
Revista Colombiana de Estadística - Applied Statistics

July 2021, volume 44, issue 2, pp. 331�368

http://doi.org/10.15446/rce.v44n2.89320

The Gamma Odd Burr III-G Family of

Distributions: Model, Properties and Applications

La familia de Gamma Odd Burr III-G de distribuciones: modelo,

propiedades y aplicaciones

Peter O. Peter1,a, Broderick Oluyede1,b, Huybrechts F. Bindele2,c,

Nkumbuludzi Ndwapi1,d, Onkabetse Mabikwa1,e

1Department of Mathematics & Statistical Sciences, Faculty of Science, Botswana

International University of Science & Technology, Palapye, Botswana

2Department of Mathematics, Faculty of Science, University of South Alabama,

State of Alabama, USA

Abstract

A new family of distributions called Risti¢-Balakhrishnan Odd Burr III-G
(RBOB III-G) distribution is proposed. We obtain some mathematical and
statistical properties of this distribution such as hazard and reverse hazard
functions, quantile function, moments and generating functions, conditional
moments, Rényi entropy, order statistics, stochastic ordering and probability
weighted moments. The model parameters are estimated using maximum
likelihood estimation technique. Finally, the usefulness of this family of
distributions is demonstrated via simulation experiments.
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Abstract

Se supone una nueva familia de distribuciones llamada distribución
Risti¢-Balakhrishnan Odd Burr III-G (RBOB III-G). Se obtienen algunas
propiedades matemáticas y estadísticas de esta distribución, tales como
funciones de riesgo y riesgo inverso, función de cuantiles, momentos
y funciones generadoras, momentos condicionales, entropía de Rényi,
estadísticas de orden, ordenamiento estocástico y momentos ponderados por
probabilidad. Los parámetros del modelo se estiman utilizando la técnica de
estimación de máxima verosimilitud. Finalmente, la utilidad de esta familia
de distribuciones se demuestra mediante experimentos de simulación.
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1. Introduction

Several statistical distributions are very useful in describing and predicting
real data in many areas such as economics, engineering and biological studies.
However, in many situations, classical distributions do not provide adequate �ts
to real data. Thus, several new classes of probability distributions have been
suggested by introducing one or more parameters to generate new distributions.
Recent developments have been focused to de�ne new families by adding shape
parameters to control skewness, kurtosis and tail weights thus providing great
�exibility in modelling skewed data in practice, including the two-piece approach
introduced by Hansen (1994) and the generators pioneered by Eugene et al. (2002),
Cordeiro & de Castro (2011), Alexander et al. (2012). Many subsequent articles
apply these techniques to induce skewness into well-known symmetric distributions
such as the symmetric Student t, see Aas & Ha� (2006) for a detailed review. The
recent perculiar works include the gamma generator by Risti¢ & Balakhrishnan
(2012), Odd Burr-G (OB-G) family by Alizadeh et al. (2017), Gamma-Weibull-G
family by Oluyede et al. (2018), Generalized odd-log-logistic family by Cordeiro
et al. (2017), New Generalized odd log-logistic family by Haghbin et al. (2017),
and Odd log-logistic Lindley Poisson family by Ozel et al. (2017).

Following the system of twelve cumulative distribution functions proposed by
Burr (1942a), similar work on Burr-XII models and other related distributions
have been widely studied by several authors, (see Tadikamalla (1980), Shao (2004),
Zimmer et al. (1998), Shao (2004), Soliman (2005), Wu et al. (2007), Silva et al.
(2008)). A�fy et al. (2016) also introduced a new four-parameter lifetime model
called the Weibull Burr-XII distribution capable of modelling various shapes of
aging and failure rate criteria. Recent useful extensions of the Burr-XII models
are also studied in detail by Altun et al. (2018), Cordeiro et al. (2018),Yousof,
Altun, Ramires, Alizadeh & Rasekhi (2018) and Yousof, Rasekhi, Altun, Alizadeh,
Hamedani & Ali (2018).

In this paper, we propose a new family of distributions called Risti¢-
Balakhrishnan Odd Burr III-G (RBOB III-G) distribution by combining the
Gamma generator proposed by Risti¢ & Balakhrishnan (2012) with the Odd Burr-
G family proposed by Alizadeh et al. (2017). Our aim is to develop and generate
distributions that can handle di�erent forms of data behaviour with great �exibility
providing better �ts and statistical properties compared to other competitive
models. Furthermore, the general objectives for generalizing these new family
of distributions is to generate the distributions which are skewed, symmetric, J-
shaped or reverse J-shaped which can provide better �ts than other generalized
distributions having the same number of parameters.

This paper is organized in the following manner. Section 2 presents the
generalized family of distributions, series expansion of the density function, sub-
families, hazard, reverse hazard and quantile functions. Some special cases are
discussed under Section 3. In Section 4, some of the mathematical and statistical
properties namely; moments and generating functions, conditional moments,
entropy, distribution of order statistics, stochastic ordering and probability
weighted moments are derived. Section 5 presents the maximum likelihood
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estimates. Simulation studies are conducted to examine the bias and mean square
error of the maximum likelihood estimators for each parameter in Section 6.
Applications of the proposed model to real data are given in Section 7 followed by
concluding remarks presented under Section 8.

2. The Model

Consider the cumulative distribution function (cdf) and probability density
function (pdf) of Burr III distribution (see Burr, 1942b), given by

F (x;α, β) = (1 + x−α)−β (1)

and
f(x;α, β) = αβx−α−1(1 + x−α)−β−1, x > 0, α, β > 0, (2)

respectively, where α and β are both shape parameters. Alizadeh et al. (2017)
derived a new family of distributions, namely, Odd Burr III-G by replacing x with
the odds G(x)/[1−G(x)] and de�ned its cdf by

FOB−G(x;α, β, ψ) =

∫ G(x)
1−G(x)

0

αβt−β−1(1+t−α)−β−1dt =

{
1 +

(1−G(x;ψ)

G(x;ψ)

)α}−β
(3)

and the corresponding pdf is given by

fOB−G(x;α, β, ψ) = αβ
[1−G(x;ψ)]α−1

G(x;ψ)α+1

[
1 +

(1−G(x;ψ)

G(x;ψ)

)α]−β−1
g(x;ψ), (4)

where G(x;ψ) and g(x;ψ) is the cdf and pdf respectively of any baseline
distribution, and ψ is the vector of parameters. In the remaining part of this
section, we present the RBOB III-G model by combining the Odd Burr III-
G distribution with the Gamma generator proposed by Risti¢ & Balakhrishnan
(2012) having the cdf and pdf given by

FRB(x; δ) = 1− 1

Γ(δ)

∫ − log
(
G(x)

)
0

tδ−1e−tdt, δ > 0 (5)

and

fRB(x; δ) =
1

Γ(δ)

[
− log

(
G(x)

)]δ−1
g(x), x ∈ R, (6)

respectively.

If we substitute G(x) = FOB−G(x;α, β, ψ) in equations (5) and (6), then we
get a new extended generator called Risti¢-Balakhrishnan Odd Burr III-G (RBOB
III-G) having the cdf and pdf given
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FRBOBIII−G(x;α, β, δ, ψ) = 1− 1

Γ(δ)

∫ − log

((
1+

(
1−G(x;ψ)
G(x;ψ)

)α)−β)
0

tδ−1e−tdt

= 1−
γ
(
β log

(
1 +

(
1−G(x;ψ)
G(x;ψ)

)α)
, δ
)

Γ(δ)

(7)

and

fRBOBIII−G(x;α, β, δ, ψ) =
αβδ

Γ(δ)

(1 −G(x;ψ))α−1

G(x;ψ)α+1

[
log
(

1 +
(1 −G(x;ψ)

G(x;ψ)

)α)]δ−1

×
(

1 +
(1 −G(x;ψ)

G(x;ψ)

)α)−β−1
g(x;ψ),

(8)

respectively, for α, β, δ > 0 and parameter vector ψ. The parameters α and β
are two positive shape parameters representing di�erent patterns of the RBOB
III-G family of distributions. The other additional parameters are from the
baseline distribution and their role is to enhance �exibility of these newly family
of distriutions in modelling any form of lifetime data.

2.1. Series Expansion for RBOB III-G Density Function

This section presents series expansion of the RBOB III-G density function.

