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Abstract

This article introduces an efficient class of logarithmic-type estimators
for estimating the population mean of the study variable using the infor-
mation of the auxiliary variable in two-phase sampling. The bias and mean
square error (MSE) expressions of the proposed estimators are derived using
the first-order Taylor series approximation, and the corresponding efficiency
conditions are established. To validate the theoretical findings, a comprehen-
sive numerical and simulation study is carried out using four real populations
and an artificially generated data set. The empirical results reveal that the
proposed estimator consistently outperforms the usual mean estimator and
several existing estimators in terms of lower MSE and higher percent relative
efficiency.
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Resumen

Este articulo presenta una clase eficiente de estimadores de tipo logarit-
mico para estimar la media poblacional de la variable de interés, utilizando
informacion de una variable auxiliar en el muestreo en dos fases. Se derivan
las expresiones del sesgo y del error cuadratico medio (ECM) de los esti-
madores propuestos mediante una aproximaciéon de primer orden de la serie
de Taylor, y se establecen las condiciones de eficiencia correspondientes. Para
validar los resultados tedricos, se realiza un estudio numérico y de simula-
ci6n exhaustivo, empleando cuatro poblaciones reales y un conjunto de datos
generado artificialmente.
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Los resultados empiricos muestran que el estimador propuesto supera
sisteméticamente al estimador usual de la media y a varios estimadores ex-
istentes, en términos de menor ECM y mayor eficiencia relativa porcentual.

Palabras clave: Eficiencia; Error cuadratico medio; Muestreo en dos fases;
Sesgo.

1. Introduction

In the theory of sampling survey, the use of information on the auxiliary vari-
able = associated with the study variable y is required most of the time to improve
the efficiency of the estimators. If such auxiliary information is not available, then
a large preliminary sample is measured from the parent population to evaluate the
population mean of the auxiliary variable and a sub-sample from the preliminary
sample is measured for compiling the information on the study variable. This pro-
cedure is known as two-phase sampling or double sampling, and it is particularly
desirable when such information may be easily and economically available. This
technique was first introduced by Neyman (1938) to accumulate information on
strata sizes in stratified sampling. It turns out to be an effective technique for
obtaining reliable estimates of the unknown parameters of the auxiliary variable
in the first phase sample, thus playing an important role in survey sampling.

Sukhatme (1962) suggested the classical ratio estimator under double sampling.
Srivastava & Jhajj (1980) suggested a ratio estimator of population mean using
a new transformed variable in simple random sampling (SRS), which was further
examined by Kumar & Bahl (2006) under two-phase sampling (TPS). Bahl &
Tuteja (1991) envisaged an exponential ratio estimator for population mean using
SRS, which was further worked out by Singh & Vishwakarma (2007) using TPS.
Singh & Espejo (2007) introduced a ratio-product estimator of a finite popula-
tion mean in double sampling. Following Prasad (1989), Singh (2011) investigated
a new ratio estimator under TPS. Singh et al. (2013) introduced an alternative
approach to the estimation of population mean in TPS. Chaudhary et al. (2014)
proposed the estimation of population mean in the presence of non-response under
TPS. Kalita et al. (2016) examined an exponential ratio-cum-exponential dual to
ratio estimator using double sampling. Nath & Singh (2018) examined ratio-cum
product compromised method of imputation for population mean in TPS. Follow-
ing Kumar & Bahl (2006), Bazad & Bazad (2019) generalized the work of Kalita
et al. (2016) in TPS. Parichha et al. (2019) developed an estimation procedure of
population mean in two-phase stratified sampling. Zaman & Kadilar (20215) sug-
gested a simulation study of a robust ratio estimator of a finite population mean
in the presence of outliers under double sampling. Bhushan et al. (2021) suggested
some efficient classes of estimators utilizing double sampling. Zaman & Kadilar
(20210) suggested a new class of exponential estimators for finite population mean
in TPS, whereas Zaman & Kadilar (2021a) examined an exponential ratio and
product type estimators of the mean in stratified two-phase sampling. Misra et al.
(2021) developed an enhanced ratio estimator for estimating the population mean
under TPS. Rana et al. (2022) suggested a generalized estimator for population
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mean based on an auxiliary attribute in stratified two-phase sampling. Dash &
Sunani (2022) investigated an improved class of mixed estimators of population
mean using TPS. Sanaullah & Sabir (2022) addressed combined generalized classes
of efficient estimators of the mean in the joint presence of measurement error and
non-response using stratified two-phase sampling. Koc et al. (2022) proposed a
Poisson regression ratio estimator of the population mean with an application to
Covid-19 data in double sampling. Shahzad et al. (2023) obtained the estimates of
coefficient of variation using calibrated estimators under double stratified random
sampling. Bhushan & Kumar (2023a) suggested some efficient class of estimators
of population mean under double sampling. Under double sampling, (Bhushan
& Kumar, 2023b) developed an enhanced estimation procedure for estimating the
population mean, while Bhushan & Kumar (2023b) introduced a new efficient class
of estimator of population mean. In the presence of extreme values, Wang et al.
(2023) advocated the estimation of finite population mean using double sampling
under probability proportional to size sampling. Tiwari et al. (2023) suggested
a generalized approach for estimating a finite population mean under two-phase
sampling. Yadav & Prasad (2023) suggested some neutrosophic estimators in TPS.
Sahoo & Jhankar (2024) investigated a chain ratio-type exponential estimator for
estimating the population mean using double sampling. Alkhathami et al. (2026)
conducted an inferential study utilizing neutrosophic imputation techniques in
TPS. Moreover, the readers may also refer to the related studies, namely, Srivas-
tava & Jhajj (1980), Singh & Upadhyaya (1995), Hidiroglou & Sarndal (1998),
Singh (2001), Singh et al. (2004), and the references cited therein.

