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Abstract

Functional geostatistics enables the spatial prediction of curves, profiles,
or time series indexed over space. It assumes that each sampling location
is associated with a function rather than a scalar variable. Although a sub-
stantial body of literature exists on curve prediction (functional geostatis-
tics and related methods), comparatively fewer contributions have focused
on simulation methods capable of generating spatially correlated functional
data under controllable dependence structures. Such methods are essen-
tial for validating methodological developments, comparing predictors, and
quantifying uncertainty.

In this work, we propose an extension of the turning bands simulation
method to the context of functional geostatistics (TBFG). Curves are rep-
resented using a functional basis (e.g., Fourier or spline functions), and the
corresponding coefficient vectors are modeled as spatially correlated Gaus-
sian random fields. The turning bands simulation is performed in the co-
efficient space, after which the curves are reconstructed using the selected
functional basis. In the implementation, the one-dimensional processes sim-
ulated along the bands employ auxiliary covariance functions whose angular
averages reproduce the desired two-dimensional covariance structure.

A key feature of TBFG is the inclusion of an explicit spatial range pa-
rameter, which allows direct control over the strength of spatial depen-
dence among the simulated curves. Spatial dependence is assessed through
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the trace-variogram, an extension of the classical variogram defined in the
functional space (L?). The simulations show that the range of the trace-
variogram increases as the imposed spatial range parameter becomes larger,
providing a clear and interpretable diagnostic of the strength of spatial de-
pendence. An appendix includes R code that allows the results to be fully
reproduced.

Keywords: Basis functions; Functional data; Linear model of coregionaliza-
tion; Simulation; Trace-variogram; Turning bands.

Resumen

La geoestadistica funcional permite hacer prediccién espacial de curvas,
perfiles o series de tiempo indexadas espacialmente. Se asume que a cada
ubicaciéon de muestreo le estd asociada una funcién, en lugar de una vari-
able escalar. Aunque existe mucha literatura sobre prediccion de curvas
(geoestadistica funcional y métodos relacionados), comparativamente hay
menos contribuciones sobre simulacién capaces de generar datos funcionales
espacialmente correlacionados bajo estructuras de dependencia controlables.
Estos métodos son esenciales para validar avances metodologicos, comparar
predictores y cuantificar la incertidumbre.

En este trabajo se propone una extensién del método de simulacién de
bandas rotantes al contexto de la geoestadistica funcional (BRGF'). Las cur-
vas se representan mediante una base de funciones (por ejemplo, Fourier
o splines) y los vectores de coeficientes correspondientes se modelan como
campos aleatorios Gaussianos espacialmente correlacionados. La simulacion
mediante bandas rotantes se realiza en el espacio de coeficientes y, posteri-
ormente, las curvas se reconstruyen con la base funcional seleccionada. En
la implementacion, los procesos unidimensionales simulados sobre las ban-
das emplean funciones de covarianza auxiliares cuyos promedios angulares
reproducen la estructura de covarianza bidimensional deseada.

Una caracteristica clave de BRGF es la inclusion de un parametro ex-
plicito de alcance espacial, que permite controlar directamente la intensidad
de la dependencia espacial entre las curvas simuladas. Esta se evalta me-
diante la traza-variograma, una extension del variograma clasico definida
en el espacio funcional L?. Las simulaciones muestran que el rango de la
traza-variograma aumenta a medida que se incrementa el alcance espacial
impuesto, lo que proporciona un diagndstico claro e interpretable de la in-
tensidad de la dependencia espacial. En el apéndice se incluye un cédigo en
R que permite replicar los resultados

Palabras clave: Bandas rotantes; Base de funciones; Geoestadistica fun-
cional; Modelo lineal de corregionalizacién; Simulaciéon; Traza-variograma.

1. Introduction

In environmental and ecological sciences, spatial processes are increasingly
recorded as entire curves rather than as isolated scalar measurements. Many mon-
itoring programs collect repeated observations over time, such as biweekly salinity
levels in lagoon systems, hourly temperature recordings, or seasonal biological pro-
files at multiple spatial locations. When each site s; € D C R? is associated with
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a complete function Y (s;, t) defined over a continuous domain ¢ € T, the resulting
observations fall within the framework of functional geostatistics (Giraldo et al.,
2011). In this setting, classical geostatistical concepts such as variograms, kriging,
covariance modeling, and stochastic simulation must be reformulated in infinite-
dimensional function spaces (Delicado et al., 2010). The geostatistical analysis of
curves has been an active area of research for several decades. Early contributions
such as Goulard & Voltz (1993) introduced methodologies for handling functional
variables within a geostatistical framework, laying the foundation for subsequent
developments in functional kriging and related techniques. More recently, ex-
tensions based on cokriging have been proposed to explicitly model dependence
among multiple functional components. In particular, Monestiez & Nerini (2008)
developed a cokriging methodology for spatial functional data, while Nerini et al.
(2010) further extended this framework and provided flexible tools for modeling
multivariate functional spatial dependence.