Let y = 1 −
(

1 +
(

1−G(x;ψ)
G(x;ψ)

)α)−β
, then by series representations − log(1 − y) =∑∞

i=0
yi+1

i+1 , we have[
− log(1− y)

]δ−1
= yδ−1

[ ∞∑
m=0

(
δ − 1

m

)
ym
( ∞∑
s=0

ys

s+ 2

)m]
,

and using the result on power series raised to a positive integer, with as = (s+2)−1,
that is, ( ∞∑

s=0

asy
s

)m
=

∞∑
s=0

bs,my
s, (9)

where bs,m = (sa0)−1
∑s
l=1[m(l+ 1)− s]albs−l,m, and b0,m = am0 , (see Gradshteyn

& Ryzhik, 2000), and applying the generalized binomial series representations,

(1 + z)−β−1 =

∞∑
j=0

(−1)jΓ(β + j + 1)

Γ(β + 1)j!
zj (10)

and

(1− z)k−1 =

∞∑
j=0

(−1)jΓ(k)

Γ(k − j)Γ(j + 1)
zj , (11)
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for |z| < 1, β > 0 and k > 0, we can write the RBOB III-G pdf as

fRBOBIII−G(x;α, β, δ, ψ) =
αβ

Γ(δ)

∞∑
m,s=0

(δ − 1

m

)
bs,my

m+s+δ−1 (1 −G(x;ψ))α−1

G(x;ψ)α+1

×
(

1 +
(1 −G(x;ψ)

G(x;ψ)

)α)−β−1
g(x;ψ)

=
αβ

Γ(δ)

∞∑
m,s=0

(δ − 1

m

)
bs,m

(1 −G(x;ψ))α−1

G(x;ψ)α+1

×
(

1 −
[
1 +

( G(x;ψ)

1 −G(x;ψ)

)−α]−β)m+s+δ−1

×
[
1 +

( G(x;ψ)

1 −G(x;ψ)

)−α]−β−1
g(x;ψ)

=
αβ

Γ(δ)

∞∑
m,s,j=0

(δ − 1

m

)
bs,m

(−1)jΓ(m+ s+ δ)

Γ(m+ s+ δ − j)Γ(j + 1)

×
[
1 +

( G(x;ψ)

1 −G(x;ψ)

)−α]−β(j+1)−1 (1 −G(x;ψ))α−1

G(x;ψ)α+1
g(x;ψ)

=
αβ

Γ(δ)

∞∑
m,s,j,i=0

(δ − 1

m

)
bs,m

(−1)j+iΓ(m+ s+ δ)

Γ(m+ s+ δ − j)Γ(j + 1)

×
Γ(β(j + 1) + i+ 1)

Γ(β(i+ 1) + 1)i!

[
1 − (1 −G(x;ψ))

]−α(i+1)−1

× [1 −G(x;ψ)]α(i+1)−1g(x;ψ)

=
αβ

Γ(δ)

∞∑
m,s,j,i,k=0

(δ − 1

m

)
bs,m

(−1)j+iΓ(m+ s+ δ)

Γ(m+ s+ δ − j)Γ(j + 1)

×
Γ(β(j + 1) + i+ 1)

Γ(β(i+ 1) + 1)i!

Γ(α(i+ 1) + 1 + k)

Γ(α(i+ 1) + 1)k!

× [1 −G(x;ψ)]k+α(i+1)−1g(x;ψ)

=
αβ

Γ(δ)

∞∑
m,s,j,i,k,p=0

(δ − 1

m

)(k + α(i+ 1) − 1

p

)
bs,m

×
(−1)j+i+pΓ(m+ s+ δ)

Γ(m+ s+ δ − j)Γ(j + 1)

Γ(β(j + 1) + i+ 1)i!

Γ(β(i+ 1) + 1)

×
Γ(α(i+ 1) + 1 + k)

Γ(α(i+ 1) + 1)k!
[G(x;ψ)]pg(x;ψ)

=
αβ

Γ(δ)

∞∑
m,s,j,i,k,p=0

(δ − 1

m

)(k + α(i+ 1) − 1

p

)
× bs,m

(−1)j+i+pΓ(m+ s+ δ)

Γ(m+ s+ δ − j)Γ(j + 1)
[G(x;ψ)]p+1−1g(x;ψ)

×
Γ(β(j + 1) + i+ 1)

Γ(β(i+ 1) + 1)i!

Γ(α(i+ 1) + 1 + k)

Γ(α(i+ 1) + 1)k!

p+ 1

(p+ 1)

=

∞∑
p=0

Cp+1fE−G(x;ψ, p+ 1),

(12)
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where

Cp+1 =
αβ

Γ(δ)

∞∑
m,s,j,i,k=0

(
δ − 1

m

)(
k + α(i+ 1)− 1

p

)
(−1)j+i+pΓ(m+ s+ δ)

Γ(m+ s+ δ − j)Γ(j + 1)

× Γ(β(j + 1) + i+ 1)

Γ(β(i+ 1) + 1)i!

Γ(α(i+ 1) + 1 + k)

Γ(α(i+ 1) + 1)k!

bs,m
(p+ 1)

,

(13)

and fE−G(x;ψ, p + 1) = (p + 1)[G(x;ψ)]p+1−1g(x;ψ) is the Exponentiated-G
(E-G) pdf with power parameter vector p + 1. The mathematical and statistical
properties of the RBOB III-G family of distributions follows directly from those
of the E-G distribution.

2.2. Sub-families of Distributions

Sub-families of the RBOB III-G family of distributions are presented below. If
we �x some of the parameter values then we obtain the reduced form of the RBOB
III-G family of distributions as sub-families.

(a) If δ = 1, we obtain the baseline OB-G family of distributions having the pdf

f(x;α, β, ψ) =
αβ(1−G(x;ψ))α−1

G(x;ψ)α+1

[
1 +

( G(x;ψ)

1−G(x;ψ)

)−α]−β−1
g(x;ψ), (14)

for α, β > 0 (see Alizadeh et al. (2017) for details).

(b) If α = β = δ = 1, we obtain a reduced RBOB III-G family of distributions
having the pdf

f(x;ψ) = G(x;ψ)−2

[
1 +

( G(x;ψ)

1−G(x;ψ)

)−1]−2
g(x;ψ). (15)

(c) If α = β = 1, we obtain a reduced RBOB III-G family of distributions having
the pdf

f(x; δ, ψ) =
1

Γ(δ)G(x;ψ)2

[
− log

(
1 +

( G(x;ψ)

1−G(x;ψ)

)−1)−1]δ−1

×
(

1 +
( G(x;ψ)

1−G(x;ψ)

)−1)−2
g(x;ψ),

(16)

for δ > 0.
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(d) If α = δ = 1, we obtain a reduced RBOB III-G family of distributions having
the pdf

f(x;β, ψ) = βG(x;ψ)−2
(

1 +
( G(x;ψ)

1−G(x;ψ)

)−1)−β−1
g(x;ψ), (17)

for β > 0.

(e) If β = 1, we obtain a reduced RBOB III-G family of distributions having
the pdf

f(x;α, δ, ψ) =
α

Γ(δ)

(1 −G(x;ψ))α−1

G(x;ψ)α+1

[
− log

(
1 +

( G(x;ψ)

1 −G(x;ψ)

)−α)−1
]δ−1

×
(

1 +
( G(x;ψ)

1 −G(x;ψ)

)−α)−2

g(x;ψ),

(18)

for α, δ > 0.

2.3. Hazard, Reverse Hazard and Quantile Functions

This section presents the results on the hazard, reverse hazard and quantile
functions for the RBOB III-G distribution. The hazard and reverse hazard
functions for the RBOB III-G distribution are given by

hRBOBIII−G(x) =
αβδg(x;ψ) (1−G(x;ψ))α−1

G(x;ψ)α+1

[
log
{

1 +
(

1−G(x;ψ)
G(x;ψ)

)α}]δ−1
γ
{
β log

(
1 +

(
1−G(x;ψ)
G(x;ψ)

)α)
, δ
}

×
{

1 +
(1−G(x;ψ)

G(x;ψ)

)α}−β−1
(19)

and

τRBOBIII−G(x) =
αβδg(x;ψ) (1−G(x;ψ))α−1

G(x;ψ)α+1

[
log
{

1 +
(

1−G(x;ψ)
G(x;ψ)

)α}]δ−1
Γ(δ)− γ

{
β log

(
1 +

(
1−G(x;ψ)
G(x;ψ)

)α)
, δ
}

×
{

1 +
(1−G(x;ψ)

G(x;ψ)

)α}−β−1
,

(20)

respectively. Furthermore, the quantile function for the RBOB III-G family of
distributions is also derived by solving the non-linear equation

F (x;α, β, δ, ψ) = 1−
γ
{
β log

(
1 +

(
1−G(x;ψ)
G(x;ψ)

)α)
, δ
}

Γ(δ)
= u, (21)
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for 0 ≤ u ≤ 1, that is,

log
(

1 +
( G(x;ψ)

1−G(x;ψ)

)−α)
=

γ−1
[
Γ(δ)(1− u), δ

]
β

(22)

and

G(x;ψ)

1−G(x;ψ)
=

(
e
γ−1
[

Γ(δ)(1−u),δ

]
β − 1

)−1
α

. (23)

We can �nally write the quantile function for the RBOB III-G family of
distributions as

QRBOBIII−G(u;α, β, δ, ψ) = G−1


(
e
γ−1
[

Γ(δ)(1−u),δ

]
β − 1

)−1
α

1 +

(
e
γ−1

[
Γ(δ)(1−u),δ

]
β

)−1
α

 . (24)

3. Some Special Cases

Some special cases of various sub-models are derived in this section. The
baseline distribution function G(x;ψ) is changed to other �exible distributions
restricting the parameter vector space to atmost 2 component vector to avoid over
parametrization.

