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Abstract

Geostatistical modeling commonly assumes that the mean of the un-
derlying spatial process remains constant throughout the domain of inter-
est. In practice, this assumption is often assessed using informal graphical
tools, which may yield inconclusive results when spatial trends are weak
or obscured by random variability. This paper proposes a non-parametric
methodology for testing the hypothesis of a constant mean in a geostatis-
tical framework. The proposed approach combines (i) unbiased variogram
estimation in the presence of spatial trend, (ii) kernel regression of squared
pairwise differences on inter-point distance, and (iii) Monte Carlo simula-
tion of Gaussian random fields under the null hypothesis. A graphical test
is constructed using reference bands for the kernel regression curve under
stationarity, whereas a formal hypothesis test is developed from a global test
statistic and the classical sign test.

The performance of the proposed procedures is evaluated through an ex-
tensive simulation study under both stationary and non-stationary scenarios,
considering different sample sizes, variance levels, and spatial dependence
ranges. The results indicate that the proposed tests maintain good control
of the type I error rate while exhibiting satisfactory statistical power. More-
over, power increases as the magnitude of the spatial trend becomes stronger.
The methodology is illustrated using environmental data from the Ciénaga
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Grande de Santa Marta lagoon-estuarine system (Colombian Caribbean),
where several physicochemical and biological variables are analyzed. The
proposed procedures provide a useful complement to standard exploratory
techniques and assist practitioners in determining whether ordinary kriging
or universal kriging is more appropriate for a given application.

Keywords: Kernel methods; Monte Carlo simulation; Nonparametric re-
gression; Sign test; Stationarity.

Resumen

La modelacién geoestadistica usualmente supone que la media del pro-
ceso espacial subyacente es constante en la regiéon de estudio. En la practica,
este supuesto se evalia generalmente mediante herramientas gréficas, que
pueden resultar inconclusas cuando las tendencias espaciales son débiles o
estdn enmascaradas por la variabilidad. En este articulo se propone una
metodologia no paramétrica para probar la hipétesis de media constante en
geoestadistica. El enfoque combina (i) estimacion insesgada del variograma
en presencia de tendencia, (ii) regresion kernel de las diferencias cuadradas
sobre la distancia entre sitios y (iii) simulacién Monte Carlo de campos gaus-
sianos bajo la hipoétesis nula. A partir de estos elementos se define una
prueba grafica, basada en bandas de referencia para la curva de regresion
kernel bajo estacionariedad, y una prueba formal construida mediante una
estadistica global y la prueba clasica del signo.

El desempeifio de las pruebas propuestas se estudia mediante simula-
ciones en escenarios estacionarios y no estacionarios, considerando diferentes
tamanos de muestra, niveles de varianza y rangos espaciales. Los resulta-
dos muestran un control del error tipo I y potencias satisfactorias (incre-
mento en la potencia a medida que aumenta la intensidad de la tendencia).
La metodologia se ilustra con datos ambientales colectados en la Ciénaga
Grande de Santa Marta (Caribe colombiano), donde se analizan variables
fisicoquimicas y biolégicas. Las pruebas propuestas constituyen un comple-
mento ttil a las herramientas exploratorias estandar y apoyan la decisién
entre el uso de kriging ordinario o universal en aplicaciones practicas.

Palabras clave: Estacionariedad; Geoestadistica; Métodos kernel; Prueba
del signo; Regresién no parameétrica; Simulacién de Monte Carlo.

