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Abstract

In this article, we propose nonparametric tests for simultaneously testing
equality of location and scale parameters of two multivariate distributions
by using nonparametric combination theory. Our approach is to combine
the data depth based location and scale tests using combining function to
construct a new data depth based test for testing both location and scale pa-
rameters. Based on this approach, we have proposed several tests. Fisher’s
permutation principle is used to obtain p-values of the proposed tests. Per-
formance of proposed tests have been evaluated in terms of empirical power
for symmetric and skewed multivariate distributions and compared to the
existing test based on data depth. The proposed tests are also applied to a
real-life data set for illustrative purpose.

Key words: Combining function; Data depth; Permutation test; Two-sample
test.

Resumen

En este artículo, proponemos pruebas no paramétricas para probar si-
multáneamente la igualdad de ubicación y los parámetros de escala de dos
distribuciones multivariantes mediante la teoría de combinaciones no para-
métricas. Nuestro enfoque es combinar las pruebas de escala y ubicación
basadas en la profundidad de los datos utilizando la función de combinación
para construir una nueva prueba basada en la profundidad de los datos para
probar los parámetros de ubicación y escala. Con base en este enfoque,
hemos propuesto varias pruebas. El principio de permutación de Fisher se
usa para obtener valores p de las pruebas propuestas. El rendimiento de las
pruebas propuestas se ha evaluado en términos de potencia empírica para
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distribuciones multivariadas simétricas y asimétricas y se comparó con la
prueba existente basada en la profundidad de los datos. Las pruebas prop-
uestas también se aplican a un conjunto de datos de la vida real con fines
ilustrativos.

Palabras clave: Función de combinación; Profundidad de datos; Prueba de
permutación; Prueba de dos muestras.

1. Introduction

In real life, we come across with many ambiguous situations, where we have
to take a decision whether the location and scale parameters of two multivariate
distributions are equal or not. In such situations, testing of hypothesis is used to
address such problems. Various multivariate two-sample tests for simultaneously
testing location and scale parameters are available in the statistical literature. But
most of these tests are based on the assumptions about underlying probability
distributions, particularly assumption of multivariate normality. In reality, such
assumption may not be satisfied and hence, we have to go for nonparametric
multivariate two-sample testing procedures.

Based on notion of data depth, many nonparametric tests for multivariate
locations and scales are available in literature. The word depth was first coined
by Tukey (1975) for picturing data. Many data depth functions were proposed
in literature for capturing different probabilistic properties of multivariate data.
Among all of them, more popular choices of data depth functions are halfspace
depth (Tukey 1975), Mahalanobis depth (Mahalanobis 1936), simplicial depth (Liu
1990), majority depth (Singh 1991) and projection depth (Donoho & Gasko 1992).
The details about notion of data depth, data depth functions, depth versus depth
plot (DD-plot), inference using data depth are provided by Liu, Parelius & Singh
(1999). Zuo & Serfling (2000) described four desirable properties for the depth
functions.

Liu & Singh (1993) proposed two-sample rank tests based on data depth for
simultaneously testing shift in the location and change in the scale parameters.
Rousson (2002) has proposed tests for testing both location and scale differences
between two multivariate distributions. Li & Liu (2004) have proposed two depth-
based nonparametric tests viz. T -based test and M -based test for multivariate
location difference. These tests for locations are based on the depth versus depth
plot (DD-plot) introduced by Liu et al. (1999). Dovoedo & Chakraborti (2015)
have reported an extensive simulation study to evaluate the performance of T -
based and M -based tests for well-known family of multivariate skewed as well as
symmetric distributions and compared the performance of these tests for four pop-
ular affine-invariant depth functions. Chavan & Shirke (2016) have proposed two
nonparametric tests for testing equality of location parameters of two multivariate
distributions. These tests are extensions of the M -based test introduced by Li &
Liu (2004). Li, Ban & Santiago (2011) have proposed two-sample nonparametric
tests for comparing species assemblages. These tests can be considered as a natu-
ral generalization of the Kolmogorov-Smirnov (KS) and Cramer-Von Mises (CM)
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tests. Chenouri & Small (2012) proposed a family of nonparametric multivariate
multisample tests based on depth rankings. Nonparametric tests for scale differ-
ences between two samples have been provided by Li & Liu (2016). Many of these
tests use Fisher’s permutation tests to calculate the p-value.

