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Abstract

Accelerated lifetime test is a widely used and effective approach in relia-
bility analysis because of its shorter testing duration. In this study, we study
the Gompertz distribution under constant stress accelerated lifetime testing
and make two assumptions regarding the relationship between the scale pa-
rameter and stress levels; one assumption is the Simple Linear Model and the
other is Inverse Power-Law Model. The objective functions for the four esti-
mation methods: maximum likelihood estimation (MLE), least squares esti-
mation (LSE), maximum product spacing estimation (MPSE), and Cramer-
von Mises estimation (CVM) are obtained. We present a Monte Carlo simu-
lation for two models by using four estimation methods under varying sam-
ple sizes. Additionally, we evaluate the performance of the scale parameter
and reliability function under different scenarios. The comparison of mean
squared error serves as a critical indicator for evaluating the performance of
different methods and models. Furthermore, the scale parameter and relia-
bility function are obtained based on the estimation results. Finally, a real
dataset is analyzed to demonstrate the most suitable accelerated life model
and calculate the Kolmogorov-Smirnov (K-S) distance and p-values to judge
the model’s performance.

Keywords: Accelerated lifetime test; Cramer-von Mises method; Gompertz
distribution; maximum product spacing.

Resumen

La prueba de vida acelerada es un enfoque ampliamente utilizado y efec-
tivo en analisis de confiabilidad, debido a que permite reducir la duracion de
los ensayos. En este estudio se analiza la distribuciéon de Gompertz bajo prue-
bas de vida acelerada con esfuerzo constante y se consideran dos supuestos
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para describir la relacién entre el parametro de escala y los niveles de es-
fuerzo: el modelo lineal simple y el modelo de ley de potencia inversa. Se
obtienen las funciones objetivo correspondientes a cuatro métodos de esti-
maciéon: maxima verosimilitud (MLE), minimos cuadrados (LSE), maximo
producto de espaciamientos (MPSE) y Cramer-von Mises (CVM). Se desar-
rolla un estudio de simulacién de Monte Carlo para comparar ambos modelos
bajo diferentes tamafios de muestra y métodos de estimacion. Ademaés, se
evalia el desempeiio del parametro de escala y de la funcion de confiabilidad
en distintos escenarios. La comparacion mediante el error cuadratico medio
permite valorar el comportamiento de los métodos y de los modelos con-
siderados. Finalmente, se analiza un conjunto de datos reales con el fin de
identificar el modelo de vida acelerada méas adecuado y calcular la distancia
de Kolmogorov-Smirnov y los valores p asociados para evaluar el ajuste del
modelo.

Palabras clave: Distribuciéon de Gompertz; Maximo producto de espaci-
amientos; Método de Cramer-von Mises; Prueba de vida acelerada.

1. Introduction

Reliability study has gained paramount importance in diverse industrial sec-
tors, including electronics, automotive systems, and automation technologies. De-
spite its significance, traditional reliability testing often incurs prohibitive costs
due to the lengthy durations required to observe failure times under normal oper-
ating conditions. For high-reliability products, such as aerospace components or
medical devices, failure events may manifest only after years or decades of service,
which makes the traditional testing method unfeasible. To address this problem,
accelerated lifetime test (ALT) was introduced by Nelson (2004), revolutionizing
reliability experimentation. ALTs are efficient industrial experiments for obtaining
measures of a device reliability under the usual working conditions. By subjecting
test units to elevated stress levels such as increased temperature, voltage, or me-
chanical load-ALT accelerates failure mechanisms while maintaining failure mode
consistency with normal conditions. This approach enables the extrapolation of
lifetime characteristics through mathematical modeling of stress-life relationships,
significantly reducing both testing time and cost. Accelerated lifetime modeling
has been systematically advanced by Burroughs & Tebbens (2001) (parametric
models for degradation processes), Meeker & Escobar (2014) (statistical frame-
works for ALT data) and Limon et al. (2017) (adaptive stress test design). Nelson
(2005a,b) provides a brief background on accelerated testing and test plans. There
are various methods for designing stress in accelerated lifetime test, including con-
stant stress, step stress and ramp stress which can be found in Hussam et al. (2022)
and Zhuang et al. (2023), and many others.

Furthermore, a combination of these methods can be utilized in experiments.
However, Constant stress accelerated lifetime test (CSALT) is the most commonly
used approach in studies, as it allows for the collection of more accurate and re-
liable data through a simpler testing process. We can learn more about optimal
constant-stress accelerated life test framework from Ling (2022). What’s more,

Revista Colombiana de Estadistica - Theoretical Statistics 49 (0000) 349-376



Gompertz Distribution under Constant Stress Accelerated Lifetime Testing 351

many researchers have explored CSALT using various distributions. For instance,
Nassar & Dey (2018) investigated the exponentiated Rayleigh distribution under
CSALT, while Kumar et al. (2022) studied CSALT based on the generalized in-
verse Lindley distribution. Wu & Peng (2025) analyzed the maximum likelihood
estimators for the individual lifetime performance indices using progressively type
I interval-censored samples while the lifetime of the ith part of products follows a
Gompertz distribution for either independent or dependent cases.

Wang & Gui (2021) discussed the estimation of the parameters for Gompertz
distribution, first proposed by Gompertz (1825), using general progressive Type-
IT censoring. They calculated the maximum likelihood estimates, based on the
Expectation-Maximization algorithm. Moreover, the Bayesian estimates are con-
sidered under different loss functions. But in the present paper, we study the
Gompertz distribution under constant stress accelerated lifetime testing and pro-
vide its application. This distribution is widely used in survival analysis, actuarial
science, and demography to model processes where failure rates increase with time.
This distribution is notable for its ability to model the increase in human mortality
with age, as well as the aging-related failures of equipment or systems over time.
These characteristics underpin its broad applicability in reliability studies.

This article focuses on statistical inference and establishes several objectives.
Firstly, we aim to select an appropriate relationship between stress levels and the
scale parameter in the Gompertz distribution. To accomplish this, we employ four
estimation methods: maximum likelihood estimation (MLE), least squares estima-
tion (LSE), maximum product spacing estimation (MPSE), and Cramer-von Mises
estimation (CVM). The performance of two models under these estimation meth-
ods is compared using their mean squared errors (MSEs), as discussed by Allen
(1971). The foundations and methodologies of MLE, LSE, MPSE, and CVM have
been explored extensively in works by Jiang & Wang (2009), Fan & Yu (2013),
Ghaly et al. (2016), and Dey & Nassar (20200,a), among others. Additionally, we
conduct Monte Carlo simulations across different sample sizes—small, medium,
and large—to assess the models’ performance under varying conditions. Insights
into Monte Carlo simulation methodology can be found in Harrison (2010). Sec-
ondly, based on the estimations obtained in the first objective, we calculate the
scale parameter and reliability function for the two models. This allows us to
further evaluate the performance of the models and assess the accuracy of apply-
ing high-level estimators to standard conditions. Lastly, we use a real dataset to
illustrate the advantages of the better-fitting Gompertz distribution model, high-
lighting its practical application and reliability in real scenarios.

The structure of this article is organized as follows. In Section 2, we discuss
the fundamental properties of the Gompertz distribution and propose assumptions
regarding the relationship between its scale parameter and stress levels. Section
3 focuses on deriving the objective functions for the four estimation methods:
maximum likelihood estimation (MLE), least squares estimation (LSE), maximum
product spacing estimation (MPSE), and Cramer-von Mises estimation (CVM).
Moreover, we deduce the formulas for the scale parameter and the reliability func-
tion. Section 4 presents the simulation study for two models under varying sam-
ple sizes. Additionally, we evaluate the performance of the scale parameter and
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reliability function under different scenarios. In Section 5, a real dataset is studied,
and we calculate the Kolmogorov-Smirnov (K-S) distance and p-values to judge
the model’s performance on this dataset. Finally, in the concluding Section 6,
we summarize our findings and discuss model selection based on the Gompertz
distribution.

2. Model and Assumptions

The random variable T, assumed to represent the lifetime with value ¢, follows
a Gompertz distribution. Its probability density function (pdf) is given as:

f(t;m,b) = nexp (btf%(e{bt}fl)), t>0,n7,b>0. (1)

The pdf in Equation (1) was first proposed by Gompertz (1825). The cumulative
distribution function:

F(t;n,b)=1—e><p(—%(e{bt}—1)), t>0,7,b>0, (2)
with the reliability function:
R(t;n,b) = exp ( - %(e{bt} - 1)), t>0,n,b>0, (3)
and the hazard rate function is given by:
h(t;n,b) = nel®t, t>0,n,b>0. (4)
The index of the Gompertz density function is jointly determined by the param-
eters 7 (the scale or initial risk intensity) and b (the risk growth rate), and it

exhibits two typical patterns, which can be seen in Figure 1.

Gompertz Density Function: Different Parameter Sets
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F1GURE 1: Density of Gompertz distribution.
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When b > n, the graph of the density function shows a unimodal and right-
skewed distribution. It reaches its peak at the mode position t,,0qe = %ln% and
then decays at an exponential rate. When b < 7, the density function displays
a monotonically decreasing trend, reaching its maximum value at ¢ = 0, with
f(0) = n. The density function continues to decrease as t increases, without
exhibiting any local extrema.

The following assumptions are made for parameter estimation in constant stress
accelerated life testing (CSALT) based on the Gompertz distribution:

i) There are totally N identical units, which are separated into K groups with
sizes, ni,na,...,nk, and Z;ilnj = N.

ii) There are K levels of accelerated stress, denoted as Sy;y for j =1,2,..., K,
which are each applied to n; independent test units, where j = 1,2,..., K.
Here, Sy represents the normal stress condition, and the stress levels follow
an increasing relationship:

So<S1 <S8y << Sk.

iii) There are two assumptions regarding the relationship between the scale pa-
rameter 7 and the constant stress Sy;):
Assumption 1: Simple Linear Model (Model 1):
nj = a+ cSgjy- (5)
Assumption 2: Inverse Power-Law Model (Model 2):

n = aSEj}) (6)
where a and ¢ are unknown parameters.
iv) t;; represents the lifetime of the i-th unit under the j-th stress level.

v) The scale parameter 7 has a direct relationship with stress level Sy;y:
In Model 1:
nj = a-i-CS{j}, (7)
and in Model 2:
nj = aSy- (8)

3. Different Methods for Estimating Parameters in
Two Models

In this section, four estimation methods are considered: (i) maximum likeli-
hood estimation, (ii) least squares estimation, (iii) maximum product of spacings,
and (iv) Cramer-von Mises estimation. These methods are employed to estimate
the parameters under the two proposed stress-life models. Dey et al. (2018) pro-
vided a comprehensive investigation of estimation methodologies for the Gompertz
distribution, offering valuable insight into parameter estimation.
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3.1. Maximum Likelihood Method

Maximum likelihood method is widely used in the estimation of parameters.
Based on (1), we derive the joint maximum likelihood functions for two models as:

Model 1:

Li(a,b, cld) = TGL T2 ((a+ eSgjy)e™ exp [ — LbS{J} (=) @
and Model 2:
P o 1)), o)

where d represents t;; = t;;|j =1,2,...,K;i=1,2,...,n

Ls(a,b, cd) = Hleﬂ?él(anj}e{btfj} exp [ —

j.
The log-likelihood function, denoted by I(a,b,c), is the natural logarithm of
the likelihood function L(a, b, c|d) as:
l(a,b,c) =1n L(a,b, c|d),

and for models 1 and 2, we have

Model 1:
li(a,b,cld) = %Jr 3 nj(csl;{j} (a+cSgy))
j=1
K ny
+ZZ by — el 550 (11)
and Model 2:
K
lo(a,b,cld) = an +1n(a5{]}))
+§:i etbtis} Sfa}) (12)
j=1i=1 b
respectively.

