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Abstract

The exponentiated transmuted-G family was introduced along with some
of its statistical properties derived from a power series expansion. This work
demonstrates that the previously proposed expansions, which depend on a
double sum, present convergence problems for some combinations of param-
eters. Therefore, a much simpler linear representation that depends only on
a single sum is presented, allowing for the precise and general calculation of
these properties.

Keywords: Exponentiated transmuted-G family; Moments; Power series ex-
pansions; Weibull distribution.

Resumen

La familia de distribuciones G-transmutada exponenciada fue introducida
junto con algunas de sus propiedades estadisticas derivadas de una expansion
en series de potencias. Este trabajo demuestra que las expansiones previa-
mente propuestas, que dependen de una suma doble, presentan problemas
de convergencia para algunas combinaciones de parametros. Por lo tanto,
se presenta una representacion lineal mucho mas simple, que depende solo
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de una suma simple, lo que permite el calculo preciso y general de estas
propiedades.

Palabras clave: Distribuciéon de Weibull; Expansiones en series de poten-
cias; Familia G-transmutada exponenciada; Momentos.

1. Introduction

The development of flexible probability distributions has been a central concern
in statistical theory and practice for over a century. The fundamental principle
of distribution generalization emerged from the work of Lehmann (1953), who
demonstrated that applying a power transformation to a cumulative distribution
function yields a new family with enhanced flexibility. This seminal contribution
established the theoretical foundation for numerous subsequent extensions. Build-
ing upon Lehmann’s framework, Gupta et al. (1998) introduced the exponentiated-
G (exp-G) family, which generalizes the exponentiation principle to an arbitrary
baseline distribution G(x). This family has proven remarkably useful in reliability
engineering and survival analysis, enabling practitioners to model complex failure
time distributions through a simple power transformation of baseline distributions
(Eugene et al., 2002; Cordeiro & de Castro, 2011).

In recent years, several notable advances have further expanded this litera-
ture, giving rise to a wide variety of novel and flexible distributions. For example,
Cogo et al. (2024) combined the error function generalized family with the Weibull
baseline, and Ferreira & Cordeiro (2024) pioneered the flexible generalized gamma,
distribution, yielding extended models capable of capturing diverse hazard rate
shapes. Advances have also been made in the context of discrete distributions.
For instance, Debastiani Neto et al. (2025) introduced the discrete xLindley dis-
tribution. Moreover, Mota et al. (2021) investigated the reparameterized weighted
Lindley distribution, highlighting its tractability and interpretability in modeling
discrete data.

Within this general framework, Shaw & Buckley (2007) introduced the trans-
muted-G (T-G) family through rank transmutation maps, providing an alternative
mechanism for generating flexible distributions. This framework has demonstrated
substantial utility in modeling diverse phenomena, from reliability data to biomed-
ical applications (Khan & King, 2013; Aryal & Tsokos, 2011). In subsequent work,
several authors explored the T-G framework by considering diverse baseline choices
such as the Singh-Maddala (Shahzad et al., 2017), Rayleigh (Dey et al., 2017), in-
verse unit Teissier (Bashiru et al., 2025) and Burr X (Alrweili, 2025) distributions.

The exponentiated transmuted-G (ET-G) family, introduced by Merovci et al.
(2017), extends the exp-G and T-G families. Its cumulative distribution function
(cdf) is given by

F(z) = F(z;6,\,€) = G(z)? [1 + A = AG(x)]”, (1)

where ¢ > 0 and |A\| < 1 are two additional shape parameters. Here, G(z) =
G(x; &) is the parent cdf and £ is its parameter vector. The ET-G reduces to the
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exp-G when A = 0 and simplifies to the T-G when ¢ = 1. The probability density
function (pdf) of the ET-G has the form

f@) = f@i0, M €) = dg(x) [1 + A= 2XG(2)] G(2)* L+ A= AG(2)]"", (2)

where g(z) = g(x; €) is the baseline pdf. Let X be a random variable with density
(2).