In literature, for a univariate data, many nonparametric tests are proposed
by combining the permutation-based location test and scale test for simultane-
ously testing location and scale parameters. Based on squared ranks and squared
contrary-ranks, Cucconi (1968) proposed a test for the location-scale problem.
Lepage (1971) proposed a test which is the combination of the Wilcoxon test for
location and the Ansari-Bradley test for scale. Podgor & Gastwirth (1994) devised
a test statistic by taking a quadratic combination of the rank test for location and
a rank test for scale. Neuhäuser (2000) modified Lepage L-test by replacing the
Wilcoxon test for location with a location test proposed by Baumgartner, Weiß &
Schindler (1998). Also, Murakami (2007) proposed a modification of the Lepage
test. More recently, Park (2015) proposed several nonparametric simultaneous test
procedures for location and scale parameters by using combining function. To the
best of our knowledge, it appears that relatively less literature has been reported
on combining location and scale tests for multivariate data

Sometimes assumption of normality is not satisfied for many complex multi-
variate datasets which are generated in various fields. In such situation, traditional
parametric inferential procedures are not appropriate. Pesarin(2001) has proposed
NPC (nonparametric combination) theory for a dependent tests. This theory is
widely used in multi aspect testing. NPC divides a global null hypothesis into sev-
eral partial null hypotheses and then use a Fisher’s permutation principle to find
the p-value of each of these partial null hypotheses. A suitable combining function
is used to combine the p-values of partial null hypotheses. The null distribution of
the choosen combining function is obtained by using the Fisher permutation prin-
ciple to compute the global p-value. Based on this global p-value, decide whether
to accept or reject the global null hypothesis. In the literature, less number of non-
parametric multivariate two sample tests are proposed for simultaneously testing
location and scale parameters of two multivariate distributions. Also, two sample
tests based on the combination of nonparametric multivariate location test and
scale test are appeared less in the literature. In the present article, we have used
nonparametric combination (NPC) theory to develop nonparametric multivariate
two-sample tests based on data depth for simultaneously testing location and scale
parameters of two multivariate distributions. Data-depth based two-sample tests
for location and scale are combined using an appropriate combining function to
produce a new test for testing both location and scale parameters. Fisher’s per-
mutation test is used to compute the p-value of the tests. Monte Carlo simulations
are used to obtain the empirical power of the proposed tests and performance of
proposed tests is compared with the H-test provided by Chenouri & Small (2012).
The rest of the article is organized as follows.

A review of combining functions is given in Section 2. In Section 3, we discuss
the notion of data depth and some well-known data depth functions. Tests for
testing differences between locations and scales based on the notion of data depth
are discussed in Section 4. We describe the proposed tests in Section 5. Simulation
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results are reported in Section 6. Illustration with a real-life data is provided in
Section 7 and concluding remarks are given in the last Section.

2. Combining Functions

In a meta-analysis, combining functions plays an important role while summa-
rizing all the results obtained from various independent groups. Several combining
functions are available in the literature, some of which are discussed in the follow-
ing subsections.

2.1. Fisher’s Combining Function

Let pi, i = 1, 2, . . . , k denote the p-value of ith hypothesis test. Then the
Fisher’s combining function (Fisher 1925) is denoted by Fc and is defined as,

Fc = −2
∑k

i=1 loge pi.

If all the null hypotheses are true and pi are independent then Fc follows a chi-
square distribution with 2k degrees of freedom, where k is the number of tests
being combined. Under the null hypothesis of each individual test, p-value follows
continuous uniform distribution over interval [0, 1]. Therefore, the test statistic
Fc follows chi-square distribution with 2k degrees of freedom. If all the p-values
are small, then the quantity Fc is large. Smaller p-values indicate the rejection
of individual test. As a result of this, test statistic Fc rejects the global null
hypothesis.

2.2. Tippet Combining Function

The Tippet combining function (Tippett 1952) is denoted by Tc and is defined
as,

Tc = max
1≤i≤k

(1− pi).

