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Abstract

In the present work, we study the quantum vacuum
fluctuations at finite temperature in the propagation of light
in nonlinear optical media. We present nonlinear materials,
that have the second-order electrical susceptibility tensor,
and the fluctuating effective refractive index caused by
fluctuating vacuum electric fields. Likewise, we study the
fluctuations of the vacuum, which led to the contributions
of thermal and mixed fluctuations being associated with a
faithful test function to perform the calculations, in contrast
to the Lorentzian distribution. We show the contribution of
thermal and mixed fluctuations to time-of-flight fluctuations
compared to the contributions of vacuum fluctuations.
The result reveals a numerical estimate performed on
cadmium selenide (CdSe) suggesting that the effects of
fluctuations can cause uncertainty in time of flight due
to quantum vacuum fluctuations in terms of thermal and
mixed fluctuations.
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Resumen

En el presente trabajo se estudiaron las fluctuaciones del
vacio cuantico a temperatura finita en la propagacién de la
luz en medios 6pticos no lineales. Se presentan materiales no
lineales que tienen el tensor de susceptibilidad eléctrica de
segundo orden y el indice de refraccion efectivo fluctuante
causado por campos eléctricos de vacio fluctuantes. De igual
manera, se estudiaron las fluctuaciones del vacio, lo que llevé
a asociar las contribuciones de las fluctuaciones térmicas y
mixtas a una funcién de prueba fiel para realizar los calculos,
en contraste con la distribucién lorentziana. Se muestra
la contribucién de las fluctuaciones térmicas y mixtas
a las fluctuaciones del tiempo de vuelo en comparacién
con las contribuciones de las fluctuaciones del vacio. El
resultado arrojé una estimacién numérica realizada en
seleniuro de cadmio (CdSe) que sugiere que los efectos de
las fluctuaciones pueden causar incertidumbre en el tiempo
de vuelo debido a las fluctuaciones del vacio cuantico en
términos de fluctuaciones térmicas y mixtas.

Palabras clave: fluctuaciones del vacio cudntico, campo eléctrico,
propagacion de la luz.

Introduction

The existence of quantum fluctuations is of utmost importance,
particularly in the context of quantum electrodynamics that, even
in the absence of electric charges and currents, there exists a
fluctuating electromagnetic field that has a certain non-zero energy
level [I]. A fluctuating electric field in a nonlinear material causes
fluctuations in the background field, changing the phase velocity
of the probe field coupled to the background field through the
nonlinearity of the material medium, being an analogous model
for evolving quantum gravitation effects quantum optics [2].

Vacuum fluctuations of the electromagnetic field are responsible
for several observed phenomena, such as the Casimir effect (and
the dynamic Casimir effect), the Lamb shift and spontaneous
emission, to name a few. Vacuum fluctuations are associated with
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the quantum field operators of the electric field, which are only
significant if the operators have been averaged over time with a
smooth sampling function [3H5]. In general, these distributions tend
to fall more slowly than a Gaussian function, which increases the
likelihood of large fluctuations, and depend significantly on the
choice of the sampling function. Also, the sampling function for
vacuum fluctuations in a dielectric may depend on the geometry
of the material. However, there are strong debates about vacuum
fluctuations as temporary events, because vacuum fluctuations are
as real as thermal fluctuations, but are often not noticed due to
strong anticorrelations.

Therefore, with respect to the vacuum, it does not necessarily
correspond to a space without matter, but to the lowest energy
state of the quantized electromagnetic field, so that a natural
question is that thermal fluctuations are unavoidable in a real
experiment, even in the vacuum and with the participation of the
contributions of thermal and mixed fluctuations to the time of
flight. Lorentz-Heaviside units can be considered normalizers with
h=c=kg=1and ¢ = pu, =1 [6]. The Heisenberg uncertainty
principle imposes a condition that the ground state energy of
the field is non-zero, which implies a fluctuating electromagnetic
field. The purpose of this article is to obtain the effects of finite
temperature at very low ambient temperature, observing the effects
of vacuum fluctuations in second-order non-linear media in an
inorganic compound material, cadmium selenide (CdSe).

