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Abstract

This paper investigates inference and diagnostic procedures in linear
Gaussian spatial models using the Wendland family of covariance functions,
compared with the Matérn family, as a spatial dependence structure. We
extend the Spatial Dependency Index (SDI ) and derive expressions for the
practical range for both covariance families, establishing explicit relation-
ships between the range and the decay parameter. A local in�uence diag-
nostic approach is employed to assess the sensitivity of maximum likelihood
estimators. To determine cuto� values for identifying potentially in�uential
observations, we propose a Jackknife-after-Bootstrap resampling method�a
technique not yet applied in this context. The methodology is illustrated
through an application to a soybean yield dataset. Our results indicate
that the Wendland covariance family performs satisfactorily under Gaussian
spatial model assumptions, o�ering a competitive alternative to the Matérn
family, particularly in terms of computational e�ciency due to its compact
support.
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Resumen

Este artículo investiga procedimientos de inferencia y diagnóstico en mo-
delos espaciales gaussianos lineales utilizando la familia de funciones de co-
varianza de Wendland, en comparación con la familia Matérn, como estruc-
tura de dependencia espacial. Extendemos el Índice de Dependencia Espacial
(SDI) y derivamos expresiones para el rango práctico para ambas familias de
covarianza, estableciendo relaciones explícitas entre el rango y el parámetro
de decaimiento. Se emplea un enfoque de diagnóstico de in�uencia local para
evaluar la sensibilidad de los estimadores de máxima verosimilitud. Para
determinar valores críticos que permitan identi�car observaciones potencial-
mente in�uyentes, proponemos un método de remuestreo Jackknife-after-
Bootstrap, una técnica aún no aplicada en este contexto. La metodología se
ilustra mediante una aplicación a un conjunto de datos de rendimiento de
soja. Nuestros resultados indican que la familia de covarianza de Wendland
presenta un desempeño satisfactorio bajo los supuestos del modelo espacial
gaussiano, ofreciendo una alternativa competitiva frente a la familia Matérn,
especialmente en términos de e�ciencia computacional debido a su soporte
compacto.

Palabras clave: Dependencia espacial; Factor del modelo; Índice de depen-
dencia espacial; Matriz dispersa; Soporte compacto; Variabilidad espacial.

1. Introduction

In various �elds�including agriculture, biology, social sciences, engineering
(environmental, civil, sanitary), epidemiology, meteorology, geology, mining, sur-
veying, and zootechnics�spatially correlated and georeferenced data are com-
monly observed. These data are often used as a decision-making tool through the
spatial interpolation of continuous or discrete phenomena, typically represented via
spatial distribution maps. Some examples are maps of the spatial variability of
the productivity of a given crop (soybeans, corn, co�ee, etc.), volume of an ore, air
pollution in a city or region, characterization of areas of public health risk, among
others. In this context, the concept of spatial interpolation arises, which presup-
poses that the values of the attributes of interest are similar to their proximity to
each other. Spatial interpolation techniques such as kriging rely fundamentally on
the speci�cation of a valid covariance function to characterize spatial dependence,
Cressie (1993); Diggle & Ribeiro (2007); Uribe-Opazo et al. (2012); De Bastiani
et al. (2015).

With that, it is necessary to introduce the concept of spatial covariance func-
tion, which provides important information about the spatial dependence structure
of the underlying random process, being responsible for determining the perfor-
mance of the spatial prediction. Therefore, its choice must be made with caution
to produce reliable results regarding the realization of the random variable in
di�erent locations in the region under study.

In the Geostatistics, the interpolation of a spatially correlated random process
is performed by the best unbiased linear predictor, technique commonly called
Kriging. This technique is used through the sampling variation associated with
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the distance between observations, based on the spatial covariance matrix indexed
by a vector of unknown parameters and, requiring the solution of a large system of
linear equations. Thus, the adjustment of the model depends on the inversion of
the covariance matrix, which makes the process computationally costly, especially
when the number of observations is large.

There are several approaches available for describing valid (positive de�nite)
spatial covariance models, from which parametric semivariogram formulations can
be derived. Among the most commonly used are the Spherical, Exponential, Gaus-
sian, and Matérn models. The Matérn family, in particular, has become a standard
choice due to its �exibility in controlling smoothness through an explicit param-
eter. However, from a computational standpoint, the Matérn covariance function
has global support, leading to dense covariance matrices. For datasets with sev-
eral hundred to several thousand observations, likelihood-based inference requires
inversion of an n × n covariance matrix with O(n3) computational complexity
and O(n2) memory storage, which can become a critical bottleneck in maximum
likelihood estimation and kriging Cressie (1993); Stein (1999); Diggle & Ribeiro
(2007).