In the existing literature, most traditional estimators are constructed using
ratio, chain, exponential, and linear functional forms, whereas relatively limited
attention has been devoted to logarithmic transformations in the context of popu-
lation mean estimation. From a methodological perspective, logarithmic functions
possess several useful statistical properties, such as variance stabilization, scale
compression, and the ability to moderate the influence of large fluctuations in
auxiliary information. These properties make logarithmic transformations partic-
ularly attractive when the relationship between the study and auxiliary variables
exhibits multiplicative or nonlinear characteristics. Moreover, with the advance-
ment of modern computational tools, the implementation of logarithmic-type es-
timators is no longer computationally restrictive. Motivated by these theoretical
advantages and the limited exploration of logarithmic forms in two-phase sampling,
the present study develops a logarithmic-type class of estimators and investigates
its efficiency properties through theoretical and empirical analysis.

The rest of the article is designed in a few sections. The review of the existing
estimators along with their properties are provided in Section 2. The proposed
class of estimators and its properties are given in Section 3. In Section 4, the
efficiency conditions are derived followed by a computational study carried out in
Section 5 by utilizing real and artificially generated populations. The study ends
with the conclusions in Section 6.
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2. Review of Existing Estimators

Consider a finite population £ = {k1, k2,..., KN} consisting of N distinct and
identifiable units. Let y; and x; denote the observations on the study variable y
and the auxiliary variable x, respectively, for the it population unit x;. In two-
phase sampling (TPS), a first-phase sample s’ of size n’ is initially selected from
the population using simple random sampling without replacement (SRSWOR)
to collect information only on the auxiliary variable z. Based on this first-phase
sample, the sample mean of the auxiliary variable is defined as

xr = — ZTj.
/2:
n 4
i€s’

At the second phase, a sample s of size n (n < n') is selected to observe both the
study variable y and the auxiliary variable x. Unless otherwise stated, the second-
phase selection is also carried out using SRSWOR. The corresponding second-
phase sample means are given by

j= S a=-Yw

1€ES 1€ES

which are unbiased estimators of the population means Y and X, respectively.
Further, let C, = S, /Y and C, = S, /X denote the coefficients of variation of the
study and auxiliary variables, respectively.

Under TPS, two commonly used second-phase sampling structures are consid-
ered:

Case I (Nested or sub-sampling design): The second-phase sample s
of size n is selected as a subsample of the first-phase sample s’. This design is
widely used when the collection of auxiliary information is inexpensive, whereas
the measurement of the study variable is costly or time-consuming.

Case II (Independent design): The second-phase sample s of size n is
selected independently of the first-phase sample s’. This approach is useful when
operational convenience or independence between phases is required for estimation
and variance reduction purposes.

These two sampling structures lead to different covariance relationships among
the sample estimators and consequently produce different bias and MSE expres-
sions for the estimators considered in this study, see, Bose (1943).

Further, to assess the efficiency and comparative performance of the proposed
estimators, this section presents a comprehensive review of the prominent existing
estimators for population mean under TPS along with their important statistical
properties. The reviewed estimators provide the theoretical foundation for the
proposed work and help in illustrating the progressive development of estimation
techniques under TPS.

The unbiased estimator of the population mean Y of the study variable y under
TPS is given by
Ym =Y. (1)
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The development of estimators under TPS has gradually evolved from simple
ratio and difference forms to more flexible exponential, dual, and logarithmic struc-
tures with the objective of improving estimation efficiency by effectively utilizing
auxiliary information. One of the earliest contributions in this direction was made
by Sukhatme (1962), who introduced the classical ratio estimator under TPS as

mzy(j>~ 2)

This estimator utilizes the positive association between the study and auxiliary
variables to reduce the variance of the usual mean estimator. However, its effi-
ciency deteriorates when the underlying linear relationship is weak or when the
ratio structure is not appropriate.

To overcome some limitations of the ratio approach, the classical difference
estimator was proposed under TPS as

Ja=7+dx—7), (3)

where d is a suitably chosen constant. The difference estimator performs better in
situations where the study and auxiliary variables exhibit strong linear association
and provides a benchmark minimum MSE under optimum choice of d.

Subsequently, researchers focused on transformed auxiliary variables to further
improve estimation accuracy. Extending the transformation approach of Srivastava
& Jhajj (1980), Kumar & Bahl (2006) proposed the dual to ratio estimator under

TPS as
_ _(z
Yko =Y <x’) ) (4)

where z; = [(1 + ¢g)z’ — ¢gz] and g = n/(n’ —n). This estimator introduced the
concept of dual transformation to enhance performance in situations where the
conventional ratio estimator becomes inefficient.

The progression from ratio-type estimators to nonlinear forms motivated the
use of exponential adjustments. In this direction, Singh & Vishwakarma (2007)
adapted the exponential ratio estimator of Bahl & Tuteja (1991) to TPS as

Tsv = JXp (“T_”T) (5)

T+

The exponential form was designed to stabilize the estimator and reduce bias,
especially when the difference between the auxiliary means is relatively small.