1. Introduction

Spatial statistics provides tools for analyzing data that are indexed by spatial
locations and exhibit spatial dependence. When the spatial domain is continuous
and fixed, and the variable of interest is observed at irregularly spaced sampling
sites, the appropriate framework is geostatistics (Cressie, 2015). A geostatistical
analysis usually proceeds in three stages: exploratory analysis, structural analysis
via variogram modeling, and spatial prediction through kriging (Giraldo, 2002).
A key assumption in geostatistics is that the mean of the process is constant, over
the study region, at least after an appropriate transformation or detrending. If the
mean is constant and known, simple kriging is appropriate; if it is constant but
unknown, ordinary kriging is used; and if the mean varies smoothly over space,
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universal or residual kriging is typically adopted (Webster & Oliver, 2007; Montero
et al., 2015). An incorrect decision about the mean structure may lead to biased
variogram estimates and misleading spatial predictions (Schabenberger & Gotway,
2017). In applied work, the assumption of a constant mean is often assessed using
graphical tools such as bubble plots, scatter plots of the response versus coordi-
nates, or maps of quantiles and residuals (Webster & Oliver, 2007; Cressie, 2015).
While useful, these tools can be inconclusive when the trend is weak or when the
sampling design is irregular. Formal statistical tests for a constant mean in geosta-
tistics are much less common. An important contribution is the global statistic D
based on averages of absolute differences over distance classes, and its approximate
distribution under the null hypothesis of stationarity (Pardo-Igtzquiza & Dowd,
2003). Other recent works considers unbiased variogram estimation in the pres-
ence of trend (Bliznyuk et al., 2012) and non-parametric regression (Wasserman,
2005; Gyorfi et al., 2006). This paper proposes a complementary non-parametric
framework for testing a constant mean in geostatistics. The main contributions
can be summarized as follows:

1. A graphical test based on reference bands for a kernel regression of squared
pairwise differences on spatial distance, constructed using Monte Carlo sim-
ulations under the null hypothesis of stationarity.

2. A formal test of stationarity in the mean, obtained by comparing the empir-
ical regression curve with the simulated curves through a scalar summary,
and applying a one-sample sign test to that summary statistic.

3. A simulation study that investigates the behavior of the proposed tests un-
der various stationary and non-stationary scenarios, including an empirical
power analysis as a function of the strength of the spatial trend.

4. An application to environmental data from the Ciénaga Grande de Santa
Marta, where several physicochemical and biological variables are analyzed.

The paper is organized as follows. Section 2 reviews basic concepts of geosta-
tistics, Monte Carlo simulation of Gaussian random fields, and kernel regression.
Section 3 presents the proposed tests for a constant mean. Section 4 reports the
results of the simulation study, and Section 5 illustrates the methodology with real
data. Concluding remarks and directions for future work are given in Section 7.

2. Background and Notation

This section develops the geostatistical foundations required for the proposed
constant-mean test, including second-order stationarity, variogram structure, and
trend-induced bias. It further reviews kernel-based non-parametric regression and
Gaussian random-field simulation techniques used in Section 3 to construct ref-
erence envelopes under the null hypothesis. The exposition draws on classical
geostatistical treatments (Webster & Oliver, 2007; Cressie, 2015; Schabenberger
& Gotway, 2017) and integrates modern non-parametric principles (Wasserman,
2005).
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2.1. Second-Order Stationarity and Variogram

Let {Y(s) : s € D C R?} denote a real-valued spatial process observed at

locations s1,...,s, € D. The process is said to be second-order stationary if
E(Y(s)) = p, VseD, (1)
V(Y(s)) =0  VseD, (2)
C(Y(s:),Y(s;)) =C(h), h=s;—sj, (3)

that is, the mean and variance are constant and the covariance depends only on
the separation vector h. The (semi) variogram and correlogram functions of a
second-order stationary process are defined by

1) = V(Y (s) ~ V(s + )

=o? - C(h) (4)
p(h) = —C(R). )

In practice, the semi-variogram is estimated via the classical moment estimator

= svmy L (V) =Y(s)" (©

[|si—s;ll=h

where N (h) is the number of pairs of locations whose distance lies within a small
tolerance interval around h. A theoretical variogram model v(h; ) is then fitted to
~(h) using least squares or likelihood-based methods (Cressie, 2015; Schabenberger
& Gotway, 2017).

2.2. Non-Stationary Mean and Variogram Bias

Suppose that the spatial stochastic process can be decomposed as
Y(s) =g(s) +e(s), (7)

where g(s) is a smooth deterministic trend function and e(s) is a zero-mean second-
order stationary process with variogram ~.(s;, s;). Then

E[(Y(s:) — Y(5;)%] = (g(s:) — 9(5,))” + E[(e(s:) — £(s,))?]
= (g(s1) — 9(57))" + 29:(s1, 5. (8)

Using a Taylor expansion of g(s) around s;,

E[(Y(s:) — Y(5;))%] = (9(s1) — 9(5;))" + (s, 55)

= 3 (s0085) + [0(s3) + 9/ (5) (51 — 5,) + O((si — 5,)°) — g(5,)]

Q

~
~

st 5) + [9/(55) (0 — )]
v(si,55) Jrﬂh?j,
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with )
B=1(9'(s))"  hij =lIsi = sl

2.3. Simulation of Gaussian Random Fields

Gaussian random fields can be simulated by Cholesky decomposition. Let

Y = (Y(s1),...,Y(s,))" be the vector of process values at the sampling locations,
with mean vector gt = (pu1,..., )  and covariance matrix X = (0ij)7j=1- X

is positive definite, it admits the Cholesky decomposition ¥ = UU ", where U is
a lower-triangular matrix. Then

Y=p+UZ, (9)

where Z ~ N, (0,1,). Repeated simulations of Z produce independent realiza-
tions of the Gaussian random field with the desired covariance.

