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Abstract

A detailed and systematically extended, as well as quantita-
tively validated shell-model investigation of the longitudinal 
C2 electron-scattering form factors in the fp-shell nuclei 60Ni 
and 65Cu, is presented. Unlike earlier studies that predomi-
nantly relied on a single prescription for single particle wave 
functions, the present work introduces a controlled and in-
ternally consistent comparison between multiple nuclear 
mean-field potentials within the same computational frame-
work. This allows for a direct assessment of the role of the 
underlying radial wave functions in shaping electromagnetic 
observables. The calculations are performed using the JUN45 
effective interaction within the full fp-model space without 
any truncation. To ensure a rigorous evaluation of the pre-
dictive capability of the theoretical model, quantitative 
statistical indicators such as the root-mean-square (RMS) 
deviation and the reduced chi-square (χ2) are employed. 
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These metrics provide a direct measure of the agreement 
between theoretical predictions and experimental data across 
the full range of momentum transfer. The results demon-
strate that the Skyrme (Sk29) and Woods–Saxon potentials 
provide significantly improved agreement with experimental 
data when compared to the harmonic oscillator potential. 
The remaining discrepancies, particularly at higher mo-
mentum transfer, are interpreted as arising from missing 
higher-order correlations, meson-exchange currents, and 
limitations inherent in the restricted fp-shell model space.

Keywords: Shell model; longitudinal C2 form factors; Electron scattering; 
fp–shell nuclei; Nuclear potentials.

Resumen

Se presenta una investigación detallada, sistemáticamente 
ampliada y cuantitativamente validada, basada en el modelo 
de capas, sobre los factores de forma longitudinales C2 de 
dispersión electrónica en los núcleos de la capa fp 60Ni y 65Cu. 
A diferencia de estudios anteriores que se basaban predomi-
nantemente en una única prescripción para las funciones de 
onda de partícula individual, el presente trabajo introduce 
una comparación controlada e internamente coherente entre 
múltiples potenciales de campo medio nuclear dentro del mis-
mo marco computacional. Esto permite una evaluación di-
recta del papel de las funciones de onda radiales subyacentes 
en la configuración de los observables electromagnéticos. Los 
cálculos se realizan utilizando la interacción efectiva JUN45 
dentro del espacio completo modelo de capas fp, sin trun-
cación alguna. Para garantizar una evaluación rigurosa de la 
capacidad predictiva del modelo teórico, se emplean indicadores 
estadísticos cuantitativos como la desviación cuadrática media 
(RMS) y el chi-cuadrado reducido (χ2). Estas métricas propor-
cionan una medida directa del grado de concordancia entre las 
predicciones teóricas y los datos experimentales a lo largo de 
todo el rango de transferencia de momento. Los resultados 
demuestran que los potenciales de Skyrme (Sk29) y Woods-
Saxon proporcionan una concordancia significativamente 
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mejor con los datos experimentales en comparación con el 
potencial de oscilador armónico. Las discrepancias restantes, 
particularmente a valores altos de transferencia de momen-
to, se interpretan como consecuencia de la ausencia de co-
rrelaciones de orden superior, corrientes de intercambio de 
mesones y limitaciones inherentes al espacio restringido 
del modelo de capas fp.

Palabras clave: modelo de capas; factores de forma longitudinales C2; 
dispersión electrónica; núcleos de la capa fp; potenciales nucleares.