Flight Time in a Nonlinear Optical Material
Classical propagation speed

A nonlinear dielectric material is one in which the electric
polarization vector is a nonlinear function of the electric field and
can be written as [7],

P= o (X3 By 4 XGE B+ XQEBE + ), (1)

where we define the electrical susceptibilities tensors XS‘)’ XZ(JQ,Z, and

Xg?,ll first, second and third order, respectively. Generally speaking,
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) is dimensionless, Y = (T‘?—;> < x® = (%) < 1 and therefore
this approximation is optimal for non-intense fields. The second and
higher order susceptibilities lead to a nonlinear wave equation for
the electric field can be expressed as, using eq. we have that [§],
ki _ 0% ( @)
012 = ot <Xij Ej+ XiijjEk) ) (2)
Consider a pulse of light that passes through a nonlinear optical
medium as shown in Figure

V2E; —

F1cURE 1. A pulse of light passing through a non-linear optical medium.

We assume that the total electric field can be written as the sum
of a background field E° and a smaller, but more rapidly varying
probe field E! in

E=E’+E', (3)
where |Ey| < |Eu| but ‘El/El‘ > ‘EO/EO‘. Both E° and E!
satisfy nonlinear equations with a coupling term between them.

Here the background field describes the vacuum mode of the
quantized electric field, which is approximated as a linear field in
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nearly isotropic materials, so we see XS) ~ oxV. However, if the

second-order susceptibility is small enough, we can consider the
equation for E° approximately linear. These coupled averages of
the nonlinearity of an applied external electric field of the type
E?(x,t) is called the background field. The electric field associated
with the light pulse is denoted by the vector E!, which we choose to
be polarized in the z direction and propagating in the x direction,
that is, E! = E! (z,¢) 2. Furthermore, we assume that the proving
field is smaller in magnitude than the background field, but varies
much more rapidly. In this case, E! obeys a linearized wave equation
. O*E' 1 0°E!
) =0, (4)
dx?  wi Ot

Here v]% is the phase velocity of the wave, which is given by

1 B
Vi = = (14 2% B + i EPED) ' (5)
D

1
ny = (1+x92) , (6)

where in eq.(@, n, is the refractive index of the medium measured
by the probe pulse when only linear effects occur, and we define the
following coefficients [10],

(2) @)

2
np

3) ®3) ®3)
Nii = i 221) + Xzizj + Xzijz (8)
9T 2 3 ‘

Eq. shows that the background field couples to the nonlinearities
of the medium, affecting the speed of the waves that propagate
through it. Note, that scattering can be neglected, so that the
group velocity of a wave packet is approximately equal to the phase
velocity. Therefore, the flight time of a probe pulse traveling a
distance d in the direction x will be given by [11],
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d
td:np/O (L4 %E? (x,t) + pni EY (x,t) Ej (x,t)) dz,  (9)

with )

Hij = 5 (376 — %) - (10)
Note, that the term between the parentheses in eq. involves two
indices that denotes symmetrization, that is,

2Y(5) = Yig + V- (11)
When writing eq., we assume that the nonlinear effects are
small, so we can expand into a Taylor series of type 1/vy of eq. .
for the first-order terms in eq. in 7 and second-order terms
in 7;. Furthermore, we only con81der the integrand in eq. @ when
evaluated at ¢t = n,x, which is a pulse of light traveling at the speed
1/n,, being determined by the linear susceptibility of the material
medium.