2.4. Kernel Regression

To relate squared differences of observations with spatial distance, we employ
a non-parametric regression model

Zij = m(diz) +nij, 1 F ], (10)

where Z;; = (Y(s;) — Y(s4))?, dij = ||si — 8|, m(-) is an unknown regression
function and 7;; is a random error. Given data {(di;, Z;;)}, the Nadaraya—Watson
kernel estimator of m(d) is

dij —d
Zqu( jh >Zij
m(d) = dy—d\
Zi<jK( ]h )

where K is a symmetric kernel and h > 0 is the bandwidth (Wasserman, 2005;
Gyorfi et al., 2006). Bandwidth selection can be based on cross-validation or
plug-in rules. Under second-order stationarity, E(Z;;) = 2v(h), with h = d;;, so
that m(d) = 2v(d) up to approximation error. Departures of m(d) from the typical
behavior of 27(d) under stationarity can thus be used to detect non-constant mean
structures.

(11)

3. A Non-Parametric Test for a Constant Mean

3.1. Hypothesis Formulation

Let {Y(s;)}?, be the observed realization of the spatial stochastic process at
locations sq,...,s,. We define

2 . .
Ziy = (Y(s:) = Y(s5))7, dij = |lsi —sjl, i< (12)
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Under second-order stationarity with constant mean, it follows from (6) that
E(Zi;) = 2v(ds), (13)

while in the presence of a non-constant mean an additional term appears (see (8)).
Therefore, testing for a constant mean is equivalent to testing that the regression
function m(d) = E(Z;; | d;; = d) coincides with 2v(d) up to sampling variability.
We formalize the problem as

Hy:E(Y(s))=p VseD

Hy :E(Y(s)) #p for some s € D.

3.2. Graphical Test Based on Reference Bands

The graphical test proceeds as follows:
Step 1. Variogram estimation: Fit a variogram model corrected for the bias
induced by potential trend. Thus a covariance matrix 3 is estimated.

Step 2: Mean estimation Assuming a constant mean, we estimate

n
> Y(si) (14)
i=1

Ty (s).

(s)

Considering the spatial correlation structure the estimator of the mean is

_ 3|

=

-1
n

~ -1 ~
= (1T2*11) 1781 (s). (15)

Step 3: Simulation under H,. Using the Cholesky decomposition of f], we
generate B independent Gaussian random fields

Y® = (v ®(sy),..., YO (s,))T, b=1,...,B,

with mean vector u” = (,...,[1),,,, and covariance matrix 3. For each simula-
tion is computed

2 o
7)) = (v®(s) - v®(s))’, i<y,
and fit a kernel regression
b b
Zi(j) =m® (dij) + T’z(j) (16)
to obtain m(*)(d) on a grid of distances d.

Step 4: Construction of reference bands. For each grid point d, we compute

mmin(d) = 1I<I})i<IlB m(b) (d)7 (17)
Mmax(d) = 1r<r;;a<XB f'\?'(b)(d)v (18)
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or, alternatively, empirical quantiles m,(d) and mi_,(d), e.g. for @ = 0.05. These
functions define lower and upper reference envelopes that describe the typical
behavior of m(d) under the null hypothesis of a constant mean.

Step 4: Graphical decision rule. From the original data, we compute Z;
and fit the kernel regression (11) to obtain m(d). The graphical test consists of
comparing m(d) with the reference bands. If m(d) remains inside the envelope for
all d, there is no evidence against Hy. If m(d) leaves the bands for a substantial
range of distances, we reject the hypothesis of a constant mean. Figure 1 illustrates
the behavior of the graphical test under a stationary scenario, whereas Figure 2
shows the case of a linear trend in the mean. In the latter, the empirical regression
curve clearly departs from the reference bands, showing non-stationarity.
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F1GURE 1: Reference bands for the kernel regression of squared differences on distance
under a constant mean process (solid region) and empirical curve (dashed
line) for simulated stationary Gaussian fields (n = 40, 60, 100, 200) sites.

