming
the foundation for posterior inference.

As part of the computational assessment, we conducted an extensive conver-
gence analysis for the fitted models. This analysis included visual inspection of
trace plots for the log-likelihood and representative model parameters, evaluation
of autocorrelation patterns, effective sample sizes, Monte Carlo standard errors,
and Gelman—-Rubin diagnostics across chains. Overall, these diagnostics showed
stable behavior after burn-in, satisfactory mixing, and no relevant evidence of lack
of convergence. For this reason, the posterior summaries reported below are based
on the retained MCMC samples after burn-in and thinning.
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TABLE 1: Maximized log-likelihood (max¢), BIC, DIC, effective number of parameters
(ppic), and total number of model parameters (Npar) for various values of K.

K max? BIC DIC poic Npar
1 —839.56 1519.10 2113.31 321.17 527

2 —525.21  998.34  1538.07  296.60 969

3 —225.70  482.93  810.95  193.42 1,411
4 -197.92 433.96 721.63 175.92 1,853
5  —313.93  679.14  1092.83  241.60 2,295
6 —218.35 537.900 876.96  206.96 2,737
7 —225.38  561.52  906.49 21259 3,179
8  —109.55 506.40  810.12  194.64 3,621
9 —312.98 716.14 111646 245.61 4,063

7.4. Selection of the latent space dimension

The improvement in model fit as the dimension of the latent space increases
is evaluated by fitting the model for several values of K. We use the information
criteria described in Section 6. Columns 3 and 4 of Table 1 present the BIC and
DIC values as functions of the latent dimension K (refer to equations 5 and 6).
Both criteria identify K = 4 as the optimal choice. This conclusion is further cor-
roborated in Section 7.6, where the model’s predictive performance is thoroughly
examined using L-fold cross-validation techniques.

7.5. Results

7.5.1. Regression coefficients and interaction probabilities

Figure 5 shows the posterior 2.5%, 50%, and 97.5% quantiles for the regression
coefficients associated with the predictor variables defined in Section 2, providing
posterior estimates and 95% credible intervals for each, using K = 4 dimensions.
These results indicate that corporate-level coefficients are generally not significant,
except for networks 1, 8, and 12 (all involving managers). This suggests that, in
most cases, having the same corporate level is not a critical factor when a perceiver
establishes friendship connections.

In contrast, 11 coefficients associated with department membership are signifi-
cant, indicating that belonging to the same department is a more influential factor
than corporate level in determining friendship bonds, as perceived by the execu-
tives. Interestingly, among the top executives (the president and vice-presidents),
the only individual who considers department membership important is the vice-
president in department 1.

Moreover, in almost half of the networks, the relationship between friendship
and tenure difference is significant, suggesting that tenure is a non-negligible factor
influencing friendship status, according to the perceptions of many actors in the
CSS. Overall, top executives tend to perceive friendship relations as independent
of corporate level, department membership, and tenure difference. It is also note-
worthy that networks 8 and 9, both involving managers with very few perceived
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friendships, exhibit the widest credible intervals, reflecting greater uncertainty in
the regression coefficients for these networks.

Intercept Level Department Tenure

Index
L
Index
L
Index

T T T T T T T T T T T T T T T T T T T T

-100 -50 0 50 100 -100 -50 0 50 100 -60 -40 -20 0 20 40 60 2 -1 0 1 2
Regression coefficient Regression coefficient Regression coefficient Regression coefficient

FIGURE 5: Posterior 2.5%, 50%, and 97.5% quantiles of the regression coefficients for the
CSS with K = 4.

Table 2 summarizes the posterior distribution of the regression coefficients us-
ing the consensus network Y* instead of the full CSS (the fitted model is analogous
but employs a single network, i.e., J = 1). In this case, the results indicate that
the global mean and corporate level are the only significant coefficients. Addition-
ally, the credible intervals are noticeably wider compared to those shown in Figure
5, reflecting the reduction in available information when using the consensus net-
work. Moreover, as noted earlier, some coefficients are significant in individual
networks, suggesting that relying on the consensus network rather than the full
CSS could lead to incorrect inferences in certain cases.