If all the null hypotheses are true and pi are independent, distribution of Tc be-
haves according to the largest (smallest) of k random values from the uniform
distribution over (0, 1). As smaller the p-value (pi) of ith individual test, the
quantity (1− pi) is large. Therefore, the test rejects the global null hypothesis for
the larger value of Tc.

2.3. Liptak Combining Function

The Liptak combining function (Liptak 1958) is denoted by Lc and is defined
as,

Lc =
∑k

i=1 Φ
−1(1− pi),
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where Φ(.) is the distribution function of standard normal distribution. As smaller
the p-value (pi) of ith individual test, the quantity Φ−1(1− pi) is large. Therefore
the test rejects the global null hypothesis for the larger value of Lc. If all the null
hypotheses are true and pi are independent then Lc follows the normal distribution
with mean 0 and variance k.

In the next section, we discuss the notion of data depth.

3. Notion of Data Depth

Let (X1, X2, . . . , Xm) be a data set (cloud), where each Xi ∈ Rp, i = 1, 2, . . . ,m
is assumed to follow a continuous distribution with cumulative distribution func-
tion (CDF) F (.). Let D(x, F ) be the depth of a point x with respect to F (.). A
data depth is a non-negative function defined from Rp to [0,∞). The notion of
data depth can be used to obtain the location of a given data points with respect
to a data cloud. It measures the centrality of a given data point with respect to a
given distribution F (.) or data cloud. Data depth gives a natural center-outward
ranking to a data points with respect to data cloud. Such rankings were used for
testing difference in the location and scale parameters of two or more multivariate
distributions, constructing nonparametric control charts, outliers detection, and
classification problems etc.

In the following, we describe three well-known depth functions. However, we
use simplicial and Tukey’s halfspace depth functions for our discussion through
out this article.

• Simplicial Depth

The simplicial depth (Liu 1990) for any point x ∈ Rp with respect to F (.) on Rp

is denoted by SD(x, F ) and is given by,

SD(x, F ) = PF (s[X1, X2, . . . , Xp+1] ∋ x),

where, X1, X2, . . . , Xp+1 are independent and identically distributed observations
from F and s[X1, X2, . . . , Xp+1] is a closed simplex formed by X1, X2, . . . , Xp+1.
The sample version of simplicial depth can be obtained by replacing F by Fm in
this expression. That is,

SD(x, Fm) =
(

m
p+1

)−1 ∑
∗ I(xϵs[Xi1, Xi2, . . . , Xip+1]),

where (∗) runs over all possible subsets of X1, X2, . . . , Xm of size (p+ 1) and I(.)
is an usual indicator function.

• Tukey’s Halfspace Depth

The Tukey’s halfspace depth (Tukey 1975) for any point x ∈ Rp with respect to
F (.) on Rp is denoted by HSD(x, F ) and is given by,
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HSD(x, F ) = infH{P (H) : H is a closed halfspace containing x},

where P (.) is a probability. The sample version of HSD(x, F ) is obtained by
replacing F by Fm. It is a smallest fraction of the data points contained in a
closed halfspace which contains x. That is,

HSD(x, Fm) =
min||l||=1#{i : l′xi ≥ l′x}

m
.

If p = 1 then HSD(x, F ) = min{F (x), 1− F (x−)}.

• Mahalanobis Depth

The Mahalanobis depth (Mahalanobis 1936) for any point x ∈ Rp with respect to
F (.) on Rp is denoted by MD(x, F ) and is given by,

MD(x, F ) = 1
1+(x−µ)′Σ−1(x−µ)

,

where µ and Σ are the location parameter (center) and the variance-covariance
matrix (dispersion matrix) of F (.). The quantity (x − µ)

′
Σ−1(x − µ) is a Maha-

lanobis distance of a point x from µ. That is Mahalanobis depth is defined by using
Mahalanobis distance. The sample version of Mahalanobis depth can be obtained
by replacing µ and Σ by X̄ (sample mean) and S (sample variance-covariance
matrix).

In the next section, we discuss tests for testing differences between location
parameters and scale parameters based on the notion of data depth.