3.3. A Test Based on the Sign Statistic

While the graphical procedure is informative, it does not immediately provide
a p-value. To obtain a formal test, we summarize the deviation between m(d) and

Revista Colombiana de Estadistica - Applied Statistics 49 (2026) 451-474



458 Mobnica Andrea Canén Puentes, Ramoén Giraldo & Francisco J. Rodriguez-Cortés

n=4 = n=6 2
A
7
300 T}‘ﬂ 600 "
4 i
7 Mine (d) 4
< A
200 . 400 .
4 -
s R .
100 -~ 200 =1 Agld)
] - -
- -
L -~
-
- A -
o Minin (d) o P M. (d)
0.2 04 0.6 02 04 06
distance (d;) distance (dj)
n=100 r n=206 ,
// 400 4
500 1 v"n}d)’
m (g)' .
400 - 300 7
A ,
> -
3004 - .
4 e A
) e - Minax (@)
200 o 7
Pre 100 N
100 e
- —
- A — A
N Mei, (d) 0 Mg ()
0.2 04 06 0.2 0.4 0.6
distance (d; distance (d)

F1GURE 2: Reference bands for the kernel regression of squared differences on distance
under a constant mean process (solid region) and empirical kernel regression
curve (dashed line) for a simulated Gaussian field with linear trend in the

mean.

each simulated curve m(®)(d) through

DO =N "{in(d) — m"(d)},
d

(19)

where the sum is taken over the grid of distances. Under Hj, the distribution of
D® is symmetric around zero, whereas under H; we expect positive values to
dominate, since m(d) tends to lie above the curves generated under stationarity.
Let K® = 1{D® > 0} and define the sign statistic

B
S = Z K®,
b=1

Under Hy, S ~ Binomial(B,1/2), so we can test

Hp : median(D) =0 vs.

H; : median(D) > 0,

(20)

(21)
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using the classical one-sample sign test. For moderate or large B, a normal ap-
proximation to the binomial distribution may be used to compute the p-value.

4. Simulation Study

This section evaluates the finite—sample performance of the proposed proce-
dures for testing the hypothesis of a constant mean. The simulation study was
conducted using R routines (R Core Team, 2025). We use two key aspects are
examined: (i) the empirical type I error of the sign—test-based formal procedure
under second—order stationarity, and (ii) the power of both the graphical and for-
mal tests under linear trends of increasing magnitude. All simulations follow the
non-parametric testing framework described in Section 3, including the generation
of Monte Carlo reference envelopes and the computation of the global discrepancy
statistic D(®) used in the formal sign test. Gaussian random fields were simulated
on irregular sampling designs with sample sizes n € {40, 60,100,200}. Unless
otherwise stated, the covariance structure was exponential,

v(h) = o? <1 — exp (j)) , (22)

with variance o2 € {10,15,20} and range parameter ¢ selected so that each con-
figuration represents a plausible spatial dependence structure. For each scenario,
100 independent realizations were generated. The formal test used a Monte Carlo
sample size of B = 100 simulated fields under Hy and significance level a = 0.05.

4.1. Empirical Type I Error under Stationarity

Under the null hypothesis, the process was simulated as a stationary Gaussian
random field with constant mean p = 20. For each of the 100 replications in each
scenario, the test was performed, and the rejection rate was estimated as follows:

Py = P(reject Hy | Hy true).

Table 1 reports the empirical type I error rates for the different combinations
of sample size n, variance level 02, and ¢ (the range parameters vary slightly be-
cause they were set equal to 90% of the maximum distance between the simulated
locations). Several observations may be made:

e For small sample sizes (n=40), the test exhibits a highly conservative behav-
ior, with rejection rates close to zero. This is expected, since the regression of
squared differences on distance is more variable for small samples, resulting
in wider Monte Carlo envelopes.

e For moderate to large samples (n = 100 and n = 200), the rejection prob-
abilities approach the nominal level of 0.05, though they remain slightly
conservative in several settings.
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TABLE 1: Empirical type I error Py of the sign-test-based procedure under stationarity
for selected sample sizes n (40. 100, 200), variances o2 (10,15, 20), and ranges
¢ (100 Monte Carlo replications per scenario).