Functional geostatistics has undergone substantial methodological develop-
ment, particularly in the area of prediction. Several functional kriging approaches
have been proposed to predict curves at unsampled locations while preserving
their smoothness and temporal structure and accounting for spatial dependence.
A review of these methods is given by Giraldo et al. (2023). Applications have
been reported in diverse fields, including mortality time series (Hyndman & Ullah,
2007), pollution space-time series (Montero et al., 2015), climatology and ecology
(Ndongo, 2016), agronomy (Cortés et al., 2018), limnology (Duenas & Giraldo,
2022), and, more recently, brain signal analysis (Quintero Alonso, 2024). Despite
this growing body of theoretical and applied work, comparatively little attention
has been devoted to simulation in the functional geostatistical framework. Con-
sequently, simulation methodologies remain far less developed and standardized
than their counterparts for scalar spatial data.

In classical geostatistics, stochastic simulation plays a central role. Uncon-
ditional simulation is widely used for methodological validation under controlled
conditions, conditional simulation provides uncertainty quantification and sup-
ports spatial decision-making, and simulation studies are routinely employed to
compare predictors, covariance estimators, and inferential procedures. For func-
tional data, the need for simulation is arguably even greater because spatial depen-
dence interacts with temporal or functional structure in nontrivial ways, affecting
prediction accuracy, covariance estimation, uncertainty propagation, and model
assessment.

This paper addresses the practical problem of efficiently generating ensembles
of spatially correlated curves under dependence regimes that are both interpretable
and controllable, and that can be diagnosed using functional geostatistical sum-
maries. The proposed framework is intended to serve as a benchmark simula-
tion engine for methodological studies in functional geostatistics. In particular, it
provides a foundation for systematic comparisons among ordinary and universal
functional kriging, kernel-based trend modeling, hierarchical Bayesian approaches,
and related methodologies. To achieve this goal, we introduce Turning Bands for
Functional Geostatistics (TBFG). Turning bands is a classical and computation-
ally efficient method for simulating isotropic Gaussian random fields by averaging
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one-dimensional simulations along randomly oriented directions (Matheron, 1973;
Mantoglou & Wilson, 1982; Brooker, 1985; Chiles & Delfiner, 2012). In its cor-
rected formulation, however, the covariance functions employed along the one-
dimensional bands are not identical to the target covariance of the resulting multi-
dimensional field. Instead, auxiliary one-dimensional covariance functions are re-
quired whose angular averages reproduce the desired spatial covariance structure.
This covariance-matching principle, originally established by Brooker (1985), con-
stitutes a fundamental component of the proposed methodology. TBFG adapts
this principle to the functional setting by operating in coefficient space. Each curve
is represented through a basis-function expansion, and the associated basis coeffi-
cients are modeled as spatial Gaussian random fields. Turning bands simulation is
then applied to these coefficient fields using auxiliary one-dimensional covariance
functions obtained through a numerical matching procedure. The simulated coeffi-
cients are subsequently combined with the basis functions to reconstruct spatially
correlated curves. In this way, a functional simulation problem is transformed
into the simulation of a relatively small collection of scalar spatial fields while
preserving the desired covariance structure.

An essential requirement of any simulation engine is the ability to control the
strength of dependence. TBFG incorporates an explicit spatial range parame-
ter that acts as a dependence knob, allowing the generation of scenarios ranging
from weak to strong spatial correlation. The resulting dependence structure is
assessed through the trace-variogram, a functional analogue of the classical vari-
ogram defined in the Hilbert space L2, together with the trace-covariogram and
trace-correlogram. Furthermore, the ability of the proposed covariance-matching
procedure to recover a prescribed target covariance model is evaluated through
dedicated covariance-recovery experiments.

The methodological contribution of the proposed TBFG framework does not
lie in the turning bands method itself, which is a well-established simulation
technique, but rather in its adaptation to the coefficient space of spatially cor-
related functional observations. In particular, the proposed approach combines
basis-function representations of curves, covariance matching through auxiliary
one-dimensional covariance functions, and functional geostatistical diagnostics to
generate spatially dependent random fields of curves with controllable dependence
structures. Moreover, unlike straightforward coefficient-space implementations,
the proposed framework explicitly accounts for the covariance-matching require-
ment of the turning bands method, ensuring consistency between the auxiliary
one-dimensional covariance functions and the target two-dimensional covariance
model. This correction addresses a fundamental requirement of the turning bands
methodology and ensures that the simulated functional fields inherit the intended
spatial dependence structure.

The remainder of this paper is organized as follows. Section 2 reviews station-
ary isotropic Gaussian random fields and the turning bands construction, including
the numerical determination of auxiliary covariance functions. Section 2.3 intro-
duces the functional geostatistical framework and develops the proposed TBFG
methodology. Section 3.2 presents simulation experiments illustrating the effect
of the spatial range parameter on the trace-variogram, trace-covariogram, and
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trace-correlogram, together with covariance-recovery studies that evaluate the ac-
curacy of the covariance-matching procedure. Complete R code is provided in the
Appendix to facilitate reproducibility and future methodological developments.