Vacuum Fluctuations and Switching

As we saw earlier, the equation eq.@ is an expression that describes
the time of flight and studies the effects of fluctuations in the
electric field of vacuum as the background field. In this case, E°
becomes the electric field operator quantized and t; defined in eq.
becomes an operator, where the quadratic term in E° is generally
considered to be ordered normal of the type: E} (x,t) Ef (x,t) —
E} (x,t) Ej (x,t) : . This leads to a finite mean flight time, which
in the vacuum state is, for the main order [12],

(ta) = nyd, (12)

and and our primary interest will be in the variance of the flight
time,

(Atd = <td > d> . (13)

Note that this quantity is independent of the selection of vacuum
conditions under which normal ordering is made. However, if we
perform a certain change in state, and add a certain number C, to
the operator t4, such that t; — t4 + C, it is easily verified that the
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right side of eq. has not been changed. A change in vacuum
state may slightly change the average delay time,(t;), but does
not change the variation in flight time. However, this amount is
only finite if the field operators were averaged with a test function.
In the present context, the density profile of the dielectric plate
naturally defines a suitable function. Let F'(x) be a profile function
that satisfies eq. and is normalized,

1 +o0
E/_ F(x)dx = 1. (14)

[e.9]

Now the delay time operator can be written as

+00
tg = np/ 1+ %E) (x,) + pij - B (x,t) EY (x,t) <] Fa)da.

) (15)
Hence, the variation in flight time becomes [13]

(At)* = n,? /_ - dzF ()

(e 9]

- /_ " el Py (Do BN, 1)) +

o

+ g (B (x, ) EY (x, 1) = B (x, ¢ B, (x, )]

The definition of normal order is

DBV (x, ) EX(X ) = EY(x, t)EZQ(X/,t/)—<EZQ(X, t)Eg(x’,t’)>, (16)

and using Wick’s Theorem [13], we are left with

(: B)(x, ) E}(x,t) = B)(X ) Ep (x' ') : ) = (E)(x, t) B (a ') x

x (E)(x, t)E, (X', ')+
+ (B} (x,t) Ep,(x/, 1)) x
x (EJ(x,t)E) (X', 1))



30 Luciano Nascimento, et al.

Thus, the time of flight variance can be expressed as an integral
involving the electric field correlation functions. This double
integral is above the spacetime volume of the probe pulse wave
packet. The background field is set up in a given quantum state,
and therefore fluctuates. We will assume that the wave packet is
sufficiently localized around this world line to be able to neglect
integrations over the spatial directions transverse to the z-direction.
In this limit, we are averaging the electric field and the square
of the electric field along the universe line of an observer moving
with the probe pulse. In the remaining frame of this observer,
field operators are just averaging over time. Once we take the
transverse coincidence limit of the spatial directions, as the electric
field correlation functions for a non-dispersive isotropic material

become [14],
1

(EY(a. ) BN, ¥)) = 7 18)

2ny3 [(Ax)Q - (ﬁgﬂ

Az)? 4 BY°
(BB ) = (B 00 1) = —— o
o [ — (82
(19)
and

(B (z, ) EY(2/ 1)) = b=y (20)

A 0 ,ifisj’

where Az = 2 — 2/ and with At =t —t — ie with € > 0 and ny is the
index of refraction measured by the background field EY.

Fractional Variance in the Flight Time

Using the above results and remembering that the integrations in eq.
are performed along the path of the background pulse, given by ¢t = n,z,
we get the following

(Aty)? = / o dz F(x) / o do' F(2') [ ( 5;)4 + A‘)‘;)S} . (21)

—00 —00

where Ax is understood to have a small negative imaginary part. Here,
we set the parameters a; and ay as [15]
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2 2 2
npnp 2 2 oy (1p” + mp°)
S L N— Vtp T ) 22
= b [ 07 A G @
2ny°ny” 2 2 2 2 (np” + %)
Q2 = T (ny? — n2)A Paw + (Hyy + 122 +202,) X (np2 — m2)
ny? + nb2
+ 2(#3253/ + Miz) W (23)
P

A Choice for the Switching Function

We want to choose a suitable smooth switching function that represents
the transitions that occur when the background pulse enters and leaves
the medium. Let’s make use of the lorentzian distribution, to build an
appropriate test function. It will be useful to have two parameters, one
(d) describing the slab width and one ((b < d)) describing the effective
length along which the nonlinearity changes smoothly as the pulse enters
and exits, one relative to the crystal size, and the other measuring how
fast the effect is activated [15]. There are several options for this function.
Here we use a function Fj q(x) defined by [16]

Fyalz) = % [arctan (%) + arctan (dbw)] . (24)

The derivative of this function with respect to x is the sum of two
Lorentzian functions.

de,d(ac) . l b _ b
dv 7w |b+22 b2+ (2d)?]’