n_ (@) (@ B

40 10 047 0.00
40 10 073 0.00
40 15 048 0.00
40 15 072 0.00
40 20 049 0.0
40 20 076 0.00

100 10 0.51 0.10
100 10 0.72  0.10
100 15 0.51 0.10
100 15 0.72  0.00
100 20 0.51  0.00
100 20 0.72  0.00

200 10 0.47 0.10
200 10 0.77  0.00
200 15 0.47  0.10
200 15 0.77  0.00
200 20 0.47  0.00
200 20 0.77  0.00

e Variation in ¢2 and ¢ does not substantially affect type I error rates, indi-

cating robustness of the procedure to the overall scale and range of spatial
dependence.

Overall, the observed type I error behavior confirms that the formal test does
not spuriously detect non-stationarity and can be regarded as slightly conservative
in small samples.

4.2. Power Under Linear Trend Alternatives
To evaluate power, we considered non-stationary processes of the form
Y(s) =Bz +y)+els),

where s = (x,y) denotes spatial coordinates and 8 > 0 controls the strength
of the linear trend. When S = 0, the model reduces to the stationary setting
of the previous subsection. For each variance level o2 € {10,15,20} and each
trend intensity 8 € [0, 40], 100 Gaussian random fields with exponential covariance
were generated using n = 100 irregularly spaced sampling locations. Under every
configuration, the empirical rejection probability

P(B) = Pr(veject Hy | u(s) = Bz +y))

was estimated. A graphical summary of these probabilities is shown in Figure 3.
At a qualitative level, the following findings emerge:
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Parameters
o2 =10
—ol=15

=20

0 10 20 30 40
Beta coefficient

F1GURE 3: Empirical power curves of the sign-test-based procedure as a function of the
trend coefficient 3, for variance levels o> = 10, 15, 20 and sample size n = 100.

e When § = 0, the rejection rates coincide with the type I error estimates
reported previously, confirming the internal consistency of the simulation
framework.

e Power increases monotonically with S, reflecting that stronger trends in-
duce greater departures of the regression curve m(d) from the Monte Carlo
envelopes.

e The differences between variance levels o2 are modest; larger variance tends
to yield slightly higher power, but the effect is not dramatic.

e For moderate to large trends, the rejection rate approaches one, indicating
that the sign—test procedure is highly sensitive to departures from station-
arity in the mean.

These results demonstrate that the proposed methodology is able both to con-
trol type I error under stationarity and to detect meaningful departures from a
constant mean when a trend is present.

5. Application to Environmental Data

5.1. Description of the Data

The proposed methodology was applied to environmental data from the Cié-
naga Grande de Santa Marta (CGSM), the largest lagoon—delta system in the
Colombian Caribbean. A work describing the behavior of physical-chemical vari-
ables on this ecosystem is given by Zea et al. (1998). The data correspond to a
monitoring campaign conducted in March 1997, in which several physicochemical
and biological variables were measured at a network of sampling stations within
the lagoon. The variables analyzed here are: chlorophyll (mg/m?), nitrite (mg/L),
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TABLE 2: Power of the test ﬁl = P(Reject Ho|Hp False) of the sign-test-based procedure
under stationarity for selected sample sizes n, variances o2, and ranges ¢ (100
Mounte Carlo replications per scenario).

n o? o) P

40 10 049 0.75
40 10 072 0.85
40 15 047 0.87
40 15  0.73  0.87
40 20 048 095
40 20 0.70 0.95

100 10 0.50 0.95
100 10 0.76 1.00
100 15 0.50 0.95
100 15 075 1.00
100 20 0.50 0.95
100 20 075 1.00

200 10 051 0.95
200 10 0.76 1.00
200 15 052  1.00
200 15 0.77 1.00
200 20 0.51 0.95
200 20 0.77 1.00

dissolved oxygen (ppm), water transparency (Secchi depth, cm), salinity, and ses-
ton (mg/L). For each station, latitude and longitude coordinates are available,
allowing the data to be treated within a geostatistical framework. Left panels of
Figures 4 to 9 show the spatial distribution of the sampling stations, with symbols
coded by quartiles of the observed values for each variable. Boxplots (not shown
here for brevity) reveal the presence of outliers for chlorophyll, nitrite and salinity.