4. Tests Based on Data Depth

Let (X1, X2, . . . , Xm) and (Y1, Y2, . . . , Yn) be two independent random samples
from two continuous distributions F (.) and G(.) respectively, where Xi, Yj ∈ IRp,
i = 1, 2, . . . ,m and j = 1, 2, . . . , n. Let D(x, F ) and D(x,G) be the depths of a
point x ∈ Z with respect to F (.) and G(.) respectively, where Z = X ∪ Y . A set
containing such points is defined as,

DD(F,G) = {(D(x, F ), D(x,G)), ∀ x ∈ Z}.

The empirical version of DD(F,G) based on the above described two random
samples is given by,

DD(Fm, Gn) = {(D(x, Fm), D(x,Gn)), ∀ x ∈ Z}.

DD plot is a scatter plot, which is the plot of points in the set DD(Fm, Gn).
The DD plot can be used for comparing two multivariate samples by graphi-

cally. The difference between locations or scales or skewness or kurtosis is associ-
ated with different pictures observed on the DD plots. If F and G are identical
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then the points should fall on a 450 line segment on the empirical DD Plot. This is
illustrated in Figure 1(a), which is the DD plot of two multivariate samples drawn
from the bivariate normal distribution with mean vector µ = 0

¯
and variance-

covariance matrix I2, where I2 is the identity matrix of order two. The divergence
of F from G will indicate divergence of points from 450 line segment and Figure
1(b), Figure 2(a), Figure 2(b) and Figure 3 reveal different pictures of DD plot
that indicate the location differences, large location differences, scale differences
and skewness differences (both location and scale differences) respectively. The
DD plot in Figure 1(b) has a leaf-shaped picture with the cusp lying on the di-
agonal line towards the upper right corner and the leaf steam at the lower left
corner point (0, 0), when there is a shift in location parameters of two multivariate
samples. In each of these Figures, we plot DD plot of DG against DF where F
and G have chosen appropriately, where DF and DG are the depth of the points
with respect to F and G respectively. We use simplicial depth as a depth function
to plot the DD plot in Figure 1-3. The DD plots have been plotted using ’depth’
package available in R.

Figure 1: DD plots of (a) identical distributions and (b) location shift.

In the following subsections, we review four tests for testing equality of loca-
tions and a test for testing scale differences between two multivariate distributions.

4.1. Nonparametric Tests for Location Differences Between
Two Multivariate Distributions

Li & Liu (2004) proposed two tests viz. T−based and M−based tests for testing
location differences between two multivariate distributions based on DD-plot.

• T−based test

In the presence of location shift in two distribution, the DD plot has a leaf-
shaped picture (Figure 1(b), Figure 2(a)) with the leaf stem anchoring at the lower
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Figure 2: DD plots of (a) large location shift and (b) scale increase.

Figure 3: DD plot of skewness difference.

left corner point (0, 0) and the cusp lying on the diagonal line pointing towards the
upper right corner. On the basis of this observation, Li & Liu (2004) constructed
the test statistic which is the distance between the origin (0, 0) and the cusp
point. Li & Liu (2004) suggested the procedure to calculate the distance between
the cusp point and the origin (0, 0). Smaller the distance indicates the larger shift
in location. The p-value of the test is obtained by using the Fisher’s permutation
test.

• M−based test

In the literature of data depth, the point having largest depth is called as the
location parameter or the deepest point. Therefore if the two distributions F and
G are identical then they should have the same deepest point. In case of location
shift, the deepest point with respect to the distribution F would not be the deepest
point with respect to the distribution G. In fact, the deepest point of F will have
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a smaller depth value with respect to G. M -based test statistic due to Li & Liu
(2004) is given by,

M = min{D(v, Fm), D(u,Gn)},

where v is the deepest point of X ∪ Y corresponding to Gn, and u is the deepest
point of X ∪ Y corresponding to Fm. Here smaller the value of M , stronger the
evidence against H0. The p-value of the test is determined by using the Fisher’s
permutation test.

Li et al. (2011) have proposed two depth based Kolmogorov-Smirnov (KS) and
Cramer-Von Mises (CM) type tests for comparing species assemblages. The test
statistics are defined as follows,

• KS type test statistic

TKS =
∑m+n

i=1 |D(zi, Fm)−D(zi, Gn)|

• CM type test statistic

TCM =
∑m+n

i=1 (D(zi, Fm)−D(zi, Gn))
2,

where, zi is the ith point in X ∪ Y . These tests reject H0 for large values of TKS

and TCM . Larger the value of TKS and TCM , stronger is the evidence against H0

and it represents larger location shift between the two distributions. The p-value
of these tests are also obtained by using the Fisher’s permutation test.