Many distributions have been proposed using the ET-G framework. Merovci
et al. (2017) pioneered the exponentiated transmuted exponential, exponentiated
transmuted Weibull, and exponentiated transmuted generalized half-normal by
taking the exponential, Weibull, and half-normal as parent distributions, respec-
tively. Okereke (2019) defined the exponentiated transmuted Lindley distribution,
Abbas et al. (2021) introduced the exponentiated transmuted length-biased expo-
nential distribution, and Eze & Yahya (2025) pioneered the transmuted exponen-
tial-compound Weibull-gamma distribution.

The statistical properties of these ET-G generalized models, designed to en-
hance more flexibility, are based on the formulation by Merovci et al. (2017), which
relies on a double linear combination of exp-G densities. However, this formula-
tion exhibits critical limitations, as its power series expansions are not convergent
for all parameter configurations. To address this, an alternative linear representa-
tion is introduced, ensuring convergence and superior computational performance.
The rest of the paper unfolds as follows. Section 2 revisits the original approach,
Section 3 develops the new formulation, Section 4 presents a numerical validation.
Section 5 presents applications, and Section 6 describes some conclusions.

2. Old Linear Representation

A linear representation for the density of the ET-G was derived by Merovci
et al. (2017) as

f(@) = Z br Uy (), (3)
k=0

where

=S ()

=0

and IT;44(x) is the cdf of the exp-G with power parameter k+ ¢. According to the
authors, Expression (3) can be used for computing the ordinary and incomplete
moments and generating function of X.

However, the linear representation in (3) is not convergent for all terms of the
series expansion and, therefore, cannot be used to derive the statistical properties.
Note that two infinite sums are involved: the outer sum in k, and the inner sum in
1 that defines the coefficients by. This limitation can be illustrated by truncating
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the expansion and analyzing its behavior numerically. In this context, both the
main series and the sum of the coefficients b, are truncated at a finite value N.
The limiting representation can be expressed as

N —oc0

N
fla) = lim by Teyg(2),
k=0
where

by = Bu(N) = SO(C1N <¢> (k)

=0

In practice, it is approximated by the truncated version

N
flz) = Z by g (), (4)
k=0

for N large. The numerical behavior of this approximation is shown in Table 1
(Section 4).
3. An Improved Linear Representation

We present a novel linear representation for the ET-G family, which provides a

more efficient and convergent formulation than the earlier expansion. Thus, from
Equation (1), |AG(z)/(1+ A)| < 1. The binomial theorem holds

(z+a)’ = i (Z) aFa?* (5)

k=0

if v € R and |z/a| < 1. So, applying (5) in Equation (1),
(o)
F(z) =) wy,G(x)**, (6)
k=0

where

o= (6. = (N (§),

By differentiating (6), we obtain
f(x)szkW¢+k(x), p+k>0, (7
k=0

where 711 ()

= dIyyx(x)/dz. Since G(z) is the cdf of a probability law, we
have 0 < G(z) <1

for all z. Therefore, the coefficient series Y ;- jwy converges
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absolutely for all ¢ > 0 and A € [—1,1). The ratio of consecutive coefficients
satisfies
We1 _ —A ¢—k
wy  14+XN k+1

Taking absolute values and the limit as k — oo yields

i W41 \)\|

im = —.

k—oo | Wk 14+ A
[Al

For A € [-1,1) we have 1+ X > 0 and
> pe wi converges absolutely.

17 < 1. Hence, by the ratio test, the series

The case A = —1 is excluded because it makes the denominator 1+ A = 0, which
is undefined. This restriction is consistent with the parameter space of the ET-G
family, where |A\| < 1 with the understanding that A\ = —1 is a boundary point
that does not yield a proper distribution. Under these conditions, Equation (7)
provides a simpler and convergent linear representation for the ET-G pdf, which
constitutes the main result of this section, as it resolves the convergence issues of
the earlier formulation in Equation (3).