TABLE 2: Posterior quantiles of the regression coefficients for the consensus network Y™

with K = 4.
Parameter 50% 2.5% 97.5%
Intercept —51.91 —68.22 —28.42
Level 22.77 8.98 38.20
Department 1.88 —11.98 19.20
Tenure —2.21 —3.77 0.04

Selected adjacency matrices Y,; = [y; .+ ;] and their corresponding estimates of
the interaction probability matrices ®; = [#; + ;] are shown in Figure 6. These
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point estimates are computed using MCMC draws as follows:
IS (5) 4 0y(9) T (®)
A T s s)T (s
Oiini =3 > (“’i,i'ﬁj t U “m) ’
s=1

where S = 1,000 is the total number of samples from the posterior distribution.
The results indicate that these probabilities are stable and consistent with the
observed data.

Actor 7, Pres., Dept. 1 Actor 14, Vice., Dept. 3 Actor 17, Mana., Dept. 2

Actor 7, Pres., Dept. 1 R Actor 14, Vice., Dept. 3
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FiGure 6: Top row: adjacency matrices. Bottom row: estimated interaction probability
matrices for K = 4. In both cases, actors along the axes are grouped by
department membership.

7.5.2. Latent positions

Using K = 2 provides a convenient way to describe latent social dynamics in
a two-dimensional space. A key advantage of having data from a full CSS is the
ability to represent latent positions from multiple perspectives. Once posterior
estimates of the (Procrustean-transformed) latent vectors w;; = [ui1j, Uiz ]"
are obtained, posterior means of these estimates can be displayed in two distinct
ways: within and across networks.

The within-network perspective focuses on characterizing the social activity of
all actors as perceived by a specific individual j. This results in a representation
of (u;1,,ui2;) for i = 1,...,I with j fixed. In contrast, the across-network
perspective centers on studying the social activity of a particular actor ¢ across all
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networks in the CSS. This leads to a representation of (u; 1 j,u; 2 ;) forj=1,...,J
with ¢ fixed.
Actor 7, Pres., Dept. 1 Actor 14, Vice., Dept. 3 Actor 17, Mana., Dept. 2
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FIGURE 7: Posterior mean of the latent positions within networks for K = 2. Each
plot represents the president with a square, vice-presidents with circles, and
managers without a specific geometric shape. Colors indicate the executive’s
department membership: black for the president (not affiliated with any de-
partment), red for department 1, green for department 2, blue for department
3, and cyan for department 4. All plots are displayed on the same scale.

Panels in Figure 7 depict the social positions of all actors based on the indi-
vidual perceptions of selected executives. These plots reveal consistent patterns
in the social distribution. For example, members of department 2 tend to cluster
towards the bottom of the social space. Additionally, executives 18 and 21 (both
vice-presidents from departments 3 and 1, respectively) are frequently positioned
near the president in almost every perception. Managers 4 (department 4), 8,
and 12 (both from department 1) also tend to appear grouped together across net-
works. Notably, actor 14 (a vice-president in department 2) is consistently isolated
from the other senior executives, while executive 17 (a manager in department 1)
perceives himself as being significantly distant from the rest of the group.

Actor 7, Pres., Dept. 1 Actor 14, Vice., Dept. 3 Actor 17, Mana., Dept. 2
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F1GURE 8: Posterior mean of the latent positions across networks for K = 2. Refer to
the description provided in Figure 7.

Conversely, panels in Figure 8 illustrate the social dynamics of individual actors
across networks in the CSS. These panels reveal greater variability in the percep-
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tion of social activity concerning the actor’s location within the social space, with
each perspective showcasing distinct characteristics. For instance, manager 17
from department 1 is notable because their first latent coordinate is substantially
larger than those of the other executives.

CSss Consensus network
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FIGURE 9: Posterior mean of the latent effects means using (a) the CSS and (b) the con-
sensus network for K = 2. Refer to the description in Figure 7 for additional
details.

Figure 9 presents the posterior mean of the (Procrustean-transformed) latent
effects means E = [n,...,n;]T, using (a) the CSS and (b) the consensus network
Y*. The risks of relying on a simplified version of the CSS are evident, as the
mean social dynamics derived from the consensus structure differ substantially
from those observed in the full CSS. Specifically, the latent mean effects derived
from the consensus network are noticeably diminished in magnitude, leading to a
significant underestimation of the latent effects.