Recent extensions of classical models have sought to combine �exibility in
smoothness and range with improved computational properties. For instance,
Emery et al. (2025) proposed a uni�ed framework for Matérn and Generalized
Wendland models that simultaneously parameterizes the hole e�ect, smoothness,
and support, enabling more realistic modeling of complex spatial phenomena while
preserving compact support for e�ciency.

Given this, an interesting alternative to improve computational e�ciency is
to introduce spatial covariance functions that have a compact support, that is,
the correlations assume null values from a certain distance. In this way, sparse
covariance matrices are obtained, which is bene�cial to reduce the computational
cost. However, there are few models of compactly supported correlation func-
tions available in the literature, especially when used in applications of spatial
phenomena. Therefore, we propose in this work to study and perform inferences
in spatial models, using a tightly supported correlation function de�ned in the
article by Bevilacqua et al. (2019), named Wendland's Generalized, in which from
a smoothing parameter (κ) > 0) are largely �exible, which makes them a natural
competitor to the Matérn family.

Wendland functions belong to the well-known class of compactly supported
radial basis functions, widely used in numerical approximation. Originally intro-
duced by Wu (1995) and further developed by Wendland (1995), they are de�ned
over the interval [0, 1) and can be extended using the Euclidean distance to con-
struct radially symmetric covariance functions, which are crucial for inference and
prediction in spatial random �elds. The theoretical and practical relevance of the
Generalized Wendland family has been further expanded in recent work. Bevilac-
qua et al. (2024) provide new extensions of the model, including non-radial and
anisotropic formulations, broadening its applicability beyond isotropic assump-
tions. Moreover, Bevilacqua et al. (2019) established consistency and asymptotic
normality of maximum likelihood estimators under �xed-domain asymptotics, pro-
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viding a solid theoretical foundation for estimation and prediction with these com-
pactly supported models.

Due to their compact support, Wendland functions enhance computational
e�ciency and reduce the risk of poor conditioning of the spatial covariance (or
interpolation) matrix, as correlations are exactly zero beyond a speci�ed distance,
known as the support parameter. This property leads to sparse covariance ma-
trices, which signi�cantly facilitate the numerical solution of interpolation prob-
lems�particularly in Kriging, where inversion of large, high-dimensional matrices
is required.

Compactly supported radial basis functions are widely used in applications
involving �nite element approximations of partial di�erential equations. How-
ever, their application to spatial data analysis has emerged more recently and
remains relatively limited in scope. Notable contributions in this area include
Gneiting (2002a), who introduced a class of compactly supported correlation
functions�including the Wendland family�that allow for smoothness parame-
terization of isotropic and stationary random processes. Gneiting (2002b) also
proposed stationary and non-separable covariance functions for spatiotemporal
processes. Myers et al. (2002) constructed space�time radial basis functions il-
lustrated through practical examples. Moreaux (2008) reviewed key compactly
supported covariance functions, while Porcu et al. (2013) developed a methodol-
ogy for multivariate geostatistical analysis using compactly supported radial basis
functions, based on Askey functions and B-splines. Chernih & Hubbert (2014) es-
tablished necessary and su�cient conditions for the positive de�niteness of Wend-
land functions and demonstrated their uniform convergence to a Gaussian process
as the smoothing parameter tends to in�nity. Daley et al. (2015) explored com-
pactly supported covariance functions for multivariate random �elds, and Genton
& Kleiber (2015) introduced cross-covariance functions for multivariate geostatis-
tics, incorporating compact support and spherical domains. Liang & Marcotte
(2016) described a class of non-stationary covariance functions with compact sup-
port. Bevilacqua et al. (2019) investigated estimation and prediction in Gaussian
random �elds under Wendland covariance models. Porcu et al. (2020) extended
these ideas to non-separable spatiotemporal covariance functions using the Wend-
land family. Bachoc et al. (2022) derived conditions for equivalence of measures
in multivariate Gaussian random �elds, focusing on Matérn and Wendland covari-
ances. Finally, Bevilacqua et al. (2020) proposed a class of covariance functions
for bivariate random �elds de�ned on spherical domains.