Note that F} 4(x) is the integral from minus infinity to « of the function
defined by the difference of two lorentzians, one centered at the origin
with parameter b and the other shifted a distance d from the origin, also
with parameter b,

(25)

+o00
/ de(a:)da:. (26)

—0o0
The Figure illustrated below, shows some overlay graphs of the
function Fp 4(z) for some ratio values g. The parameter b describes
the distance at which Fj 4(z) changes from its minimum values to its
maximum values and vice versa. Note that when b — 0 we retrieve a

step function, as expected. This suggests that we calculate the distance
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between the first two points of maximum curvature of the graph. For
this reason, if we keep only the first arcotan, we find that this distance

is given by a factor of —.
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FIGURE 2. Graphs of the function Fj 4(z).

The analysis of the parameter b measures how fast is the function Fj, 4(x)
that links the effect on the regime that the material does not suffer
any kind of dispersion. This result generalizes, and the contribution of
third-order nonlinear susceptibility, and giving a general expression for
the flight time described by the profile of the function F'(x). The integrals
that appear in eq. can be evaluated by boundary integration, with
Ar = x — 2’ — ie, where ¢ > 0 makes the mode sums absolutely
convergent and is always associated with the refractive index measured
by the background field E?. The results, and their asymptotic forms
when b < d, are

Foo oo 1 d (d?>+12v%) 1
dxdx'F, Fip2’ = 27
/_oo /_OO vda' Fap (@) Fap® 07 = 973 @t ae i )

+oo +oo , , 1 1
dxdz' F, F, —_— = 28
/_oo /_oo vdw Fap(@) Fapt 05 = 13510 (28)

If we assume that b < d, and use the asymptotic forms above, we get
aq (6%

2 ~ [—
(Ata)" > o5 + 134406 (29)

We define the square fractional variance in the background field flight

time as
52 (Atd)2 N aq a9

T )? T an2aE T atnfa
So, let’s create a mechanism by which the test function filters the modes
of the field, associated with an operator #; that appears as follows

(30)
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+oo .
/ Fyal) Bi(x)da, (31)

—0oQ
Let’s use Parseval’s identity to transform the integral from the
configuration space to the reciprocal space. Therefore, the field modes
are typically modulated through the Fourier transform of Fy, 4(z). In this
way, the analysis of the transform carries significant information about
the model validity regime. Using the transform calculation we have that,

+<>01

Fb,d(k) = \/7

——=Fya(x)e” " da, (32)
Using the fact that,

foa(z) =

dFyq :1[ b b } (33)

dx b2+ 22 b2+ (2d)?
let’s use integration by parts and rewrite de as

5 +oo )
Fra(k) = Fde( z)e *dy

. +o0
in,d w)efzkz +o0 Cihe
e I BT

i b -;oo efik:r +oo efik:p
= T [ / i / de]
V2rkT [ Joo b°t oo D%+ (2d)
9 +oo —ikx . +o0 ikx
- b / L _de- elkd/ L
Vorkm | oo b2+ 22 oo D222
= — ’ é (1 _ e—ikd) /+OO ﬂdm
Vork T oo D2+

This integral can be calculated using the Residues Theorem. For this,
it suffices to consider the cases where £k > 0 and k < 0 separately.
We can therefore see how the b parameter acts as a filter on the field
modes through the exponential attenuation in eq., obtained directly
from the calculation of the Fourier Transform. Note that in the case
where there is only vacuum, even if the test field is composed of more
energetic modes than the background field, this condition means that
the number of modes that contributes to the background field is large
enough. Probe pulses are only sensitive to vacuum fluctuations that
occur in a finite time interval, thus producing a non-zero effect despite
the vacuum fluctuations’tendency to be anticorrelated. So the result is
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+o00 6—ika: T
_ —|k|b
Lastly,
_ i e
Fb,d(k) - - \/ﬂ <1 —€ kd) e |k|b7 (35)

and the magnitude of the Fourier transform of Fy 4(z) is

2$en @
2

~ 1

Falk ’ =/
‘ ba(k) kVm

The behavior is illustrated in Figure[3| where we define the dimensionless

variable z = kd and the function,

o) = \/ZW (37

1
Note that 1lim g¢(z) = - and that g(z) drops exponentially as z
z—>+00 2

e IHIP, (36)

increases. For the fixed value of b = 0.01d, numerical analysis reveals that
approximately 90 % of the total area of the graph occurs for 0 < z < 187.