3.1. RBOB III - Log Logistic (RBOB III-LLoG) Distribution

Consider the Log Logistic distribution as the baseline distribution with
parameter λ > 0 having cdf and pdf G(x;λ) = 1 − (1 + xλ)−1 and g(x;λ) =
λxλ−1(1 + xλ)−2 respectively. The cdf and pdf of RBOB III-LLoG distribution
are given by

FRBOBIII−LLoG(x;α, β, δ, λ) = 1−
γ
{
β log

(
1 +

(
(1+xλ)−1

1−(1+xλ)−1

)α)
, δ
}

Γ(δ)
(25)

and

fRBOBIII−LLoG(x;α, β, δ, λ) =
αβδ

Γ(δ)

((1 + xλ)−1)α−1

(1− (1 + xλ)−1)α+1
λxλ−1(1 + xλ)−2

×
[
log
(

1 +
( (1 + xλ)−1

1− (1 + xλ)−1

)α)]δ−1

×
(

1 +
( (1 + xλ)−1

1− (1 + xλ)−1

)α)−β−1
,

(26)
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respectively, for α, β, δ, λ > 0. The hazard rate function is given by

hRBOBIII−LLoG(x) =
αβδ

Γ(δ)

((1 + xλ)−1)α−1

(1− (1 + xλ)−1)α+1
λxλ−1(1 + xλ)−2

×
[
log
(

1 +
( (1 + xλ)−1

1− (1 + xλ)−1

)α)]δ−1

×
(

1 +
( (1 + xλ)−1

1− (1 + xλ)−1

)α)−β−1

×
(
γ

{
β log

(
1 +

( (1 + xλ)−1

1− (1 + xλ)−1

)α)
, δ

})−1
.

(27)

Pdf and hrf plots for the RBOB III-LLoG distribution are given in Figures 1
and 2.

Figures 1 and 2 describe the �exibility of the RBOB III-LLoG distribution for
selected parameter values. The pdfs of the RBOB III-LLoG distribution assume
various shapes that include reverse-J, uni-modal, left or right skewed shapes.
Furthermore, the RBOB III-LLoG distribution exhibit decreasing, increasing,
bathtub, upside down bathtub and bathtub followed by upside down bathtub
shapes.
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Figure 1: RBOB III-LLoG pdf plots.

Tables 1 and 2, give results on the quantiles and moments, respectively for the
RBOB III-LLoG distribution for selected parameter values.
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Figure 2: RBOB III-LLoG hrf plots.

Table 1: RBOB III-LLoG quantiles for selected values.

u
(α, β, δ, λ)

(0.2,1.2,2.1,1) (0.1,1.2,2.2,1) (0.2,1.2,2.3,1) (0.2,1.2,2.4,1) (0.1,1.2,2.5,1)

0.1 2.06150 2.18009 2.10302 2.11959 2.19788

0.2 2.24955 2.37087 2.29119 2.30802 2.39000

0.3 2.42861 2.55571 2.47151 2.48902 2.57667

0.4 2.60903 2.74396 2.65386 2.67232 2.76718

0.5 2.79908 2.94383 2.84642 2.86608 2.96978

0.6 3.00849 3.16533 3.05895 3.08010 3.19478

0.7 3.25245 3.42481 3.30692 3.32997 3.45879

0.8 3.56219 3.75578 3.62211 3.64773 3.79618

0.9 4.03111 4.25913 4.09970 4.12949 4.31049

Table 2: RBOB III-LLoG Moments for selected parameter values.
(0.1,0.2,0.2,0.5) (0.7,1.0,1.5,0.5) (0.2,2.0,2.0,0.2) (3.4,4.0,0.5,0.9) (0.2,2.0,1.5,0.5 )

E(X) 0.00216 0.04406 0.00434 0.02813 0.01167

E(X2) 0.00118 0.03545 0.00345 0.02451 0.00882

E(X3) 0.00081 0.02963 0.00286 0.02169 0.00708

E(X4) 0.00062 0.02543 0.00245 0.01943 0.00592

E(X5) 0.00050 0.02227 0.00213 0.01759 0.00508

E(X6) 0.00042 0.01981 0.00189 0.01606 0.00445

SD 0.00036 0.01783 0.00170 0.01477 0.00396

CV 0.00032 0.01621 0.00154 0.01366 0.00357

CS 0.00028 0.01486 0.00141 0.01271 0.00324

CK 0.00025 0.01372 0.00130 0.01188 0.00297
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3.2. RBOB III-Kumaraswamy (RBOB III-K) Distribution

Let the Kumaraswamy distribution be the baseline distribution with paramters
a, b > 0 having cdf and pdf G(x) = 1 − (1 − xa)b, 0 ≤ x ≤ 1, and g(x) =
abxa−1(1− xa)b−1, respectively. The cdf and pdf of RBOB III-K distribution are
given by

FRBOBIII−K(x;α, β, δ, a, b) = 1−
γ
{
β log

(
1 +

(
(1−xa)b

1−(1−xa)b

)α)
, δ
}

Γ(δ)

and

fRBOBIII−K(x;α, β, δ, a, b) =
αβδab

Γ(δ)

((1− xa)b)α−1

(1− (1− xa)b)α+1
xa−1(1− xa)b−1

×
{

1 +
( (1− xa)b

1− (1− xa)b

)α}−β−1

×

[
log

(
1 +

(
(1− xa)b

1− (1− xa)b

)α)]δ−1
,

(28)

respectively, for α, β, δ, a, b > 0. The hazard rate function is given by

hRBOBIII−K(x) =
αβδab

Γ(δ)

((1 − xa)b)α−1

(1 − (1 − xa)b)α+1

[
log

(
1 +

(
(1 − xa)b

1 − (1 − xa)b

)α)]δ−1

× xa−1(1 − xa)b−1

{
1 +

( (1 − xa)b

1 − (1 − xa)b

)α}−β−1

×
(
γ

{
β log

(
1 +

( (1 − xa)b

1 − (1 − xa)b

)α)
, δ

})−1

.

(29)

Plots of the pdf and hrf for the RBOB III-K distribution are given in �gures 3
and 4.

Figures 3 and 4 show the behaviour of RBOB III-K distribution plots for
selected parameter values. The pdfs of the RBOB III-K distribution can take
various shapes that include reverse-J, uni-modal, left or right skewed shapes. In
addition, the plots of the hrf for the RBOB III-K distribution exhibit decreasing,
increasing, bathtub, upside down bathtub and upside down bathtub followed by
bathtub shapes.

Tables 3 and 4, presents results on the quantiles and moments, respectively for
the RBOB III-K distribution on selected parameter values.
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Figure 3: RBOB III-K pdf plots.
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Figure 4: RBOB III-K hrf plots.