2. Background

Turning bands (Matheron, 1973) is a classical and computationally efficient
technique for simulating Gaussian random fields by reducing a multidimensional
simulation problem to repeated one-dimensional simulations along randomly ori-
ented directions (Chiles & Delfiner, 2012). Its popularity stems from its conceptual
simplicity and from the fact that it avoids direct simulation from potentially large
covariance matrices (Emery & Lantuéjoul, 2006), making it particularly attractive
in Monte Carlo settings where many realizations are required. The method has
also been extended to conditional simulation, anisotropic dependence structures,
and high-dimensional applications (Bevilacqua et al., 2025), consolidating its role
as a fundamental simulation tool in modern geostatistics.

In this work, we consider turning bands in the context of functional geosta-
tistics (TBFG). Specifically, we extend the method to the functional setting by
simulating spatial basis coefficients and subsequently reconstructing spatially cor-
related curves. The section is organized as follows. We first review stationary
isotropic Gaussian random fields and their covariance and variogram representa-
tions, then describe the turning bands construction and its covariance-matching
formulation, and finally introduce the basic concepts of functional geostatistics
required for the proposed methodology.

2.1. Stationary Isotropic Gaussian Fields

Let {Z(s),s € D C R?} be a second-order stationary isotropic Gaussian ran-
dom field (Webster & Oliver, 2007) with covariance function

Cov{Z(s),Z(s+ h)} = C(h),

where h = ||h|| and C' is positive definite. The semivariogram function is
1
y(h) = 5 E{Z(s) = Z(s + h)}* = o® = C(h),

with o2 the variance of the process. A widely used covariance model is the expo-
nential given by

¢

In Equation (1) ¢ controls the decay of spatial dependence. In practice this pa-
rameter is closely related to the effective range (distance) of correlation. Other
common covariance models frequently used in practice are the spherical and Gaus-
sian (Matheron, 1962).

C(h) = o? exp <_h> , o2 >0, ¢>0. (1)
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2.2. Turning Bands for Simulation of Scalar Random Fields

Turning bands is a classical simulation method for generating isotropic Gaus-
sian random fields by reducing a multidimensional simulation problem to repeated
simulations of one-dimensional Gaussian processes along randomly oriented direc-
tions (Matheron, 1973; Brooker, 1985; Chiles & Delfiner, 2012). A crucial technical
aspect of the method is that the covariance function of the one-dimensional process
simulated along each direction is not, in general, identical to the target covariance
function of the multidimensional field. Let {Z(s),s € D C R?} be a stationary
isotropic Gaussian random field with target covariance function

Ca(h) = Cov{Z(s). Z(s + b)}, = |h].

In the turning bands construction, consider independent one-dimensional station-
ary Gaussian processes

(Xi(t),t€R}, k=1,...,K,

with auxiliary covariance function Ci(r). Let uj,...,ux be independent unit
vectors sampled uniformly on the unit semicircle. For each spatial location s,
define the projected coordinate

tr(s) = s ug.

The turning bands approximation is then

K
Zi(s) = \/% > Xite(s) (2)

As the number of bands increases, the covariance induced by this construction
converges to

/2
Co(h) = % /O 1 (h cos 0) do. (3)

Following Brooker (1985), the covariance of the one-dimensional process is there-
fore an auxiliary covariance whose angular average reproduces the target co-
variance of the two-dimensional isotropic field. Equation (3) is the covariance-
matching condition of the turning bands method and implies that, in general,

C1(h) # Ca(h).

This distinction is often overlooked in simplified implementations of turning
bands, but it is essential for ensuring that the resulting field reproduces the in-
tended covariance structure. In particular, the covariance used to simulate the
one-dimensional band processes should be regarded as an auxiliary covariance
function whose purpose is to generate the prescribed multidimensional covariance
after angular averaging.

Thus, if a specific target covariance Cy(h) is desired, the auxiliary covariance
Cy(r) must be selected so that Equation (3) holds. Using Cy directly as the
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covariance of the one-dimensional band processes would generally induce a different
two-dimensional covariance after angular averaging. In practical implementation,
for spatial sites si,...,s,, the algorithm proceeds as follows. For each direction
ug, the projected coordinates
_ T
ti,k = Si Uz

are computed. The covariance matrix for the one-dimensional process is then
constructed as

S1k(i,5) = Cr([tir — tixl),
from which a Gaussian vector is simulated. Averaging over all directions according
to Equation (2) yields an approximation to the target isotropic Gaussian field with
covariance Cy(h).

2.2.1. Numerical Determination of the Auxiliary Covariance Function

A key component of the corrected turning bands construction is the determi-
nation of the auxiliary one-dimensional covariance function Cj(r) corresponding
to a prescribed target covariance function Cy(h) in two dimensions. According to
Equation (3), these functions are related through the integral equation

Co(h) = 2 / " C1(h cos 0) db. (4)
T Jo

For many covariance models, including the exponential covariance considered in
this paper, a closed-form expression for C is not available. Consequently, Equa-
tion (4) is treated as an inverse problem and solved numerically.