1.	 Introduction

Electron scattering has long been recognized as one of the most powerful 
and reliable probes of nuclear structure, owing to its ability to directly 
access nuclear charge distributions and transition matrix elements with-
out the complications associated with strong interaction probes. Over the 
past decades, shell-model calculations have achieved considerable success 
in describing electromagnetic observables in fp-shell nuclei. This success 
is largely attributed to the introduction of effective interactions and ef-
fective charges that account, in an approximate manner, for core polari-
zation and configuration mixing effects. However, despite these advances, 
most previous investigations have been performed using a fixed choice of 
single-particle radial wave functions. This practice limits the ability to as-
sess how sensitive calculated observables-particularly electron-scattering 
form factors-are to the underlying nuclear mean-field potential. This lim-
itation is particularly important for longitudinal C2 form factors, which 
are known to depend strongly on the radial structure of nuclear wave 
functions. Consequently, a systematic and quantitative comparison of 
different nuclear potentials is necessary to establish a more complete 
and reliable theoretical description. In this context, the present study 
aims to perform a comprehensive and quantitative comparison of dif-
ferent nuclear potentials, namely Skyrme (Sk29), Woods-Saxon (WS3), 
and harmonic oscillator (HT), within the same shell- model framework. 
The work specifically investigates the extent to which the choice of 
nuclear potential influences the calculated longitudinal C2 form factors 
and their agreement with experimental electron-scattering data. By 
addressing this issue, the study seeks to provide deeper insight into the 
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interplay between nuclear mean-field properties and shell-model config-
urations in determining electromagnetic observables in fp-shell nuclei. 
By using the right protons and neutrons effective charges, shell-model 
computations performed in a confined location within the model va-
lence nucleons occupy a limited set of single-particle orbits-have shown 
to be very successful in reproducing nuclear transition strengths. In the 
90s, stable fp-shell nuclei’s form factors were studied using phenomeno-
logical effective charges and fp-shell wave functions; form factors that 
were inelastic were then derived from experimental data using poly-
nomial fits [1]. The scope of these investigations has grown in recent 
years to include lower- and medium-mass fp-shell nuclei. Ogunbeku and 
co-workers, based on an analysis of E2 transitions in the neutron-rich 
fp-shell region, proposed that the effective charges can be taken as near-
ly universal across fp-shell nuclei, with approximate values ep ≈ 1.30 
and en ≈ 0.452. This supports the use of unified effective charges when 
calculating E2 transitions in fp-shell nuclei [2]. Furthermore, the effects 
of core polarization were treated within a microscopic framework that 
allows excitations of core nucleons and their projection into the model 
space with excitation energies of 2ħ⍵ and 4ħ⍵. Obaid reported that in-
corporating core-polarization effects with effective charges improves the 
description of electron-scattering form factors and enhances the agree-
ment with the available experimental data [3]. In addition, Majeed and 
Obaid demonstrated the importance of such microscopic treatments in 
describing nuclear-structure observables within the shell- model frame-
work [4]. Murshedi and Salman showed, for the longitudinal inelastic 
electron-scattering form factors in 58Ni and 60Ni (the C2 and C4 tran-
sitions), that the fp-shell calculations alone are insufficient to achieve 
good agreement with experiment, whereas including core-polarization 
effects with effective charges leads to a clear improvement. They also 
reported that 60Ni reproduces the measured data better than 58Ni, and 
that the MSDI parameterization provides a more accurate description 
of the form-factor shape and peak locations than the M3Y interaction 
[5]. Additional investigations of the nuclear structure and deformation of 
65Cu within the fp-shell framework have been performed using combined 
shell-model and Hartree-Fock(+BCS) approaches. In particular, Mahdi 
and Alzubadi studied 65Cu using NuShellX@MSU with the JUN45 in-
teraction and reported shape coexistence around B2 ≈ ±0.15. Their 
inelastic electron-scattering calculations, especially the longitudinal C2 
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form factors, showed good agreement with experiment at low-to-inter-
mediate momentum transfer q, with a noticeable improvement when 
the Tassie model was adopted compared with HO/WS for some transi-
tions [6]. Obaid and Majeed analyzed the nuclei’s 65Cu and 71Ga longi-
tudinal and transverse inelastic electron scattering form factors using a 
shell-model paradigm, employing the JUN45 effective interaction, and 
obtained results in good agreement with experimental observations. [7]. 
Despite these advances, most previous works have relied on a single ef-
fective interaction or a specific choice of single-particle wave functions. 
Consequently, systematic studies of the sensitivity of inelastic electron 
scattering form factors to different nuclear potentials remain scarce. In 
particular, the influence of various nuclear mean-field potentials on the 
longitudinal C2 form factors of medium-mass fp-shell nuclei, such as 
60Ni and 65Cu, has not yet been explored in depth across the entire fP 
model space without limiting configuration. The present study employs 
the JUN45 effective interaction with various nuclear potentials, includ-
ing the Skyrme SK29, WS, and HT potentials, in order to perform 
shell-model computations in the complete fp model space. By utilizing 
the NuShellX@MSU code, all computations are executed free of limita-
tions placed on the space of possible models [8]. To assess the validity 
of the theoretical description and to shed light on how the underlying 
nuclear potential determines the longitudinal C2 form factors, the ex-
perimental data is methodically compared with the theoretical results.