5.2. Analysis of Trend for Each Variable

For each variable, we considered the pairs (Z,;,d;;) and applied the two pro-
posed procedures: the graphical test based on reference bands, and the formal
Sign test. The main findings are summarized below. In all cases, regarding the
comment “The figure is missing the arrow and the north symbol,” no changes were
made because the figure already includes latitude and longitude labels on the axes.

Chlorophyll. Although boxplots (do not included in the paper) indicate some
outlying values, the spatial distribution of Chlorophyll values according to quartiles
(Figure 4) does not reveal a clear spatial trend. The kernel regression curve remains
within the reference bands for stationarity, and the Sign test yields a p-value
> (.05, so there is no evidence against a constant mean.

Nitrites. Nitrite levels are generally low, with higher values in the northeastern
part of the lagoon. The spatial distribution according to quartiles (left panel
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F1GURE 4: Spatial distribution of chlorophyll concentrations according to quartile values
(left panel) and mean constant test (right panel)

Figure 5) suggest the presence of some outliers in the north and the Sign test fail
to reject the null hypothesis (p-value >0.05), suggesting that the observed pattern
is compatible with a constant mean once spatial dependence is taken into account
(right panel Figure 5).
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FI1GURE 5: Spatial distribution of nitrites according to quartile values (left panel) and
mean constant test (right panel).

Dissolved oxygen. Higher oxygen concentrations appear in the central region
of the lagoon , but the proposed tests again do not detect significant deviations
(p-value >0.05) from stationarity in the mean (Figure 6).

Salinity. Salinity shows clear spatial heterogeneity (Figure 7), with higher val-
ues towards the western zone, where hydraulic connections with neighboring wa-
ter bodies have been modified by infrastructure works. After removing extreme
outliers, the graphical test reveals that the empirical regression curve leaves the
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FIGURE 6: Spatial distribution of oxygen values according to quartile values (left panel)
and mean constant test (right panel)

reference bands, and the sign test yields a strong evidence (p — value < 0.05) of a
non-constant mean (Figure 7).
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FIGURE 7: Spatial distribution of salinity according to quartile values (left panel) and
mean constant test (right panel)

Secchi depth. No clear trend is apparent in the quartile plot (left panel Figure
8), and the proposed tests do not reject the hypothesis of a constant mean.

Seston. Larger seston values are observed towards the southern and northwest-
ern zones of the lagoon (Figure 9), but both tests suggest that the mean can be
treated as constant at the spatial scale of the study. Table 3 reports the values
of the Sign statistic and the corresponding p-values for each variable. Overall, the
CGSM appears to be relatively homogeneous with respect to its physicochemical
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FIGURE 8: Spatial distribution of Secchi values according to quartile values (left panel)
and mean constant test (right panel)
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FIGURE 9: Spatial distribution of seston values according to quartile values (left panel)
and mean constant test (right panel)

TABLE 3: Sign statistic and p-values for the test of a constant mean based on data of six
physical-chemical variables measured in the Ciénaga Grande de Santa Marta

estuary.
Variable Sign statistic  p-value
Chlorophyll 2 1.00
Nitrite 1 1.00
Oxygen 24 0.99
Salinity 79 0.00
Secchi 34 0.01
Seston 2 1.00

properties, except for Secchi depth and salinity, which display pronounced spa-
tial trends that are likely linked to anthropogenic modifications of water exchange
processes. The proposed methodology provides a formal tool for detecting such
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departures from mean stationarity. In the presence of non-stationarity, additional
constraints must be incorporated into the kriging system of equations.

6. Algorithm

The proposed non-parametric test can be implemented through a sequence
of computational steps involving covariance estimation, Monte Carlo simulation,
kernel smoothing, and hypothesis testing. For clarity, Algorithm 1 presents a
concise description of the procedure. The complete R implementation used in the
simulation experiments and the environmental application is reported in Appendix,
enabling full reproducibility of the results presented in this paper.

Algorithm 1 Constant Mean Test in Geostatistics
1: Estimate the variogram model.
2: Compute X.
3: Estimate the GLS mean f.
4: forb=1,...,B do
5: Simulate a Gaussian random field under Hy.
6
7
8
9

Compute pairwise squared differences.
Fit kernel regression.
: end for
: Construct Monte Carlo reference bands.
10: Compute statistic D(®,
11: Apply the Sign test.
12: Report p-value.