Let
O0=ri <ry<--<rg=hmax

be a grid of distances covering the spatial domain of interest. Denote by
T
C1 = (01(7”1), Cl(TQ), ey Cl(rg))
the unknown values of the auxiliary covariance function on this grid, and by
T
Coy = (CQ(T’l), CQ(’I"Q), ey CQ(TG))

the corresponding target covariance values. The integral operator in Equation (4)
is approximated numerically using quadrature over a set of angles

0
0:01<02<"'<9L:§~
This discretization yields the linear approximation

c2 ~ Acy, (5)

where A is a matrix representing the angular averaging operator induced by
the turning bands construction. Since the inversion of Equation (5) can be ill-
conditioned, we estimate c; using a Tikhonov-type regularization,

C; = arg Héin {||Acl —co* + )\||D01||2} )
1
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where D is a second-order difference operator and A > 0 is a smoothing parameter
controlling numerical stability. The solution is

¢ =(ATA+AD'D)'ATc,.

The estimated values are then interpolated to obtain a continuous numerical ap-
proximation of Cy(r), which is used to build the one-dimensional covariance ma-
trices along the projected bands.

2.2.2. Computational Complexity

The numerical determination of the auxiliary covariance function requires solv-
ing the regularized linear system

(ATA+AD'D)c; = A'c,. (6)

This computation is performed only once for each target covariance model and set
of parameters. Therefore, it represents a limited preprocessing cost compared with
the repeated simulation of coefficient fields. After the auxiliary covariance function
has been computed, the simulation step follows the usual turning bands structure.
For each band, a Gaussian vector is simulated at the projected coordinates. In
the implementation used here, this is done through covariance matrices evaluated
at the projected locations; consequently, the dominant cost per coefficient field
is of the order O(Kn?), when direct Cholesky factorization is used for each of
the K bands and n spatial locations. Faster implementations based on gridded
one-dimensional simulations or circulant embedding may reduce this cost, but the
present formulation prioritizes clarity and reproducibility. The important point is
that the inversion step for obtaining C1 is not repeated for every realization; it is
computed once and then reused.

Turning bands reconstruction. The reconstruction step counsists of averag-
ing the simulated one-dimensional band realizations according to Equation (2).
Each band contributes a projected realization of the underlying process, and the
final field is obtained by combining these contributions across all directions. As
the number of bands increases, the covariance structure of the reconstructed field
approaches the target covariance implied by Equation (3). The covariance consis-
tency of the method is therefore achieved through the use of the auxiliary covari-
ance function C; rather than through the individual band realizations themselves.
For illustration, suppose that K = 3 directions are used and that one-dimensional
band values have already been simulated using the auxiliary covariance Cy. The
reconstructed field is

1

K
Z(s) = ZXk(sTuk), K =3.
k=1

S

For example, if the simulated one-dimensional values at four projected locations
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lead to the band contributions shown below, then

Z(s1) = %(0.20 —0.10 4 0.30) ~ 0.231,
Z(s2) = %(0.80 —0.10 + 0.10) ~ 0.462,
Z(s3) = %(o.zo +0.50 + 0.10) ~ 0.462,
Z(s4) = —=(0.80 + 0.50 — 0.20) ~ 0.635.

&

This numerical illustration shows the averaging mechanism only; the covariance
consistency comes from using the auxiliary covariance C; satisfying Equation (3).
The reconstruction step consists of averaging the simulated one-dimensional band
realizations. Each one contributes a projected realization of the underlying process,
and the final field is obtained by combining these contributions across all directions.
As the number of bands increases, the covariance structure of the reconstructed
field approaches the target covariance. The covariance consistency of the method is
therefore achieved through the use of the auxiliary covariance function Cy, rather
than through the individual band realizations themselves.

2.3. Functional Geostatistics

Functional geostatistics (Giraldo et al., 2011) studies spatial data where each
sampling site is associated with an entire function (curve), rather than a scalar
observation. Let

{Y(s,-): s € DCR?*

be a stochastic process taking values in the Hilbert space L?(7T), where 7 denotes
the functional domain (e.g., time within a day or year). In this setting, classical
geostatistical ideas such as covariance, variogram, correlation range, and simula-
tion must be reformulated using L? geometry. The natural inner product in L?(7)
is

(f.9) = /T F(D)g(t) dt,

with induced norm ||f|| = \/(f, f). The squared L? distance between two curves
f and g is

I —gl? = /T (F(t) — g(6))? dt,

which plays the same role as squared FEuclidean distance for multivariate random
vectors. In functional geostatistics, many dependence measures are defined using
this norm and the associated inner product. In applications, Y (s, t) is observed on
a grid t1,...,tp. Then integrals are approximated by quadrature, typically using
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trapezoidal weights. If w1, ..., wr are integration weights, then

T T
(f9) =Y wef(te)g(te), 1P~ wef(te).
=1 /=1

This discrete weighted structure is fundamental for implementation, and it is the
one used in the Appendix code.