We can obtain the MLEs (results estimated by maximum likelihood method)
of parameters a, b and ¢ in Model 1 by solving the following equations:
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Furthermore the MLEs of parameters a, b and ¢ in Model 2 can be obtained
by solving the following equations:

aly btwsm

K n;S{.
F D DAL D DAY =0,

oy _ K "J“Sm bt tuasm bt Sm
=2 "‘Z; L ity (tiy — ettt + efbtis} ) =0,

bt c
el tU}aS{j} InSgjy -0
— =0

o _ K K njaSi;,InSgy K
9c Zj:l n;In Sgjy + Zj:l b - Zj:l > il
However, since the above equations do not have closed-form solutions, numerical
techniques are required to address these problems.

3.2. Method of Least Squares

The goal of the least square method is to minimize the sum of the squared
differences between the model’s predicted values and the actual observed data
points. Within the framework of accelerated life tests under the Gompertz dis-
tribution, the empirical distribution function is approximated using the estimator
ﬁ, which represents the cumulative proportion of failures observed at the i-
th ordered failure time under the j-th stress level. This approximation is widely
adopted in statistical inference for right-censored lifetime data analysis, providing
a consistent and asymptotically efficient estimator of the underlying distribution

function. The estimations can be obtained by minimizing the following formulas:
Model 1:

K a+ CS{ bt} ) 2
J tij _ _ _
Si(a, b, c|d) ; ; [exp ( A ( 1)) <1 et 1)}13)
and Model 2
-\ a5t i \T?
Sa(a,b,cld) = ZZ [exp (— Tj(e{bt”} - 1)) - (1 - 1)] (14)
j=11i=1 g+

The LSEs (results estimated by method of least square) under Model 1 can be
obtained by solving the following three nonlinear equations:

9S1(a,b,c) abc ZZ exp ( a+65{g}( (bt 1)) — (1

1)]¢1(ij):0

j=11:=1 b nj+
01 0 Y _a+teS ) ' )
1 a,b,c) ZZ exp ( - {J}( Pty — 1)) — (1 - n'z_’_l)]il)Q(lj) =0,
j=11i=1 J
and
851 (a, b, W + Sy ) -
1a c) ZZ exp a Z{J}(e{btu}fl))f(l— : 1)]1/)3(1]):0,
j=11i=1 nj+

Revista Colombiana de Estadistica - Theoretical Statistics 49 (0000) 349-376



356 Abouzar Bazyari

where
. 1 g a+ ¢Sy y
di(i) = (" — Dexp (- — 7 (") — 1)), (15)
Va(ij) =
a+cSy; 3 (a+ cSgy)(efbtist — 1) 3
exp (- T{]} (e®} —1))(~ = b2 tij(a+ cSg)et™ ),
(16)
and
iy Sy g a+cSg; y
dali) = ==~ Dexp (- — () 1)), (17)

The LSEs under Model 2 can be obtained by solving the following three nonlinear
equations:

S5 (a, b, c) K 2 aS{;, y i .
e 2; 2 [exp ( — Tj(e{btj} - 1)) - (1 - g+ 1)]¢1(U) =0,
955(a,b,¢) _ o~ OS5y [ bty i ’
PGRD <23 e (= A ) = (- et <o
and
053(a, b, c) _ QEK: - ox as{;y (e{bt”} 1)) - (1- ¢ b5(ij) =0
Oc e P b n; +1 3\
where
S¢. aS§,
o1 (ij) = f%(e{btw} —1)exp (- 7{){”’ (et} — 1)), (18)
g aSy; y (aS§;y)(etPht —1) , 3
9a(ij) = exp (= — 2 (") — 1)) (- tij(aSt;y)et™ ), (19)
and
S¢..In Sy, S¢.
p3(if) = ,a{J}%bn{j}(e{btu} —1)exp ( — %(6{““} — 1)) (20)

All of the above equations do not have closed-form solutions. We need to learn
a numerical technique from Gill & Murray (1978), who studied algorithms for
solving linear least-squares problem.
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3.3. Method of Maximum Product of Spacings

The maximum product of spacings estimates parameters by maximizing the
geometric mean of uniform spacings, defined as the differences between consecutive
cumulative distribution function (CDF) values of ordered data. For a random
sample t1,t2,...,tn, let tq) < to) < - < () denote the order statistics. The
spacings are computed as

DiZF(t(i))—F(t(ifl)), 1=1,2,...,n+1,

where F'(.) is the theoretical CDF, ) = 0, and t(,,;1) = oo. In the end, we need
to maximize H?illDi. For the j-th stress group (j = 1,2,..., K), let t(1); < t2); <

- <t(y;);- denote the order statistics of the observed lifetimes {t1;,%2j,...,t,,;}.
These ordered data facilitate the computation of spacings.

Dij = F(twu);) — F(tu-1);), i=1,2,...,n;+1,

which are used in the method of maximum product of spacings to estimate pa-
rameters across stress levels.

The cumulative function for two models are given as follows:
Model 1:

Sy
Rltane = 1-ep (-0 e o) e
and Model 2:
aS¢
Fy(tyiabe) = 1 exp< ;J}( et} 1)). (22)

Furthermore, we derive the D1;;(D;; calculated in Model 1) and Dy;; (D;; calcu-
lated in Model 2):

Dy ij(tijla, b, c) = Fi(tijla,b,c) — Fi(ti—1,;la,b,c),
and

Dy j(tijla,b,c) = Fa(tijla,b,c) — FQ(t(i—l),j

a,b,c).

The final objective formulas, which are expressed as M (a, b, c) and Ms(a, b, ¢) are
derived as follows:

+
—

nj

K
CUDEDY w1 (D1,3;(tila, b, ),
1

=

3

<.

and

3
<
+
—
—_

MZ(aa ba C) =

M=

In (Dy.ii(tiila, b, c)).
Zlnj+1n( 27.7( ]|a C))

<.
Il
—
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The MPSEs (results estimated by method of maximum product of spacings) under
Model 1 can be obtained by solving the following equations:

K nj+1

3M1 (a,b,c)
= Z (n, + Dy, (a,b7 ) [Y16i) = Yra-1)5] =0,

j=1 i=1

[bai) — Yagi-1);] = 0,

aMlabc i
n3+1 ’L](abﬂ)

and

OMi(a,b,c) EK:

9 [$si) — bagi—1);] = 0.

(n; +1) ”(a b, 8)

Furthermore the MPSEs under Model 2 can be obtained by solving the following
equations:

8M2abc EK:

g P ] =0
1 i=1 D;

(n; + 1)Dyy(a.b, B) [2(ij) — P2(i—1);] =0,

J=1 =1
and
K n;j+1
8M2 a b C J 1
d)‘ 7] _¢ i—1)7 :0’
Jz:; i=1 +1)Dyj(a, b, B)[ 3(17) 3( 1)]}

where wl(”), 7!)2(2]), '(/)5(2]), ¢1(”), ¢2(lj) and (bs(”) are defined in Equations (15)*
(20).

3.4. Method of Cramer-von Mises

The Cramer-von Mises criterion is a minimum-distance estimation approach,
which minimizes the difference between the observed empirical distribution and the
theoretical distribution. The Cramer-von Mises estimators (CVMs) are obtained
by minimizing the following objective function:

W2 = /_OO (Fu(x) — F(x:6))°dF (z;0),

where F,,(x) is the empirical distribution function, F(z;6) is the theoretical cu-
mulative distribution function parameterized by 6. Based on the aforementioned
theories, the objective function to be minimized can be expressed as follows:
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Model 1:
K nj .
1 2t — 1.2
Cy(a,b,cld) = N ; 2 (Fi(tsy) — o )7, (23)
and Model 2:
K nj .
1 21— 1.2
Ca(a,b,cld) = o ; 2 (Fa(tij) — le) : (24)

CVMs (results estimated by Method of Cramer-von Mises) under Model 1 can be
obtained by solving the following equations:

3

’ % — 1
() =1)) = =Ty =0,

J S
1_exp(_a+ch

0Ci(a,b,c) Li
Oa 6N =

! 2 — 1
(et} = 1)) - on, J¥25) = 0,

dCi(a,be) 1 i

_atcSy
ab 6N b

and

aC (a,b,c) 1 ' a+ ¢Sy, 3 2 —1
T = e oo e (= T () 1)) = Ty =0

CVMs under Model 2 can be obtained by solving the following equations:

9Cs(a,b,c) 1 el asSy; 2i—1
Y SR YIS
9Cs(a,bc) 1 Gy ot 2i—1
TZGT\[;Z:I [1—exp(— bJ ({bt b ))‘ o, }¢2(”):O
and

8Cs(a, b, c) 1 Y @S54y o oty 2i—1
Ta Tt m T D ) = T e =0

where ¢1(ij)a ¢2(ij)a ¢3(ij): ¢1(ij)7 ¢2(ij) and ¢3(ij) are defined in equations (15)—
(20).

Finally, the estimators of 7; for the two models are derived from the MLEs,
LSEs, MPSEs, CVMs of parameters a and c, where n; follows the stress-lifetime
relationship in Gompertz:
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Model 1:
i =a"+ &8y,
and Model 2:
i = a"SGy,
where a*, b* and ¢* denote the estimates of a, b and ¢, respectively, obtained

through each of the estimation methods discussed above.

Under normal stress level S, we can obtain the scale parameter from the
following formulas:

Model 1:

Ty = @ + ¢Sy, (25)
and Model 2:
Ty = a*S¢ . (26)

Furthermore, the reliability under usual condition S, at the lifetime t;, can be
predicted by

Ry (to) = exp (- Z—Z(e?’*to -1)).

4. Simulation Study

We carry out a Monte Carlo simulation study to compare the fit of two models
applied to the Gompertz distribution. Additionally, we evaluate the performance
of four different parameter estimation including MLEs, LSEs, MPSEs, CVMs by
analyzing the estimated values and their corresponding MSEs. For the study, we
consider three levels of stress (57 = 0.5, Sy = 0.75, S3 = 1) and vary the initial
values of parameters a and ¢, while initial value of b is 0.5.