Table 3: RBOB III-K quantiles for selected values.
(α,β,δ,a,b)

u (1.4,1.3,1.1,1.8,0.5) (1.5,1.5,1.2,2,0.3) (1.3,1.2,1,1,0.4) (1.2,1.1,1.3,1.1,0.5) (1.8,0.4,1.6,0.6,0.6)

0.1 0.98436 0.99806 0.99301 0.96344 0.50181

0.2 0.96354 0.99371 0.97525 0.91495 0.35243

0.3 0.93952 0.98718 0.94795 0.86016 0.25064

0.4 0.91213 0.97837 0.91067 0.79962 0.17432

0.5 0.88047 0.96673 0.86206 0.73312 0.11598

0.6 0.84323 0.95139 0.79916 0.65990 0.07205

0.7 0.79779 0.93076 0.71699 0.57851 0.04043

0.8 0.73910 0.90170 0.60505 0.48668 0.01931

0.9 0.65516 0.85701 0.43691 0.38025 0.00698
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Table 4: RBOB III-K Moments for selected parameter values.
(0.1 0.2 0.2 0.5 0.1) (0.3 0.2 0.2 0.1 0.2) (0.1 0.2 0.3 0.1 0.5) (0.9 0.1 0.2 0.1 0.2) (0.1 0.1 0.2 0.1 0.1)

E(X) 0.03430 0.00957 0.02966 0.01010 0.00726

E(X2) 0.02639 0.00740 0.02089 0.00858 0.00561

E(X3) 0.02159 0.00607 0.01617 0.00749 0.00460

E(X4) 0.01831 0.00516 0.01321 0.00665 0.00391

E(X5) 0.01592 0.00449 0.01118 0.00599 0.00341

E(X6) 0.01410 0.00398 0.00969 0.00545 0.00302

SD 0.01265 0.00358 0.00855 0.00501 0.00271

CV 0.01148 0.00325 0.00765 0.00463 0.00246

CS 0.01051 0.00297 0.00693 0.00431 0.00226

CK 0.00969 0.00274 0.00633 0.00402 0.00208

3.3. RBOB III - Beta (RBOB III-B) Distribution

Consider the Beta distribution as the baseline distribution with parameters
a, b > 0 having the cdf and pdf G(x) = Ix(a, b) = 1

B(a,b)

∫ x
0
ta−1(1 − t)b−1dt and

g(x) = 1
B(a,b)x

a−1(1 − x)b−1, for 0 < x < 1, respectively. The cdf and pdf of

RBOB III-B distribution are given by

FRBOBIII−B(x;α, β, δ, a, b) = 1−
γ
{
β log

(
1 +

(
(1−Ix(a,b)
Ix(a,b)

)α)
, δ
}

Γ(δ)

and

fRBOBIII−B(x;α, β, δ, a, b) =
αβδ

Γ(δ)B(a, b)

(1− Ix(a, b))α−1

(Ix(a, b))α+1
xa(1− x)b−1

×
{

1 +
(1− Ix(a, b)

Ix(a, b)

)α}−β−1

×

[
log

(
1 +

(
1− Ix(a, b)

Ix(a, b)

)α)]δ−1
,

(30)

respectively, for α, β, δ, a, b > 0. The hrf is given by

hRBOBIII−B(x) =
αβδ

Γ(δ)B(a, b)

(1 − Ix(a, b))α−1

(Ix(a, b))α+1

[
log

(
1 +

(
1 − Ix(a, b)

Ix(a, b)

)α)]δ−1

× xa(1 − x)b−1

{
1 +

(1 − Ix(a, b)

Ix(a, b)

)α}−β−1

×
(
γ

{
β log

(
1 +

(1 − Ix(a, b)

Ix(a, b)

)α)
, δ

})−1

.

(31)

Plots of the pdf and hrf for the RBOB III-B distribution are given in Figures 5
and 6. Figures 5 and 6 gives good illustration on the �exible nature of the RBOB
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III-B distribution for selected parameter values. The pdfs of the RBOB III-B
distribution can take various shapes that include reverse-J, uni-modal, left or right
skewed shapes. Furthermore, the RBOB III-B distribution exhibit decreasing,
increasing, bathtub, upside down bathtub and upside down bathtub followed by
bathtub shapes.
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Figure 5: RBOB III-B pdf plots.
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Figure 6: RBOB III-B hrf plots.

Tables 5 and 6, give results on the quantiles and moments, respectively for the
RBOB III-B distribution with selected parameter values.
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Table 5: RBOB III-B Quantiles for selected values.

u
(α,β,δ,a,b)

(1.6,0.7,0.9,0.5,1.9) (1.6,0.7,0.9,0.6,1.9) (1.5,0.7,0.9,0.5,1.9) 1.7,0.7,0.9,0.5,1.9) (1.6,0.7,0.9,0.5,1.8)

0.1 0.56175 0.45911 0.62379 0.51395 0.60242

0.2 0.29265 0.31488 0.30989 0.27811 0.30853

0.3 0.18229 0.23067 0.18781 0.17757 0.19047

0.4 0.11812 0.17081 0.11837 0.11789 0.12253

0.5 0.07567 0.12411 0.07355 0.07759 0.07800

0.6 0.04582 0.08571 0.04295 0.04853 0.04695

0.7 0.02442 0.05315 0.02181 0.02694 0.02487

0.8 0.00955 0.02556 0.00794 0.01125 0.00966

0.9 0.00101 0.00419 0.00073 0.00137 0.00102

Table 6: RBOB III-B Moments for selected parameter values.
(0.1 0.2 0.2 0.5 0.7) (0.2 1.5 0.5 0.2 2.0) (0.1 0.3 0.2 0.2 0.5) (0.3 0.1 0.4 0.2 0.5) (0.2 0.1 0.3 0.2 0.4)

E(X) 0.02499 0.03390 0.03628 0.23681 0.14712

E(X2) 0.01525 0.01204 0.02387 0.15496 0.10258

E(X3) 0.01145 0.00620 0.01893 0.12265 0.08433

E(X4) 0.00936 0.00379 0.01613 0.10438 0.07374

E(X5) 0.00800 0.00255 0.01427 0.09229 0.06660

E(X6) 0.00704 0.00184 0.01293 0.08356 0.06135

SD 0.00632 0.00139 0.01190 0.07688 0.05728

CV 0.00575 0.00109 0.01108 0.07157 0.05400

CS 0.00529 0.00087 0.01041 0.06720 0.05128

CK 0.00492 0.00072 0.00984 0.06354 0.04898

4. Some Mathematical and Statistical Properties

This section presents some mathematical and statistical properties of the
RBOB III-G family of distributions, namely; moments and generating functions,
conditional moments, entropy, distribution of order statistics, stochastic ordering
and probability weighted moments.

4.1. Moments and Generating Functions

Consider Yp+1 ∼ Exponentiated-G(ψ; p + 1), then the rth moment can be
derived using equation (12) as follows

E(Xr) =

∞∑
p=0

Cp+1E(Y rp+1) =

∞∑
p=0

Cp+1

∫ ∞
0

yrfE−G(y;ψ, p+ 1)dy

=

∞∑
p=0

Cp+1(p+ 1)

∫ 1

0

[QF (u;ψ)]ruqdu.

(32)

The moment generating function (mgf) for |a| < 1, is given by

MX(a) =

∞∑
p=0

Cp+1MYp+1
(a) =

∞∑
p=0

∞∑
i=0

Cp+1
ai

i!
E(Y ip+1), (33)
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where MYp+1
(a) is the mgf of Yp+1. The coe�cients of variation (CV), Skewness

(CS) and Kurtosis (CK) can be readily obtained. The variance (σ2), Standard
deviation (SD=σ), CV, CS and CK are given by

σ2 = µ′2 − µ2, CV =
σ

µ
=

√
µ′2 − µ2

µ
=

√
µ′2
µ2
− 1,

CS =
E
[
(X − µ)3

]
[E(X − µ)2]

3/2
=
µ′3 − 3µµ′2 + 2µ3

(µ′2 − µ2)3/2

and

CK =
E
[
(X − µ)4

]
[E(X − µ)2]

2 =
µ′4 − 4µµ′3 + 6µ2µ′2 − 3µ4

(µ′2 − µ2)2
,

respectively. The results of these coe�cients and �rst six moments for various
baseline distributions are presented under section 3. Figures 7 and 8 below presents
the 3D plots of skewness and kurtosis for the RBOB III-LLoG distributions for
some selected parameter values.

Figure 7: 3D plots of skewness for the RBOB III-LLoG distribution for some selected
parameter values.

4.2. Conditional Moments

This subsection presents results of the conditional moments for the RBOB III-
G distribution. The rth conditional moment of the RBOB III-G distribution is
given by

E(Xr|X ≥ a) =
1

F (a;α, β, δ, ψ)

∫ ∞
t

xrf(x;α, β, δ, ψ)dx

=
1

F (a;α, β, δ, ψ)

∞∑
p=0

Cp+1E
(
Y rp+1I{Y rp+1≥t}

)
,

(34)
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Figure 8: 3D plots of kurtosis for the RBOB III-LLoG distribution for some selected
parameter values.

where

E
(
Y rp+1I{Y rp+1≥t}

)
=

∫ ∞
t

yrfE−G(y;ψ, p+ 1)dy

= (p+ 1)

∫ 1

G(u;ξ)

[QG(u;ψ)]ruqdu,

(35)

for α, β, δ > 0, and parameter vector ψ. The mean residual life function is given
by E(X − a|X > a) = E(X|X > a)− a = V

F
(a)− a, where V

F
(a) is referred to as

the vitality function of the distribution function F. Note that the mean deviations,
Bonferroni and Lorenz curves can be readily obtained from the conditional and
incomplete moments.