The objective of this study is to investigate inferential and diagnostic proce-
dures in Gaussian spatial linear models using the Generalized Wendland covariance
family and to compare its performance with that of the Matérn family. Speci�cally,
we (i) derive explicit expressions for the practical range and extend the Spatial De-
pendency Index (SDI) to both covariance families through the Spatial Continuity
Area, (ii) develop local in�uence diagnostics for compactly supported covariance
structures under maximum likelihood estimation, and (iii) evaluate the compar-
ative performance of Wendland and Matérn models in terms of model selection
criteria, cross-validation, spatial dependence classi�cation, parameter sensitivity,
and computational implications associated with sparse versus dense covariance
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matrices. Through this structured comparison, we aim to clarify the inferential
properties and practical advantages of compactly supported covariance models in
spatial statistics.

2. The Wendland and Matérn Covariance Families

The generalized Wendland (GW) covariance family constitutes a class of com-
pactly supported, positive de�nite functions introduced by Wu (1995) and further
developed by Wendland (1995). These functions are de�ned on the interval [0, 1),
based on the Euclidean distance between two spatial locations si and si +h, with
h = ∥h∥, in a d-dimensional space (Rd, d = 2 for this study).

A key feature of the GW family is its compact support: the correlation is zero
for distances h ≥ ϕ3, where ϕ3 > 0 is the support parameter. This property induces
sparsity in the spatial covariance matrix, signi�cantly reducing computational cost
and mitigating numerical instability due to ill-conditioning�a common issue in
large spatial datasets with dense matrices under global support models.

In this work, we consider the generalizedWendland correlation function φµ,κ(h),
de�ned as (Bevilacqua et al., 2019):

φµ,κ(h) =


1

B(2κ, µ+ 1)

∫ 1

h
x(x2 − h2)κ−1(1− x)µ dx, 0 ≤ h < 1,

0, h ≥ 1,
(1)

where B(·) is the Beta function, h is the Euclidean distance, and κ ∈ Z+ is the
smoothness parameter. To extend the support to (0, ϕ3], we rescale the distance
as h/ϕ3, ensuring (0, h/ϕ3] ⊆ (0, 1]. This allows greater �exibility in modeling
spatial dependence, with ϕ3 controlling the radius of in�uence.

The parameter µ governs the concavity of the correlation function and must
satisfy the positive de�niteness condition in R2:

µ ≥ d+ 1

2
+ κ =

3

2
+ κ, d = 2. (2)

Following Bevilacqua et al. (2019), we set µ = ⌈3/2 + κ⌉ to ensure integer values
and analytical tractability. The functions in (1) are 2κ-times di�erentiable at the
origin, enabling smooth parameterization of the underlying Gaussian process.

The GW family is a natural competitor to the Matérn covariance function,
de�ned as:

ρMat(h) =
1

Γ(ν)2ν−1

(√
8ν

h

ϕ3

)ν

Kν

(√
8ν

h

ϕ3

)
, (3)

where ν > 0 is the smoothness parameter, and Kν is the modi�ed Bessel function
of the second kind. A key equivalence is established when ν = κ+ 1/2 (Gneiting,
2002a). The Matérn family includes the Exponential (ν = 1/2) and Gaussian
(ν → ∞) models as special cases. Similarly, as κ → ∞, the GW functions converge
uniformly to a Gaussian (Chernih et al., 2014).
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This paper evaluates the GW covariance for κ = 0, 1, 2, 3, with spatial structure
de�ned by the parameter vector ϕ = (ϕ1, ϕ2, ϕ3)

⊤. Here, ϕ1 ≥ 0 is the nugget
e�ect (measurement error), ϕ2 ≥ 0 is the partial sill (spatial variance), and ϕ3 > 0
controls the spatial dependence radius. Under isotropy, the covariance function is:

C(h) = ϕ2φµ,κ

(
h

ϕ3

)
, h ≥ 0.

The total variance is C(0) = ϕ1+ϕ2, and the semivariogram is γ(h) = C(0)−C(h).

Figures 1, 2, and 3 illustrate the behavior of the GW correlation for varying κ,
µ, and ϕ3. Values of ϕ3 < 1 do not a�ect theoretical monotonicity; however, under
domain truncation in graphical representation, the correlation may appear not to
reach its asymptotic sill within the plotted range. Thus, in practice, ϕ3 is chosen
close to or greater than 1, either �xed based on domain knowledge (e.g., maximum
inter-point distance) or estimated. In this study, ϕ3 was selected via ordinary least
squares. This choice is motivated by �xed-domain asymptotic theory, under which
variance and range parameters are not jointly consistently estimable for certain
covariance families. Following the microergodic reparameterization framework of
Bevilacqua et al. (2019), �xing ϕ3 improves numerical stability and reduces iden-
ti�ability issues between scale and variance parameters.
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Figure 1: Generalized Wendland correlation functions: (a) for κ = 0, 1, 2, 3 with ϕ3 = 1;
(b) for �xed κ = 3, µ = 5, and varying ϕ3.
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Figure 2: Generalized Wendland correlation for (a) κ = 0 and (b) κ = 1, with µ = 5
and varying ϕ3.
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Figure 3: Generalized Wendland correlation for (a) κ = 2 and (b) κ = 3, with µ = 5
and varying ϕ3.