2.	 Theoretical Formalism

2.1. Electron Scattering Formalism
The longitudinal C2 form factor can be expressed as:
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Here, 𝑗𝑗𝑗𝑗λ (𝑞𝑞𝑞𝑞𝑟𝑟𝑟𝑟) is the spherical Bessel function, and 𝑌𝑌𝑌𝑌λ (𝑟̂𝑟𝑟𝑟) denotes the spherical 
harmonic. The form factor therefore depends explicitly on both the radial behavior 
of the wave functions and the angular momentum coupling structure. This strong 
dependence makes the longitudinal C2 form factor an especially sensitive 
observable for testing different nuclear potentials. 
 
2.2 Shell Model Description 
The calculations are carried out using the NuShellX@MSU code with the JUN45 
effective interaction. 
A 56Ni inert core is assumed, and the valence nucleons are allowed to occupy the 
full fp-shell model space without any truncation. This ensures that all relevant 
configurations are included, thereby maximizing the accuracy of the calculated 

(1)

where Ji and Jf denote the initial and final nuclear states, respectively, 
and M  ̂ (C2,q) represents the Coulomb multipole operator.
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Here, jλ (qr) is the spherical Bessel function, and Yλ (r ̂ ) denotes the 
spherical harmonic. The form factor therefore depends explicitly on 
both the radial behavior of the wave functions and the angular momen-
tum coupling structure. This strong dependence makes the longitudinal 
C2 form factor an especially sensitive observable for testing different 
nuclear potentials.

2.2. Shell Model Description
The calculations are carried out using the NuShellX@MSU code with 
the JUN45 effective interaction.

A 56Ni inert core is assumed, and the valence nucleons are allowed to 
occupy the full fp-shell model space without any truncation. This en-
sures that all relevant configurations are included, thereby maximizing 
the accuracy of the calculated wave functions. Core polarization effects 
are incorporated through the use of effective proton and neutron charg-
es; however, it should be noted that this approach represents an ap-
proximation and does not fully account for all many-body correlations.

2.3. Nuclear Potentials

2.3.1 Skyrme Interaction (Sk29)

In 1958, Skyrme introduced the Skyrme interaction, a phenomenologi-
cal zero-range force that has been extensively employed within the HF 
mean-field, which is a self-consistent framework [9]. This interaction 
replaces the realistic nucleon-nucleon force with a contact potential 
that effectively simulates the short-range nature of the nuclear force 
while maintaining computational efficiency [10]. A zero-range three-
body term and two momentum-dependent two-body terms make up 
the Skyrme force. A comparable two-body term can effectively substi-
tute the three-body density-dependent term within the Hartree-Fock 
formalism. Consequently, the Skyrme interaction can be expressed in a 
compact unified form known as the extended Skyrme force [11].

The general expression of the Skyrme interaction is given by:
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6
�1 + 𝑥𝑥𝑥𝑥3𝑃𝑃𝑃𝑃�𝜎𝜎𝜎𝜎�𝜌𝜌𝜌𝜌𝛼𝛼𝛼𝛼�𝑅𝑅𝑅𝑅�⃗ �𝛿𝛿𝛿𝛿(𝑟𝑟𝑟𝑟𝑟1 − 𝑟𝑟𝑟𝑟𝑟2) + 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖0𝑘𝑘𝑘𝑘�́(𝜎𝜎𝜎𝜎𝜎1 + 𝜎𝜎𝜎𝜎𝜎2) × 𝑘𝑘𝑘𝑘�𝛿𝛿𝛿𝛿(𝑟𝑟𝑟𝑟𝑟1 − 𝑟𝑟𝑟𝑟𝑟2)    (3)    

Here, 𝑅𝑅𝑅𝑅�⃗ = 𝑟𝑟𝑟𝑟1+𝑟𝑟𝑟𝑟2
2
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denote the relative momentum operators acting on the wave functions to the 
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In the present work, the Sk29 parameterization of the Skyrme interaction is 
adopted. This parameterization has been shown to provide a reliable description 
of ground-state properties in medium-mass nuclei. It is important to emphasize 
that the Skyrme interaction is not used here within a fully self-consistent 
Hartree-Fock framework. Instead, it is employed to generate single-particle 
radial wave functions that are subsequently used as input in the shell-model 

(3)

Here, 
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wave functions. Core polarization effects are incorporated through the use of 
effective proton and neutron charges; however, it should be noted that this 
approach represents an approximation and does not fully account for all many-
body correlations. 
2.3 Nuclear Potentials 
 