4.3. Rényi Entropy

Entropy measures variation of uncertainty for a random variable X having the
probability distribution f(x). The Rényi Entropy (see Rényi, 1961) which is an
extension of Shannon Entropy, (see Shannon, 1951) can be de�ned as

IR(ν) =
1

1− ν
log
(∫ ∞

0

[
f(x;α, β, δ, ψ)

]ν
dx
)
, ν 6= 1, ν > 0. (36)

Rényi Entropy tends to Shannon Entropy as ν → 1.

Let y = 1−
{

1 +
(

1−G(x;ψ)
G(x;ψ)

)α}−β
, then using the result on power series raised

to a positive integer, with cs = (s+ 2)−1, that is,( ∞∑
s=0

csy
s

)m
=

∞∑
s=0

ds,my
s, (37)

Revista Colombiana de Estadística - Applied Statistics 44 (2021) 331�368



348 Peter O. Peter et al.

where ds,m = (sc0)−1
∑s
l=1[m(l+ 1)− s]clds−l,m, and d0,m = cm0 , (see Gradshteyn

& Ryzhik, 2000), we have[
− log

(
1− y

)]ν(δ−1)
= yδ−1

[ ∞∑
m=0

(
ν(δ − 1)

m

)
ym
( ∞∑
s=0

ys

s+ 2

)m]
=

∞∑
m,s=0

(
ν(δ − 1)

m

)
ds,my

m+s+δ−1,

so that [f(x;α, β, δ, ψ)]ν = fν(x) can be written as

fν(x) =
(αβ)ν

(Γ(δ))ν
(1−G(x;ψ))ν(α−1)

G(x;ψ)ν(α+1)

∞∑
m,s=0

(
ν(δ − 1)

m

)
ds,m

×

[
1 +

(
G(x;ψ)

1−G(x;ψ)

)−α]−ν(β+1)

ym+s+δ−1(g(x;ψ))ν

=

∞∑
m,s=0

(
ν(δ − 1)

m

)
ds,m

(αβ)ν

(Γ(δ))ν
(1−G(x;ψ))ν(α−1)

G(x;ψ)ν(α+1)

×

[
1 +

(
G(x;ψ)

1−G(x;ψ)

)−α]−ν(β+1)

×

[
1−

[
1 +

(
G(x;ψ)

1−G(x;ψ)

)−α]−β](m+s+δ−1)

g(x;ψ)ν

=

∞∑
m,s=0

(
ν(δ − 1)

m

)
ds,m

(αβ)ν

(Γ(δ))ν
(1−G(x;ψ))ν(α−1)

G(x;ψ)ν(α+1)

×
∞∑
k=0

(
(m+ s+ δ − 1)

k

)
(−1)k

×

[
1 +

(
G(x;ψ)

1−G(x;ψ)

)−α]−βk+ν(−β−1)
g(x;ψ)ν

=

∞∑
m,s=0

(
ν(δ − 1)

m

)
ds,m

(αβ)ν

(Γ(δ))ν

∞∑
k=0

(
(m+ s+ δ − 1)

k

)
(−1)k

×
∞∑
i=0

(
−βk + ν(−β − 1)

i

)
(1−G(x;ψ))α(ν+i)−ν

×G(x;ψ)−α(i+ν)−vg(x;ψ)ν

=

∞∑
m,s,i,k=0

(
ν(δ − 1)

m

)
ds,m

(αβ)ν

(Γ(δ))ν

∞∑
k=0

(
(m+ s+ δ − 1)

k

)
(−1)k

×
(
−βk + v(−β − 1)

i

)
Γ(α(i+ ν) + ν + k)

Γ(α(i+ ν) + ν)k!
G(x;ψ))kg(x;ψ)ν .

(38)
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Now,∫ ∞
0

fν(x;α, β, δ, ψ)dx =

∞∑
m,s,i,k=0

(
ν(δ − 1)

m

)
ds,m

(αβ)ν

(Γ(δ))ν

×
∞∑
k=0

(
(m+ s+ δ − 1)

k

)
(−1)k

(
−βk + ν(−β − 1)

i

)

× Γ(α(i+ ν) + ν + k)

Γ(α(i+ ν) + ν)k!

[ ∫ ∞
0

(G(x;ψ))kg(x;ψ)νdx
]
.

(39)

Finally, the Rényi entropy for the RBOB III-G family of distribution is given
by

IR(ν) =
1

1− ν
log

[ ∞∑
m,s,i,k=0

(
ν(δ − 1)

m

)
ds,m

(αβ)ν

(Γ(δ))ν

×
∞∑
k=0

(
(m+ s+ δ − 1)

k

)
(−1)k

(
−βk + ν(−β − 1)

i

)

× Γ(α(i+ ν) + ν + k)

Γ(α(i+ ν) + ν)k!

1[
k
ν + 1

]ν ∫ ∞
0

([k
ν

+ 1
]
g(x;ψ)G

k
ν (x;ψ)

)ν
dx

]

= (1− ν)−1 log

[ ∞∑
k=0

Wke
(1−ν)IREG

]
,

(40)

where IREG = (1− ν)−1 log
∫∞
0

([
k
ν + 1

]
g(x;ψ)G

k
ν (x;ψ)

)ν
dx is the Rényi entropy

of exponentiated-G distribution with power parameter k
ν + 1 and

Wk =

∞∑
m,s,i=0

(ν(δ − 1)

m

)
ds,m

(αβ)ν

(Γ(δ))ν

∞∑
k=0

((m+ s+ δ − 1)

k

)
(−1)k

(−βk + ν(−β − 1)

i

)

×
Γ(α(i+ ν) + ν + k)

Γ(α(i+ ν) + ν)k!

1[
k
ν

+ 1
]ν .

(41)

4.4. Distribution of Order Statistics

Consider the binomial expansion

(1− F (x))n−i =

n−i∑
j=0

(
n− i
j

)
(−1)j [F (x)]j , (42)
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then we can write the ith order statistic pdf from the RBOB III-G pdf
f(x;α, β, δ, ψ) = f(x) as

fi,n(x) =
n!f(x)

(i− 1)!(n− i)!
[F (x)]i−1[1− F (x)]n−i

=
n!f(x)

(i− 1)!(n− i)!

n−i∑
m=0

(−1)m
(
n− i
m

)
[F (x)]m+i−1.

(43)

From Hosseini et al. (2018), we the pdf of the ith order statistic can also be
written as

fi:n(x) =

∞∑
r,k=0

mr,kg
∗
r+k+1(x), (44)

where g∗r+k+1(x) is the exp-G density function with power parameter r + k + 1,

mr,k =
n!(r + 1)(i− 1)!Cr+1

r + k + 1

n−i∑
j=0

(−1)jfj+i−1,k
(n− i− j)!j!

, (45)

and Cr+1 is de�ned as Cp+1 under equation (13). The quantities fj+i−1,k are
recursively given by

fj+i−1,k = (kC0)−1
k∑

m=1

[m(j + i)− k]Cmfj+i−1,k−m. (46)

4.5. Stochastic Ordering

In this section, we present the most commonly applied three orders for the
RBOB III-G family of distributions namely; the usual stochastic order, the hazard
rate order and the likelihood ratio order, (see Shaked & Shanthikumar (2007) for
more details).

Consider the two random variables X and Y having the cdfs FX(t) and FY (t),
respectively, with FX(t) = 1 − FX(t) as the reliability or survival function. A
random variable X is said to be stochastically smaller than the random variable Y
if FX(t) ≤ FY (t) for all t or FX(t) ≥ FY (t) for all t. This is denoted by X <st Y.
The hazard rate order and likelihood ratio order are stronger and are given by

X <hr Y if hX(t) ≥ hY (t) for all t, and X <`r Y if fx(t)
fy(t)

is decreasing in t. It

holds that X <`r Y =⇒ X <hr Y =⇒ X <st Y.