Notice also that under this new representation, the ET-G density remains ex-
pressed as an infinite linear combination of the exp-G baseline, similar to the
structure defined by Merovci et al. (2017), a formulation that is particularly ad-
vantageous since many mathematical properties can be determined easily from
those of the exp-G family.

Figures 1(a) and 1(b) illustrate the convergence behavior of the new expansion
with respect to parameters ¢ and A, as well as the convergence of the weights
wy, (which now sum one). These plots visually confirm that the approximation
accuracy improves as more terms are included in the series.

(a) (b)
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25 1000
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Ficure 1: Convergence of partial sums of wy, for some values of A and ¢.
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3.1. Moments and Generating Function
Let Y} be a random variable with pdf mg 4(z). i.e., the exp-G density with

power ¢ + k > 0. We now present the moments, incomplete moments, and the
generating function (gf) of the ET-G family.

Proposition 1. By changing the sum in (7) with the integral in the definition of
the expected value, we can easily obtain

oo
= E(XT) = 3w E ().
k=0

Proposition 2. The rth incomplete moment of X, say mgp (t) = fioo x" f(x)de,

can be expressed as a linear representation of exp-G incomplete moments, namely
oo
m{ () = Y wem{)(8),
k=0

where mg,rk) (t) = ffoo Y work(y) dy. The proof is trivial.

Proposition 3. The generating function (gf) of X, say Mx(t) = E[e!X], is a
linear combination of exp-G gfs, namely

Mx(t) = wi My, (1),
k=0

where My, (t) = ffooo e w11 (y) dy, which is easily proved from Proposition 1.

4. Numerical Study

To evaluate the convergence performance of the proposed series expansion for
the ET-G family, we present a comparative analysis of both numerical integration
and a pre-existing expansion, using the parent Weibull. So, the pdf and cdf of
ET-Weibull (ET-W) can be expressed as

F(wid, A 0, 8) = paB e e @D [14 2 =2 (1— e @A)
x [1—e @] o (14 A=A (1-e@a7)] o
and
F(2:6,),0,8) = [1- e—@/ﬂ)“r [1+a=a(1- e—@/ﬂ)“)r :

respectively.
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The moment expressions can be determined from the new expansion (for r >
—a) as

/ r r - = (=1) (¢+§_1)
pr =P F(a+1)kzowk(¢+k)zo(j+l)r/a+l’
where I'(+) is the gamma function. The reference for this comparison is the direct
numerical integration (NI) of the moment given by

EX")=¢ap™ /000 ot e @/B)" [1 +A-2 (1 - e*(I/’B)Q)]

e T A (1)) e,

Table 1 details the first three ordinary moments for various parameter sets 8 =
(#,\,a,8)T. The moments are computed for both the new and old expansions,
truncated at N = 10, 50, and 350, and they are compared with their corresponding
NI values. The largest truncation point, N = 350, is chosen specifically to illustrate
scenarios, where the old expansion begins to diverge. The table also presents Monte
Carlo simulations, which are obtained by generating 100,000 random samples of X
(each of size n = 200). As this method produces identical results for both the new
and old expansions, the column shown refers to the new expansion for conciseness.

The proposed expansion shows excellent convergence and high precision. In
many scenarios, such as scenario 6, the calculated moments correspond precisely
to the NI values, even at a low truncation point of N = 10. In other cases, such
as scenario 2, the expansion converges quickly, producing values at N = 50 that
are very close to the NI. This high accuracy is achieved at minimal computational
cost, as evidenced by the consistently low computation times, which are generally
less than 0.01 seconds.

In specific cases like scenario 4, achieving high precision requires a higher trun-
cation point. While the initial moment (u}) at N = 10 (0.85708818) shows a
notable gap compared to the NI value (0.98745846), the expansion proves its ro-
bust convergence. By increasing the truncation to N = 350, the result improves
to 0.98240846, significantly narrowing the discrepancy. This underscores that the
choice of an appropriate truncation point N is critical to guarantee the desired
accuracy.