Further modifications in ratio structures were examined by Singh (2011), who
extended the ratio estimator of Prasad (1989) under TPS and proposed

m=t(Z). ©

where £ is a scalar chosen to improve efficiency. The inclusion of a tuning param-
eter provided additional flexibility compared to the traditional ratio estimator.
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Recognizing the advantages of combining exponential and dual transforma-
tions, Kalita et al. (2016) proposed an exponential ratio-cum-exponential dual to
ratio estimator under TPS as

@ -2\, . [@-a)
aexP{(a;/+x)}+B p{( —|—x)}

where o and 8 are unknown constants such that « + 8 = 1. This contribution
marked an important advancement by integrating multiple exponential adjust-
ments within a unified framework.

S]]

, (7)

Yks = Y

Kl
¥ a*

3]

Following this line of development, Bazad & Bazad (2019) generalized the
estimator of Kalita et al. (2016) by incorporating transformed auxiliary parameters
and suggested a broad class of dual to ratio exponential estimators as

_ _ (@ —=z) (z5—x")
Ubb, =Y |exp{ ————= ¢ T Bexpq —5——= ¢ | » (8)

! [ { (" +z*) (zH+77)
where z7 = az’ + b and Z* = aZ + b, with a(# 0) and b being either constants
or functions of known auxiliary parameters such as S,, C,, £1(z), f2(z), and

pzy- This generalization provided a highly flexible estimation structure capable of
adapting to different population characteristics.

Bazad & Bazad (2019) further extended this framework by proposing another
generalized exponential estimator under TPS as

S]]
S]]

o @ -z o ] @) o d € )
ybbz—y[anP{(f/*_’_f*)}‘Fﬂ p{(_er_,*)}Jrv p{(j

+ )}] ©)

where a4+~ = 1. The incorporation of multiple exponential components further
improved the adaptability of the estimator under varying sampling situations.

8| &I
Q
8

K
IS )
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Although substantial progress has been made through ratio, difference, dual,
and exponential estimators, comparatively limited attention has been devoted to
logarithmic functional forms in TPS. Motivated by the flexibility and stabilizing
nature of logarithmic transformations, Bhushan & Gupta (2019) proposed a log-
type estimator under TPS as

Toa :y{1+log (%) }9, (10)

where 6 is a suitably chosen scalar. This estimator introduced logarithmic adjust-
ment into the TPS framework and demonstrated that logarithmic structures can
effectively compete with exponential and ratio-type estimators.

The above review clearly shows a systematic evolution in the literature from
classical ratio and difference estimators toward more generalized exponential and
logarithmic families. However, most existing estimators rely either on exponential
adjustments or logarithmic transformations separately. Very limited work has been
done on integrating logarithmic structures with difference-type corrections under

Revista Colombiana de Estadistica - Applied Statistics 49 (2026) 475-497



Mean estimation under an efficient class of logarithmic-type estimators 481

TPS. Therefore, motivated by the strengths of the difference estimator and the
logarithmic estimator of Bhushan and Gupta (2019), the present study proposes
an efficient logarithmic difference-type class of estimators that aims to achieve
further reduction in MSE and improved efficiency under TPS.

We note that Kalita et al. (2016) estimator s, Bazad & Bazad (2019) esti-
mators Yp, , Ynb,, and Bhushan & Gupta (2019) estimator g, attain the minimum
MSE of the classical difference estimator under TPS.

The MSE of all estimators discussed in this section is reported in Appendix A
for ready reference.

3. Proposed Estimators

The proposed estimator is motivated by the need to improve the efficiency of
existing estimators under TPS by effectively combining the advantages of differ-
ence and logarithmic type estimators. Most existing estimators are based on ratio,
product, or exponential forms, while very limited work has explored logarithmic
transformations despite their practical importance and flexibility. The suggested
estimator incorporates both difference and log-type adjustments to achieve lower
MSE and higher efficiency in the presence of strong auxiliary information. Moti-
vated by Bhushan & Gupta (2019) and Bhushan & Kumar (2022), the following
estimator is proposed to evaluate the population mean of the study variable under
TPS as
0

Yar = {017 + w2 (Z — ')} {1 + log (g)}

The scalars wy, ws, and 0 are tuning parameters introduced to provide additional
flexibility to the proposed estimator. In particular, the parameter 6 regulates the
contribution of the logarithmic adjustment term and controls the extent to which
the auxiliary information influences the estimation process. The optimum value of
0 is selected in such a way that the MSE of the estimator is minimized, thus ensur-
ing maximum estimation efficiency. Similarly, the weights w; and w9 balance the
contributions of the sample mean component and the difference-type adjustment
component. Their optimum values are obtained analytically by differentiating the
MSE expression with respect to the unknown weights and equating the resulting
expressions to zero. This optimization procedure guarantees that the proposed
estimator attains the minimum possible MSE within the suggested class.

Case-I.

Theorem 1. The bias and MSE expressions of the suggested class of estimator
Yak tn case I are given as

Bias(Jar)r = Y (w1 D + weE — 1),
MSEYar)r = Y3(1 + w? A + w3 B 4 2wywoC — 2w D — 2wy E).