The GW family exhibits non-increasing monotonic behavior in the semivar-
iogram, reaching an asymptotic sill. This property is crucial for de�ning the
practical range and spatial dependence measures.
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2.1. Practical Range and Spatial Dependency Index

The practical range a is commonly de�ned as the distance at which the correla-
tion drops to 0.05 (Diggle & Ribeiro, 2007), i.e., ρ(a) = 0.05 or γ(a) = ϕ1+0.95ϕ2.
For the GW family with µ = 2, 3, 4, 5 and κ = 0, 1, 2, 3, the practical range is ap-
proximately:

a = 0.776ϕ3, 0.657ϕ3, 0.573ϕ3, 0.514ϕ3,

respectively. For the Matérn family with ν = 3.5, a ≈ 6.76ϕ3.

To quantify spatial dependence, we use the Spatial Dependency Index (SDI )
proposed by Seidel & Oliveira (2014), which incorporates the model geometry:

SDI(%) = MF×

(
ϕ̂2

ϕ̂1 + ϕ̂2

)
×
(

a

q ·MD

)
× 100, (4)

where q denotes the maximum theoretical distance within the study domain, and
MD represents the maximum observed inter-point distance among sampling loca-
tions; MF is the Model Factor, derived from the Spatial Continuity Area (SCA):

SCAκ =

∫ a

0

(
1− γ(h)

ϕ1 + ϕ2

)
dh. (5)

For the GW family, we obtain:

SCAκ =
ϕ2

ϕ1 + ϕ2
· a ·MFκ,

with MF0 = 0.425, MF1 = 0.502, MF2 = 0.511, MF3 = 0.512.

For the Matérn family (ν = κ+ 0.5), MF0.5 = 0.317, MF1.5 = 0.409, MF2.5 =
0.439, MF3.5 = 0.444.

Classi�cation scales for SDI are given in Tables 1 and 2, based on Seidel &
de Oliveira (2015).

Table 1: Classi�cation of spatial dependence for the Wendland family.

κ SDI Range Dependence Level

0 ≤ 11% Weak

11% < SDI ≤ 32% Moderate

> 32% Strong

1 ≤ 13% Weak

13% < SDI ≤ 38% Moderate

> 38% Strong

2 ≤ 13% Weak

13% < SDI ≤ 38% Moderate

> 38% Strong

3 ≤ 13% Weak

13% < SDI ≤ 38% Moderate

> 38% Strong
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Table 2: Classi�cation of spatial dependence for the Matérn family.

ν SDI Range Dependence Level

0.5 ≤ 8% Weak

8% < SDI ≤ 24% Moderate

> 24% Strong

1.5 ≤ 10% Weak

10% < SDI ≤ 31% Moderate

> 31% Strong

2.5 ≤ 11% Weak

11% < SDI ≤ 33% Moderate

> 33% Strong

3.5 ≤ 11% Weak

11% < SDI ≤ 33% Moderate

> 33% Strong

3. Local In�uence Diagnostics

Diagnostic analysis is a fundamental tool for assessing the robustness of statis-
tical models to small perturbations in the data or model assumptions. Introduced
by Cook (1986), the local in�uence method leverages concepts from di�erential
geometry to evaluate the sensitivity of parameter estimates through the likelihood
displacement (LD). The central idea is to examine the behavior of the displacement
function:

LD(ω) = 2
[
ℓ(θ̂)− ℓ(θ̂ω)

]
, (6)

where ℓ(θ̂) is the log-likelihood evaluated at the maximum likelihood estimate

(MLE) θ̂, and ℓ(θ̂ω) is the MLE under a perturbation scheme indexed by ω =
(ω1, . . . , ωn)

⊤ ∈ Ω ⊂ Rn. It is assumed that there exists a baseline perturbation

ω0 such that ℓ(θ̂) = ℓ(θ̂ω0
).