The simulations are conducted by selecting sample sizes N = 30, N = 60,
N =90, N = 200, and N = 500, with N being equally allocated across each
stress level. Each simulation is replicated 10,000 times to compute the average
estimation results and the MSEs for each estimator. The detailed simulation
process is carried out as the following steps:

e Set the initial values of a, b and c, stress level Sy}, simulation scale NV, and
the two different forms of 7, which can be seen from Equations (25) and (26).

e Generate N random samples from the Gompertz distribution under CSALT,
and assign IV equally to each stress level.

e Obtain the MLEs, LSEs, MPSEs and CVMs under the two models.
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e Replicate steps 1 to 3 a total of 10,000 times, and then calculate the mean
squared errors for the MLEs, LSEs, MPSEs and CVMs.

We obtain the simulation results by using R software. The complete numerical
results for the parameter estimates, mean squared errors, predicted scale parame-
ter, and reliability function are reported in Appendix A to improve the readability
of the manuscript.

In each table, the average values of the estimates are reported, and the cor-
responding MSEs are given in parentheses. Based on the results reported in Ap-
pendix A the following conclusions can be summarized:

e Under Model 1, the MLE method generally presents the lowest MSEs re-
gardless of sample size.

e Under Model 2, the four estimation methods show comparable performance.

e In Model 1, the estimates of b show lower MSEs, and the MSEs of n are
generally small.

e In Model 2, the MSEs associated with ¢ are higher than those associated
with the remaining parameters.

e Comparing both models, the MSEs of Model 2 are considerably smaller than
those of Model 1, indicating that Model 2 provides a better fit for the Gom-
pertz distribution under CSALT.

e The estimated value 77 increases with the stress level, which is consistent
with the expected increase in the product failure rate under higher stress
conditions.

e The MSEs decrease as the sample size increases from N = 30 to N = 500,
confirming the improved accuracy and stability of the estimators for larger
samples.

The detailed results for Model 1 are reported in Tables A.1, A.2, A.3, A4,
and A.5; the detailed results for Model 2 are reported in Tables A.6, A.7, A.8, A.9,
and A.10. The cross-fitting simulation results are presented in Tables A.11-A.16.
The predicted scale parameter under normal stress and the predicted reliability
function are reported in Tables A.17 and A.18, respectively.

For a normal stress level of S, = 0.05, Table A.17 shows that, under Model 1,
for the same value of ¢, the predicted value of 1 decreases as a decreases. Similarly,
for the same value of a, the predicted value of 7 also decreases with decreasing c.
Under Model 2, for the same value of ¢, the predicted value of 1 increases with
increasing a. In contrast, for the same value of a, the predicted value of n decreases
as c¢ increases because S, < 1. These results indicate that Model 2 provides more
stable estimates and reflects the variations in 7, with changes in a and ¢ more
accurately.

Based on the estimators obtained for N = 90, Table A.18 reports the reliability
values at tg = 0.1,0.25,0.5,2. The results show that reliability decreases as t
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increases. However, under Model 2, reliability exhibits greater stability for longer
test durations, suggesting that Model 2 enables more effective reliability analysis
over extended time periods.

5. Real Data Analysis

In this section, a real dataset is used to illustrate the practical application of
the proposed methodology. We use the four previously mentioned methods to
estimate the parameters of Gompertz distribution under Model 2. Moreover, we
obtain the reliability function values of Model 2 at different time points and do a
compare them with those obtained from the Weibull distribution.

The real dataset was gathered in 2002 by ReliaSoft and has been previously
analyzed in studies conducted by Ghaly et al. (2016) and Dey & Nassar (2020a).
The data represent failure times, reported in years, of a pump motor used to pump
different liquids at various speeds. Liquid density is used as the stress variable,
with stress levels of 1 g/ml and 1.4 g/ml. The collected data are shown in Table 1.

TABLE 1: Times to breakdown for two stress levels.
Stress Level 1 2 3 4 5 6 7 8 9 10

1 g/ml 0.162 0.212 0.261 0.274 0.329 0.331 0.342 0.342 0.342 0.342
1.4 g/ml 0.103 0.129 0.137  0.159 0.190 0.192 0.209 0.281 0.284 0.294

We analyze the data by calculating the Kolmogorov-Smirnov (K-S) distances
and corresponding p-values for each stress level. Table 2 demonstrates the strong
overall performance of the model at two stress levels, 1 g/ml and 1.4 g/ml. For 1
g/ml, the K-S distance is 0.3113, accompanied by a p-value of 0.2868, indicating
a good fit between the distributions. At 1.4 g/ml, the model shows even greater
fitness, with a smaller K-S distance of 0.1928 and a significantly higher p-value
of 0.7854, reflecting a closer match. While both stress levels exhibit satisfactory
results, 1.4 g/ml exhibits a superior fit. In this study, we only use Model 2 to
estimate the parameters.

TABLE 2: K-S distance and p-value for each stress level.

Stress 1g/ml 1.4 g/ml
K-S 0.3113 0.1928
p-value 0.2868 0.7854

We use the four previously mentioned methods to estimate the parameters
a, b, ¢, n1, and 1y of the Gompertz distribution under Model 2. A summary
of these estimation results is provided in Table 3. The comparison between the
theoretical cumulative distribution curves and empirical data points under varying
stress conditions is visually apparent in Figure 2, which directly demonstrates the
fitness of the Gompertz model. Furthermore, we calculate the K-S distance along
with the corresponding p-value of four methods for each dataset unit. We show the
results in Table 4. At stress level 1.0, the CVM method performs best, with the
lowest K-S distance (0.2871) and the highest p-value (0.3180). The MLE and LSE
methods show similar and relatively good performance, with slightly higher K-S
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distances and lower p-values. The MPSE method performs the worst, having the
highest K-S distance (0.4567) and the lowest p-value (0.0200). At stress level 1.4,
the LSE method achieves the smallest K-S distance (0.1705) and the highest p-
value (0.8880). The CVM method ranks second, with a low K-S distance (0.2196)
and a high p-value (0.6448). The MLE and MPSE methods show relatively weaker
performance. Overall, the CVM method is the best fit at lower stress levels, while
the LSE method performs best at higher stress levels. The MPSE method shows
poor fitting results under both stress levels. In conclusion, a normal stress level
of S, = 0.08 is set to estimate the system parameters under normal conditions.
The reliability of the system at ¢o = 0.05,0.1,0.15,0.3 (in years) can be obtained
in Table 5.

TABLE 3: The estimations under four methods.

parameter MLE LSE MPSE CVM
a 0.052 0.205 0.170 0.111
c 4.553 4.008 3.167 4.862
b 18.588 12.488 15.826 14.992
71 0.052 0.205 0.170 0.111
n2 0.239 0.789 0.494 0.569

TABLE 4: K-S distance and p-value for each stress level under different methods.

Parameter MLE LSE MPSE CVM
1.0 0.3133(0.2271) 0.3119(0.2314) 0.4567(0.0200) 0.2871(0.3180)
1.4 0.2432(0.5186) 0.1705(0.8880) 0.2275(0.6021) 0.2196(0.6448)

TABLE 5: Reliability function values at different time points.

t MLE LSE MPSE CVM
0.05 0.9985 0.9942  0.9936  0.9972
0.10 0.9946 0.9835 0.9797 0.9913
0.15 0.9848 0.9637  0.9497  0.9790
0.30 0.7675 0.7577  0.5455  0.8010

Nu 0.0187  0.0837  0.0838  0.0374

Comparison of Fitting between Empirical Distribution and Theoretical Distribution
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F1GURE 2: Comparison between the empirical distribution and the theoretical
distribution.
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5.1. Compare the Gompertz Distribution with the Weibull
Distribution

In this subsection, we compare the Gompertz distribution with the Weibull
distribution with the following density function with parameters A and k:

k
Folz) = g(g)’“e*(%) . A>0, k>0 (27)
These two parameters are estimated using the four methods, and the reliability
values at tg = 0.05,0.10,0.15,0.30 are reported in Table 6, and we find that relia-
bility decreases significantly with increasing ¢y. Comparing the results in Table 5
with the results in Table 6, we find that under Model 2, reliability exhibits greater
stability during longer test durations. This suggests that Model 2 enables more
effective reliability analysis over extended time periods. Thus, further reliability
analyses based on Model 2 could provide more information over a longer testing
period.

TABLE 6: Reliability function values at different time points for Weibull distribution.

t MLEs LSEs MPSEs CVMs
0.05 0.7051 0.7145 0.6250 0.7364
0.10 0.6922 0.7108 0.6182 0.7311
0.15 0.6359 0.6820 0.5903 0.7004
0.30 0.6130 0.6272 0.5607 0.6836

6. Conclusions

In this paper, we proposed two models to describe the relationship between
the scale parameter and the stress level in the Gompertz distribution: the Simple
Linear Model (Model 1) and the Inverse Power-Law Model (Model 2). Four es-
timation methods were considered: maximum likelihood estimation, least squares
estimation, maximum product spacing estimation, and Cramer-von Mises estima-
tion. Through Monte Carlo simulations, the estimators and their mean squared
errors were evaluated for small, medium, and large sample sizes. The scale param-
eter under normal stress conditions and the corresponding reliability values at se-
lected time points were also obtained. The simulation results indicate that Model
2 performs better than Model 1 for the Gompertz distribution under CSALT,
since the MSEs obtained under Model 2 are smaller in most of the scenarios con-
sidered. This suggests that the inverse power-law relationship provides a more
stable representation of the stress—life relationship than the simple linear model.
For this reason, the real data analysis was based on Model 2. According to the
Kolmogorov—Smirnov distances and the associated p-values, the data under the
stress level of 1.4 g/ml showed the best fit. Overall, the LSE and CVM methods
performed better than the MLE and MPSE methods for the real dataset analyzed.

Revista Colombiana de Estadistica - Theoretical Statistics 49 (0000) 349-376



Gompertz Distribution under Constant Stress Accelerated Lifetime Testing 365

Appendix A. Detailed Simulation Results

This appendix reports the complete numerical results obtained from the Monte
Carlo simulation study. The tables include parameter estimates, mean squared
errors, predicted scale parameters, and reliability function values under the two
stress-life relationships considered in the manuscript.

Appendix A.1. Parameter Estimates Under Model 1

TABLE A.1l: Parameter estimates of Model 1 for sample size N = 30.