2.3.1 Skyrme Interaction (Sk29) 
In 1958, Skyrme introduced the Skyrme interaction, a phenomenological 
zero-range force that has been extensively employed within the HF mean-
field, which is a self-consistent framework [9]. This interaction replaces the 
realistic nucleon-nucleon force with a contact potential that effectively 
simulates the short-range nature of the nuclear force while maintaining 
computational efficiency [10]. A zero-range three-body term and two 
momentum-dependent two-body terms make up the Skyrme force. A 
comparable two-body term can effectively substitute the three-body density-
dependent term within the Hartree-Fock formalism. Consequently, the 
Skyrme interaction can be expressed in a compact unified form known as the 
extended Skyrme force [11]. 
The general expression of the Skyrme interaction is given by: 

      𝜈𝜈𝜈𝜈12 = 𝑡𝑡𝑡𝑡0�1 + 𝑥𝑥𝑥𝑥0𝑃𝑃𝑃𝑃�𝜎𝜎𝜎𝜎�𝛿𝛿𝛿𝛿(𝑟𝑟𝑟𝑟𝑟1 − 𝑟𝑟𝑟𝑟𝑟2) +
𝑡𝑡𝑡𝑡1
2
�1 + 𝑥𝑥𝑥𝑥1𝑃𝑃𝑃𝑃�𝜎𝜎𝜎𝜎� 

             �𝑘𝑘𝑘𝑘�2𝛿𝛿𝛿𝛿(𝑟𝑟𝑟𝑟𝑟1 − 𝑟𝑟𝑟𝑟𝑟2) +  𝛿𝛿𝛿𝛿(𝑟𝑟𝑟𝑟𝑟1 − 𝑟𝑟𝑟𝑟𝑟2)𝑘𝑘𝑘𝑘�́2� + 𝑡𝑡𝑡𝑡2�1 + 𝑥𝑥𝑥𝑥2𝑃𝑃𝑃𝑃�𝜎𝜎𝜎𝜎�𝑘𝑘𝑘𝑘�́ . 𝛿𝛿𝛿𝛿(𝑟𝑟𝑟𝑟𝑟1 − 𝑟𝑟𝑟𝑟𝑟2)𝑘𝑘𝑘𝑘� 

       + 𝑡𝑡𝑡𝑡3
6
�1 + 𝑥𝑥𝑥𝑥3𝑃𝑃𝑃𝑃�𝜎𝜎𝜎𝜎�𝜌𝜌𝜌𝜌𝛼𝛼𝛼𝛼�𝑅𝑅𝑅𝑅�⃗ �𝛿𝛿𝛿𝛿(𝑟𝑟𝑟𝑟𝑟1 − 𝑟𝑟𝑟𝑟𝑟2) + 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖0𝑘𝑘𝑘𝑘�́(𝜎𝜎𝜎𝜎𝜎1 + 𝜎𝜎𝜎𝜎𝜎2) × 𝑘𝑘𝑘𝑘�𝛿𝛿𝛿𝛿(𝑟𝑟𝑟𝑟𝑟1 − 𝑟𝑟𝑟𝑟𝑟2)    (3)    

Here, 𝑅𝑅𝑅𝑅�⃗ = 𝑟𝑟𝑟𝑟1+𝑟𝑟𝑟𝑟2
2

 , and the Skyrme interaction parameter is denoted by 𝜶𝜶𝜶𝜶.                            
The operators 

𝒌𝒌𝒌𝒌� = �𝛁𝛁𝛁𝛁��⃗ 𝟏𝟏𝟏𝟏 − 𝛁𝛁𝛁𝛁��⃗ 𝟐𝟐𝟐𝟐� 𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐⁄   and  𝒌𝒌𝒌𝒌�́ = −�𝛁⃖́𝛁𝛁𝛁��𝟏𝟏𝟏𝟏 − 𝛁⃖́𝛁𝛁𝛁��𝟐𝟐𝟐𝟐� 𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐�  (4) 
denote the relative momentum operators acting on the wave functions to the 
right and left, in that order. The free parameters 𝒕𝒕𝒕𝒕𝟎𝟎𝟎𝟎, 𝒕𝒕𝒕𝒕𝟏𝟏𝟏𝟏, 𝒕𝒕𝒕𝒕𝟐𝟐𝟐𝟐, 𝒕𝒕𝒕𝒕𝟑𝟑𝟑𝟑,𝒙𝒙𝒙𝒙𝟏𝟏𝟏𝟏,𝒙𝒙𝒙𝒙𝟐𝟐𝟐𝟐,𝒙𝒙𝒙𝒙𝟑𝟑𝟑𝟑 and 𝑾𝑾𝑾𝑾𝟎𝟎𝟎𝟎 
are used to calibrate experimental nuclear structure data and describe the 
intensities of the various interaction components. 
 The Pauli matrices 𝝈𝝈𝝈𝝈�, exchange spin operator 𝑷𝑷𝑷𝑷�𝝈𝝈𝝈𝝈 = 𝟏𝟏𝟏𝟏