Cook's approach focuses on the local behavior of LD(ω) near ω0. The normal
curvature in the direction of a unit vector l ∈ Rn is given by:

Cl = 2
∣∣∣l⊤∆⊤L̈−1∆l

∣∣∣ , (7)

where L̈ = −∂2ℓ(θ)/∂θ∂θ⊤ is the observed Fisher information matrix evaluated

at θ̂, and ∆ = ∂2ℓ(θ,ω)/∂θ∂ω⊤ is an (p+q)×n matrix evaluated at (θ̂,ω0). For
a linear spatial model with covariance structure de�ned by the Wendland family,
∆ can be partitioned as ∆ = (∆⊤

β ,∆
⊤
ϕ)

⊤, where:

∆β = X⊤Σ−1A, ∆ϕ =
(
∆⊤

1 ,∆
⊤
2

)⊤
, ∆i = (Z−Xβ)⊤Σ−1 ∂Σ

∂ϕi
Σ−1A,

with A = I−X(X⊤Σ−1X)−1X⊤Σ−1.

This methodology has been successfully applied in various spatial modeling
contexts, including elliptical a nd heavy-tailed distributions. For instance, Uribe-
Opazo et al. (2021) developed in�uence diagnostics for a reparameterized t-Student
spatial linear model using gradient and score statistics to identify outliers and
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in�uential observations. Their work highlights the importance of robust diagnostic
tools in geostatistical analysis, particularly when dealing with real-world data
subject to measurement errors and atypical values.

In this study, we extend these ideas to Gaussian spatial models with compactly
supported covariance functions�speci�cally, the Generalized Wendland family.
We derive the corresponding expressions for∆ and apply the local in�uence frame-
work to assess the sensitivity of maximum likelihood estimators.

The maximum normal curvature Ci for the i-th observation is obtained by
taking l = lmax, the eigenvector associated with the largest eigenvalue of the
matrix B = ∆⊤L̈−1∆. Thus,

Ci = 2|bii|, (8)

where bii is the i-th diagonal element of B. This quantity, known as the total local
in�uence, identi�es observations whose perturbation causes the greatest change in
the likelihood surface.

3.1. Reference Levels via Jackknife-after-Bootstrap

A critical challenge in local in�uence analysis is establishing objective criteria
to classify an observation as in�uential. Several ad hoc rules exist: Cook (1986)
suggested using 2× Cmax as a threshold in simple random samples; Borssoi et al.
(2011) proposed �agging observations with Ci > 2 × C, where C is the mean of
the Ci values.

However, these rules lack statistical justi�cation and may be sensitive to the
data structure. To address this, we adapt the Jackknife-after-Bootstrap (JaB)
method of Efron (1992), as applied to in�uence diagnostics by Martin & Roberts
(2010). The JaB procedure generates a null distribution of Ci under the hypothesis
that the i-th observation is not in�uential, by constructing bootstrap samples that
exclude it.

As noted by Davison & Hinkley (1997, p. 114), the probability that a spe-
ci�c observation zi does not appear in a single bootstrap sample of size n is ap-
proximately (1 − n−1)n ≈ e−1. Thus, among B bootstrap resamples, roughly
Be−1 ≈ 0.368B samples will exclude zi.

The algorithm below constructs an empirical cuto� for Ci:

Although classical bootstrap resampling may partially disrupt spatial depen-
dence, in this context the procedure is used only to approximate the empirical
distribution of the in�uence measures and to construct a reference cuto�, rather
than to perform spatial parameter inference.

This approach ensures that the reference distribution is not contaminated by
the observation being assessed, providing a more reliable and data-driven criterion
for in�uence detection. The methodology is novel in the context of spatial models
with compactly supported covariance functions, particularly the Wendland family.
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Algorithm 1 Jackknife-after-Bootstrap cuto� for local in�uence

1. Compute the local in�uence measures Ci, i = 1, . . . , n, from the original
model.

2. Generate B bootstrap samples from the original dataset, de�ned as the set
of spatial observations consisting of the response variable and associated
covariates at their sampled locations. Resampling is performed on these
observational units with replacement, and the local in�uence measures Ci

are recomputed after re�tting the model for each bootstrap sample.

3. For each observation i, collect the subset of Bi ≈ Be−1 bootstrap samples

that do not contain zi. Compute C
(b)
i for each of these resamples.

4. Aggregate all C
(b)
i values into a single vector of size approximately nBe−1.

5. De�ne the cuto� as the 95% quantile of this distribution. If the original
Ci > cuto�, �ag observation i as in�uential.