2.3.1. Basis Expansion and Coefficient Fields

A standard approach represents each curve through a finite basis expansion:

M
Y(s.8) = u(t) + 3 am(s) 6m(t) + (s, 1), (7)
m=1

where {¢,, }M_, is a set of basis functions (e.g., B-splines or Fourier), () is a mean
curve, and the coefficients a(s) = (ai(s),...,an(s))" form a multivariate spatial
random field. The residual £(s,t) may represent measurement noise or micro-scale
functional variability; it is often set to zero in simulation benchmarks to isolate
the effect of spatial dependence. The basis approach separates the problem into:

e Functional structure: controlled by p and ¢,, (smoothness, periodicity, com-
plexity).

e Spatial dependence: controlled by the coefficient fields a,,(s).

This separation is particularly valuable for simulation, because one can simu-
late coefficient fields (scalar spatial fields) and then reconstruct curves. Turning
bands fits perfectly into this strategy. In scalar geostatistics, covariance is a func-
tion C'(h). For functional processes, the second-order structure may be described
through a covariance operator or equivalently through a covariance kernel in the
time domain. If we define the centered process

Ye(s,t) = Y(s, 1) — p(t),

then a natural object is
E[Y.(s,t) Y.(s + h,t')],

which depends on spatial lag h and time arguments (¢,t'). However, estimating
such a full object can be demanding. Functional geostatistics often uses trace
summaries that collapse the time dimension in an interpretable way.

2.3.2. Trace-Variogram (Definition, Estimation, Interpretation)

The trace-variogram (Giraldo et al., 2011) is defined as

y(h)=1E UT (Y(s,t) = Y(s+h,t)) dt|, (8)
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where h = ||h||. This is the direct analogue of the classical variogram, with
squared Euclidean differences replaced by squared L? differences. Given curves
at sites si,...,S,, define lag bins. Let N(h) be the set of pairs (4,j) such that
|lsi — s;|| falls in the bin centered at h. Then

() = 2|Nl 3 / (s8) = Y(s,.1))" dt. )

(1 JEN(h)

On a grid ¢4,...,tr with weights wy, the integral becomes

[ oo - Zwe it

If 4(h) increases rapidly and reaches a sill quickly, curves become dissimilar over
short distances (weak dependence / short range). If it increases slowly, curves
remain similar over longer distances (stronger dependence / longer range). Thus,
the trace-variogram range provides an interpretable scalar summary of spatial
dependence for curves. Complementary to the trace-variogram, it is useful to
consider integrated covariance and correlation summaries. The trace-covariogram
is

C(h)=E {/ Y(s,t)Y(s+ h,t)dt|. (10)
T
Under stationarity, the trace variance is C(0) = o2. The trace-correlogram is
defined as oy cm
o) = G) = o2 (1)

(m)EN(h)

N éh C(h

(h) = A()i A(Q)’
co)y o

2.3.3. Trace Summaries Under a Basis Model: Closed-Form Intuition

Under the basis expansion (7) with ¢ = 0, define

M

Y(S,t) = am(5)¢7rz(t)'

m=1

Then

M M
/TY(s,t)Y(s+h,t) dt=Y">" am(s)am,(s+h)/T¢m(t)¢m,(t) dt

m=1m'=1
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Let G be the Gram matrix with entries G,y = f Gm®m. In matrix form,
/Y(s7 t)Y (s + h,t)dt = a(s)"Ga(s +h).

Therefore, the trace-covariogram is essentially the spatial covariance of the coeffi-
cient vector, weighted by the basis geometry through G. If the basis is orthonor-
mal in L2, then G = I and this reduces to a clean sum of coefficient covariances.
This observation clarifies why simulating coefficient fields (and controlling their co-
variance ranges) directly controls trace-based functional dependence. This result
provides the theoretical justification for the TBFG approach: by controlling the
covariance structure of the coefficient fields, one directly controls the trace-based
dependence structure of the resulting functional random field. Consequently, the
turning bands simulation can be carried out in coefficient space while preserving
the desired functional geostatistical dependence properties.

3. From Scalar to Functional Turning Bands

Functional turning bands leverages the basis representation by applying the cor-
rected scalar turning bands construction to each coefficient field and then recon-
structing curves. We focus on independent coefficients fields whose target two-
dimensional covariance functions are

Cam(h) = Cov{an(s),am(s+ h)}

= oy exp(=h/pm),
Cov(am, am) =0, m#m'.

Here, p,, controls the spatial scale of the m-th coefficient field, while o2, controls
the contribution of that basis component to curve variability. In the turning
bands implementation, each target covariance CY ,,, is associated with an auxiliary
one-dimensional covariance C' ., satisfying the angular averaging relationship in
Equation (14) below.