In contrast, the old expansion demonstrates inferior performance. Although it
produces reasonable estimates for some parameter sets, it often becomes unstable
and diverges in many others. For instance, in scenario 2, the old expansion provides
a plausible estimate at N = 10 but then diverges dramatically at N = 350,
yielding a value of 5.235715 x 10'25 for y/. Similarly, in scenario 4, where the new
expansion converges reliably, the old expansion produces an erroneous value of
12591.97 at N = 350. Across all tested scenarios, the new expansion consistently
remained stable and converged towards the correct numerical integration values.
Furthermore, even in cases where both expansions converge, such as scenario 6,
the new expansion’s computation times are significantly shorter, establishing it as
both more reliable and more efficient.
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The convergence performance of the proposed series expansion is further eval-
uated using the parent gamma distribution. The pdf and cdf of the ET-gamma
(ET-G) distribution are given by

f(x):qbrﬁfa g le—o/B [1+A2Ml <ax)] [% (a,mﬂw (8)

B B
2\t
X [1—|—/\—)\71 <a,ﬁ)] ,

where v1 = (o, 2)/T'(«), (-, -) is the incomplete gamma function and

r= (o3 o (o5)]

The same approach applied in ET-W is used in ET-G, namely computing
moments via numerical integration of (8) and comparing them with those obtained
from expansions (4) and (7) of the exponentiated gamma. Table 2 presents the
first three ordinary moments for various parameter sets & = (¢, \,a,b)". The
results confirm the excellent convergence and stability of the proposed expansion,
mirroring the findings observed for the ET-Weibull distribution. In all scenarios,
the new expansion consistently converges to the numerical integration (NT) values,
often achieving high precision even at low truncation points (N = 10 or N = 50).
For instance, in scenarios 1 and 5, the moments calculated by the new expansion
are virtually identical to the NI values across all truncation points. Conversely, the
old expansion exhibits significant instability and divergence in several scenarios,
such as 2, 3, and 4, particularly at higher truncation points (N = 350), where
it yields erroneous or extremely large values. This comparative analysis strongly
validates the superior performance, reliability, and computational efficiency of the
new series expansion for the ET-gamma distribution. The R scripts used to obtain
the results are available at the link https://github.com/alexaaf31/ET-G-fam
ily-.
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5. Application

To evaluate the importance of the ET-G family of distributions, this study
utilizes a real-world data set from the field of bibliometrics. The data are sourced
from Thomson Reuters Journal Citation Reports (JCR) platform. The analysis
centers on the “Citations / Doc. (2 years)” indicator, a standard metric reflecting
the average number of citations received in a specific year by articles published
over the preceding two years. Edition 2024, which is the last available. This metric
is employed as a proxy for a journal’s contemporary impact and scholarly influ-
ence. Similar bibliometric indicators have been modeled statistically in previous
studies, underscoring the relevance of distributional approaches in this context
(Pena-Ramirez et al., 2020). The data set comprises 282 journals, all of which are
formally categorized under the “Probability and Statistics” field.

TABLE 3: Results for journal citation data.

Model MLEs (SEs)

ET-W (o, B, 6, \) 0.870 1.462 2711 0.828
(0.123)  (0.300)  (0.025)  (0.119)

Exp-W (o, 8, ¢,0) 4.207 0.667 0.465 -
(1.494)  (0.097)  (0.746) -

T-W (o, 5,1, \) 1.347 2.471 0.746 -
(0.058)  (0.178)  (0.108) -

WE(a, 5, 1,0) 0.576 1.234 - -

(0.029)  (0.053) - -

Table 3 presents the maximum likelihood estimates (MLEs) and their cor-
responding standard errors (SEs) for the fitted models were obtained using the
AdequacyModel package (Marinho et al., 2019) in the statistical software R (R
Core Team, 2024), employing the Broyden—Fletcher—-Goldfarb—Shanno (BFGS)
optimization algorithm. The results for the ET-W, Exp-W, T-W and Weibull
(WE) distributions were found to be accurate.