4. Application: Soybean Yield Data Analysis

This section illustrates the proposed methodology using a dataset of 74 soybean
yield observations (in t×ha−1) collected during the 2016/2017 growing season. The
data were obtained from an experimental �eld managed by the Space Statistics
Laboratory at the State University of Western Paraná (UNIOESTE), Campus
Cascavel, in a commercial grain production area of 127.18ha. The region is located
near the municipality of Cascavel, in western Paraná, Brazil, with approximate
geographic coordinates 24.95◦ S and 53.57◦ W, and an average altitude of 650m.
Figure 4 presents the geographical location of the experimental �eld within the
Brazilian territory and highlights the spatial con�guration of the study region.

In addition to soybean yield, soil chemical properties were measured at the
same sampling locations to serve as explanatory variables in the spatial regression
model. Speci�cally, the covariates considered in this study were phosphorus (P),
potassium (K), calcium (Ca), and magnesium (Mg), which are widely recognized
indicators of soil fertility and are commonly associated with crop productivity in
agricultural systems. These variables were obtained through soil sampling con-
ducted at the same georeferenced locations as the yield measurements, ensuring
spatial correspondence between the response and explanatory variables.

Incorporating these soil attributes into the spatial linear model allows part of
the spatial variability in soybean yield to be explained by observed environmental
factors, while the remaining spatial dependence is captured through the covariance
structure of the stochastic component. This formulation provides a more realistic
representation of the underlying spatial process and facilitates the evaluation of
both �xed e�ects associated with soil properties and residual spatial dependence.
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Figure 4: Geographic location of the study area in the municipality of Cascavel, State
of Paraná, Brazil.

4.1. Exploratory Data Analysis

Descriptive statistics for soybean yield are presented in Table 3. The closeness
of the mean (3.057) and median (3.151), along with a low coe�cient of variation
(CV = 17.91%), suggests moderate data homogeneity and approximate symmetry.
The standard deviation (0.547) relative to the mean further supports low dispersion
around the central tendency.

Table 3: Descriptive statistics for soybean yield.

Variable Mean Q1 Median Q3 Min. Max. SD Var CV (%)

Yield (t× ha−1) 3.057 2.799 3.151 3.438 1.519 4.030 0.547 0.299 17.911

Note: Yield: soybean yield; Q1: �rst quartile; Q3: third quartile; SD: standard deviation; Var:
variance; CV: coe�cient of variation.

A boxplot (Figure 5) reveals four potential outliers with yields 1.518, 1.661,
1.677, and 1.797 t×ha−1, corresponding to observations #68, #67, #65, and #69,
respectively.
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Figure 5: Boxplot of soybean yield

4.2. Model Fitting and Comparison

We adopt a Gaussian spatial process {Z(s) : s ∈ R2} with the linear model:

Z(si) = µ(si) + ϵ(si),

where µ(si) = β0 + β1x1 + β2x2 + β3x3 + β4x4 includes the covariates phosphorus
(x1), potassium (x2), calcium (x3), and magnesium (x4). The error term ϵ(si)
has zero mean and covariance structure de�ned by either the Wendland or Matérn
family, with Z ∼ N (Xβ, ϕ1In + ϕ2R(ϕ3)).

To ensure consistent estimation under �xed-domain asymptotics, we follow
Bevilacqua et al. (2019) and reparametrize using the micro-parameterization τ =
ϕ2/ϕ

2κ+1
3 (Wendland) and τ = ϕ2/ϕ

2ν
3 (Matérn), �xing ϕ3 at values estimated via

ordinary least squares: ϕ3 = 1.609, 1.609, 1.73, 1.2 for κ = 0, 1, 2, 3 (Wendland),
and ϕ3 = 0.5, 0.379, 0.273, 0.224 for ν = 0.5, 1.5, 2.5, 3.5 (Matérn).

Parameters were estimated via maximum likelihood (ML), with initial values
from ordinary least squares. Model selection was based on Akaike information
criterion - AIC and cross-validation criteria. The Wendland model with κ =
3 yielded the lowest cross-validation (0.367) and AIC (117.064), and was thus
selected as the best-�tting model.

The estimated mean parameters were stable across models. A negative co-
e�cient for calcium (β̂3 < 0) suggests a soil de�ciency a�ecting yield. For the
Wendland models, ϕ1 > ϕ2 (except κ = 2), indicating a strong nugget e�ect. In
contrast, Matérn models show ϕ2 > ϕ1 (except ν = 3.5), suggesting stronger spa-
tial dependence. The SDI indicates moderate spatial dependence for Wendland
(κ = 3: 17.4%) and strong dependence for Matérn (ν = 1.5: 35.8%).
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Table 4: ML estimates for Wendland and Matérn covariance models with varying
smoothness parameters κ.