Tnitial values  Par MLEs LSEs MPSEs CVMs
a 0.887(1.104) 1.129(1.505) 1.034(1.700) 0.985(1.587)
c 0.673(1.879) 0.670(2.637) 0.803(2.932) 0.671(2.691)
b 0.798(0.257) 0.234(0.111) 0.994(0.358))  0.678(0.463)
1.0 0.6 0.5 n 1.224(0.245) 1.464(0.278) 1.401(0.370) 1.320(0.338)
N9 1.392(0.167) 1.631(0.159) 1.602(0.255) 1.488(0.218)
n3 1.560(0.325) 1.799(0.370) 1.803(0.507) 1.656(0.435)
a 0.724(0.825) 0.908(1.057) 0.805(1.240) 0.785(1.095)
c 0.651(1.515) 0.680(1.971) 0.786(2.301) 0.673(1.972)
b 0.744(0.213) 0.252(0.113) 0.913(0.276) 0.661(0.450)
0.8 0.6 0.5 R 1.050(0.177) 1.248(0.192) 1.198(0.257) 1.121(0.235)
N9 1.213(0.137) 1.418(0.129) 1.395(0.197) 1.290(0.175)
n3 1.375(0.286) 1.588(0.313) 1.591(0.424) 1.458(0.361)
a 0.588(0.564) 0.781(0.775) 0.662(0.868) 0.663(0.801)
c 0.549(0.986) 0.552(1.388) 0.657(1.563) 0.553(1.410)
b 0.728(0.159) 0.251(0.101) 0.865(0.205) 0.616(0.326)
0.6 0.6 0.5 1 0.863(0.133) 1.058(0.151) 0.990(0.193) 0.939(0.176)
N9 1.000(0.102) 1.196(0.100) 1.155(0.148) 1.077(0.127)
n3 1.137(0.195) 1.334(0.222) 1.319(0.299) 1.216(0.255)
a 0.591(0.715) 0.766(0.970) 0.655(1.119) 0.638(0.999)
c 0.744(1.287) 0.789(1.813) 0.884(2.008) 0.785(1.802)
b 0.762(0.204) 0.264(0.111) 0.934(0.278) 0.683(0.475)
0.6 0.8 0.5 R 0.963(0.163) 1.160(0.177) 1.097(0.244) 1.030(0.217)
N9 1.149(0.129) 1.357(0.120) 1.318(0.184) 1.226(0.164)
n3 1.335(0.255) 1.554(0.289) 1.540(0.374) 1.422(0.336)
a 0.548(0.842) 0.767(1.109) 0.583(1.266) 0.633(1.160)
c 0.986(1.473) 0.992(1.974) 1.191(2.267) 0.987(2.005)
b 0.772(0.213) 0.228(0.101) 0.958(0.281) 0.658(0.483)
0.6 1.0 0.5 R 1.041(0.196) 1.263(0.213) 1.178(0.279) 1.127(0.254)
N9 1.287(0.150) 1.511(0.135) 1.476(0.210) 1.374(0.177)
n3 1.534(0.287) 1.759(0.303) 1.774(0.425) 1.620(0.351)
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TABLE A.2: Parameter estimates of Model 1 for sample size N = 60.

Initial values  Par MLEs LSEs MPSEs CVMs
a 0.961(0.546) 1.086(0.697) 0.986(0.679) 0.996(0.723)
c 0.603(0.903) 0.630(1.196) 0.655(1.131) 0.629(1.201)
b 0.655(0.105) 0.329 (0.105) 0.815(0.129) 0.583(0.214)
1.0 0.6 0.5 R 1.263 (0.128) 1.402(0.147) 1.314(0.155) 1.310(0.167)
ng 1.414(0.088) 1.559(0.096) 1.478(0.105) 1.467(0.114)
n3 1.564(0.161) 1.717(0.195) 1.642 (0.197) 1.625(0.211)
a 0.777(0.377) 0.881(0.502) 0.784(0.478) 0.801(0.513)
c 0.580(0.635) 0.609(0.871) 0.641(0.812) 0.608(0.875)
b 0.632(0.086) 0.347(0.107) 0.779(0.114) 0.579(0.203)
0.8 0.6 0.5 R 1.067(0.088) 1.186(0.108) 1.104(0.108) 1.105(0.120)
ng 1.212(0.063) 1.338(0.074) 1.264(0.076) 1.257(0.087)
n3 1.357(0.117) 1.490(0.149) 1.425(0.145) 1.409(0.164)
a 0.567(0.260) 0.679(0.344) 0.568(0.319) 0.606(0.348)
c 0.608(0.460) 0.611(0.609) 0.671(0.576) 0.611(0.612)
b 0.616(0.069) 0.354(0.090) 0.736(0.082) 0.560(0.150)
0.6 0.6 0.5 R 0.872(0.062) 0.985(0.077) 0.904(0.073) 0.912(0.084)
N9 1.024(0.049) 1.137(0.058) 1.072(0.057) 1.064(0.066)
n3 1.176 (0.094) 1.290(0.115) 1.239(0.114) 1.217(0.125)
a 0.598(0.350) 0.713(0.447) 0.593(0.427) 0.634(0.450)
c 0.755(0.609) 0.774(0.786) 0.832(0.759) 0.774(0.791)
b 0.633(0.078) 0.338(0.094) 0.768(0.092) 0.558(0.158)
0.6 0.8 0.5 N 0.975(0.081) 1.100(0.095) 1.009(0.094) 1.021(0.101)
N9 1.164(0.061) 1.294(0.067) 1.218(0.070) 1.214(0.075)
n3 1.353(0.117) 1.487(0.137) 1.426(0.140) 1.408(0.148)
a 0.613(0.424) 0.746(0.552) 0.602(0.528) 0.657(0.562)
c 0.945(0.793) 0.950(1.015) 1.044(0.988) 0.955(1.024)
b 0.621(0.083) 0.314(0.101) 0.767(0.105) 0.552(0.190)
0.6 1.0 0.5 N 1.086(0.089) 1.221(0.109) 1.124(0.108) 1.135(0.121)
N9 1.322(0.070) 1.459(0.078) 1.385(0.084) 1.373(0.093)
n3 1.558(0.149) 1.696(0.174) 1.646(0.183) 1.612(0.193)

TABLE A.3: Parameter estimates of Model 1 for sample size N = 90.

Initial values  Par MLEs LSEs MPSEs CVMs
a 0.973 (0.356) 1.059(0.471)  0.966(0.415)  0.996(0.478)
c 0.610(0.586)  0.627(0.773)  0.653(0.691)  0.627(0.777)
b 0.590(0.063)  0.371(0.094)  0.727(0.076)  0.544(0.138)
1.0 0.6 0.5 1 1.278(0.084) 1.373(0.107) 1.292(0.096) 1.309(0.114)
ng 1.430(0.057) 1.530(0.069) 1.455(0.066) 1.466(0.078)
n3 1.583(0.104) 1.686(0.129) 1.619(0.123) 1.623(0.138)
a 0.787(0.246)  0.891(0.330)  0.786(0.285)  0.830(0.333)
c 0.597(0.427)  0.592(0.567)  0.635(0.501)  0.594(0.569)
b 0.577(0.053)  0.356(0.083)  0.688(0.062)  0.514(0.116)
0.8 0.6 0.5 1 1.086(0.057) 1.187(0.074) 1.103(0.065) 1.128(0.078)
ng 1.235(0.043) 1.335(0.053) 1.262(0.048) 1.276(0.058)
n3 1.384(0.082) 1.483(0.102) 1.421(0.094) 1.425(0.108)
a 0.598(0.169)  0.694(0.223)  0.592(0.195)  0.641(0.221)
c 0.590(0.282)  0.574(0.367)  0.625(0.328)  0.574(0.369)
b 0.558(0.041)  0.368(0.075)  0.659(0.050)  0.509(0.098)
0.6 0.6 0.5 1 0.893(0.044)  0.981(0.058)  0.905(0.049)  0.929(0.059)
ng 1.041(0.034) 1.124(0.044) 1.061(0.038) 1.072(0.046)
n3 1.189(0.060) 1.267(0.076) 1.218(0.068) 1.216(0.080)
a 0.562(0.217)  0.667(0.301)  0.548(0.248)  0.616(0.308)
c 0.826(0.396)  0.817(0.528)  0.877(0.458)  0.811(0.531)
b 0.585(0.049)  0.367(0.081)  0.697(0.058)  0.519(0.120)
0.6 0.8 0.5 1 0.976(0.048) 1.075(0.067)  0.986(0.054) 1.021(0.073)
n9 1.182(0.038) 1.279(0.049) 1.206(0.042) 1.224(0.055)
n3 1.389(0.077) 1.483(0.097) 1.425(0.089) 1.427(0.104)
a 0.590(0.271)  0.689(0.371)  0.569(0.313)  0.628(0.380)
c 0.996(0.495)  0.992(0.664) 1.059(0.579)  0.994(0.666)
b 0.585(0.053)  0.373(0.088)  0.710(0.063)  0.537(0.125)
0.6 1.0 0.5 1 1.088(0.061) 1.186(0.081) 1.099(0.069) 1.125(0.087)
N9 1.337(0.049) 1.434(0.060) 1.363(0.055) 1.373(0.066)
n3 1.586(0.098) 1.682(0.122) 1.628(0.114) 1.622(0.128)
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TABLE A.4: Parameter estimates of Model 1 for sample size N = 200.

Initial values  Par MLEs LSEs MPSEs CVMs
a 0.752 (0.210)  0.633(0.320)  0.718(0.311)  0.805(0.360)
c 0.500(0.334)  0.521(0.581)  0.407(0.511)  0.536(0.670)
b 0.451(0.035)  0.255(0.078)  0.665(0.025)  0.335(0.085)
1.0 0.6 0.5 n1 1.024(0.055) 1.100(0.088) 1.005(0.071) 1.045(0.082)
ng 1.163(0.025) 1.189(0.030) 1.112(0.024) 1.204(0.041)
n3 1.123(0.080) 1.250(0.085) 1.255(0.086) 1.291(0.074)
a 0.522(0.106)  0.551(0.109)  0.488(0.103)  0.603(0.102)
c 0.311(0.280)  0.400(0.335)  0.377(0.304)  0.369(0.311)
b 0.310(0.015)  0.222(0.053)  0.414(0.029)  0.302(0.080)
0.8 0.6 0.5 1 0.098(0.022)  0.077(0.038)  0.096(0.025)  0.085(0.036)
ng 1.004(0.026) 1.116(0.024) 1.006(0.023) 1.001(0.030)
n3 1.107(0.067) 1.200(0.074) 1.225(0.063) 1.215(0.075)
a 0.483(0.088)  0.502(0.096)  0.376(0.092)  0.405(0.093)
c 0.377(0.103)  0.375(0.205)  0.580(0.110)  0.361(0.150)
b 0.330(0.027)  0.275(0.041)  0.441(0.026)  0.295(0.074)
0.6 0.6 0.5 1 0.655(0.027)  0.705(0.023)  0.730(0.019)  0.604(0.021)
N9 0.086(0.011)  0.085(0.014)  0.083(0.010)  0.081(0.014)
n3 0.083(0.025)  0.096(0.044)  0.085(0.025)  0.090(0.062)
a 0.487(0.105)  0.522(0.200)  0.388(0.104)  0.470(0.185)
c 0.621(0.203)  0.598(0.211)  0.600(0.233)  0.632(0.344)
b 0.302(0.023)  0.204(0.054)  0.471(0.025)  0.306(0.080)
0.6 0.8 0.5 1 0.741(0.015)  0.033(0.021)  0.635(0.024)  0.080(0.030)
N9 0.084(0.014)  0.084(0.030) 1.000(0.020)  0.091(0.024)
n3 1.005(0.033) 1.125(0.074) 1.210(0.065) 1.147(0.084)
a 0.368(0.114)  0.552(0.245)  0.405(0.155)  0.420(0.201)
c 0.750(0.254)  0.711(0.480)  0.080(0.300)  0.710(0.305)
b 0.363(0.025)  0.115(0.060)  0.503(0.022)  0.361(0.085)
0.6 1.0 0.5 1 0.050(0.027) 1.025(0.034)  0.851(0.033)  0.762(0.021)
N9 1.005(0.022) 1.150(0.035) 1.007(0.011) 1.130(0.024)
n3 1.230(0.045) 1.205(0.080) 1.235(0.084) 1.300(0.084)

TABLE A.5: Parameter estimates

of Model 1 for sample size N = 500.