The results in Table 4 demonstrate that the ET-W distribution outperforms the
other distributions, as evidenced by its lower values of Cramér-von Mises statistic
(W*), Anderson-Darling statistic (A*), Akaike information criterion (AIC), con-
sistent Akaike information criterion (CAIC), Bayesian information criterion (BIC),
Hannan-Quinn information criterion (HQIC), and Kolmogorov-Smirnov (KS) with
its corresponding p-value. Figure 2 shows that the estimated pdf and cdf of the
ET-W distribution are closer to the histogram and the empirical cdf, respectively.
These findings suggest that the ET-W distribution provides the best fit for these
data.

TABLE 4: Adequacy measures for journal citation data.

Model w* A* AIC CAIC BIC HQIC KS p-value
ET-W 0.121 0.748 782.569 782.715 797.094 788.396 0.048 0.518
Exp-W 0.159 0.971 783.283 783.370 794.176 787.653 0.056 0.345
T-W 0.273 1.759 795.559 795.646 806.453 799.929 0.070 0.127
WE 0.411 2.595 806.669 806.713 813.932 809.583 0.088 0.024
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FIGURE 2: Journal citation data: (a) Estimated pdfs. (b) Estimated cdfs.

TABLE 5: Comparison of the first three ordinary moments of ET-Weibull obtained by
series expansions (new and old) and NI.

Moment N =10 N =50 N =350 NI
New Old New Old New Old
iy 1.6023 1.6023 1.6027 1.6028 1.6027 1.9859e+112 1.6027
it 4.5962 4.5961 4.5962 4.5962 4.5962 2.9032e+110 4.5962
A 21.6314  21.6311 21.6311 21.6311 21.6311 6.8592¢+4108  21.6311

Table 5 presents a comparative analysis of the first three estimates of the ordi-
nary moments ({1}, i, fi5) for the ET-Weibull distribution and serves as numerical
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validation of the new series expansion in relation to the old formulation. The sta-
tistical focus lies on the accurate estimation of the distribution moments, which
is essential for characterizing probability laws through mean, variance, skewness,
and kurtosis. The academic importance stems from demonstrating the superior
convergence and stability of the new method, especially under conditions where
the old one fails catastrophically.

For the new expansion, the estimated moments (4} ~ 1.6027, [} ~ 4.5962,
{5 =~ 21.6311) remain consistent between truncation points (N = 10,50, 350),
converging rapidly to the NI benchmark. This fast and stable convergence, even
at N = 10, confirms that the new linear representation, based on a single sum,
solves the convergence problems inherent in the old formulation. In contrast, the
old expansion shows severe instability and divergence as N increases. Although
the results at N = 10 and N = 50 appear plausible, the values at N = 350
explode to high values (e.g., fi} =~ 1.9859¢ + 112), exposing a critical flaw in the
power series expansion. Thus, the table provides definitive empirical evidence that
the new, simpler linear representation is not merely an alternative, but a necessary
methodological improvement for the accurate and general calculation of statistical
properties in the ET-G family.

6. Concluding Remarks

A significant deficiency in the linear representation of the exponentiated trans-
muted-G (ET-G) family of distributions was addressed. The original expansion,
based on a power series, was shown to fail to converge for all parameter settings,
rendering its derived statistical properties unreliable. To resolve this issue, a new
and mathematically rigorous linear representation was proposed and derived. A
numerical investigation, using the Weibull distribution as a baseline, compared this
new expansion with the previous formulation and with direct numerical integra-
tion. The results clearly indicated that the newly proposed formulation was stable
and converged accurately across all tested cases. In contrast, the earlier expansion
exhibited instability, often failing to converge or diverging in critical scenarios.
This work thus established a reliable and computationally efficient framework for
analyzing and applying the ET-G family.

[Received: September 2025 — Accepted: November 2025]
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