Proof. The outline of the derivations and definitions of parametric functions A,
B, C, D, and F are given in Appendix B. O
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Corollary 1. The minimum MSE at optimum values of scalars wy(opr) =
(BD —CE)/(AB — C?) and wy(opr) = (AE — CD)/(AB — C?) in case I is given
by

. _ — (AE? + BD? — 2CDE)
_ _ 11
min MSE(far)r =Y {1 (AB — ) (11)
Proof. Refer to Appendix B for the outline of the derivations. O

Case-I1.

Theorem 2. The bias and MSE expressions of the suggested class of estimators
Yak tn case II are given as

Bias(gjak)n = Y(wll + woJ — 1),
MSE(gak)]] = Y2(1 + w%F + ng + 2w1w2H — 2’LU1[ — 2U}2J)

Proof. The outline of the derivations and definitions of parametric functions F,
G, H, I and J are given in Appendix B. O

Corollary 2. The minimum MSE at optimum values of scalars wi(opr) =
(GI — HJ)/(FG — H?) and wyopry = (FJ — HI)/(FG — H?) in case I is given
by

, ~ Y (FJ?+GI?> —2HIJ)
. = — . 12
HllIlMSE(y k)II Y {1 (FG—HQ) ( )
Proof. Refer to Appendix B for the outline of the derivations. O

4. Efficiency Comparison

This section considers the efficiency comparison of the suggested class of esti-
mators with the reviewed estimators in case I and case II.
Case-1. By comparing the minimum MSE of the suggested class of estimator g,
from (11):

1. with the variance of the usual mean estimator ¥, from (A.13), provide

(AE? + BD? — 2CDE)

V(gm) > mlnMSE(gak)I - (AB — 02)

>1— fuCy.

2. with the MSE of the classical ratio estimator 7, from (A.14), provide

MSE(?T)[ > minMSE(gjak)I
(AE? + BD? — 2CDE)

(AB—C2) > 17fncl2l7<f"7f"’)(0372pzycxcy)
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3. with the MSE of the classical difference estimator g4 from (A.16), provide

MSE(gd)[ > minMSE(gjak)I
(AE? + BD? — 2CDE)
(AB—C?)

4. with the MSE of Kumar & Bahl (2006) estimator gy, from (A.18), provide

MSE(’ykb)] > minMSE(gak)j

(AE? + BD? — 2CDE) s (ﬁcg - 2pwycmcy) ] |

— (2 >1-
(AB - (C?) +fnC2

5. with the MSE of Singh & Vishwakarma (2007) estimator %, from (A.20),
provide

MSE(@SU)] > minMSE(gjak)I

(AE? + BD? — 2CDE) fncg+(fn7fn,)%z ]
(AB - C2) _(fn - fn’)pxyczcy

6. with the MSE of Singh (2011) estimator g from (A.22), provide

MSE(yr)r > min MSE(Gar)r

k? {fncs + fnn’<Ca% - prycwcy)}
>1— | +2k(k — 1) fon (C? — pC,Cy)

+(k —1)?

(AE? + BD? — 2CDE)
(AB - C?)

7. with the MSE of Kalita et al. (2016) estimator g5 from (A.24), provide

MSE(ng)I > minMSE(gak)I
(AE? + BD? — 2CDE)
(AB_CQ) >1_C§ [fn_fnn’/)iy]-

8. with the MSE of Bazad & Bazad (2019) estimators gy, ¢ = 1,2 from (A.26)
and (A.28), provide
MSE(gbbi)I > min MSE(ﬂak)]

(AE? + BD? — 2CDE)
(4B 07 >1=C} [fn = fanrply) -

9. with the MSE of Bhushan & Gupta (2019) estimator g from (A.30), provide

MSE(:ljbg)[ > minMSE(g]ak)I
(AE? + BD? — 2CDE)
(AB—C?)

>1- Cj [fn - fnn’piy] .
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Case-II. By comparing the minimum MSE of the suggested class of estimators
Jax from (12):

10. with the variance of the usual mean estimator %, from (A.13), provide

V(ﬂm) > minMSE(gjak)H
(FJ2 +GI? - ZHIJ)
(FG— 1Y)

>1— fuCh.

11. with the MSE of the classical ratio estimator g, from (A.15), provide

MSE(@T)[[ > minMSE(ﬂak)[[
(FJ?+GI?> —2HIJ)
(FG — )

>1— fuCp = (fr + fur)C3 + 2 frpayCaCy.

12. with the MSE of the classical difference estimator g4 from (A.17), provide

MSE(gd)[[ > min MSE(QQ/C)[]

(FJ? +GI? —2HIJ) In
Fa-m) oG {1_ (fn+fnf>”iy} '

13. with the MSE of Kumar & Bahl (2006) estimator g from (A.19), provide

MSE(gkb)]] > min MSE(gak)[[

(FJ?+ GI? —2HIJ) ) n ey (fn + ) C2
2 f"Oy + /
(FG — H?) (0 =n) \ —=2fnpuyCsCy

>1-

14. with the MSE of Singh & Vishwakarma (2007) estimator gs, from (A.21),
provide
MSE(§sy)rr > min MSE(Gar) 11
(FJ? + GI? — 2H1J)
(FG — H?)

2

C
>1- |:fncy2 + (fn + fn’)f - fnpzycascy:| .

15. with the MSE of Singh (2011) estimator g, from (A.23), provide

MSE(yk)II > minMSE(gjak)H
(k - 1)2 + kZ{fnCS + (fn + fn’)C:%
>1— | —2fnpzyCaCy} + 2k(k — 1) x
(fncg% - fnﬂzycxcy)

(FJ?+ GI*> — 2HIJ)
(FG — H?)