Initial values  Par MLEs LSEs MPSEs CVMs
a 0.603 (0.155) 0.570(0.241) 0.612(0.230)  0.684(0.268)
c 0.325(0.250) 0.302(0.405) 0.374(0.327)  0.302(0.410)
b 0.255(0.010) 0.185(0.030) 0.357(0.009)  0.211(0.023)
1.0 0.6 0.5 n1 0.805(0.020) 0.841(0.035) 0.650(0.021)  0.702(0.033)
12 0.845(0.010) 0.900(0.008) 0.850(0.010) 1.030(0.009)
n3 0.855(0.020) 0.796(0.032) 0.902(0.033)  0.863(0.025)
a 0.406(0.008) 0.411(0.009) 0.302(0.009)  0.486(0.008)
c 0.205(0.186) 0.254(0.277) 0.260(0.251)  0.295(0.270)
b 0.274(0.008) 0.115(0.014) 0.245(0.008)  0.211(0.025)
0.8 0.6 0.5 n1 0.045(0.009) 0.035(0.011) 0.030(0.009)  0.041(0.010)
12 0.780(0.011) 0.885(0.009) 0.800(0.008)  0.863(0.009)
n3 0.902(0.030)  0.9510(0.025)  0.776(0.015)  0.901(0.025)
a 0.413(0.054) 0.422(0.065) 0.270(0.066)  0.300(0.077)
c 0.299(0.095) 0.301(0.175) 0.304(0.093)  0.280(0.084)
b 0.119(0.010) 0.155(0.008) 0.203(0.009)  0.107(0.025)
0.6 0.6 0.5 n1 0.433(0.008) 0.522(0.008) 0.551(0.008)  0.418(0.009)
ng 0.054(0.007) 0.048(0.008) 0.036(0.006)  0.053(0.007)
n3 0.060(0.010) 0.056(0.012) 0.060(0.013)  0.090(0.024)
a 0.355(0.008) 0.410(0.154) 0.274(0.008)  0.302(0.115)
c 0.500(0.152) 0.368(0.155) 0.423(0.180)  0.479(0.258)
b 0.255(0.012) 0.174(0.020) 0.300(0.011)  0.205(0.050)
0.6 0.8 0.5 1 0.422(0.008) 0.012(0.008) 0.425(0.009)  0.075(0.012)
N9 0.055(0.008) 0.063(0.014) 0.850(0.008)  0.070(0.008)
n3 0.802(0.013) 0.810(0.030) 1.005(0.021)  0.855(0.033)
a 0.201(0.085) 0.325(0.108) 0.255(0.100)  0.254(0.105)
c 0.362(0.133) 0.489(0.300) 0.052(0.189)  0.502(0.179)
b 0.255(0.01) 0.085(0.024) 0.200(0.008)  0.115(0.040)
0.6 1.0 0.5 1 0.019(0.008) 0.850(0.009) 0.663(0.008)  0.488(0.009)
n9 0.836(0.008) 0.904(0.009) 0.800(0.008)  0.952(0.009)
n3 1.020(0.011) 1.000(0.042) 0.950(0.033) 1.114(0.050)
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Appendix A.2. Parameter Estimates Under Model 2

TABLE A.6: Parameter estimates of Model 2 for sample size N = 30.

Initial values  Par MLEs LSEs MPSEs CVMs
a 0.969(0.143) 1.138(0.159) 1.129(0.219) 1.039(0.185)
c 0.629(0.583) 0.513(0.485) 0.648(0.672)  0.585(0.655)
b 0.704(0.137) 0.276(0.098) 0.815(0.166)  0.592(0.249)
1.0 0.6 0.5 n 0.649(0.093) 0.815(0.106) 0.747(0.134)  0.716(0.116)
2 0.795(0.071) 0.964(0.071) 0.916(0.101)  0.859(0.089)
n3 0.969(0.143) 1.138(0.159) 1.129(0.219) 1.039(0.185)
a 0.785(0.098) 0.944(0.119) 0.921(0.152)  0.855(0.134)
c 0.663(0.577) 0.564(0.469) 0.696(0.645)  0.650(0.648)
b 0.671(0.085) 0.281(0.083) 0.757(0.110)  0.564(0.185)
0.8 0.6 0.5 n 0.507(0.050) 0.649(0.068) 0.582(0.074)  0.562(0.074)
12 0.634(0.043) 0.786(0.049) 0.734(0.062)  0.693(0.059)
n3 0.785(0.098) 0.944(0.119) 0.921(0.152)  0.855(0.134)
a 0.591(0.053) 0.726(0.067) 0.693(0.078)  0.649(0.072)
c 0.639(0.574) 0.539(0.497) 0.669(0.658)  0.628(0.692)
b 0.630(0.061) 0.286(0.066) 0.699(0.070)  0.530(0.124)
0.6 0.6 0.5 n 0.386(0.028) 0.510(0.043) 0.444(0.41) 0.435(0.046)
12 0.480(0.024) 0.610(0.031) 0.556(0.033)  0.530(0.034)
n3 0.591(0.053) 0.726(0.067) 0.693(0.078)  0.649(0.072)
a 0.588(0.051) 0.712(0.064) 0.693(0.078)  0.639(0.070)
c 0.883(0.550) 0.737(0.460) 0.913(0.606)  0.851(0.646)
b 0.630(0.058) 0.308(0.068) 0.694(0.068)  0.544(0.125)
0.6 0.8 0.5 n 0.330(0.024) 0.440(0.034) 0.382(0.035)  0.372(0.037)
12 0.449(0.022) 0.569(0.030) 0.523(0.033)  0.493(0.033)
n3 0.588(0.051) 0.712(0.064) 0.693(0.078)  0.639(0.070)
a 0.600(0.052) 0.714(0.068) 0.708(0.077)  0.644(0.074)
c 1.110(0.601) 0.898(0.508) 1.124(0.681) 1.043(0.730)
b 0.621(0.052) 0.310(0.066) 0.693(0.066)  0.538(0.117)
0.6 1.0 0.5 n 0.291(0.021) 0.397(0.030) 0.344(0.032)  0.331(0.030)
12 0.430(0.021) 0.544(0.029) 0.505(0.033)  0.471(0.033)
n3 0.600(0.052) 0.714(0.068) 0.708(0.077)  0.644(0.074)

TABLE A.7: Parameter estimates of Model 2 for sample size N = 60.

Tnitial values  Par ML Es LSEs MPSEs CVMs
a 0.976(0.060) 1.085(0.078) 1.034 (0.075) 1.026(0.082)

c 0.623(0.254) 0.573(0.256) 0.653(0.284) 0.617(0.302)

b 0.598(0.047) 0.354(0.074) 0.692(0.053) 0.525(0.102)

1.0 0.6 0.5 n 0.642(0.037) 0.738(0.049) 0.665 (0.042) 0.680(0.049)
n9 0.809(0.030) 0.911 (0.040) 0.847 (0.034) 0.850(0.042)

n3 0.976(0.060) 1.085(0.078) 1.034(0.075) 1.026(0.082)

a 0.792(0.043) 0.875(0.054) 0.839(0.052) 0.822(0.056)

c 0.610(0.266) 0.539(0.274) 0.636(0.301) 0.581(0.321)

b 0.579(0.043) 0.373(0.064) 0.659(0.049) 0.526(0.083)

0.8 0.6 0.5 n 0.528(0.029) 0.612(0.041) 0.549(0.034) 0.560(0.041)
n9 0.659(0.023) 0.743(0.031) 0.692(0.027) 0.689(0.032)

n3 0.792(0.043) 0.875(0.054) 0.839(0.052) 0.822(0.056)

a 0.588(0.027) 0.658(0.034) 0.626(0.033) 0.615(0.034)

c 0.620(0.260) 0.562(0.284) 0.638(0.288) 0.605(0.334)

b 0.568(0.027) 0.391(0.045) 0.638(0.032) 0.521(0.052)

0.6 0.6 0.5 n 0.386(0.014) 0.452(0.021) 0.407(0.017) 0.411(0.020)
N9 0.486(0.013) 0.554(0.017) 0.515(0.016) 0.511(0.017)

n3 0.588(0.027) 0.658(0.034) 0.626(0.033) 0.615(0.034)

a 0.588(0.023) 0.655(0.030) 0.631(0.030) 0.613(0.030)

c 0.810(0.231) 0.722(0.265) 0.830(0.256) 0.781(0.310)

b 0.566(0.025) 0.393(0.044) 0.638(0.031) 0.519(0.053)

0.6 0.8 0.5 n 0.340(0.011) 0.405(0.018) 0.361(0.015) 0.365(0.017)
ng 0.462(0.011) 0.528(0.016) 0.493(0.015) 0.486 (0.015)

n3 0.588(0.023) 0.655(0.030) 0.631(0.030) 0.613(0.030)

a 0.589(0.021) 0.651(0.028) 0.649(0.033) 0.613(0.028)

c 1.037(0.299) 0.934(0.242) 1.029(0.254) 1.008(0.285)

b 0.558(0.023) 0.395(0.040) 0.655(0.033) 0.512(0.047)

0.6 1.0 0.5 n 0.293(0.009) 0.350(0.014) 0.332(0.020) 0.314(0.014)
N9 0.435(0.010) 0.496(0.015) 0.484(0.022) 0.457(0.014)

n3 0.589(0.021) 0.651(0.028) 0.649(0.033) 0.613(0.028)
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TABLE A.8: Parameter estimates of Model 2 for sample size N = 90.