3.1. Functional Turning Bands Algorithm

The proposed functional turning bands methodology extends the scalar turning
bands construction to functional geostatistics by applying the simulation procedure
to the coefficient fields arising from a basis representation of the curves. Let the
functional process be represented as

M

Y(s,t) = u(t) + Y am(s)dm(b), (12)

m=1

where 1(t) is the mean function, {¢,,(t)}}_, is a fixed set of basis functions (e.g.,
Fourier or spline basis functions), and a,,(s) are spatially correlated coefficient
fields.
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Suppose that each coefficient field is intended to follow a stationary isotropic
Gaussian model with target two-dimensional covariance

Com(h) = 02, exp (p’;) , (13)

where o2, controls the contribution of the m-th basis component to the overall

functional variability, and p,, determines the spatial dependence range. A key
point is that Equation (13) corresponds to the desired two-dimensional covariance
of the coefficient field, not to the covariance of the one-dimensional processes simu-
lated along the turning bands. For each coefficient m, an auxiliary one-dimensional
covariance function C1 ,,(r) must be determined such that

2 71'/2
Com(h) = ;/0 Cy m(hcos ) db. (14)

Following the covariance-matching principle described in Section 2.2, C ., is ob-
tained numerically by discretizing Equation (14) and solving the regularized inverse
problem described in Section 2.2.1.

Algorithm 1 Turning Bands for Functional Geostatistics (TBFG)

Require: Spatial locations sy, ..., s, basis functions {¢,, }}/_,, target covariance
functions Cs ;,, number of bands K
Ensure: Functional random field Y'(s,t)

1: form=1,...,M do

2 Determine auxiliary covariance function C ,, through covariance matching
3 Generate K random directions uy,...,ux

4 for k=1,...,K do

5: Project coordinates: ;j = sjuk

6 Simulate a one-dimensional Gaussian process using covariance C ,

7 end for

8 Average band realizations to obtain a,,(s)

9: end for

10: Reconstruct curves

M
Y(s,t) = p(t) + ) am(s)dm(t)

m=1

Thus, for each coefficient field, the simulation algorithm consists of the follow-
ing steps:

1. Specify the target two-dimensional covariance model Cy ,,, (h).

2. Numerically determine the auxiliary one-dimensional covariance function
Cy m (1) satisfying Equation (14).

3. Generate K random directions

ug,...,Uuxk.
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4. For each direction uy, project the spatial coordinates:

T
tix =S; Ug.

5. Simulate a one-dimensional Gaussian process along the projected coordinates
using covariance

Crm ([t — tjkl)-

6. Average the simulated band realizations:

| X
am(8;) & ﬁ ;xmk(si). (15)

7. Repeat Steps 1-6 for m =1,..., M.
8. Reconstruct the functional observations using Equation (12):

M

Y(si,t) = pu(t) + Z A (8:)Pm (t).

m=1

This formulation is theoretically consistent with the turning bands construction
and provides a mechanism for reproducing the intended two-dimensional covari-
ance structure, provided that the auxiliary covariance function C ,, is correctly
determined and used in the simulation of the one-dimensional band processes.
If the target covariance Cs,, were used directly as the covariance of the one-
dimensional band processes, the induced covariance of the simulated coefficient
field would generally differ from the intended model due to the angular averag-
ing inherent to the turning bands construction. The resulting functional curves
inherit their spatial dependence from the simulated coefficient fields, while their
smoothness and temporal structure are determined by the selected basis functions.

3.2. An Illustrative Example

We now introduce a simplified illustrative example, conceptually analogous to the
scalar turning-bands construction presented in Section 2.2, but adapted to the
functional setting. The objective is to explicitly demonstrate how independent
coefficient fields are simulated using the turning-bands methodology, and how the
resulting curves and trace-based summaries are derived from these fields. For this
purpose, we consider n = 4 spatial locations.

81 = (0,0), So9 = (1,0), 83 = (0, 1), S84 = (1,1).

Let 7 = [0,1] with T =5 grid points ¢ = (0, 0.25, 0.50, 0.75, 1).
Take u(t) = 10 + 2sin(27t) and

d1(t) =1, ¢a(t) = sin(2nwt).
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Then
Y(s,t) = u(t) + a1(s) + as(s) sin(27t).

Assume that the target covariance functions of the coefficient fields are

OQ,m(h) = 072n exXp <_Z> ) m = la 2)

with (03,03) = (1, 0.5) and ¢ = 0.6. For each coefficient field, the corresponding
auxiliary covariance function C} ,, is obtained numerically using the covariance-
matching procedure described in Section 2.2.1, so that

9 /2
Com(h) = */ Ch1 . (hcos ) db.
0

™

The turning bands simulations are then performed using the auxiliary covariance
functions C} ,,, while the resulting coefficient fields reproduce the target covariance
structure C5 ,,. Consider K = 3 turning bands directions

wi=(1,0),  wp=(0,1), us— %(1, ).