16. with the MSE of Kalita et al. (2016) estimator s from (A.25), provide

MSE(ng)]I > min MSE(gak)[]

(FJ2 + GI? — 2HIJ) , I ,
e w2y G [l - (fn T fw) ”} '
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17. with the MSE of Bazad & Bazad (2019) estimators @p,, ¢ = 1,2 from (A.27)
and (A.29), provide

MSE(gbbi)II > min MSE(ﬂak)[]

(FJ? + GI? — 2HIJ) ) fa 5
Fomy 21 hG - () )

18. with the MSE of Bhushan & Gupta (2019) estimator g, from (A.31), provide

MSE(gbg)[[ > min MSE(gak)[]

(FJ? +GI? - 2HIJ) In
Fa-m) LG {1_ (fn+fn/> ”iy} '

Under the above conditions, the suggested class of estimators performs better than
the existing estimators. Furthermore, whether these conditions hold in practice is
affirmed computationally by using some real and artificially generated populations.

This efficiency comparison helps survey practitioners identify the estimator
that provides the minimum MSE and maximum PRE under different sampling
situations. In practice, these comparisons guide researchers in selecting the most
reliable estimator when auxiliary information is available in TPS. This is partic-
ularly useful in fields such as agriculture, economics, health, and environmental
studies, where accurate estimation of population mean is essential for policy for-
mulation and decision-making.

5. Computational Study

To illustrate the efficiency conditions obtained in the preceding section, a com-
putational study is performed by utilizing some real and artificially drawn data
sets and discussed the computational results. The R codes used in this section can
be found out via the online link https://github.com/anoopasy/R-codes.

5.1. Numerical Study

To support the soundness of the theoretical findings, a numerical study is con-
ducted by using four real populations, which are described below:
Population 1: [Source: Cochran (1977), p. 34]
Y = food cost, X = family income, ¥ = 27.40, X = 72.55, C, = 0.146,
Cy =0.369, pyy = 0.2521, n =15, n’ = 25, and N = 33.

Population 2: [Source: Advance data from vital and health statistics, num-
ber 347, October 7, 2004 (CDC)]

Y = height of the people, X = weight of the people, ¥ = 140.18, X = 39.63,
C, = 0.482337, C,, = 0.191654, p,,, = 0.973, n = 18, n’ = 25, and N = 36.
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Population 3: [Source: Cingi et al. (2007)]

Y = the number of teachers, X = the number of student in both primary and sec-
ondary school for 923 districts, Y = 436.3, X = 11440.50, C, = 1.86, C,, = 1.72,
pay = 0.955, n = 200, n’ = 400, and N = 923.

Population 4: [Source: Kadilar & Cingi (2006)] B B
Y = level of apple production, X=number of apple trees, ¥ = 625.37, X = 13.93,
C, =1.653, Cyy = 1.866, pyy = 0.865, n=20, n’ =40, and N = 104.

Using the summary values of above populations, the MSE and percent relative
efficiency (PRE) of all estimators are computed. The MSE of all estimators is com-

puted using their corresponding algebraic expressions, while PRE of all estimators
is computed using the following expression:

V (9m)
PRE = ———— x 1
R el 00,

where T denotes the reference estimator.

The outcomes of the numerical study based on the above populations are sum-
marized in Tables 14 in terms of MSE and PRE that demonstrate the superiority
of the suggested class of estimators over all reviewed estimators.

TABLE 1: MSE and PRE of proposed and existing estimators for Population 1 (food cost
and family income data) under TPS for Case I and Case II

Case [ Case 11
Estimators MSE PRE MSE PRE
Um 3.71 100.00 3.71 100.00
Yr 3.60 103.25 3.71 100.11
g* 3.54 104.88 3.53 105.28
Ykb 3.86 96.25 4.26 87.18
Ysv 3.55 104.65 3.53 105.28
Uk 3.58 103.70 3.69 100.52
Yak 3.52 105.43 3.51 105.85

where §* = Jq, Yks, Toby » Tobe & Ybg

TABLE 2: MSE and PRE of proposed and existing estimators for Population 2 (height
and weight data) under TPS for Case I and Case II.

Case [ Case 11
Estimators MSE PRE MSE PRE
Um 20.04 100.00 20.04 100.00
Yr 36.17 55.42 104.72 19.14
g* 9.41 212.84 6.86 291.92
Tieb 348.87 5.74 976.70 2.05
Ysv 10.33 194.01 16.66 120.27
Yk 36.17 55.42 104.67 19.15
Vak 9.36 213.99 6.74 297.27

where §* = §d, Yks, Ubby > Yobo & Ybg
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TABLE 3: MSE and PRE of proposed and existing estimators for Population 3 (teachers
and students data) under TPS for Case I and Case IL

Case Case 11

Estimators MSE PRE MSE PRE

Um 2205.63 100.00 2205.63 100.00
Yr 944.10 233.62 1162.18 189.78
g* 921.60 239.32 728.35 302.82
Tieb 944.10 233.62 1162.18 189.78
Ysv 1163.26 189.60 805.85 273.70
Yk 941.16 234.35 1162.15 189.78
Yak 905.92 243.46 701.67 314.34

where §* = 74, Yrs, Uoby » Tobe & Ybg

TABLE 4: MSE and PRE of proposed and existing estimators for Population 3 (apple
production and number of apple trees data) under TPS for Case I and Case