Model β̂0 β̂1 β̂2 β̂3 β̂4 ϕ̂1 ϕ̂2 cross-validation AIC SDI (%)

P K Ca Mg (MF)

W-0 3.480 0.003 -0.395 -0.009 0.067 0.222 0.185 0.372 118.226 19.303

(0.394) (0.006) (0.577) (0.010) (0.100) (0.079) (0.137) (0.425)

W-1 3.513 0.002 -0.442 -0.009 0.059 0.250 0.223 0.368 118.723 23.665

(0.370) (0.006) (0.585) (0.010) (0.099) (0.060) (0.203) (0.502)

W-2 3.504 0.002 -0.434 -0.009 0.059 0.250 0.767 0.378 118.587 38.525

(0.367) (0.006) (0.585) (0.010) (0.099) (0.058) (0.704) (0.511)

W-3 3.402 0.003 -0.388 -0.009 0.069 0.232 0.209 0.367 117.064 17.412

(0.362) (0.006) (0.581) (0.010) (0.099) (0.053) (0.159) (0.512)

M-0.5 2.918 0.003 0.056 -0.003 0.108 0.000 0.273 0.377 121.725 31.700

(0.330) (0.006) (0.552) (0.009) (0.100) (0.091) (0.092) (0.317)

M-1.5 2.934 0.004 -0.038 -0.003 0.105 0.034 0.239 0.382 120.967 35.827

(0.320) (0.006) (0.550) (0.009) (0.100) (0.119) (0.120) (0.409)

M-2.5 2.934 0.004 -0.044 -0.003 0.105 0.052 0.221 0.382 120.787 35.519

(0.320) (0.006) (0.548) (0.009) (0.100) (0.176) (0.136) (0.439)

M-3.5 2.881 0.003 0.149 -0.003 0.122 0.147 0.140 0.373 120.480 21.628

(0.350) (0.006) (0.574) (0.010) (0.104) (0.262) (0.120) (0.444)

Note: W-κ: Wendland with smoothness κ; M-ν: Matérn with smoothness ν; P: phosphorus; K:
potassium; Ca: calcium; Mg: magnesium.

4.2.1. Local In�uence Diagnostics

Using the selected Wendland(κ = 3) model, we applied local in�uence diag-
nostics. The total local in�uence (Ci) and maximum direction of normal cur-
vature (∥lmax∥) are shown in Figure 6. A Jackknife-after-Bootstrap procedure
(Section 3.1) determined the 95% cuto� (dashed line).
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Figure 6: Local in�uence diagnostics for the selected model. The dashed horizontal
line indicates the cuto� value obtained from the Jackknife-after-Bootstrap
procedure used to identify potentially in�uential observations.
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Observations #39, #52, #61, and #64 were �agged in Ci; #21, #52, #61,
#69, and #74 in ∥lmax∥. Observation #69 was also an outlier in the boxplot.
Given their recurrence, #52, #61, and #69 were further analyzed.

4.2.2. Impact on Parameter Estimates and Predictions

Table 5 shows that removing these points slightly a�ected descriptive statistics,
but Table 6 reveals signi�cant impacts on model parameters. Joint exclusion
reduced ϕ2 from 0.209 to 0.094 and SDI from 17.4% to 10.2%, shifting from
moderate to weak spatial dependence. Individual removal of #69 reduced SDI to
11.97%, also indicating weak dependence.

Table 5: Descriptive statistics with and without in�uential observations.

Dataset n Mean Q1 Median Q3 Min. Max. SD CV (%)

All 74 3.057 2.799 3.151 3.438 1.519 4.030 0.547 17.911

−(#52,#61,#69) 71 3.071 2.817 3.159 3.433 1.519 4.030 0.534 17.394

−#52 73 3.060 2.800 3.159 3.444 1.519 4.030 0.550 17.986

−#61 73 3.050 2.799 3.144 3.421 1.519 4.030 0.548 17.975

−#69 73 3.074 2.800 3.159 3.444 1.519 4.030 0.531 17.262

Note: n denotes the number of observations. "All" refers to the complete dataset, while
−(#52,#61,#69) indicates the dataset after removing the observations identi�ed as in�uential
by the local in�uence diagnostics.

Table 6: Parameter estimates without in�uential observations.