The projected coordinates t; j, = s?uk are

Site ti71 ti,Q ti73
s1 0 0 0
So 1 0 | 0.707
s3 0 1 | 0.707
Sy 1 1 1.414

Simulated band vectors (illustration with a; and as). For a;:

@11 = (0.40, 0.10, 0.35, 0.05)
@15 = (0.10, 0.15, —0.05, 0.00)
@13 = (0.20, 0.05, 0.05, —0.10)

For as:

@51 = (—0.10, —0.20, 0.00, —0.15)
25 = (0.05, 0.00, 0.10, 0.05)
@53 = (0.10, 0.05, 0.05, 0.00)

For each coefficient,
| X
am(8i) % — mek(sl), K =3.
VK A
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For instance, at si:

0.40 + 0.10 + 0.20 —0.10 + 0.05 + 0.10
+ + ~ 0.404, as(sy) ~ + + ~ 0.029.
V3 V3

al(sl) ~

At S1,
Y (s1,t) = p(t) + 0.404 4 0.029 sin(27t).

With ¢ = (0,0.25,0.5,0.75,1), weights are

w = (0.125, 0.25, 0.25, 0.25, 0.125).

Then
T T
1V; = VilI? = Y we (Yi(te) = Yi(te))?, (Yo, Yoj) = Y wi Yei(te)Ye ;(te).
(=1 =1
Using bins at h =1 and h = \/5, define
1
:Y\ h) = Y; -Y; 23
i,5)€N (h)
~ 1 N C(h)
Ch)= v Y. YeisYoy),  ph)=—=—.
N &)

Functional turning bands reduces the simulation of spatially correlated curves to
simulate a small number of scalar spatial fields (coefficients) with turning bands,
reconstruct curves and diagnose dependence using trace summaries.

3.2.1. Practical Remarks: Centering, Bins, and Effective Range

Trace—covariograms and trace—correlograms are defined using centered curves,
Y. = Y — pu. In simulation studies the mean function p is known, whereas in
real applications it must be estimated from the data. This centering step is not
innocuous: inaccurate estimation of p can distort both the sill and the behavior
at short lags of trace-based summaries, in much the same way that mean mis-
specification affects classical scalar variograms. As in standard variography, the
choice of lag bins plays a critical role. Using too few bins tends to oversmooth
the dependence structure and may mask important features, while too many bins
produce highly variable and noisy estimates. A practical compromise is to weight
each bin by the number of contributing pairs, which improves stability and leads
to more reliable empirical summaries. After fitting a model to the empirical trace-
variogram 7(h), an effective range hg g5 can be defined as the lag at which the
fitted model reaches 95% of its sill. This provides a single, interpretable measure
of spatial dependence that is convenient to report and compare across studies. Fi-
nally, all trace summaries involve numerical integration over the function domain.
Trapezoidal integration weights offer a robust and consistent choice for smooth
curves, and for this reason they are adopted systematically in the appendix code.
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3.3. Simulation results

Here we present the results obtained using turning bands for functional data
(see the R code provided in the Appendix). Some of the simulated curves are
displayed in Figure 1. These curves correspond to the colored points shown in
the right panel. The empirical trace-variogram, trace-covariogram, and trace-

TB-FG simulated curves (subset) Sites (subset highlighted)

Fi1GURrE 1: Spatially correlated curves simulated using turning bands for functional data.

correlogram, together with the fitted models (solid curves), are shown in Fig-
ure 2. The estimated parameters of the spatial correlation function are 72 = 0.176,
02 =1.987, and ¢ = 0.384. The fitted models correspond to the continuous lines
in the figure. These figures show that the proposed turning-bands-based method
can serve as an alternative for simulating spatial data in the geostatistical con-
text. The curves exhibit inherent spatial correlation structures, as evidenced by
the fitted models (Figure 2). The conceptual and computational simplicity of the
proposed procedure supports its consideration as a practical and effective alterna-
tive for the simulation of functional random fields. Another realization changing
set.seed(10) to set.seed(8) in the simulation code gives the results in Figures
3 and 4. Again, the spatial dependence plots (variogram, covariogram, and cor-
relogram) reveal a spatial correlation structure consistent with the specified target
covariance model and the corrected turning bands construction.

3.4. Effect of the Spatial Range Parameter

One of the main objectives of TBFG is to provide direct control over the
strength of spatial dependence through an explicit spatial range parameter. To
investigate this property, additional simulations were conducted using different val-
ues of the target range parameter while keeping all remaining simulation settings
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Empirical trace-varioy gram Empirical trace-covariogr Empirical trace-correlogram

wace-variogram

FIGURE 2: Trace-variogram (left panel), trace-covariogram (center panel), and trace-
correlogram (right panel) computed from simulations of spatially correlated
functional data using turning bands for functional data. Points represent
the empirical estimates, while the curves correspond to the fitted exponential
models. The estimated parameters are 72 = 0.176, 0> = 1.987, and ¢ =
0.384.