Initial values Par MLEs LSEs MPSEs CVMs
a 0.993(0.042) 1.064(0.053) 1.023(0.048) 1.021(0.053)
c 0.607(0.140) 0.572(0.154) 0.638(0.157) 0.602(0.173)
b 0.551(0.031) 0.392(0.057) 0.634(0.036) 0.512(0.036)
1.0 0.6 0.5 n1 0.656(0.023) 0.722(0.032) 0.661(0.026) 0.679(0.032)
n2 0.830(0.021) 0.898(0.029) 0.846(0.024) 0.854(0.029)
n3 0.993(0.042) 1.064(0.053) 1.023(0.048) 1.021(0.053)
a 0.789(0.028) 0.849(0.037) 0.811(0.032) 0.812(0.038)
c 0.599(0.157) 0.567(0.174) 0.625(0.176) 0.595(0.194)
b 0.548(0.023) 0.412(0.044) 0.621(0.027) 0.515(0.049)
0.8 0.6 0.5 n1 0.525(0.016) 0.578(0.023) 0.530(0.018) 0.543(0.023)
n2 0.660(0.014) 0.716(0.020) 0.673(0.016) 0.679(0.020)
n3 0.789(0.028) 0.849(0.037) 0.811(0.032) 0.812(0.038)
a 0.590(0.016) 0.633(0.021) 0.610(0.021) 0.603(0.021)
c 0.614(0.144) 0.568(0.170) 0.633(0.156) 0.596(0.189)
b 0.544(0.018) 0.432(0.036) 0.616(0.023) 0.519(0.039)
0.6 0.6 0.5 n1 0.388(0.009) 0.432(0.014) 0.398(0.012) 0.404(0.014)
ng 0.492 (0.009) 0.535(0.012) 0.507(0.012)  0.506 (0.012)
n3 0.590(0.016) 0.633(0.021) 0.611(0.021) 0.603(0.021)
a 0.592(0.015) 0.639(0.020) 0.628(0.024) 0.611(0.020)
c 0.815(0.167) 0.764(0.193) 0.815(0.176) 0.803(0.215)
b 0.541(0.015) 0.425(0.029) 0.622(0.023) 0.508(0.031)
0.6 0.8 0.5 n1 0.341(0.008) 0.382(0.011) 0.364(0.014) 0.356(0.011)
ng 0.466(0.007) 0.511(0.010) 0.496(0.015) 0.482(0.010)
n3 0.592(0.015) 0.639(0.020) 0.628(0.024) 0.611(0.020)
a 0.602(0.016) 0.643(0.022) 0.676(0.036) 0.617(0.022)
c 1.034(0.150) 0.969(0.177) 0.964(0.177) 1.018(0.197)
b 0.534(0.015) 0.431(0.028) 0.666(0.034) 0.510(0.031)
0.6 1.0 0.5 n1 0.297(0.006) 0.333(0.008) 0.364(0.027) 0.309(0.008)
ng 0.445(0.007) 0.484(0.010) 0.518(0.030) 0.458(0.009)
n3 0.602(0.016) 0.643(0.022) 0.676(0.036) 0.617(0.022)
TABLE A.9: Parameter estimates of Model 2 for sample size N = 200.
Initial values Par MLEs LSEs MPSEs CVMs
a 0.742(0.025) 0.74(0.022) 0.620(0.014) 0.411(0.025)
c 0.324(0.082) 0.204(0.084) 0.300(0.074) 0.341(0.080)
b 0.255(0.011) 0.210(0.025) 0.489(0.012) 0.340(0.014)
1.0 0.6 0.5 n1 0.274(0.010) 0.410(0.011) 0.450(0.009) 0.455(0.013)
N2 0.601(0.008)  0.633(0.008)  0.590(0.009) 0.630(0.008)
n3 0.717(0.015) 0.850(0.025) 0.684(0.020) 0.600(0.017)
a 0.502(0.009) 0.612(0.011) 0.655(0.008) 0.584(0.008)
c 0.410(0.085) 0.322(0.085) 0.300(0.074) 0.340(0.085)
b 0.313(0.008) 0.155(0.024) 0.403(0.008) 0.290(0.020)
0.8 0.6 0.5 n1 0.345(0.009) 0.370(0.008) 0.299(0.009) 0.311(0.008)
N2 0.400(0.008)  0.552(0.009)  0.377(0.008) 0.411(0.008)
n3 0.502(0.008) 0.603(0.011) 0.501(0.008) 0.579(0.007)
a 0.377(0.008) 0.502(0.010) 0.514(0.009) 0.455(0.008)
c 0.496(0.120) 0.300(0.112) 0.304(0.095) 0.223(0.112)
b 0.203(0.008) 0.205(0.011) 0.395(0.009) 0.378(0.010)
0.6 0.6 0.5 n1 0.114(0.008) 0.115(0.008) 0.205(0.007) 0.216(0.008)
no 0.355 (0.006)  0.306(0.008)  0.330(0.009)  0.320 (0.007)
n3 0.300(0.009) 0.410(0.010) 0.412(0.008) 0.416(0.009)
a 0.400(0.009) 0.471(0.013) 0.343(0.014) 0.405(0.009)
c 0.596(0.105) 0.577(0.130) 0.600(0.140) 0.540(0.103)
b 0.541(0.015) 0.425(0.029) 0.622(0.023) 0.508(0.031)
0.6 0.8 0.5 n1 0.201(0.005) 0.203(0.007) 0.150(0.009) 0.211(0.008)
ng 0.250(0.005) 0.366(0.008) 0.311(0.009) 0.256(0.008)
n3 0.205(0.008) 0.366(0.008) 0.410(0.007) 0.432(0.008)
a 0.452(0.008) 0.411(0.009) 0.455(0.010) 0.513(0.010)
c 0.022(0.112) 0.741(0.102) 0.775(0.135) 0.840(0.125)
b 0.305(0.009) 0.247(0.011) 0.523(0.014) 0.352(0.009)
0.6 1.0 0.5 n1 0.179(0.004) 0.207(0.006) 0.290(0.011) 0.188(0.005)
ng 0.233(0.005) 0.306(0.008) 0.350(0.014) 0.304(0.007)
n3 0.400(0.008) 0.336(0.012) 0.405(0.014) 0.478(0.013)
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TABLE A.10: Parameter estimates of Model 2 for sample size N = 500.

Initial values  Par MLEs LSEs MPSEs CVMs
a 0.558(0.009) 0.552(0.008) 0.500(0.008) 0.295(0.007)
c 0.205(0.041) 0.110(0.033) 0.185(0.025) 0.103(0.062)
b 0.114(0.008) 0.184(0.009) 0.306(0.008) 0.157(0.008)
1.0 0.6 0.5 n1 0.110(0.007) 0.375(0.008) 0.220(0.006) 0.260(0.008)
ng 0.411(0.005) 0.412(0.005) 0.322(0.006) 0.429(0.006)
n3 0.521(0.008) 0.633(0.013) 0.425(0.008) 0.411(0.009)
a 0.341(0.006) 0.419(0.008) 0.475(0.006) 0.405(0.005)
c 0.298(0.060) 0.275(0.055) 0.206(0.035) 0.104(0.060)
b 0.284(0.005) 0.095(0.014) 0.265(0.005) 0.184(0.008)
0.8 0.6 0.5 R 0.205(0.005) 0.310(0.006) 0.177(0.006) 0.190(0.005)
ng 0.274(0.005) 0.362(0.005) 0.254(0.005) 0.302(0.005)
n3 0.367(0.006) 0.480(0.008) 0.388(0.006) 0.394(0.005)
a 0.296(0.005) 0.377(0.008) 0.415(0.007) 0.396(0.006)
c 0.303(0.008) 0.189(0.008) 0.211(0.074) 0.105(0.087)
b 0.112(0.005) 0.120(0.008) 0.275(0.005) 0.311(0.008)
0.6 0.6 0.5 n1 0.095(0.005) 0.081(0.005) 0.112(0.005) 0.105(0.004)
ng 0.201 (0.004) 0.215(0.005) 0.214(0.005)  0.211 (0.004)
n3 0.217(0.005) 0.303(0.008) 0.223(0.005) 0.221(0.005)
a 0.365(0.005) 0.420(0.008) 0.286(0.008) 0.290(0.005)
c 0.455(0.008) 0.421(0.008) 0.420(0.007) 0.396(0.006)
b 0.320(0.007) 0.205(0.007) 0.456(0.007) 0.362(0.008)
0.6 0.8 0.5 R 0.114(0.002) 0.125(0.002) 0.119(0.005) 0.105(0.006)
N9 0.211(0.003) 0.289(0.005) 0.240(0.005) 0.188(0.005)
n3 0.116(0.005) 0.279(0.005) 0.201(0.004) 0.110(0.005)
a 0.214(0.004) 0.286(0.005) 0.320(0.007) 0.300(0.007)
c 0.014(0.074) 0.552(0.085) 0.302(0.080) 0.541(0.084)
b 0.277(0.005) 0.104(0.007) 0.235(0.006) 0.211(0.005)
0.6 1.0 0.5 R 0.105(0.002) 0.115(0.003) 0.221(0.007) 0.105(0.003)
N9 0.180(0.003) 0.102(0.005) 0.267(0.007) 0.200(0.003)
n3 0.250(0.006) 0.263(0.07) 0.267(0.007) 0.335(0.008)
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Appendix A.3. Cross-Fitting Simulation Results

TABLE A.11: Generate data via Model 1 and fit model 2 for sample size N = 30.