0.6+

05 !

exp(—0.01z)
z

04t
— (@)

2r 4 6 8 l(‘}s'.' 12r 147 l6x 18x
FIGURE 3. Fourier transform module of Fj 4(z). Specifically, the function
g(z) = \/gw is plotted as a function of z = kd for the case b = 0.01.

The approximations made require that (i) ‘EZ} < ‘EO ‘, the dominance of
the vacuum field over the background field, (i ) [VE?/E°| < |[VE!/E!|,
which is equivalent to A\, < Ap, (iii) a range of frequencies in which the
material can be considered free from scattering, and (iv) a material
that is approximately isotropic, at least for the frequencies that make
the primary contribution to the background field. The decay rate of
the Fourier transform Fb’d(k) allows us to test approximations (ii) and
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(iii). The exponentially decreasing behavior of the Fourier transform
of this function, represented in Figure (3, suppresses the high energy
modes of the background field in the material medium. For the case
b = 0.01d, at least 90 % of the effect will occur in the range 0 < z < 18,
which means that only wavelengths such as Ay > d/9 will contribute
significantly. For a plate with d = 10um, the dominant wavelengths of
the background field are those with A\, = 1.1um. Shorter wavelength
modes are naturally suppressed by time averaging. Furthermore, the
largest contribution occurs when it arises from z < 2w, which for b =
0.01d in Figure [2| corresponds to a wavelength of A\, ~ 10pum. Thus, if
the material is relatively free from scattering when A\, 2 1.1um, then our
assumption that n; is frequency independent is justified,we can choose
Ap S 1um to satisfy the |[VE?/E?| < |[VE!/EY|.

Numerical Estimates for Cadmium Selenide (CdSe)

Cadmium selenide (Space Group: P63mc (186), a = 4.30A, ¢ = 7.01A
and a hexagonal structure) is mainly employed for nuclear radiation
detectors operating at room temperature, non-linear optical devices and
as a substrate for epitaxial growth [I7]. The material has a refractive
index of n, = 2.43, second-order susceptibility X,(zQz)z = x® =11x
107mV 1 and a wavelength n, = 2.54.

Among the semiconductor compounds II-VI, CdSe is an important
material for the development of various modern solid-state device
technologies, such as solar cells, high-efficiency thin-film transistors,
light-emitting diodes, and etc.

CdSe has an energy gap of 1.80eV eV in the hexagonal (wurtzite) phase
and 1.71eV and cubic zinc-blende phase, although it is metastable under
normal conditions [I§].

Generally, there are several methods of synthesis of CdSe (including
Physical Plasma Spray Vapor Deposition (PS-PVD), sputtering, spray
pyrolysis, electrodeposition, etc.)[19]. The synthesis method, by physical
vapor deposition by plasma spray in its variants, is often used because it
offers many possibilities for modification. Below, as illustrated in Figure
we have the hexagonal structure of the CdSe compound.

The thickness of the CdSe film for experimental analysis in nonlinear
optics, has a range of d = 0.10 — 1.80um), being measured using
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F1GURE 4. CdSe hexagonal structure.