Now, consider X1 and X2 as two independent random variables following
RBOBIII −G(α, β, δ1, ψ) and RBOBIII −G(α, β, δ2, ψ) distributions, then the
pdfs of X1 and X2 are

f1(x) =
αβδ1

Γ(δ1)

(1−G(x;ψ))α−1

G(x;ψ)α+1

[
log
(

1 +
(1−G(x;ψ)

G(x;ψ)

)α)]δ1−1

×
(

1 +
(1−G(x;ψ)

G(x;ψ)

)α)−β−1
g(x;ψ)
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and

f2(x) =
αβδ2

Γ(δ2)

(1−G(x;ψ))α−1

G(x;ψ)α+1

[
log
(

1 +
(1−G(x;ψ)

G(x;ψ)

)α)]δ2−1

×
(

1 +
(1−G(x;ψ)

G(x;ψ)

)α)−β−1
g(x;ψ).

The ratio, f1(x)
f2(x)

takes the form

f1(x)

f2(x)
=
βδ1Γ(δ1)

βδ2Γ(δ2)

[
log
(

1 +
(1−G(x;ψ)

G(x;ψ)

)α)]δ1−δ2
. (47)

If we di�erentiate equation (47) with respect to x, we get

d

dx

(
f1(x)

f2(x)

)
=
αβδ1Γ(δ2)

βδ2Γ(δ1)

(1−G(x;ψ))α−1

G(x;ψ)α+1

[
log
(

1 +
(1−G(x;ψ)

G(x;ψ)

)α)](δ1−δ2)−1
× (δ2 − δ1)g(x;ψ)(

1 +
(

1−G(x;ψ)
G(x;ψ)

)α ,

and �nally d
dx

(
f1(x)
f2(x)

)
< 0, if δ2 < δ1, and therefore, the likelihood ratio order

X1 <`r X2 exists. As a result, the random variables X1 and X2 are stochastically
ordered.

4.6. Probability Weighted Moments (PWMs)

A distribution function F ≡ F (x) = P (X ≤ x) may be characterized by the
probability weighted moments de�ned by

M(q, l, w) = E(Xq(F (X))l(1− F (X))w) =

∫ ∞
−∞

xq(F (x))l(1− F (x))wf(x)dx,

where q, l and w are real numbers. If l = w = 0 and q is a non-negative integer,
then Mq,0,0 represents the conventional moment about the origin of order q. If
Mq,0,0 exists and X is a continuous function of F, then M(q, l, w) exists for all the
non-negative real numbers l and w.
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Now, by using equations 7 and 8, and applying the generalized binomial
expansion, we can write

(F (x))l(1 − F (x))wf(x) =

∞∑
z=0

(w
z

)
(−1)z(F (x))l+zf(x) =

∞∑
z,r=0

(l + z

r

)
(−1)z+r

(w
z

)
f(x)

×

γ
(
β log

(
1 +

(
1−G(x;ψ)
G(x;ψ)

)α)
, δ
)

Γ(δ)

r

=

∞∑
z,r,q=0

(w
z

)(l + z

r

)
(−1)z+r+q

αβ

(Γ(δ))r+1

(1 −G(x;ψ))α−1

(G(x;ψ))α+1

×

[(
− log

(
1 +

(
1 −G(x;ψ)

G(x;ψ)

)α))−β]q+2δ−1

×
(

1 +

(
1 −G(x;ψ)

G(x;ψ)

)α)−β−1

g(x;ψ).

Furthermore, by using the result on power series raised to a positive integer,
with as = (s+ 2)−1, that is,( ∞∑

s=0

asy
s

)m
=

∞∑
s=0

bs,my
s, (48)

where bs,m = (sa0)−1
∑s
l=1[m(l + 1) − s]albs−l,m, and b0,m = am0 , Gradshteyn &

Ryzhik (2000)see, and applying the generalized binomial series representations,

(1 + z)−β−1 =

∞∑
j=0

(−1)jΓ(β + j + 1)

Γ(β + 1)j!
zj (49)

and

(1− z)k−1 =

∞∑
j=0

(−1)jΓ(k)

Γ(k − j)Γ(j + 1)
zj , (50)

for |z| < 1, β > 0 and k > 0, we can write

(F (x))l(1 − F (x))wf(x) =
αβ

(Γ(δ))r+1

∞∑
m,s=0

∞∑
z,r,q=0

(w
z

)(l + z

r

)
(−1)z+r+q

(δ − 1

m

)
bs,my

m+s+δ−1

×
(

1 +
(1 −G(x;ψ)

G(x;ψ)

)α)−β−1
g(x;ψ)

(1 −G(x;ψ))α−1

G(x;ψ)α+1

=
αβ

(Γ(δ))r+1

∞∑
m,s=0

∞∑
z,r,q=0

(w
z

)(l + z

r

)
(−1)z+r+q

(δ − 1

m

)
bs,m

×
(1 −G(x;ψ))α−1

G(x;ψ)α+1

(
1 −

[
1 +

( G(x;ψ)

1 −G(x;ψ)

)−α]−β)m+s+δ−1

×
[
1 +

( G(x;ψ)

1 −G(x;ψ)

)−α]−β−1
g(x;ψ)
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=
αβ

(Γ(δ))r+1

∞∑
m,s,j=0

∞∑
z,r,q=0

(w
z

)(l + z

r

)
(−1)z+r+q

(δ − 1

m

)
bs,m

(−1)jΓ(m+ s+ δ)

Γ(m+ s+ δ − j)Γ(j + 1)

×
[
1 +

( G(x;ψ)

1 −G(x;ψ)

)−α]−β(j+1)−1 (1 −G(x;ψ))α−1

G(x;ψ)α+1
g(x;ψ)

=
αβ

(Γ(δ))r+1

∞∑
m,s,j,i=0

∞∑
z,r,q=0

(w
z

)(l + z

r

)
(−1)z+r+q

(δ − 1

m

)
bs,m

(−1)j+iΓ(m+ s+ δ)

Γ(m+ s+ δ − j)Γ(j + 1)

×
Γ(β(j + 1) + i+ 1)

Γ(β(i+ 1) + 1)i!

[
1 − (1 −G(x;ψ))

]−α(i+1)−1

× [1 −G(x;ψ)]α(i+1)−1g(x;ψ)

=
αβ

(Γ(δ))r+1

∞∑
m,s,j,i,k=0

∞∑
z,r,q=0

(w
z

)(l + z

r

)
(−1)z+r+q

(δ − 1

m

)
bs,m

(−1)j+iΓ(m+ s+ δ)

Γ(m+ s+ δ − j)Γ(j + 1)

×
Γ(β(j + 1) + i+ 1)

Γ(β(i+ 1) + 1)i!

Γ(α(i+ 1) + 1 + k)

Γ(α(i+ 1) + 1)k!

× [1 −G(x;ψ)]k+α(i+1)−1g(x;ψ)

=
αβ

(Γ(δ))r+1

∞∑
m,s,j,i,k,p=0

∞∑
z,r,q=0

(w
z

)(l + z

r

)
(−1)z+r+q

(δ − 1

m

)(k + α(i+ 1) − 1

p

)
bs,m

×
(−1)j+i+pΓ(m+ s+ δ)

Γ(m+ s+ δ − j)Γ(j + 1)

Γ(β(j + 1) + i+ 1)i!

Γ(β(i+ 1) + 1)

×
Γ(α(i+ 1) + 1 + k)

Γ(α(i+ 1) + 1)k!
[G(x;ψ)]pg(x;ψ)

=
αβ

(Γ(δ))r+1

∞∑
m,s,j,i,k,p=0

∞∑
z,r,q=0

(w
z

)(l + z

r

)
(−1)z+r+q

(δ − 1

m

)(k + α(i+ 1) − 1

p

)

× bs,m
(−1)j+i+pΓ(m+ s+ δ)

Γ(m+ s+ δ − j)Γ(j + 1)
[G(x;ψ)]p+1−1g(x;ψ)

×
Γ(β(j + 1) + i+ 1)

Γ(β(i+ 1) + 1)i!

Γ(α(i+ 1) + 1 + k)

Γ(α(i+ 1) + 1)k!

p+ 1

(p+ 1)

=

∞∑
p=0

C∗∗p+1fE−G(x;ψ, p+ 1),

(51)
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where

C∗∗p+1 =
αβ

Γ(δ)

∞∑
m,s,j,i,k=0

(
δ − 1

m

)(
k + α(i+ 1)− 1

p

)
(−1)j+i+pΓ(m+ s+ δ)

Γ(m+ s+ δ − j)Γ(j + 1)

× Γ(β(j + 1) + i+ 1)

Γ(β(i+ 1) + 1)i!