II.
Case 1 Case 11

Estimators MSE PRE MSE PRE

Ym 54993.75 100.00 54993.75 100.00
Yr 29536.17 186.19 30310.14 181.43
g* 29521.36 186.28 25197.14 218.25
Ykb 29536.17 186.19 30310.14 181.43
Ysv 35586.14 154.53 27753.03 198.15
Yk 27662.89 198.79 29939.74 183.68
Yak 25164.29 218.53 18961.37 290.03

where §* = §a, Urs, Ubby > Yobe & Jbg

5.2. Simulation Study

To generalize the results of the numerical study obtained in the preceding
subsection, a simulation study is performed on the lines of Singh & Horn (1998).
The data on variables x and y are generated from the normal population of size
N = 2000 using the following models.

x =45+ 2",

* S *
y=49+/(1—p3,)y" + pay (;;)z

where z* ~ N(15,10) and y* ~ N(20,15) possess independently normal distri-
butions. We have taken duly opted values of the correlation coefficient p,, =
0.7,0.8,0.9 to observe the performance of the proposed estimator. A large prelim-
inary sample of size n’ = 1000 is drawn from the population. Now, a random sub
sample of size n = 100 for case I and an independent random sample from the
population for case II are drawn. Based on 10,000 iterations, the MSE and PRE
of different estimators T' regarding the usual mean estimator are computed using
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the following expressions.

| 10,000
MSE(T) = T, —Y)2,
(T) 10,000 ; ( )
V ()
PRE = ———— x 100.
MSE(T) ~

The MSE and PRE values are reported in Table 5 for different values of correlation
coefficient.

5.3. Discussion of Results

The discussion of the results may be read out in the following points.

(i).

(iv).

The MSE and PRE of the proposed and existing estimators are examined
by using Population 1 based on food cost and family income, Population
2 based on height of people and weight of people, Population 3 based on
number of teachers and number of students both in primary and secondary
school, and Population 4 based on level of apple production and number
of apple trees. The results are reported in Tables 1-4, respectively, which
show that the proposed estimator dominates the usual mean estimator ¥,
the classical ratio estimator ¥,, the classical difference estimator 34, Kumar
& Bahl (2006) estimator gxp, Singh & Vishwakarma (2007) estimator ¥y,
Singh (2011) estimator 7, Kalita et al. (2016) estimator g5, Bazad & Bazad
(2019) estimators gps,, @ = 1,2, and Bazad & Bazad (2019) estimator g, in
both the cases by lesser MSE and greater PRE.

. Furthermore, the MSE and PRE of the proposed and existing estimators are

calculated using artificially generated normal population, and the simulation
results are reported in Table 5 for different values of the correlation coeffi-
cient, which also show the dominance of the proposed estimators over the
existing estimators in both cases.

The results of Table 5 indicate that the PRE increases as the correlation coef-
ficient increases. This means that the performance of the proposed estimator
being measured (in terms of PRE) becomes relatively better as the corre-
lation between the variables increases. This suggests that as the strength
of the relationship between variables improves, the proposed estimator per-
forms more efficiently relative to the existing estimators.

. Moreover, the results reported from Table 1 to Table 5 show that the pro-

posed estimator performs better in case II compared to case I. This means
that the proposed estimator is more efficient or accurate when the second-
phase sample is drawn independently (Case II). This might be due to the
fact that independent sampling reduces the overlap between samples, al-
lowing the estimator to capture more diverse or representative information,
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leading to better performance. In contrast, in case I, where the second sam-
ple is a subset of the first, the proposed estimator may be limited by the
smaller and less varied data.

TABLE 5: Simulation-based comparison of MSE and PRE of the proposed and existing
estimators for artificially generated normal population at different levels of
correlation coefficient (pqy).

Py 0.7 0.8 0.9
Estimators MSE PRE MSE PRE MSE PRE
Case 1

Um 28.72 100.00 70.22 100.00 239.41 100.00
Ur 114.26 25.13 156.63 44.82 294.49 81.29
g* 15.05 190.80 26.94 260.60 54.30 440.83
Ykb 28.08 102.27 69.69 100.75 235.98 101.45
Yswv 45.81 62.68 87.78 79.98 242.79 98.60
Uk 100.85 28.47 101.22 69.36 91.81 260.76
Yak 12.73 225.57 24.81 283.00 51.99 460.43
Case 11

Um 50.26 100.00 70.22 100.00 239.41 100.00
Ur 148.72 33.79 167.13 42.01 302.92 79.03
g* 22.76 220.79 26.82 261.77 53.79 445.04
Ykb 49.88 100.75 69.73 100.69 235.86 101.50
Yswv 70.84 70.94 90.19 77.85 244.32 97.98
Uk 111.27 45.16 111.29 63.09 100.93 237.19
Yak 20.12 249.80 22.71 309.15 50.42 474.83

where §* = Ya, Yks, Ubby > Yobo & Ybg

6. Conclusion

The present study developed an efficient class of logarithmic-type estimators
for estimating the population mean under TPS and investigated its theoretical
properties. The efficiency conditions were derived and supported through a com-
putational study based on both real and artificially generated populations. The
numerical and simulation results reported in Tables 1-5 indicate that the suggested
class of estimators generally performs favorably compared to the usual mean es-
timator, the classical ratio and difference estimators, Kumar & Bahl (2006) es-
timator, Singh & Vishwakarma (2007) estimator, Singh (2011) estimator, Kalita
et al. (2016) estimator, Bazad & Bazad (2019) estimators, and Bhushan & Gupta
(2019) estimator under the derived efficiency conditions.