Source: [20]

an interferometric method (Fizeau fringe methods for fringes of equal
thickness). Now, setting the wavelength of the background field to
Ap = 1.06pum, for which n, = 2.54, and setting the parameter b = 0.01d,
we get from eq. a fractional variation of the flight time [21],

(38)

10pum 2
d

5~1.28 x 1078 (

The optical dispersion in the refractive index in CdSe was normal and
well described by a single oscillator model, in the absorption spectrum
due to the effects of thermal fluctuations related in terms of indirect
transitions [20]. Compared with the model where an idealized Lorentzian
distribution is used, this result shows that in the situation described
by Fpa(x), with b = 0.01d, the predicted effect is about 100 times
more strong. This increase arises because the contribution to § due to
linear electric field fluctuations is proportional to 1/(bd), as can be seen
from the first term on the right hand side of eq. ). Contributions
from the rest (mixed plus thermal) involve dispersions in the thermal
distributions, which consist of the total contribution, that is, the total
contributions of the system (remainder plus vacuum) to second-order
terms accompanied by a mixed vacuum term. Note, it can take on
larger values; since these mixed contributions are suppressed and the
vacuum term dominates over the thermal term and successively over
the mixed one, thus recovering the case of zero temperature. The
graphic result of Figure [5| was generated using simulate calculation
with the values for n,, ny, ¥, b and d given above. The value of
v = (At3) g — (At3)o/(At2)g for the vacuum contributions are dominant
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in for negative values obtained from eq., where represent on the
vertical axis with the letter for v, where we have to

2 _ 2
y = <Atd><ﬂAt?l><oAtd>0’ (39)

W [ B+ 2n,b
252< 3 )+

(1) o . .
1\ (5 ny(d + 2@b)z) n

17 i

= Re
T 3m2n,?

B2 B
U B+ ny(d — 2ib)i
52 ( 3 ; (40)

which resulted in the graphic obtaining of the Figure for the hexagonal
structure of CdSe.

0 T T 1
485 49 49. 50
i

F1GURE 5. Flight time fluctuations « versus temperature g for contribution of
second order terms of the total—vacuum system for cadmium selenide (CdSe).

The result of the graph in Figure [4] was obtained using maplesoft. A
simulation of this finite temperature calculation is:

B > 49.5um = 49.5- 10 %m, (41)
1 4, —1
T>49.5,um—>T<2-1Om , (42)

1K — 4.37-10°m™!
T — 2-10%m7!
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4y —1

T < %K T < 46K. (44)
In part, the thermal contribution would be reduced for sufficiently
long flight times at room temperature. We show that, at the
low temperature limit, the contribution of thermal fluctuations to
time-of-flight fluctuations is in low-temperature. When compared in
the high-temperature regime the value of the numerical temperature
estimate obtained from 7' 5 46K for the inorganic compound
of CdSe, are dominant byy vacuum fluctuations. While in the
high-temperature limit, the contribution of thermal fluctuations to
fluctuations in time of flight increases linearly with temperature, which
dominates over vacuum fluctuations. Numerical estimates show that
for cadmium selenide (CdSe) at room temperature, it shows that
contributions from thermal fluctuations are still small compared to
vacuum fluctuations in realistic situations. The vacuum contribution
is only second-order terms in the convergent sum, the contribution is
suppressed earlier, and the dominant vacuum becomes prominent. These
vacuum effects will dominate thermal fluctuations for temperatures
T < 46 K. These results can, in principle, be tested in the laboratory.

Conclusions

The main conclusions of this article are as follows:

= Vacuum electric field fluctuations undergo variations in the time
of flight of the light pulse through a material with an effective
refractive index.

s Therefore, thermal and mixed fluctuations are unavoidable in a
real experiment, as they strongly contribute to the time-of-flight
fluctuations in a material that has first- and second-order
susceptibilities in a vacuum.

» Materials with second order susceptibility, y(?), provide the best
results for the effects of thermal and mixed fluctuations.

s In a non-linear medium, effective refractive index for the light
pulse is driven by vacuum fluctuations when the medium is
subjected to a fluctuating background field, which leads to
fluctuating time of flight.

s Furthermore, quantum fluctuations in the speed of light in a
nonlinear material are a topic of interest in their own right.
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» The numerical temperature estimate value obtained from T 3
46K, for the inorganic compound of CdSe at room temperature,
shows that the contributions of the thermal fluctuations are still
small compared to the vacuum fluctuations in realistic situations.
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