4.2. Nonparametric Test for Testing Equality of Scale
Parameters of Two Multivariate Distributions

Li & Liu (2016) proposed a test for testing scale differences between two mul-
tivariate distributions and the test statistic is defined as,

S =
∑

z∈X∪Y

(D(z, Fm)−D(z,Gn)),

where z is the point in X ∪Y . Larger the value of S, stronger the evidence against
H0. The p-value of this test is also obtained by using Fisher’s permutation test.

In the following section, we propose tests for simultaneously testing location
and scale parameters of two multivariate distributions using NPC theory.

5. Proposed Tests

Let (X1, X2, . . . , Xm) and (Y1, Y2, . . . , Yn) be the two independent random sam-
ples of size m and n from two continuous distribution with cumulative distribu-
tion functions F (.) and G(.) respectively, where each Xi, Yj ∈ Rp, i = 1, 2, . . . ,m,
j = 1, 2, . . . , n. We wish to test the null hypothesis,
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H0 : F (x) = G(x) ∀ x = (x1, x2, . . . , xp)
T ,

against an alternative hypothesis

H1 : F (x) = G(x−µ
σ ) ∀ x = (x1, x2, . . . , xp)

T ,

where, (x−µ
σ ) =

(
(x1−µ1)

σ1
, (x2−µ2)

σ2
, . . . ,

(xp−µp)
σp

)T

, µ = (µ1, µ2, . . . , µp)
T , σ =

(σ1, σ2, . . . , σp)
T and σ is a diagonal matrix.

It is equivalent to test

H0 : {µ = 0} ∩ {σ = 1}, (1)

against

H1 : {µ ̸= 0} ∪ {σ ̸= 1}.

We need a simultaneous test procedure for testing both location and scale pa-
rameters to test null hypothesis in (1). Pesarin (2001) has developed a theory
of NPC of dependent tests. Such theory is used to develop a nonparametric test
for two-sample locations and/or scales problem. NPC assumes a global null hy-
pothesis of both location and scale parameters of two multivariate distributions
are same. This global null hypothesis is divided into two partial null hypotheses,
one for location problem and other for scale problem. NPC then uses a Fisher’s
permutation test to obtain the single p-value of global null hypothesis and par-
tial p-values for each partial null-hypothesis. Based on NPC theory, Park (2015)
provided several nonparametric simultaneous test procedures for the univariate
two-sample location-scale problem using combining functions.

We use the same NPC theory for developing tests for simultaneously testing
hypothesis given in (1). We use separate test statistic for testing the sub-null
hypotheses H01 : µ = 0 and H02 : σ = 1 and then combine the p-values of these
two separate tests to obtain the global p-value of the test. Suppose the statistic
TL is used for location test and TS is used for scale test and pL and pS be the
p-values of the location test and scale test respectively. Then for obtaining the
global p-value for simultaneously testing (1), we use an appropriate combining
function to combine the p-values pL and pS .

The null distribution of the selected combined function is obtained by using
Fisher’s permutation principle to compute the global p-value of the location-scale
test. An algorithm for obtaining global p-value is given below.

Algorithm for Obtaining Global p-value

The following algorithm is required to get the global p-value of the location-
scale test by using NPC theory.
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Algorithm
1: Divide the global null hypothesis that is location-scale problem in the partial

null hypotheses. That is, H01 : µ = 0 and H02 : σ = 1.
2: Select an appropriate test statistic for each partial null hypotheses H01 and

H02. That is TL and TS , which are sensitive to the alternative hypothesis.
3: Calculate its value for observed data, which is denoted by (TL

b=0, TS
b=0).

4: Take B permutations of the original samples and calculate the value of each
test statistic for permuted data, (TL

b , TS
b ), b ∈ {1, 2, . . . , B}.