The empirical findings show that the proposed estimator often attains smaller
MSE values and higher PRE values across several populations and simulation set-
tings. However, the magnitude of improvement over some competing estimators
varies across populations and, in certain cases, remains relatively modest. There-
fore, while the proposed estimator demonstrates encouraging performance and
competitive efficiency, the claims regarding its superiority should be interpreted
within the context of the specific sampling situations and population structures
considered in this study.
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It is also observed that the suggested class of estimators tends to perform better
in Case II as compared to Case I for most of the considered populations. Owing
to its flexible logarithmic-difference structure, the proposed methodology may be
useful in various engineering, reliability, and management applications involving
the estimation of population mean using auxiliary information in a two-phase
sampling framework.

The proposed class of estimators can further be extended and modified for pro-
portion estimation under ranked set sampling (Zamanzade & Mahdizadeh, 2017,
2018, 2020) and (Zamanzade & Wang, 2018) which remains a possible direction
for future research.
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Appendix A

The variance of the estimator ¢, is given by
V(ijm) = fnY?C3, (A.13)
where f, = (n7! — N71).
The MSE equation of the estimator g, in case I and case II is given by
MSE(G:)r = Y?[fuCh + fun (CF = 22y CoCy), (A.14)
MSE(G:)rr = Y?[fuCy + (fu + [ )C5 = 2fnpey CaCyl, (A.15)
where f; = (n/ TP NTY, faw = fu — fo and pay Dossess the coefficient of
correlation between the study variable y and the auxiliary variable x.

The MSE equation of the estimator g4 in case I and case II is given by

2
_ d\’ d
MSE(gd)II =y? fnCyQ + (fn + fn’) <R) Ci +2 (R) fnpwycascy 3

where R =Y /X.

The minimum MSE of estimator §q at the optimum value of d = —Rp,,,(C,,/Cy)
in case I and at the optimum value of d = —(f,/(fn + fu))Rpzy(Cy/Cy) in case
IT is given by

min MSE(gd)I = YQCS [fn - fnn’piy]a (A'16)
min MSE(§a)rr = Y f,C; [1 — (ffrnf/) piy} : (A.17)
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The MSE expression of the estimator g, in case I and case II is given by

n n

MSE (i) = Y? {fan + =) frnt ((n’ — c? — 2pzycxcy)] , (A.18)

n

(n" —n) ((n’Ti n)

MSE(Zka)II = }72 |:fncy2 + (fn + fn’)Cg - anpmyczcy>:| .

(A.19)

The MSE of the estimator s, in case I and case II is given by

5 C

MSE(Ys)1 = v? |:an§ + (fn — frr) 4?c —(fn — fn’)pxyczcy] ) (A.20)
2

MSE(§sv)11 =Y? {fncj + (fu + fur) C;T — fnpwcxcy] ) (A.21)

The minimum MSE of the estimator . at the optimum value of k = [1+ f,,,/ (C2 —
PayCaCy)]/1(1 + fncz + fan (C3 = 202y CuCy) + 2 frns (CF — puy C2Cy))] in case T
and at optimum value of k = [1+4 f{C2 — pu, Co Cy Y /{1 + fnC; + (fu + fnr)C2 —
2frpryCaCyt + 2fn(C2 — pryC:Cy)] in case 11 is given by

. _ - k—=1)? + k> { fC2? + frun (C2 — 2p,,,CoCy) }
MSE — Y2 ( nYy nn T zy“ 'y

win M5 (yk)l |: +2k(k - 1)fnn/(0§ - pxnyOy) ’
(A.22)
_ _ _ k=12 + E2{f,C? + (fn + fur)C2% = 2f0p2yCuCy}
(A.23)

The MSE of the estimator ¥, at optimum values of o = [{2p,,Cy/(1 — g)Cs} —
{9/(1—g)}], B = 1—ain case I and at the optimum values of & = [{2f,,p5,Cy/(fr+
fu)(1 = 9)Cuk — {g/(1 — )}, B=1—a in case L is given by

The MSE of the estimator g, in case I and case II is given by

MSE (G, )1 = Y2C} [fn = frm 0%y (A.26)
MSE (i, )11 = Y fnC, [1 - (fn f—nfn> Piy} : (A.27)
The MSE of the estimator g, in case I and case II is given by
MSE (§p,)1 = Y?Cy [fn = fan'P2y] (A.28)
MSE (o, )11 = Y fnC,, [1 - (fn ffn/) Piy} - (A.29)
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The minimum MSE of estimator g, at the optimum value of 8 = —p.,(C,/C3)
in case I and at the optimum value of 0 = —(f,/(fn + fn'))p2y(Cy/Cs) in case II
is given by

minMSE(Yog)1 = Y2C§ [fn — fnn’piy]a (A.30)
minMSE (§og) 11 = Y fuCl) [1 — (fff) piy:| : (A.31)

Appendix B

Case-I. In order to derive the MSE of the suggested class of estimators, the
following notations are used.