𝟐𝟐𝟐𝟐
 (𝟏𝟏𝟏𝟏 + 𝝈𝝈𝝈𝝈�𝟏𝟏𝟏𝟏 ∙ 𝝈𝝈𝝈𝝈�𝟐𝟐𝟐𝟐) , and 

𝜹𝜹𝜹𝜹(𝒓𝒓𝒓𝒓�⃗ 𝟏𝟏𝟏𝟏 − 𝒓𝒓𝒓𝒓�⃗ 𝟐𝟐𝟐𝟐) is the Dirac delta function.  
In the present work, the Sk29 parameterization of the Skyrme interaction is 
adopted. This parameterization has been shown to provide a reliable description 
of ground-state properties in medium-mass nuclei. It is important to emphasize 
that the Skyrme interaction is not used here within a fully self-consistent 
Hartree-Fock framework. Instead, it is employed to generate single-particle 
radial wave functions that are subsequently used as input in the shell-model 

, and the Skyrme interaction parameter is denoted by α. 
The operators
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wave functions. Core polarization effects are incorporated through the use of 
effective proton and neutron charges; however, it should be noted that this 
approach represents an approximation and does not fully account for all many-
body correlations. 
2.3 Nuclear Potentials 
 
2.3.1 Skyrme Interaction (Sk29) 
In 1958, Skyrme introduced the Skyrme interaction, a phenomenological 
zero-range force that has been extensively employed within the HF mean-
field, which is a self-consistent framework [9]. This interaction replaces the 
realistic nucleon-nucleon force with a contact potential that effectively 
simulates the short-range nature of the nuclear force while maintaining 
computational efficiency [10]. A zero-range three-body term and two 
momentum-dependent two-body terms make up the Skyrme force. A 
comparable two-body term can effectively substitute the three-body density-
dependent term within the Hartree-Fock formalism. Consequently, the 
Skyrme interaction can be expressed in a compact unified form known as the 
extended Skyrme force [11]. 
The general expression of the Skyrme interaction is given by: 

      𝜈𝜈𝜈𝜈12 = 𝑡𝑡𝑡𝑡0�1 + 𝑥𝑥𝑥𝑥0𝑃𝑃𝑃𝑃�𝜎𝜎𝜎𝜎�𝛿𝛿𝛿𝛿(𝑟𝑟𝑟𝑟𝑟1 − 𝑟𝑟𝑟𝑟𝑟2) +
𝑡𝑡𝑡𝑡1
2
�1 + 𝑥𝑥𝑥𝑥1𝑃𝑃𝑃𝑃�𝜎𝜎𝜎𝜎� 

             �𝑘𝑘𝑘𝑘�2𝛿𝛿𝛿𝛿(𝑟𝑟𝑟𝑟𝑟1 − 𝑟𝑟𝑟𝑟𝑟2) +  𝛿𝛿𝛿𝛿(𝑟𝑟𝑟𝑟𝑟1 − 𝑟𝑟𝑟𝑟𝑟2)𝑘𝑘𝑘𝑘�́2� + 𝑡𝑡𝑡𝑡2�1 + 𝑥𝑥𝑥𝑥2𝑃𝑃𝑃𝑃�𝜎𝜎𝜎𝜎�𝑘𝑘𝑘𝑘�́ . 𝛿𝛿𝛿𝛿(𝑟𝑟𝑟𝑟𝑟1 − 𝑟𝑟𝑟𝑟𝑟2)𝑘𝑘𝑘𝑘� 