This contraction is highly problematic, as it creates the misleading impression
that executives are more similar in their mean latent characteristics than they
actually are. For instance, the consensus network places the president (actor
7) and the vice-president in department 4 (actor 2) relatively close together, in
stark contrast to the peripheral location that actor 2 exhibits in the CSS. Such
discrepancies underscore the limitations of using a consensus network to capture
the complexity of social dynamics.

7.6. Link Prediction

To evaluate the model’s ability to predict missing links, we performed the L-
fold cross-validation procedure described in Section 6. Specifically, we conducted
a 10-fold cross-validation without including covariate information, where each test
set contained 21 missing links. Steps 1 and 2 were carried out for K = 1,...,9
to examine how the model’s predictive performance changes as the complexity
increases with the latent vector dimension.
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The results of this prediction study are displayed in Figure 10. The model
with K = 4 demonstrates significantly better predictive performance compared
to models with K = 1,2, and 3. Increasing the latent dimension beyond K =
4 does not further improve the predictive performance, indicating that a four-
dimensional latent model provides a sufficient balance between complexity and
predictive accuracy, as also suggested in Section 6.

Additionally, the right panel in Figure 10 compares the results of the cross-
validation experiment using (a) a single model considering the full CSS and (b)
individual models for each network. As expected, prediction is better when mod-
eling the CSS jointly rather than fitting separate models for individual networks.
In fact, independently fitting the model reduces the AUC by approximately 10%
on average. This finding confirms that the proposed model effectively generates
shrinkage estimators that borrow information across networks, thereby improving
both estimation and prediction accuracy.
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F1cURE 10: Results from the 10-fold cross-validation experiments. These results provide
insights into the model’s predictive performance under different configura-
tions, particularly evaluating the effect of the latent dimension K and the
joint versus independent modeling of networks.

8. Discussion and Future Work

In this work, we proposed a novel approach for modeling a collection of undi-
rected, binary networks under the assumption of exchangeability. The model in-
tegrates a latent multiplicative interaction effect with a standard linear predictor
that includes known covariate information, formulated within a generalized lin-
ear model. A Markov chain Monte Carlo (MCMC) algorithm was developed for
Bayesian estimation and inference. This framework enables the generation of
shrinkage estimators that borrow information across networks, provides a visual
and interpretable model-based spatial representation of social relationships, and
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offers a natural framework for predicting missing links in multinetwork data.

Although the empirical application illustrates the usefulness and interpretabil-
ity of the proposed framework, it is based on a relatively small CSS dataset with
21 actors and 21 perceived networks. Therefore, the results should be interpreted
primarily as evidence of feasibility and methodological relevance in this particu-
lar setting, rather than as a general assessment of scalability in large multilayer
network applications. The analysis shows that the model can capture meaningful
variation across individual perceptions, borrow information across networks, and
reveal differences between full CSS and consensus-network analyses. However,
broader conclusions about computational scalability, predictive performance, and
robustness in larger systems require further investigation. Future work should
therefore evaluate the proposed framework in larger CSS datasets and more com-
plex multilayer network settings, potentially considering additional computational
strategies to improve efficiency.

Future research in this area could explore several promising extensions and
alternatives. For example, since actors in a CSS often perceive themselves as
having more friends than reflected in the consensus network and the perceptions
of others (see Figure 3), a refined formulation of the model could account for this
discrepancy. Specifically, differentiating between the mean latent effects of the
self-reported network and those of the rest of the networks in the system could be
valuable. Additionally, incorporating actor-specific variances into the model might
provide further flexibility and insights.

From a technical perspective, it would be interesting to investigate other mod-
eling choices. For instance, replacing the probit link with a logit link could yield
alternative interpretations and potentially improve computational efficiency or
model fit in certain contexts. Exploring these and other extensions could further
enhance the applicability and robustness of the proposed framework for analyzing
complex multinetwork data.
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Appendix A. Full Conditional Distributions

Although it is a slight abuse of standard mathematical notation, the full con-
ditional distribution (fcd) of a parameter ¢, given the remaining parameters,
covariate information, and the data, is denoted as p(¢ | rest). These distribu-
tions are derived by analyzing the dependencies in the full posterior distribution
p(Z,p, 3, U9 | Y,X). Below are the full conditional distributions used in the
algorithm described in Section 4:

1. The fed of z; 4 ; is:

Nio,oo) (ziir g | 115 + @085 + ) juir 5, 1), ifyiwj =1;
N(—oo,0) (2,175 | 115 + Sﬂzi/,@j + uzjui’,j7 1), ify;; =0.