5: Compute the permutation p-values for partial null hypotheses that is partial
p-values, (pLb=0, p

S
b=0). If we reject null hypothesis for larger (or smaller) values

of test statistic then we use following formula

pLb=0 =
[1+

∑
I(TL

b ̸=0≥TL
b=0)]

(B+1)(
or pLb=0 =

[1 +
∑

I(TL
b̸=0 ≤ TL

b=0)]

(B + 1)

)
. (2)

Similarly, we calculate pSb=0.
6: Compute partial pseudo p-value (pLb , pSb ) for each permutation. If we reject

null hypothesis for larger (or smaller) values of test statistic then we use fol-
lowing formula

pLk =
[1+

∑
I(TL

b ̸=k≥TL
b=k)]

(B+1) , k ∈ {1, 2, . . . , B}(
or pLk =

[1 +
∑

I(TL
b̸=k ≤ TL

b=k)]

(B + 1)
, k ∈ {1, 2, . . . , B}

)
. (3)

Similarly, we define pSk for scale test.
7: Use an appropriate combining function to combine p-values to get a single

global test statistic. We get global test statistic as,
• For Fisher’s combining function

T global
b = −2(logep

L
b + logep

S
b ). (4)

• For Tippet combining function

T global
b = max{(1− pLb ), (1− pSb )}. (5)

• For Liptak combining function

T global
b = Φ−1(1− pLb ) + Φ−1(1− pSb ). (6)

8: By combining the p-values, a final vector of length (B + 1) is produced. The
first element T global

b=0 summarizes the partial p-values (pLb=0, pSb=0) observed on
the initial data sets and the remaining elements T global

b , b ∈ {1, 2, . . . , B} are
produced by combining the corresponding pseudo p-values.

9: Similarly to the partial p-values, calculate a p-value of the global test by using
the following equation
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pglobal =
[1 +

∑
I(T global

b̸=0 ≥ T global
b=0 )]

(B + 1)

10: Take decision about acceptance or rejection of the global null hypothesis (1)
by using global p-value.

In the next section, we evaluate the performance of the proposed tests and
data depth based H-test proposed by Chenouri & Small (2012) in terms of the
empirical power.

6. Simulation Study

The performance of the proposed tests is investigated through Monte Carlo
simulation experiment in terms of empirical power for different bivariate symmetric
(normal and t) and bivariate skewed (normal and t) distributions, which are listed
in Table 1. The parameter µ represents the shift in the location parameter, σ
represents the change in scale parameter, a represents the shape parameter (or
skewness parameter) and v represents the degrees of freedom. The number of
observations generated from each of F and G are taken to be m = n = 50 and
m = n = 100 respectively. The p-value of the test is obtained by permuting
original samples 500 times and the power is obtained by the proportion of times
the p-values are less than or equal to the nominal level of significance α. An
empirical power of the proposed tests is compared to the H-test. All the results
in the Table 3 to Table 10 are reported for 1000 Monte Carlo simulations and
R-software is used for simulation studies.

We use KS-type, CM-type (Li et al. 2011), T-based and M-based tests (Li &
Liu 2004) for a location problem and S-test (Li & Liu 2016) for a scale problem.
Simplicial and Tukey’s halfspace depth functions are used in our study to compute
the depth of an observation. The Fisher and Tippet combining functions are used
to combine the p-values of location test and scale test. The results are reported
for all combinations of various values of µ = b ∗ (1, 1) and σ = c ∗ (1, 1) which
are given in Table 2. A distribution F always corresponds to value of µ = (0, 0)
and σ = (1, 1) and the distribution G corresponds to any value of µ and σ in the
Table 2.

Table 1: Distributions used in the simulation study.

Distribution Under H0 Under H1

Symmetric normal N2(µ = (0, 0), σ = (1, 1)) N2(µ, σ)

Symmetric t t2(µ = (0, 0), σ = (1, 1)) t2(µ, σ)

Skewed normal SN2(µ = (0, 0), σ = (1, 1), a = (10, 4)T ) SN2(µ, σ, a = (10, 4)T )

Skewed t ST2(µ = (0, 0), σ = (1, 1), a = (10, 4)T , v = 3) ST2(µ, σ, a = (10, 4)T , v = 3)