Figures 10 and 11 illustrate the results obtained by implementing Algorithm 1
and the R code provided in Appendix A for a constant-mean scenario (Figure 10)
and a non-stationary setting (Figure 11), respectively. Based on simulated data,
these results provide empirical evidence of the good performance of the proposed
methodology.

7. Concluding Remarks

This paper has introduced a non-parametric framework for testing the hypoth-
esis of a constant mean in geostatistics. The methodology combines unbiased
variogram estimation in the presence of trend, kernel regression of squared differ-
ences on spatial distance, and Monte Carlo simulations under the null hypothesis
of stationarity. Two complementary procedures are proposed: a graphical test
based on reference envelopes for the regression curve and a formal test based
on the Sign statistic. Simulation results indicate that the proposed tests exhibit
good finite-sample performance. The type I error rate is controlled at or below
the nominal level, while statistical power increases with the strength of the spa-
tial trend, approaching one for moderate to strong departures from stationarity.
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Fi1GURE 11: Non constant mean test with non-stationary simulated data. P-value for

the Sign test is 0.00.

The application to environmental data from the Ciénaga Grande de Santa Marta
demonstrates the practical usefulness of the methodology, identifying Secchi depth
and salinity as the only variables exhibiting clear non-stationary behavior in the
mean. From an applied perspective, these procedures can be incorporated as a
preliminary step in geostatistical analyses, helping practitioners choose between
ordinary and universal kriging and determine whether explicit trend modeling is
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required. The framework is flexible and could be extended in several directions,
including:

e Alternative non-parametric or semiparametric estimators of the regression
function m(d).

¢ Generalization to higher-dimensional spatial domains.

¢ Adaptation to non-Gaussian data via suitable transformations or generalized
linear spatial models.,

e Computational improvements to reduce the cost of the Monte Carlo step.
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Appendix A. Appendix R code

Constant mean test in geostatistics
Kernel regression + Monte Carlo bands + Sign test

H O R

rm(list = 1s())
library (MASS)
set.seed(123)

1. Auxiliary functions

H OB

exp_cov <- function(coords, sigma2, phi) {

D <- as.matrix(dist(coords))

sigma2 * exp(-D / phi)

}

simulate_grf <- function(mu, Sigma) {
as.numeric (MASS: :mvrnorm(l, mu = mu, Sigma = Sigma))
}
gls_mean <- function(y, Sigma) {

one <- rep(l, length(y))

Sinv <- solve(Sigma)
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as.numeric(

solve(t(one) %*% Sinv %*Y one) %*%
t (one) %*% Sinv U*} y

)

}
pair_data <- function(coords, y) {
D <- as.matrix(dist(coords))

Z <- outer(y, y, "-")"2

ind <- upper.tri(D)

data.frame(

d = D[ind],
z = Z[ind]
)
}

kernel_curve <- function(pair_df, d_grid, bw = NULL) {

if (is.null(bw)) {

bw <- 0.20 * diff(range(pair_df$d))
}

mhat <- numeric(length(d_grid))

for (k in seq_along(d_grid)) {
u <- (pair_df$d - d_grid[k]) / bw
w <- dnorm(u)

if (sum(w) == 0) {
mhat [k] <- NA
} else {
mhat[k] <- sum(w * pair_df$z) / sum(w)
}
}
mhat
}
sign_test_constant_mean <- function(y, coords,
sigma2,
phi,
B = 200,
alpha = 0.05,
band_probs = ¢(0.01, 0.99),
mc_variance_factor = 1.20,
n_grid = 100,

bw = NULL,
plot_result = TRUE,
main_title = "Constant mean test") {

n <- length(y)

Sigma_hat <- exp_cov(coords, sigma2 = sigma2, phi = phi)
Sigma_MC <- mc_variance_factor * Sigma_hat
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mu_hat <- gls_mean(y, Sigma_hat)

pair_obs <- pair_data(coords, y)

d_grid <- seq(
min(pair_obs$d),
max (pair_obs$d) ,

length.out = n_grid

)
m_obs <- kernel_curve(pair_obs, d_grid, bw = bw)
sim_curves <- matrix(NA, nrow = n_grid, ncol = B)
for (b in 1:B) {

y_b <- simulate_grf (

mu = rep(mu_hat, n),

Sigma = Sigma_MC

)

pair_b <- pair_data(coords, y_b)

sim_curves[, b] <- kernel_curve(

pair_b,

d_grid,

bw = bw

)