Dz j | rest) = {

2. The fed of w, ; is p(u; ; | rest) = N(u; ; | m, V), where:
—1
V=[0I + > wgul; |,
i i

-2 § : T
m=V|o mn; + (Zi’y’j — /Lj — wi,i’ﬁj) ui’,j
i/ £

3. The fcd of y; is p(p; | rest) = N(p; | m,v?), where:

.2 3 T T
m="v ﬁ + Z (zm-/’j — ;i B; — umuigj)
i<’

4. The fed of B; is p(B; | rest) = N(B; | m, V), where:
—1

V = H72IP + E mi,i/m;, R

i,i7 i<

— -2 E T
m=V |k “v+ (Zi,i/,j — M — ui,juq;/J) Ty it

1,1/’

5. The fcd of m; is p(n;, | rest) = N(n, | m, V), where:
J

V:(b;2+JU_2)711K, m=YV b;zan—i-a_zZuM

j=1
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6. The fcd of € is p(¢ | rest) = N(¢ | m, v?), where:

J
~1

v? = (bg2+JT_2) . m =102 % +T_22Mj

3 j=1

7. The fcd of v is p(v | rest) = N(v | m, V), where:
. J
V=(02+J52) " 1p, m=V b a,+r>> B

j=1

8. The fcd of 02 is p(o? | rest) = 1G(0? | a,b), where:

Iy
I1JK 1
a:aU+Tv b:bd—’_gzznuiﬁ_nz"z
i=1 j=1
9. The fcd of 72 is p(72 | rest) = 1G(72 | a,b), where:

(nj — €)%

1

1
2 24

J

J
a:aT—Fz, b=>b,+

10. The fed of k% is p(k? | rest) = IG(k? | a,b), where:

J
JP 1
o b=bet gD 18— vl

j=1

a = a, +

Appendix B. Notation

The cardinality of a set A is denoted by |A|. If P is a logical proposition, then
I(P) =1if P is true, and I(P) = 0 if P is false. The floor of z is denoted by |z],
while [n] denotes the set of all integers from 1 to n, i.e., {1,...,n}. The Gamma
function is defined as I'(x) = fooo u* e~ du.

Matrices and vectors with entries indexed by subscripted variables are repre-
sented using boldface letters. For example, * = (z1,...,,) denotes an n x 1
column vector with entries x1,...,z,. The vectors 0 and 1 denote column vec-
tors with all entries equal to 0 and 1, respectively, while I represents the identity
matrix. A subscript indicates the matrix dimension; for instance, I,, denotes the
n x n identity matrix. The transpose of a vector « is denoted by 27, and the same
notation applies to matrices.

Additionally, if X is a square matrix, tr(X) represents its trace, and X1
denotes its inverse. The norm of a vector @, defined as V& Tz, is written as ||z|.

Now, we describe the forms of some standard probability distributions used in
this article:
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e Multivariate Normal:

A d x 1 random vector X = (Xi,...,X,4) follows a multivariate normal
distribution with parameters p and X, denoted as X | p, X ~ Ng(p, X), if
its density function is given by:

pla | p,2) = 2r) P Pexp {—3(x —p) "= (@ - p)}.

e Gamma:

A random variable X follows a gamma distribution with parameters «, 5 > 0,
denoted as X | a, 8 ~ G(«, ), if its density function is:

-
I(a)

p(z | o, B) 2 Lexp{—Bzr}, x>0.

e Inverse Gamma:

A random variable X follows an inverse gamma distribution with parameters
a, 3 > 0, denoted as X | a,  ~ IG(«, 8), if its density function is:

/B(X
I(«)

[Received: February 2025 — Accepted: June 2026

p(x | o, B) = o= exp{-p/z}, x> 0.
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