Initial values  Par MLEs LSEs MPSEs CVMs
a 0.960(0.861) 1.205(1.112) 0.956(1.248) 1.114(1.355)
c 0.932(1.259) 0.992(1.744) 1.150(2.342) 0.966(2.407)
b 0.865(0.186) 0.736(0.085) 1.121(0.105))  0.623(0.0850)
1.0 0.6 0.5 n 1.052(0.076) 1.564(0.230) 1.650(0.298) 1.377(0.191)
n9 1.420(0.085) 1.590(0.110) 1.342(0.180) 2.350(0.155)
n3 1.905(0.200) 2.052(0.246) 2.003(0.319) 1.943(0.305)
a 1.005(0.772) 0.825(0.802) 0.759(1.052) 0.933(0.082)
c 0.825(1.227) 0.991(1.605) 0.925(1.845) 0.820(1.345)
b 1.270(0.065) 0.935(0.033) 1.166(0.077) 0.863(0.099)
0.8 0.6 0.5 n 1.265(0.092) 1.775(0.103) 1.451(0.119) 1.589(0.134)
ng 1.930(0.035) 2.206(0.0872) 1.875(0.122) 1.300(0.094)
n3 1.055(0.205) 2.020(0.251) 1.884(0.260) 2.355(0.206)
a 0.925(0.305) 1.226(0.591) 1.332(0.602) 0.987(0.471)
c 0.465(0.633) 0.910(1.005) 1.221(1.117) 0.882(1.089)
b 0.843(0.083) 0.554(0.065) 1.305(0.115) 0.939(0.106)
0.6 0.6 0.5 n 1.244(0.096) 1.250(0.101) 1.455(0.086) 1.530(0.102)
ng 1.250(0.074) 1.263(0.084) 1.767(0.117) 1.598(0.096)
n3 1.961(0.115) 1.768(0.089) 1.214(0.165) 1.120(0.099)
a 0.795(0.417) 1.205(0.412) 1.232(0.084) 0.780(0.525)
c 0.632(1.115) 0.935(1.055) 1.411(1.774) 1.225(1.331)
b 1.024(0.110) 0.374(0.088) 1.350(0.095) 0.970(0.206)
0.6 0.8 0.5 n 1.255(0.085) 1.541(0.108) 1.148(0.113) 1.541(0.096)
ng 0.874(0.085) 1.554(0.096) 1.755(0.100) 1.365(0.090)
n3 0.741(0.260) 1.233(0.209) 1.366(0.211) 1.078(0.240)
a 0.771(0.522) 0.904(0.044) 0.966(1.002) 1.302(0.084)
c 1.305(1.115) 0.870(1.066) 1.457(1.410) 1.223(1.650)
b 0.551(0.100) 0.916(0.074) 1.528(0.085) 1.621(0.205)
0.6 1.0 0.5 n 1.674(0.065) 1.740(0.080) 1.685(0.090) 1.554(0.074)
ng 0.741(0.085) 1.006(0.080) 1.312(0.105) 1.554(0.125)
n3 2.366(0.178) 1.355(0.211) 1.630(0.115) 1.874(0.117)

TABLE A.12: Generate data via Model 1 and fit model 2 for sample size N = 60.

Tnitial values  Par ML Es LSEs MPSEs CVMs
a 1.470(0.205) 1.442(0.311) 1.236(0.309) 0.804(0.115)

c 1.252(0.440) 0.821(0.804) 1.300(1.025) 0.950(0.811)

b 1.299(0.054) 0.826 (0.077) 1.315(0.065) 1.392(0.080)

1.0 0.6 0.5 n1 1.565 (0.090) 1.825(0.092) 1.072(0.084) 1.922(0.100)
n9 2.255(0.036) 1.744(0.025) 1.829(0.033) 2.466(0.097)

n3 1.844(0.125) 1.155(0.080) 1.546 (0.150) 1.211(0.093)

a 1.201(0.0762) 1.240(0.084) 1.455(0.128) 1.510(0.204)

c 0.993(0.201) 1.456(0.521) 0.954(0.602) 1.250(0.243)

b 0.980(0.0256) 0.590(0.075) 1.043(0.090) 0.772(0.110)

0.8 0.6 0.5 n 1.233(0.023) 1.765(0.084) 1.554(0.044) 1.760(0.091)
ng 0.840(0.030) 1.200(0.022) 1.554(0.010) 1.054(0.033)

n3 0.759(0.0855) 1.302(0.095) 1.458(0.085) 1.940(0.112)

a 0.431(0.119) 0.860(0.250) 1.408(0.129) 0.880(0.200)

c 1.115(0.227) 1.315(0.205) 0.641(0.296) 0.993(0.203)

b 1.222(0.027) 0.866(0.045) 1.005(0.023) 1.400(0.074)

0.6 0.6 0.5 n 1.229(0.025) 1.346(0.035) 1.502(0.025) 1.561(0.043)
N9 1.741(0.022) 2.255(0.021) 1.188(0.010) 1.832(0.011)

n3 2.123 (0.045) 1.556(0.060) 0.750(0.035) 1.360(0.097)

a 0.409(0.221) 0.725(0.199) 0.997(0.200) 1.500(0.178)

c 0.611(0.250) 1.109(0.501) 1.544(0.322) 1.460(0.440)

b 1.070(0.011) 1.140(0.041) 0.976(0.033) 0.741(0.108)

0.6 0.8 0.5 n 1.620(0.010) 1.244(0.033) 1.556(0.022) 0.803(0.084)
N9 1.345(0.015) 0.845(0.015) 1.740(0.026) 1.655(0.040)

n3 1.774(0.085) 0.846(0.113) 1.205(0.074) 1.366(0.090)

a 1.210(0.261) 0.880(0.233) 1.051(0.207) 0.833(0.305)

c 1.201(0.448) 0.766(0.553) 1.201(0.200) 0.778(0.364)

b 0.844(0.055) 0.766(0.085) 1.211(0.051) 0.674(0.107)

0.6 1.0 0.5 n 1.250(0.021) 1.774(0.035) 1.640(0.071) 0.885(0.095)
ng 1.833(0.024) 1.740(0.021) 0.866(0.030) 1.600(0.025)

n3 1.104(0.105) 0.711(0.085) 1.224(0.110) 1.400(0.097)
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TABLE A.13: Generate data via Model 1 and fit model 2 for sample size N = 90

Initial values  Par MLEs LSEs MPSEs CVMs
a 1.509 (0.214) 1.280(0.261) 0.553(0.215) 0.763(0.301)
c 1.236(0.420) 1.453(0.412) 0.825(0.450) 0.722(0.320)
b 0.975(0.025)  0.844(0.043) 1.073(0.025) 0.865(0.092)
1.0 0.6 0.5 n1 1.533(0.055) 1.002(0.070) 1.488(0.051) 1.645(0.082)
12 1.005(0.021)  2.110(0.022) 1.712(0.020) 2.205(0.026)
n3 1.650(0.053) 1.190(0.064)  2.115(0.0662) 1.850(0.081)
a 1.450(0.109) 1.350(0.093) 1.540(0.090) 0.925(0.082)
c 1.542(0.187)  0.871(0.251) 1.614(0.098) 0.719(0.110)
b 0.921(0.016) 1.910(0.013) 0.772(0.017) 1.313(0.065)
0.8 0.6 0.5 n1 0.552(0.029) 1.572(0.023) 1.295(0.020) 0.775(0.035)
ng 0.876(0.010) 1.835(0.021) 1.994(0.026) 2.354(0.012)
n3 0.822(0.029) 1.908(0.052) 2.100(0.022) 1.743(0.053)
a 1.373(0.096)  0.843(0.115) 1.420(0.0530) 1.710(0.046)
c 1.903(0.200) 1.820(0.151) 0.803(0.127) 1.101(0.198)
b 1.418(0.010) 1.551(0.022) 1.900(0.025) 1.662(0.033)
0.6 0.6 0.5 1 0.618(0.019)  0.556(0.024) 1.245(0.020) 0.770(0.022)
N9 1.552(0.017) 1.542(0.017) 0.580(0.025) 1.600(0.025)
n3 1.095(0.023) 1.611(0.023) 0.709(0.028) 0.934(0.042)
a 1.433(0.095) 1.322(0.082) 1.205(0.156) 0.867(0.109)
c 1.123(0.089) 1.255(0.300) 0.640(0.112) 1.055(0.204)
b 0.880(0.012)  0.877(0.022) 1.322(0.020) 1.233(0.075)
0.6 0.8 0.5 1 1.204(0.022) 1.552(0.011) 1.217(0.020) 0.701(0.020)
N9 1.709(0.023)  0.665(0.025) 1.477(0.010) 1.785(0.027)
n3 2.011(0.054) 1.870(0.026) 1.733(0.021) 1.875(0.055)
a 1.231(0.076)  0.926(0.099) 1.225(0.120) 0.774(0.085)
c 1.560(0.205)  0.644(0.207) 1.188(0.205) 1.260(0.105)
b 0.475(0.011)  0.890(0.024) 1.012(0.025) 1.314(0.085)
0.6 1.0 0.5 1 1.223(0.014) 1.091(0.021) 0.653(0.031) 1.444(0.022)
N9 1.750(0.019) 1.664(0.026) 0.944(0.020) 1.708(0.021)
n3 1.116(0.012) 1.433(0.077) 1.350(0.075) 1.095(0.065)

TABLE A.14: Generate data via Model 2 and fit model 1 for sample size N = 30.

Initial values  Par MLEs LSEs MPSEs CVMs
a 1.240(0.565) 1.762(0.612) 1.430(0.634) 1.271(0.590)
c 0.755(0.986) 0.618(0.984) 0.775(1.210)  0.876(0.985)
b 0.765(0.546) 0.705(0.452) 1.250(0.569) 1.050(0.654)
1.0 0.6 0.5 n1 1.435(0.445) 1.316(0.543) 1.330(0.543)  0.955(0.556)
12 1.200(0.354) 1.357(0.521) 1.750(0.414) 1.315(0.481)
n3 0.816(0.654) 1.860(0.679) 1.093(0.750) 1.775(0.721)
a 1.209(0.730) 1.511(0.861) 1.554(0.805) 1.350(0.987)
c 1.065(0.935) 1.015(0.865) 1.402(0.905)  0.965(0.853)
b 1.233(0.544) 1.235(0.436) 0.855(0.505)  0.670(0.495)
0.8 0.6 0.5 n1 1.210(0.115) 1.060(0.225) 0.835(0.355) 1.422(0.203)
12 1.117(0.352) 1.400(0.522) 1.266(0.550) 1.621(0.422)
n3 0.672(0.429) 1.060(0.652) 0.844(0.546) 1.108(0.654)
a 1.112(0.204) 0.564(0.213) 1.441(0.567) 1.865(0.340)
c 0.925(0.860) 1.354(0.775) 1.233(0.904)  0.767(0.912)
b 1.005(0.445) 0.773(0.335) 1.611(0.120)  0.530(0.124)
0.6 0.6 0.5 1 0.850(0.335) 1.221(0.287) 1.516(0.866) 1.500(0.340)
1o 1.112(0.314) 0.775(0.366) 1.226(0.420) 1.220(0.345)
n3 1.803(0.425) 1.123(0.451) 0.875(0.440) 1.023(0.412)
a 1.215(0.287) 1.514(0.255) 1.310(0.355) 1.250(0.450)
c 1.006(0.890) 0.965(0.744) 1.214(0.903) 1.330(0.921)
b 0.780(0.245) 0.774(0.318) 1.214(0.377)  0.956(0.540)
0.6 0.8 0.5 1 1.511(0.348) 1.208(0.487) 1.309(0.377)  0.564(0.225)
N9 1.865(0.096) 0.899(0.166) 1.109(0.225)  0.975(0.238)
n3 0.854(0.110) 0.833(0.231) 1.233(0.250) 1.240(0.115)
a 1.524(0.114) 0.655(0.116) 1.233(0.452) 1.233(0.287)
c 1.550(0.894) 1.350(0.768) 1.554(0.932) 1.654(0.873)
b 1.065(0.314) 1.277(0.256) 1.217(0.228)  0.690(0.512)
0.6 1.0 0.5 1 1.080(0.267) 0.899(0.341) 1.280(0.421)  0.771(0.411)
N9 0.865(0.225) 1.335(0.188) 0.956(0.205) 1.113(0.324)
n3 1.224(0.412) 1.442(0.409) 0.894(0.228) 1.520(0.324)
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TABLE A.15: Generate data via Model 2 and fit model 1 for sample size N = 60.