}

lower_band <- apply(

sim_curves,

1,
quantile,
probs = band_probs[1],
na.rm = TRUE

)
upper_band <- apply(

sim_curves,

1,
quantile,
probs = band_probs[2],
na.rm = TRUE

)
D_b <- numeric(B)
for (b in 1:B) {

D_b[b] <- sum(m_obs - sim_curves[, b], na.rm = TRUE)
}

S <- sum(D_b > 0)
p-value <- 1 - pbinom(S - 1, size = B, prob = 0.5)
decision <- ifelse(
p_value < alpha,

"Reject HO: evidence of non-constant mean",
"Do not reject HO: no evidence of non-constant mean"
)
if (plot_result) {

ylim_all <- range(

c(lower_band, upper_band, m_obs),
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na.rm = TRUE

)

par (

mar = c(5, 5.5, 4, 2) + 0.1,
mgp = c(2.2, 0.8, 0)

)

plot(

d_grid,

m_obs,

type = "p",

ylim = ylim_all,

xlab = "Distance",

ylab = expression(hat(m) (d)),
main = main_title

)

polygon(

c(d_grid, rev(d_grid)),
c(lower_band, rev(upper_band)),
col = rgb(0.8, 0.8, 0.8, 0.5),
border = NA

)

lines(d_grid, lower_band, 1ty = 2, lwd
lines(d_grid, upper_band, 1ty = 2, lud
lines(d_grid, m_obs, lwd = 2)
legend(

"topleft",

legend = c("Observed curve", "Monte Carlo bands"),

1ty = c(1, 2),
lwd = c(2, 1),
bty = npn

mu_hat = mu_hat,

p-value = p_value,
decision = decision,
d_grid = d_grid,

m_obs = m_obs,
lower_band = lower_band,
upper_band = upper_band,

D_b = D_b,
sigma2 = sigma2,
phi = phi,

band_probs = band_probs,
mc_variance_factor = mc_variance_factor

)

1)
1)

£
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# 2. Spatial design and covariance model

#
#

grid <- expand.grid(
x = seq(0, 9, by = 1),
y = seq(0, 9, by = 1)
)

coords <- as.matrix(grid)
n <- nrow(coords)
sigma2 <- 15

phi <- 10

mu <- 20

Sigma <- exp_cov(
coords = coords,
sigma2 = sigma2,

phi = phi

)

plot(

coords[, 1],

coords[, 2],

pch = 16,

col = 2,

xlab = "x coordinate",

ylab = "y coordinate",

main = "Sampling locations"

)

# 3. Example 1: constant mean

y_constant <- simulate_grf(

mu = rep(mu, n),

Sigma = Sigma

)

test_constant <- sign_test_constant_mean(
y = y_constant,

coords = coords,

sigma2 = sigma2,

phi = phi,

B = 200,

alpha = 0.05,

band_probs = ¢(0.01, 0.99),
mc_variance_factor = 1.20,

plot_result = TRUE,

main_title = "Constant mean: Monte Carlo reference bands"
)

test_constant$p_value

test_constant$S

test_constant$decision
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4. Example 2: non-constant mean

H OB

beta <- 1.5

trend <- beta * (coords[, 1] + coords[, 2])
y_nonconstant <- simulate_grf(

mu = mu + trend,

Sigma = Sigma

)

test_nonconstant <- sign_test_constant_mean(
y = y_nonconstant,

coords = coords,

sigma2 = sigma2,

phi = phi,

B = 200,

alpha = 0.05,

band_probs = c(0.01, 0.99),
mc_variance_factor = 1.20,

plot_result = TRUE,

main_title = "Non-constant mean: Monte Carlo reference bands"
)

test_nonconstant$p_value
test_nonconstant$sS
test_nonconstant$decision

5. Summary table

H OB

summary_results <- data.frame(

Scenario = c("Constant mean", "Non-constant mean"),
Sign_statistic = c(test_constant$S, test_nonconstant$S),

B = c(test_constant$B, test_nonconstant$B),

p_value = c(test_constant$p_value, test_nonconstant$p_value),
Decision = c(test_constant$decision, test_nonconstant$decision)

)

print (summary_results)

[Received: November 2025 — Accepted: June 2026]
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