Revista Colombiana de Estadstica 42 (2019) 185–208



Simultaneously Testing for Location and Scale Parameters 197

Table 2: Values of b and c.
b 0.0 0.2 0.4 0.6 0.8 1.0

c 1.0 1.2 1.4 1.6 1.8 2.0

Simulation results with sample sizes m = n = 50 and m = n = 100 for
simplicial depth are reported in Table 3 to Table 6 and for Tukey’s halfspace
depth, results are reported in Table 7 to Table 10. In the Table 3 to Table 10,
T1, T2, T3 and T4 indicates proposed test using the combination of KS and S
tests, CM and S tests, T-based and S tests and M-based and S tests respectively.
In the following, we have given conclusions which are obtained for a sample size
m = n = 100. The conclusions reached with the sample sizes m = n = 100 are
similar to those reached in the m = n = 50. The size of the proposed tests is
obtained and it is shown in the first row of Table of each simulation scenario.

6.1. Simulation Results for Symmetric Normal Distribution

In this case, the proposed tests have greater empirical power as compared to
the H-test for both depth functions on a shift by shift increase in the location
parameter as well as in the scale parameter. The tests T1 and T2 perform better
than the T3 and T4 tests for both Fisher’s and Tippet combining functions. Note
that, the proposed tests with Fisher’s combining function work better than that
of the Tippet combining function. The performance of the proposed tests with
simplicial depth is similar to the halfspace depth.

6.2. Simulation Results for Symmetric t Distribution

Also, in this case, the proposed tests perform better than the H-test. The
tests T2, T3 and T4 are more powerful than T1 test for both Fisher’s and Tippet
combining functions with simplicial depth. But, for halfspace depth, all the T1,
T2, T3 and T4 tests perform equally well. Also, the proposed tests with Fisher’s
combining function have greater power than that of the Liptak combining function
for both simplicial depth and halfspace deph.

6.3. Simulation Results for Skewed Normal and Skewed t
Distributions

In this case, the proposed tests with Fisher’s and Tippet combining functions
have greater empirical power as compared to the H-test for a small shift in the
location parameteras well as small change in the scale parameter. For a large shift,
proposed tests and H-test perform equally well for both combining functions with
simplcial and halfspace depths. The tests T1 and T2 are more powerful than the
T3 and T4 tests for a small shift in location parameter and a small change in scale
parameter with simplcial and halfspace depths.

The performance of the proposed tests for skewed t distribution is same as in
the case of skewed normal distribution.
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7. Illustration With Real Life Data

The proposed tests are applied to turtle data set (Jolicoeur & Mosimann 1960)
for assessing its performance for practical situations. This data set contains three
measures of 48 turtles, 24 each of female and male turtles. The three variables
are the carapace length, carapace width and carapace height of a turtle. The
location and scale parameters consist of values of carapace length, carapace width
and carapace height in the respective populations.

We wish to test whether the location and scale parameters of these two popu-
lations are equal or not. Multivariate Shapiro-Wilk normality test for female and
male turtle populations gives p-values 0.01551 and 0.1626 respectively. Therefore,
carapace length, carapace width and carapace height of female population do not
follow the trivariate normal distribution. In this situation, tests based on assump-
tion of multivariate normality are not useful. Therefore, we use proposed tests for
testing the equality of the location and scale parameters of male and female turtle
populations.

Based on 100000 permutations and using simplicial depth, the p-values of the
proposed tests and H-test are estimated and provided in Table 11.

Table 11: p-values of the proposed tests and H-test.

Combining function Equation number Test p-value

Fisher 4

T1 0.0480
T2 0.0014
T3 0.0008
T4 0.0449

Tippet 5

T1 0.0438
T2 0.0012
T3 0.0018
T4 0.0378

H-test 0.0040

From Table 11, all the p-values of the proposed tests show that the location
and scale parameters of male and female turtle populations are not equal.

8. Concluding Remarks

In the present article, we have used nonparametric combination (NPC) theory
to develop the tests for simultaneously testing the location and scale parameters
of two multivariate distributions. These tests are nonparametric and they have
better performance in terms of empirical power for bivariate normal, bivariate t,
skewed normal and skewed t distributions. The proposed tests perform well for
both combining functions with simplicial and halfspace depth. NPC theory is
also useful for developing a test for simultaneously testing the location and scale
parameters of more than two multivariate distributions. A similar study can be
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attempted by using other depth functions such as Mahalanobis depth, Spatial
depth etc.
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