Initial values  Par MLEs LSEs MPSEs CVMs
a 1.115(0.235) 1.411(0.254) 1.255 (0.302) 0.977(0.355)
c 0.855(0.632) 0.940(0.570) 1.321(0.789) 0.894(0.765)
b 1.225(0.876) 0.986(0.335) 1.309(0.334) 1.215(0.516)
1.0 0.6 0.5 n 1.250(0.451) 1.233(0.319) 1.314 (0.455) 1.215(0.410)
ng 0.331(0.324) 1.120 (0.355) 0.950 (0.541) 1.254(0.367)
n3 1.250(0.543) 1.432(0.246) 1.780(0.543) 0.845(0.542)
a 1.340(0.328) 0.930(0.321) 1.105(0.422) 0.995(0.280)
c 1.165(0.877) 0.993(0.670) 1.011(0.880) 1.432(0.756)
b 0.700(0.511) 0.833(0.412) 1.629(0.409) 0.755(0.389)
0.8 0.6 0.5 n 1.213(0.562) 0.812(0.510) 1.218(0.387) 0.955(0.390)
ng 1.458(0.543) 0.925(0.337) 1.113(0.360) 1.212(0.280)
n3 1.410(0.250) 1.207(0.225) 0.855(0.366) 1.235(0.350)
a 1.206(0.360) 1.227(0.556) 1.211(0.467) 0.885(0.550)
c 1.355(0.877) 1.322(0.808) 0.765(0.775) 1.025(0.750)
b 0.790(0.321) 1.110(0.387) 1.041(0.451) 1.335(0.450)
0.6 0.6 0.5 n 1.210(0.515) 0.899(0.326) 1.015(0.415) 1.220(0.551)
N9 0.890(0.327) 1.210(0.674) 0.896(0.336) 1.025(0.354)
n3 0.796(0.410) 1.225(0.368) 1.005(0.553) 0.874(0.660)
a 1.116(0.543) 1.212(0.550) 0.889(0.238) 1.248(0.450)
c 1.416(0.844) 0.934(0.893) 1.234(0.677) 1.112(0.803)
b 1.700(0.328) 0.890(0.377) 1.213(0.732) 1.220(0.550)
0.6 0.8 0.5 n 0.804(0.521) 1.332(0.356) 0.865(0.315) 1.041(0.412)
N9 0.855(0.467) 0.903(0.317) 1.174(0.440) 0.796 (0.341)
n3 1.510(0.466) 0.987(0.510) 0.765(0.409) 1.205(0.442)
a 1.332(0.552) 1.005(0.448) 0.877(0.532) 1.218(0.705)
c 1.265(0.833) 0.750(0.743 1.234(0.865) 1.450(0.734)
b 0.855(0.554) 1.109(0.423) 0.520(0.118) 1.245(0.208)
0.6 1.0 0.5 R 1.415(0.155) 0.865(0.260) 1.335(0.320) 1.520(0.467)
ng 1.661(0.512) 1.876(0.647) 0.995(0.355 1.277(0.570)
n3 1.223(0.517) 1.008(0.563) 0.955(0.602) 0.896(0.557)

TABLE A.16: Generate

data via Model 2 and fit model 1 for

sample size N = 90.

Tnitial values  Par MLEs LSEs MPSEs CVMs
a 1.340(0.350) 0.876(0.421) 1.113(0.448) 1.554(0.456)

c 1.309(0.780) 1.441(0.880) 0.577(0.554) 1.110(0.455)

b 0.996(0.541) 0.799(0.630) 1.225(0.558) 1.368(0.447)

1.0 0.6 0.5 n 0.798(0.365) 1.258(0.557) 1.205(0.774) 1.336(0.687)
9 0.658(0.478) 1.230(0.547) 1.205(0.357) 1.314(0.366)

n3 0.774(0.247) 1.471(0.552) 1.225(0.332) 0.671(0.220)

a 0.605(0.208) 1.119(0.315) 1.302(0.547) 1.109(0.366)

c 1.204(0.870) 1.065(0.553) 0.889(0.700) 1.085(0.800)

b 1.220(0.354) 0.874(0.456) 1.200(0.365) 1.438(0.338)

0.8 0.6 0.5 n 0.874(0.455) 1.007(0.547) 1.187(0.554) 1.229(0.890)
9 1.355(0.504) 0.699(0.367) 1.112(0.458) 1.266(0.468)

n3 0.699(0.457) 1.204(0.401) 0.977(0.365) 1.141(0.412)

a 1.210(0.366) 0.896(0.551) 1.300(0.554) 0.9873(0.410)

c 1.203(0.617) 0.741(0.560) 1.250(0.589) 1.055(0.617)

b 0.874(0.397) 1.202(0.445) 0.879(0.405) 0.912(0.334)

0.6 0.6 0.5 n 0.470(0.015) 1.206(0.187) 0.796(0.259) 1.204(0.207)
N9 1.230 (0.032) 0.845(0.214) 1.118(0.247) 1.046(0.217)

n3 0.968(0.455) 1.100(0.355) 1.314(0.557) 0.896(0.347)

a 1.201(0.378) 0.574(0.336) 1.022(0.330) 0.775(0.336)

c 0.764(0.405) 1.212(0.471) 1.203(0.471) 0.704(0.741)

b 1.330(0.354) 1.254(0.367) 0.744(0.410) 1.025(0.367)

0.6 0.8 0.5 n 1.59711(0.530) 1.550(0.370) 1.663(0.471) 1.024(0.574)
n3 1.501(0.542) 0.896(0.540) 1.367(0.554) 1.530(0.541)

a 1.540(0.554) 1.320(0.541) 1.744(0.521) 0.845(0.355)

c 1.567(0.578) 1.325(0.588) 1.540(0.649) 1.558(0.680)

b 1.620(0.741) 1.550(0.308) 0.754(0.456) 1.207(0.447)

0.6 1.0 0.5 n 1.302(0.057) 0.740(0.025) 1.603(0.541) 1.451(0.237)
9 1.308(0.225) 0.987(0.445) 1.203(0.556) 1.025(0.289)

n3 0.887(0.540) 1.334(0.368) 1.330(0.478) 1.210(0.550)
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Appendix A.4. Predicted Scale Parameter and Reliability
Function

TABLE A.17: The predicted scale parameter under S,, = 0.05 and 8 = 0.5.

Initial values Method 1 Results Method 2 Results
a ¢ MLEs LSEs MPSEs CVMs MLEs LSEs MPSEs CVMs
N = 30
1.0 0.6 0.921 1.163 1.040 1.019 0.147 0.245 0.162 0.180
0.8 0.6 0.757 0.942 0.844 0.819 0.108 0.174 0.114 0.122
0.6 0.6 0.615 0.809 0.695 0.691 0.087 0.144 0.093 0.099
0.6 0.8 0.628 0.805 0.699 0.677 0.042 0.078 0.045 0.050
0.6 1.0 0.597 0.817 0.643 0.682 0.022 0.048 0.024 0.028
0.8 0.8 0.801 1.013 0.890 0.876 0.058 0.105 0.060 0.067
N = 60
1.0 0.6 0.991 1.118 1.019 1.027 0.151 0.195 0.146 0.162
0.8 0.6 0.806 0.911 0.816 0.831 0.127 0.174 0.125 0.144
0.6 0.6 0.597 0.710 0.602 0.637 0.092 0.122 0.093 0.100
0.6 0.8 0.636 0.752 0.635 0.673 0.052 0.075 0.053 0.059
0.6 1.0 0.660 0.794 0.654 0.705 0.026 0.040 0.030 0.030
0.8 0.8 0.787 0.925 0.790 0.842 0.061 0.085 0.057 0.067
N = 90
1.0 0.6 1.004 1.090 0.999 1.027 0.161 0.192 0.151 0.168
0.8 0.6 0.817 0.921 0.818 0.860 0.131 0.155 0.125 0.137
0.6 0.6 0.628 0.723 0.623 0.670 0.094 0.115 0.092 0.101
0.6 0.8 0.603 0.708 0.592 0.657 0.052 0.065 0.055 0.055
0.6 1.0 0.640 0.739 0.622 0.678 0.027 0.035 0.038 0.029
0.8 0.8 0.840 0.935 0.828 0.873 0.068 0.085 0.064 0.073

TABLE A.18: The predicted reliability function R(t) under S, = 0.05 and 8 = 0.5 with

N = 90.
Initial values Method 1 Results Method 2 Results
a c t MLEs LSEs MPSEs CVMs MLEs LSEs MPSEs CVMs

N = 90

1.0 0.6 0.1 0.902 0.895 0.902 0.900 0.984 0.981 0.985 0.983
0.25 0.763 0.752 0.761 0.759 0.958 0.951 0.960 0.956
0.5 0.558 0.549 0.548 0.554 0.911  0.900 0.915 0.909
2 0.022 0.039 0.011 0.024 0.556 0.559 0.544 0.557
0.8 0.6 0.1 0.919 0.911 0.919 0.916 0.987 0.984 0.987 0.986
0.25 0.803 0.786 0.800 0.795 0.966 0.960 0.967 0.964
0.5 0.623 0.604 0.614 0.613 0.927 0.917 0.930 0.925
2 0.046 0.068 0.030 0.050 0.621 0.617 0.610 0.620
0.6 0.6 0.1 0.938 0.929 0.938 0.934 0.990 0.988 0.991 0.990
0.25 0.845 0.828 0.844 0.837 0.975 0.970 0.976 0.973
0.5 0.696 0.673 0.691 0.683 0.948 0.938 0.948 0.944
2 0.099 0.118 0.075 0.098 0.712 0.693 0.697 0.701
0.6 0.8 0.1 0.940 0.930 0.941 0.935 0.995 0.993 0.994 0.994
0.25 0.850 0.831 0.851 0.839 0.986 0.983 0.985 0.985
0.5 0.704 0.678 0.702 0.687 0.971 0.964 0.969 0.969
2 0.101 0.124 0.076 0.100 0.831 0.815 0.805 0.826
0.6 1.0 0.1 0.936 0.928 0.938 0.933 0.997 0.996 0.996 0.997
0.25 0.842 0.824 0.844 0.834 0.993 0.991 0.990 0.992
0.5 0.690 0.666 0.688 0.678 0.985 0.981 0.978 0.984
2 0.088 0.111 0.064 0.088 0.907 0.894 0.854 0.903

[Received: July 2025 — Accepted: March 2026]
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