Γ(α(i+ 1) + 1 + k)

Γ(α(i+ 1) + 1)k!

bs,m
(p+ 1)

,

(52)

and fE−G(x;ψ, p+ 1) = (p+ 1)[G(x;ψ)]p+1−1f(x;ψ) is the Exponentiated-G (E-
G) pdf with power parameter vector p+1. Finally, the PWMs of the RBOB III-G
family of distributions can be written as

M(q, l, w) =

∫ ∞
−∞

xq
∞∑
p=0

C∗∗p+1fE−G(x;ψ, p+ 1)dx

=

∞∑
p=0

C∗∗p+1

∫ ∞
−∞

xqfE−G(x;ψ, p+ 1)dx,

which shows that the (q, l, w)th PWMs of RBOB III-G family of distributions can
be obtained from the moments of the Exp-G distribution.

5. Maximum Likelihood Estimation

Let X ∼ RBOBIII−G(α, β, δ, ψ) and Θ = (α, β, δ, ψ)T be the vector of model
parameters. The log-likelihood function `n = `n(Θ) from a random sample of size
n is given by

`n(Θ) = nln(α) + nln(β)− nln(Γ(δ)) + (α− 1)

n∑
i=1

ln[1−G(x;ψ)]

− (α+ 1)

n∑
i=1

ln[G(x;ψ)] +

n∑
i=1

ln(g(xi;ψ)) + (δ − 1)

×
n∑
i=1

ln

[
− log

(
1 +

( G(xi;ψ)

1−G(xi;ψ)

)−α)−β]

− (β + 1)

n∑
i=1

ln

[
1 +

(
G(xi;ψ)

1−G(xi;ψ)

)α]
.

(53)
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The elements of the score vector U(Θ) are given by

∂`n
∂α

=
n

α
+

n∑
i=1

ln[1 −G(xi;ψ)] −
n∑
i=1

ln[G(xi;ψ)]

+ (δ − 1)
n∑
i=1


β

(
1 +

(
G(xi;ψ)

1−G(xi;ψ)

)−α)β−1(
G(xi;ψ)

1−G(xi;ψ)

)−α
ln
(

G(xi;ψ)
1−G(xi;ψ)

)
− log

(
1 +

(
G(xi;ψ)

1−G(xi;ψ)

)−α)−β(1 +
(

G(xi;ψ)
1−G(xi;ψ)

)−α)β


+ (β − 1)
n∑
i=1



(
G(xi;ψ)

1−G(xi;ψ)

)−α
ln

(
G(xi;ψ)

1−G(xi;ψ)

)

1 +

(
G(x;ψ)

1−G(xi;ψ)

)−α

,

(54)

∂`n

∂β
=

n

β
+ (δ − 1)

n∑
i=1



(
1 +

(
G(xi;ψ)

1−G(xi;ψ)

)−α)β
ln

(
1 +

(
G(xi;ψ)

1−G(xi;ψ)

)−α)β
− log

(
1 +

(
G(xi;ψ)

1−G(xi;ψ)

)−α)−β(1 +
(

G(xi;ψ)
1−G(xi;ψ)

)−α)β


−
n∑
i=1

ln

[
1 +

(
G(xi;ψ)

1 −G(xi;ψ)

)−α]
,

(55)

∂`n
∂δ

=
nΓ′(δ)

Γ(δ)
+

n∑
i=1

ln

[
− log

((
1 +

(
G(xi;ψ)

1−G(xi;ψ)

)−α)−β)]
(56)

and

∂`n

∂ψk
= − (α− 1)

n∑
i=1

∂G(x,ψk)
∂ψk

1 −G(xi;ψ)
− (α+ 1)

n∑
i=1

∂G(xi;ψk)
∂ψk

G(xi;ψ)
+

n∑
i=1

∂g(xi;ψk)
∂ψk

g(xi;ψ)

− (δ − 1)

n∑
i=1

αβ
(

G(xi;ψ)
1−G(xi;ψ)

)−α−1
(

1 +
(

G(xi;ψ)
1−G(xi;ψ)

)−α)β−1

− log

(
1 +

(
G(xi;ψ)

1−G(xi;ψ)

)−α)−β(1 +
(

G(xi;ψ)
1−G(xi;ψ)

)−α)β

×

[ ∂G(xi;ψk)
∂ψk

(1 −G(xi;ψ)) +
∂G(xi;ψk)

∂ψk
G(xi;ψ)

(1 −G(xi;ψ))2

]

− (−β − 1)

n∑
i=1

α
(

G(xi;ψ)
1−G(xi;ψ)

)−α−1
[
∂G(xi;ψk)

∂ψk
(1−G(xi;ψ))+

∂G(xi;ψk)

∂ψk
G(xi;ψ)

(1−G(xi;ψ))2

]
1 +

(
G(xi;ψ)

1−G(xi;ψ)

)−α .

(57)

Note that these functions are not in closed form and can only be solved
using iterative methods from applicable softwares. The maximum likelihood
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estimates (MLEs) of the parameters, denoted by Θ̂ is obtained by solving the
nonlinear equation (∂`n∂α ,

∂`n
∂β ,

∂`n
∂δ ,

∂`n
∂ψ )T = 0, using a numerical method such as

Newton-Raphson procedure. Note that from the multivariate normal distribution
Np+3(0, J(Θ̂)−1), where 0 = (0, 0, 0, 0)T is the mean vector and J(Θ̂)−1 is the

observed Fisher information matrix evaluated at Θ̂, we can construct con�dence
intervals and con�dence regions for the individual model parameters. The
100(1− ϕ)% two-sided con�dence intervals for α, β, δ and ψk are as follows;

α̂±Zϕ
2

√
I−1αα(Θ̂), β̂±Zϕ

2

√
I−1ββ (Θ̂), δ̂±Zϕ

2

√
I−1δδ (Θ̂), and ψ̂k±Zϕ

2

√
I−1ψkψk(Θ̂),

respectively, where I−1αα(Θ̂), I−1ββ (Θ̂), I−1δδ (Θ̂) and I−1ψkψk(Θ̂) are the diagonal

elements of I−1n (Θ̂) = (nI(Θ̂))−1, and Zϕ
2
represents the standard normal (ϕ2 )th

percentile. Note that the asymptotic behaviour still holds when I(Θ) which is
the expected Fisher information matrix is replaced by the observed information
matrix evaluated at Θ̂.

6. Monte Carlo Simulation Study

In this section, we conduct a simulation study to evaluate consistency of
the maximum likelihood estimators for the RBOB III-LLoG distribution using
di�erent parameter values. The simulation study is repeated for N = 1000 times
with sample size n = 35, 50, 100, 200, 400, 800 and 1000. The simulation
results (mean of the MLEs, average bias and root mean square error (RMSE))
are presented under Tables 9 and 10. The results shows that as the sample size
n increases, the mean estimates of the parameters tend to be closer to the true
parameter values, with Average Bias and RMSEs converging towards zero. The
Average Bias and RMSEs are given by:

Bias(θ̂) =

∑n
i=1 θ̂i
n

− θ and RMSE(θ̂) =

√∑n
i=1(θ̂i − θ)2

n
,

respectively.

7. Applications

In this section, the RBOB III-LLoG distribution was applied to two real data
sets to demonstrate its performance compared to other existing models. The �rst
data set represents the lifetimes data relating to relief times (in minutes) for 20
patients receiving an analgesic as reported by Gross & Clark (1975) and is given
by: 1.1, 1.4, 1.3, 1.7, 1.9, 1.8, 1.6, 2.2, 1.7, 2.7, 4.1, 1.8, 1.5, 1.2, 1.4, 3.0, 1.7, 2.3,
1.6, 2.0. The second data relates to the e�ects of variations in airborne exposure
on concentration of urinary metabolites studied by Kumagai & Matsunaga (1995)
and is given by: 1.5, 1.7, 2.1, 2.2, 2.4, 2.5, 2.6, 3.8, 3.8, 4.2, 4.3, 5.6, 6, 7, 7.5, 9.3,
9.9, 10.2, 10.6, 12.3, 12.9, 13.7, 14.1, 17.8, 27.6, 31, 42, 45.6, 51.9, 91.3, 131.8.
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The RBOB III-LLoG distribution was compared to other existing models
namely, the Burr-Weibull (BW) by Oluyede et al. (2019), Kumaraswamy Weibull
(KW) by Cordeiro et al. (2010), Weibull-Lomax (WLx) by Tahir et al. (2015),
Beta Generalized Lindley (BGL) by Oluyede & Yang (2015) and New Modi�ed
Weibull (NMW) b y Doostmoradi et al. (2014) distributions. The goodness-
of-�t statistics was used for comparisons, namely, −2 log-likelihood (−2 ln(L)),
Akaike Information Criterion (AIC = 2p − 2 ln(L)), Bayesian Information
Criterion (BIC = p ln(n)− 2 ln(L)) and Consistent Akaike Information Criterion(
AICC = AIC + 2 p(p+1)

n−p−1

)
, where L = L(∆̂) is the value of the likelihood

function evaluated at the parameter estimates, n is the number of observations,
and p is the number of estimated parameters.