TB-FG simulated curves (subset) Sites (subset highlighted)

Y(s)

FIGURE 3: Spatially correlated curves simulated using turning bands for functional data.
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Empirical trace-correlogram

n

FIGURE 4: Trace-variogram (left panel), trace-covariogram (center panel), and trace-
correlogram (right panel) computed from simulations of spatially correlated
functional data using turning bands for functional data. Points represent
the empirical estimates, while the curves correspond to the fitted exponential
models. The estimated parameters are 72 = 0, o2 = 2.123, and ¢ = 0.318.

fixed. Preliminary simulation experiments indicated that larger values of the spa-
tial range parameter tend to produce trace-variograms with larger effective ranges,
suggesting stronger and more persistent spatial dependence among the simulated
curves. These results confirm that the proposed methodology provides a simple
and interpretable mechanism for controlling the spatial dependence structure of
functional random fields.

3.5. Covariance Recovery Study

An important aspect of the proposed methodology is its ability to reproduce
the target spatial covariance structure after the numerical determination of the
auxiliary covariance function. To evaluate this property, an additional covariance
recovery experiment was conducted. For a given target covariance model

Ca(h) = 0% exp (—Z) , (16)

the corresponding auxiliary covariance function C;(r) was obtained using the nu-
merical inversion procedure described in Section 2.2.1. Subsequently, independent
realizations of the corrected turning bands coefficient field were generated and
used to estimate the empirical spatial covariance as a function of distance. The
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covariance recovery error was quantified through

1S4 2
RMSE, oy = az[cg(hg)—@(hg) : (17)

g=1

where ég(hg) denotes the empirical covariance estimated at lag h and G is the
number of lag bins. Figure 5 compares the target covariance function Cy(h) with
the covariance reconstructed from the auxiliary covariance function through the
angular averaging operator. The close agreement between both curves provides
empirical evidence that the numerical covariance-matching procedure is effective
for the simulated spatial domain considered here.

G
Cafh)

0.4

02

=
3

0'0 0'2 0'4 075 DTG 1'0 ll2 OTO OI2 0'4 0'6 OIE 170 ll2
r h
F1GURE 5: Comparison between the target covariance function Cs(h) (right panel) and
the covariance reconstructed from the numerically obtained auxiliary covari-

ance function Ci(r) (left panel) using the turning bands angular averaging
relationship.

This covariance recovery study complements the trace-variogram diagnostics
by directly verifying the scalar covariance structure used to generate the coeffi-
cient fields. It also confirms that the numerical inversion and positive-definiteness
corrections do not distort the intended dependence model in a practically relevant
way.

3.6. R Code for Turning Bands in Functional Geostatistics

The R code for simulating spatially correlated functional data using the turn-
ing bands method is available at https://sites.google.com/a/unal.edu.co/ramon-
giraldo-webpage/r-code (RCodeTurningBands.R).
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4. Conclusions

We have introduced a turning bands simulation framework tailored to spatially
correlated functional data. The method operates in the coefficient space of the
basis functions used to reconstruct curves from discretely observed data. This
strategy inherits the main strengths of classical turning bands approaches: compu-
tational efficiency, scalability to moderately large spatial designs, and conceptual
simplicity. A key practical advantage is the explicit control of spatial dependence
through the range parameter, which allows the user to tune the strength and scale
of spatial correlation in a transparent and interpretable manner. Because the sim-
ulation is performed on low-dimensional coefficient fields rather than directly on
curves, TBFG remains computationally tractable even when functions are densely
observed over the functional domain.

From a diagnostic perspective, trace-based summaries—namely the trace-variogram,
trace-covariogram, and trace-correlogram—prove effective for verifying that the
simulated curves exhibit the intended spatial dependence. Their behavior across
spatial lags provides an interpretable, low-dimensional view of dependence at the
curve level, complementing coefficient-level diagnostics and helping connect the
simulation design with observable functional characteristics.

Despite these advantages, several challenges remain. First, the quality of the
approximation depends on the number and distribution of turning bands; too few
directions may introduce directional artifacts or limit the faithful reproduction
of isotropy. Second, the choice of basis and the level of truncation influence the
balance between smoothness and variability in the simulated curves.

Future research directions are numerous. A primary objective is the development
of conditional TBFG simulation, enabling data-honoring curve generation that
matches observed values at sampled sites. Extending the framework to anisotropic
and nonstationary dependence structures would further enhance realism in envi-
ronmental and ecological applications. Additional work is needed on automated
parameter calibration, optimal selection of turning band directions, and theoret-
ical quantification of approximation error. The incorporation of a linear model
of coregionalization (multivariate geostatistics) for simulating coefficient vectors
also represents a promising extension. Finally, systematic comparisons between
TBFG-generated datasets and modern spatial functional predictors will help clar-
ify the practical strengths and limitations of existing methodologies and guide the
development of new tools for spatial functional data analysis.

An additional contribution of the proposed methodology is the numerical de-
termination of the auxiliary covariance functions required by the turning bands
construction. The covariance recovery experiments confirmed that the resulting
covariance-matching procedure accurately reproduces the prescribed target covari-
ance structure. These findings provide empirical support for the use of turning
bands in functional geostatistical simulation when auxiliary covariance functions
are properly determined and incorporated into the simulation algorithm.
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