Dataset β̂0 β̂1 β̂2 β̂3 β̂4 ϕ̂1 ϕ̂2

All 3.402 0.003 -0.388 -0.009 0.069 0.232 0.209

−(#52,#61,#69) 3.054 0.009 0.370 -0.018 0.214 0.245 0.094

−#52 2.969 -0.002 -0.557 0.003 0.135 0.232 0.208

−#61 3.104 -0.002 -0.515 -0.003 0.169 0.239 0.173

−#69 2.990 -0.003 -0.604 0.000 0.208 0.240 0.116

Note: β̂0, . . . , β̂4 denote the estimated regression coe�cients for the intercept and the soil
covariates phosphorus (P), potassium (K), calcium (Ca), and magnesium (Mg). ϕ̂1 represents

the nugget e�ect and ϕ̂2 the spatial variance parameter of the covariance model.

Universal Kriging was used to generate prediction maps (Figures 7 and 8).
With all data, yield ranged from 2.27 to 3.26 t × ha−1. Excluding in�uential
points altered the range and spatial pattern. Notably, removing #69 increased
the maximum to 3.35 and intensi�ed low-yield zones in the northwest, con�rming
its strong in�uence.

These results con�rm that in�uential observations signi�cantly a�ect both pa-
rameter estimates and spatial predictions. Caution is advised when interpreting
models in their presence or absence, particularly in regions where such points are
located.
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Figure 7: Predicted soybean yield maps (κ = 3). The UTM coordinates on the axes are
displayed in truncated form for visualization purposes. The full coordinate
values can be obtained by adding the corresponding base values indicated in
the study region.

5. Conclusions

This paper presents a comprehensive methodological and applied comparison
between the Wendland and Matérn covariance families in the context of Gaus-
sian spatial models. By leveraging the compact support of the generalized Wend-
land (GW) functions, we demonstrate that these models o�er a computationally
e�cient and statistically robust alternative to the widely used Matérn family,
particularly for large-scale spatial datasets where dense covariance matrices pose
numerical challenges.

Our main contributions are threefold. First, we extend the Spatial Dependency
Index (SDI ) of Seidel & Oliveira (2014) to both the Wendland and Matérn families,
incorporating the spatial continuity area (SCA) to account for the full geometry
of the semivariogram. This extension allows for a more nuanced classi�cation of
spatial dependence�weak, moderate, or strong�based on model-speci�c factors
(MF ) derived from the SCA. We provide explicit expressions for the practical
range and MF for both families, enabling direct comparison of spatial reach and
dependence strength across di�erent smoothness parameters.
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Figure 8: Predicted soybean yield maps (κ = 3). Excluding #69. The UTM coordi-
nates on the axes are displayed in truncated form for visualization purposes.
The full coordinate values can be obtained by adding the corresponding base
values indicated in the study region.

Second, we develop a local in�uence diagnostic framework for spatial models
with Wendland covariance structures. We derive the normal curvature measures
and adapt the Jackknife-after-Bootstrap procedure of Efron (1992) to establish
data-driven cuto� points for identifying in�uential observations. This approach,
novel in the context of compactly supported covariance models, avoids reliance on
arbitrary thresholds and ensures that the reference distribution is not contami-
nated by the observation under assessment.

Third, we apply this methodology to a real soybean yield dataset from western
Paraná, Brazil. The results show that the Wendland model with κ = 3 outperforms
its Matérn counterpart in terms of AIC and cross-validation, while generating
sparse covariance matrices that reduce computational burden. Moreover, the diag-
nostic analysis reveals that a small number of in�uential observations�particularly
#69, also identi�ed as an outlier�exert a disproportionate e�ect on parameter es-
timates and kriging predictions. Their removal shifts the spatial dependence from
moderate to weak, highlighting the importance of robustness checks in geostatis-
tical modeling.

In summary, the Wendland family emerges not only as a viable competitor to
the Matérn family but as a preferred choice in scenarios demanding computational
e�ciency and numerical stability. Its �exibility, controlled by the smoothness pa-
rameter κ, allows for accurate modeling of spatial continuity while bene�ting from
sparsity. We recommend its use in precision agriculture, environmental monitor-
ing, and other �elds involving large georeferenced datasets.

Future research could extend this framework to non-stationary, multivariate,
and spatiotemporal settings, as well as explore Bayesian inference and cross-
validation under �xed-domain asymptotics. Additionally, the integration of the
SDI and Jackknife-after-Bootstrap diagnostics into standard geostatistical soft-
ware would enhance their accessibility and practical utility.
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