We obtained results on the Crame¯-von Mises (W ∗) and Anderson-Darling
Statistics (A∗) described by Chen & Balakrishnan (1995), as well as Kolmogorov-
Smirnov (KS) statistic and its p-value. Note that for the value of the log-likelihood
function at its maximum (`n), the smaller value is preferred, and for AIC, AICC,
BIC, and the goodness-of-�t statistics W ∗, A∗ and K − S, smaller values are also
preferred. The results from two real lifetime data sets are presented under Tables
7 and 8. We used the R software to compute estimates for model parameters and
run goodness-of-�t tests. The pdfs of the non-nested models (BW, KW, WLx,
BGL and NMW) used for comparisons are

f(x;α, β c, k) = e−αx
β

[1 + xc]−k
{
αxβ−1β +

kcxc−1

(1 + xc)

}
, (58)

for α, β, c, k > 0 and x > 0,

f(x; a, b, c, λ) = abcλcxc−1exp{−(λx)c}[1− exp{−(λx)c}]a−1

× {1− [1− exp{−(λx)c}]a}b−1,
(59)

for a, b, c, λ > 0 and x > 0,

f(x; a, b, α, β) =
abα

β

[
1 +

(
x

β

)]bα−1{
1−

[
1 +

(
x

β

)]−α}b−1
× exp

{
− a
{

1 +

(
x

β

)α
− 1

}b}
,

(60)

for a, b, c, λ > 0 and x > 0,

f(x;α, θ, a, b) =
αθ2(1 + x)e−θx

B(a, b)(1 + θ)

{
1− 1 + θ + θx

1 + θ
e−θx

}aα−1
×
{

1−
{

1− 1 + θ + θx

1 + θ
e−θx

}α}b−1
,

(61)

for a, b, α, θ > 0 and x > 0 and

Revista Colombiana de Estadística - Applied Statistics 44 (2021) 331�368



358 Peter O. Peter et al.

f(x;α, β, λ, γ) = (αγxγ−1eαx
γ

+ λβxλ−1e−βx
γ

)

× e−e
αxλ+e−βx

λ

,
(62)

for α, β, λ, γ > 0 and x > 0, respectively.

The TTT plots for relief times and urinary metobolites data sets are presented
under Figures 9 and 10, respectively. These plots indicate that the empirical
hazard rate functions of the data sets is increasing and therefore the RBOB III-
LLoG distribution is appropriate to �t these data. The TTT plots are given
by plotting T (i/n) = [

∑n
k=1 yk:n + (n− r)yi:n] /

∑n
k=1 yk:n against (i/n), where

i = 1, . . . , n and yk:n(k = 1, . . . , n) represent order statistics of the sample.

Figure 9: TTT plot for relief times dataset.

Figure 10: TTT plot for urinary metabolites dataset.
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Figure 11: �tted density plots for relief times data.
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Figure 12: observed probability plots for relief times data.

The estimated covariance matrix is given by


0.38695 −0.52759 0.41157 −0.57037

−0.52759 0.77685 −0.56115 1.26736

0.41157 −0.56115 0.43775 −0.60666

−0.57037 1.26736 −0.60666 8.17335



and the 95% con�dence intervals for the model parameters are given by α ∈
[2.2301 ± 1.21923], δ ∈ [0.8719 ± 1.72752], λ ∈ [2.0967 ± 1.29679] and β ∈
[7.4257± 5.60346].
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Figure 13: �tted density plots for urinary metabolites data.

0.0 0.2 0.4 0.6 0.8 1.0

0
.0

0
.2

0
.4

0
.6

0
.8

1
.0

Observed probability

E
x
p
e
c
te

d
 p

ro
b
a
b
ili

ty

RBOB_LLoG(SS=0.0463)

KW(SS=0.0764)

WL(SS=0.0.0468)

BGL(SS= 9.7628)

BW(SS= 0.1051)

Figure 14: observed probability plots for urinary metabolites data.

The estimated covariance matrix is given by


0.01450 −0.15722 0.05089 −0.27533

−0.15722 1.75030 −0.55154 3.30879

0.05089 −0.55154 0.17852 −0.96593

−0.27533 3.30879 −0.96593 9.02983



and the 95% con�dence intervals for the model parameters are given by α ∈
[1.9844 ± 0.23607], δ ∈ [0.9653 ± 2.59306], λ ∈ [0.5658 ± 0.82813] and β ∈
[6.7645± 5.88973].
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8. Concluding Remarks

We developed and studied in detail a new family of generalized distributions
called the Risti¢-Balakhrishnan Odd Burr III - G (RBOB III-G) distribution.
The new proposed distribution presents a �exible mechanism for �tting a wide
spectrum of real world data sets. From the application results and comparison
to several known models such as Burr-Weibull (BW) by Oluyede et al. (2019),
Kumaraswamy Weibull (KW) by Cordeiro et al. (2010), Weibull-Lomax (WLx) by
Tahir et al. (2015), Beta Generalized Lindley (BGL) by Oluyede & Yang (2015)
and New Modi�ed Weibull (NMW) by Doostmoradi et al. (2014), we con�rm that
it provides a better �t, see results under Tables 7 and 8.
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R-Code for Applications

RBOB IIILLoG_LL<- function(alpha,delta,lambda,beta) {

-sum(log((alpha*beta/gamma(delta))*((((1+x^lambda)^(-1))^(alpha-1))

/(1-((1+x^lambda)^(-1)))^(alpha+1))*lambda*(x^(lambda-1))*

((1+x^lambda)^(-2))*((-log((1+(((1+x^lambda)^(-1)/

(1-(1+x^lambda)^(-1)))^alpha))^(-beta)))^(delta-1))*

(1+(((1+x^lambda)^(-1)/(1-(1+x^lambda)^(-1)))^alpha))^(-beta-1)))

}

RBOB IIILLoG.result<-mle2(RBOB IIILLoG_LL,hessian = NULL,

start=list(alpha=0.064885 ,delta=20.026 ,lambda=0.4885,beta=0.1243)

,optimizer="nlminb",lower=0)

summary(RBOB IIILLoG.result)

####### Kumaraswamy Weibull

KW<- function(a,b,c,lambda) {-sum(log(a*b*c*(lambda^c)*(x^(c-1))*

exp(-(lambda*x)^c)*((1-exp(-(lambda*x)^c))^(a-1))*

(1-(1-exp(-(lambda*x)^c))^a)^(b-1)))

}

KW.result<-mle2(KW,hessian = NULL,start=list(a=9.9180,b=0.07881,

c=0.2097,lambda=0.0109),optimizer="nlminb",lower=0)

summary(KW.result)

####### ####### Beta GL

BGL <- function(alpha,theta,a,b){-sum(log(

(alpha*(theta^2)*(1+x)*(exp(-theta*x))/beta(a,b))*((1-((1+theta+theta

*x)/(1+theta))*exp(-theta*x))^(a*alpha-1))*(1-(1-((1+theta+theta*x)/

(1+theta))*exp(-theta*x))^alpha)^(b-1)))

}

BGL.result<-mle2(BGL,hessian = NULL,start=list(alpha=0.099,theta=0.03,a=0.3,

b=10.0999),optimizer="nlminb",

lower=0)

summary(BGL.result)

####### BurrW

BurrW<- function(c,k,alpha,beta) {-sum(log(exp(-alpha*x^beta)*

(1+x^c)^(-k)*(alpha*(x^(beta-1))*beta+((k*c*x^(c-1))/(1+x^c)))))

}

BurrW.result<-mle2(BurrW,hessian = NULL,start=list(c=10.09,k=1.0,

alpha=0.09,beta=0.871), optimizer="nlminb",lower=0)

summary(BurrW.result)

NMW <- function(alpha,gamma,lambda,beta){

-sum(log(alpha*gamma*x^(gamma-1)+lambda*beta*(x^(lambda-1))*

exp(-beta*x^lambda))-exp(alpha*x^gamma)+exp(-beta*x^lambda))

}

NMW.result<-mle2(NMW,hessian = NULL,start=list(alpha=1.009,gamma=1.0987,

lambda=1.0,beta=1.0),optimizer="nlminb",lower=0)

summary(NMW.result)
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