g=Y(1+e),T=X(1+e)and ¥ = X(1+ ¢€}) such that E(eg) = E(e;) =
E(ey) =0, B(e§) = fuCy, Elel) = fuCZ,  E(ef) = fwCZ,  Eleo,e1) =
frnpayCaCly, E(ere]) = frC?  and  E(epe)) = Jrr payCaCy,
where f, = (n=' = N7Y), f, = (0" = N7V, faw = fu — fu, Cy = S,/Y,
Cy = S;/X and pyy = Syy/S:S,. Here, S2 = SN (y; — V)?/(N — 1), S? =
S = X)?/(N = 1) and 85, = 5L, (5 = V) (@i = X)/(N = 1),

The suggested estimator 7, is expressed in terms of ¢’s as

_ _ _ o 0
Yak = [u1Y(1+ep) +we {X(1+e)—X(1+e€h)}] x [1 + log { ggiz,ﬂ H )

>

. [w1(1+eo)—|—w27(61 —e’l)} X [1+1og{(1+el)(1+e’l)—1}]9 )

=Y {wl(l—i—eo)—f—wg?(el —e’l)} x [1+1log{(1+e1)(1—e|+e’ —...)}]0.

>

By expanding the right-hand side of the above expression using the Taylor series
method, multiplying out and ignoring the error terms with powers greater than
two, provide

L+eg+0(er —ef) — L(e2 —er?)

T % - - % — €} + Ot
Yak =Y | w1 +9(92 1)e§ + 0(92 1)61/2 + feper + w2% ( . /621 . /
! / +0€1 — 296161
—fepe] — 6(6 — D)ese]

By subtracting Y on both sides of the above expression, provides
1+eg+0(e; —ef) — g(ef —e1?)

B B B - 7 _ ! _|_0 2
Jak —Y =Y | wy +9(92 1)6% + 9(92 1)61/2 + fegey + w% ( e1 /621 €1 ) —1
, , +0e1’ — 20e;€]
—fepe] — 6(6 — 1)ere)

(B.32)

Applying the expectation to both the edges of (B.32), provides the bias of the
estimator . in case I as

_ 2 X
Bias(gak)l =Y |:’U}1 {1 + (92 - 9) fnn’Ci + efnn’pwyowcy} + w279fnn’cg - 1:| )
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which can further be written as
Bias(Yar)r = Y (w1 D + we E — 1),

where D =14 (62/2 = 0) fun'C2 + 0 frn payCoCy and E = (X /Y )0 frn C2.
Again, squaring and applying expectation at both edges of (B.32), provide the
MSE of the estimator g, in case I as

1 +w% {1 + [nC2 42000 — 1) fru C2 + 40 frins pory CoCy }
+wis - fan C2 + 2w1w2Y (260 frn' C2 + frn payCaCy)
—2u, {1+( = 0) FanrC2 + 0 fuw py CaCy | :
—2w270fnn/C’I

MSE (o) = Y?

which can further be written as
MSE(§ar)r = Y2[1 + wiA + wiB + 2wyweC — 2w D — 2wy E). (B.33)

where A = 1+ f,C7 + 2000 — 1)(fn — fu)C2 + 40(fn — fo)peyCCy, B =
(fo = fu)C2/R2, € = {20(f — fur)C2 + (fu — nn@CC}MI%ﬂﬂ%m—)wr
fn’)C§+9(fn_fn’)pmyCsz:Eze(fn_ fa)C3 /R, and R=Y/X.

By differentiating the MSE expression given in (B.33) w.r.t. w; and wy and equat-
ing to zero, provides

(BD—-CE)

(AE - CD)
Witont) = (A5~ C?)

and - waom) = A 0R)
Putting w(op) and wy(opy) in (B.33), provides

(AE® + BD? — 2CDE)
(AB = C?)

min MSE(§ar)r = Y? |1 —

Case-II. To obtain the MSE of the suggested class of estimators in case II, let
g=Y(1+e),T=X(1+e)and ¥ = X(1+ ¢€}) such that E(eg) = E(e;) =
E(e)=0, B(e3) = faC2  E(c}) = fuC2,  E(e?)=fuC2  Eleg,er) =
frnpayCaCly, E(ere]) =0 and E(epe]) =0

Squaring and applying expectation to both edges of (B.32) and using the above
notations, provides the MSE of the suggested class of estimator in case II as

1+ w% {1 + fnC2 +260(0 — 1>(fn + far)C2 + 40 frp2y CoCy }
+wi s > (fu + fu )C2 + 2wiwe 3 (20(fn + frr)C2 + frpayCaCly)
—ouw, {1 v (— - e) (fo + fur)C2 + anpwwaCy}

_2w2y (fn + for )02

MSE(§a)1r = Y?

(B.34)
which can further be written as

MSE(Yar)rr = Y?[1 + wiF + wiG + 2wiwo H — 2w I — 2w J). (B.35)
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where F = 1+ f,C2+20(0—1)(fn+ fr ) C2 440 f.02yCCy, G = (fr + fnr)C2/R?,
H = {20(fn + fn)C2% + fnpayCaCy} /R, I =1+4(0%/2 = 0) (fr+fr')C240 fripay Co Oy,
and J = 0(f, + fn)C2/R.

By differentiating the above MSE expression w.r.t. ¢; and 11, provides

(GI — HJ)

(FJ—HI)
W1(opt) = (FG — H?)

and w2(opt) = m

Putting w1 (opr) and wo(opyy in (B.35), provides

(FJ?+GI? —2HIJ)

in MSE(g, =Y?|1-
min S (y k)II (FG—H2)
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