       + 𝑡𝑡𝑡𝑡3
6
�1 + 𝑥𝑥𝑥𝑥3𝑃𝑃𝑃𝑃�𝜎𝜎𝜎𝜎�𝜌𝜌𝜌𝜌𝛼𝛼𝛼𝛼�𝑅𝑅𝑅𝑅�⃗ �𝛿𝛿𝛿𝛿(𝑟𝑟𝑟𝑟𝑟1 − 𝑟𝑟𝑟𝑟𝑟2) + 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖0𝑘𝑘𝑘𝑘�́(𝜎𝜎𝜎𝜎𝜎1 + 𝜎𝜎𝜎𝜎𝜎2) × 𝑘𝑘𝑘𝑘�𝛿𝛿𝛿𝛿(𝑟𝑟𝑟𝑟𝑟1 − 𝑟𝑟𝑟𝑟𝑟2)    (3)    

Here, 𝑅𝑅𝑅𝑅�⃗ = 𝑟𝑟𝑟𝑟1+𝑟𝑟𝑟𝑟2
2

 , and the Skyrme interaction parameter is denoted by 𝜶𝜶𝜶𝜶.                            
The operators 

𝒌𝒌𝒌𝒌� = �𝛁𝛁𝛁𝛁��⃗ 𝟏𝟏𝟏𝟏 − 𝛁𝛁𝛁𝛁��⃗ 𝟐𝟐𝟐𝟐� 𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐⁄   and  𝒌𝒌𝒌𝒌�́ = −�𝛁⃖́𝛁𝛁𝛁��𝟏𝟏𝟏𝟏 − 𝛁⃖́𝛁𝛁𝛁��𝟐𝟐𝟐𝟐� 𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐�  (4) 
denote the relative momentum operators acting on the wave functions to the 
right and left, in that order. The free parameters 𝒕𝒕𝒕𝒕𝟎𝟎𝟎𝟎, 𝒕𝒕𝒕𝒕𝟏𝟏𝟏𝟏, 𝒕𝒕𝒕𝒕𝟐𝟐𝟐𝟐, 𝒕𝒕𝒕𝒕𝟑𝟑𝟑𝟑,𝒙𝒙𝒙𝒙𝟏𝟏𝟏𝟏,𝒙𝒙𝒙𝒙𝟐𝟐𝟐𝟐,𝒙𝒙𝒙𝒙𝟑𝟑𝟑𝟑 and 𝑾𝑾𝑾𝑾𝟎𝟎𝟎𝟎 
are used to calibrate experimental nuclear structure data and describe the 
intensities of the various interaction components. 
 The Pauli matrices 𝝈𝝈𝝈𝝈�, exchange spin operator 𝑷𝑷𝑷𝑷�𝝈𝝈𝝈𝝈 = 𝟏𝟏𝟏𝟏

𝟐𝟐𝟐𝟐
 (𝟏𝟏𝟏𝟏 + 𝝈𝝈𝝈𝝈�𝟏𝟏𝟏𝟏 ∙ 𝝈𝝈𝝈𝝈�𝟐𝟐𝟐𝟐) , and 

𝜹𝜹𝜹𝜹(𝒓𝒓𝒓𝒓�⃗ 𝟏𝟏𝟏𝟏 − 𝒓𝒓𝒓𝒓�⃗ 𝟐𝟐𝟐𝟐) is the Dirac delta function.  
In the present work, the Sk29 parameterization of the Skyrme interaction is 
adopted. This parameterization has been shown to provide a reliable description 
of ground-state properties in medium-mass nuclei. It is important to emphasize 
that the Skyrme interaction is not used here within a fully self-consistent 
Hartree-Fock framework. Instead, it is employed to generate single-particle 
radial wave functions that are subsequently used as input in the shell-model 

(4)

denote the relative momentum operators acting on the wave functions 
to the right and left, in that order. The free parameters t0, t1,t2, t3, x1, 
x2, x3 and W0 are are used to calibrate experimental nuclear structure 
data and describe the intensities of the various interaction components.

The Pauli matrices 
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wave functions. Core polarization effects are incorporated through the use of 
effective proton and neutron charges; however, it should be noted that this 
approach represents an approximation and does not fully account for all many-
body correlations. 
2.3 Nuclear Potentials 
 
2.3.1 Skyrme Interaction (Sk29) 
In 1958, Skyrme introduced the Skyrme interaction, a phenomenological 
zero-range force that has been extensively employed within the HF mean-
field, which is a self-consistent framework [9]. This interaction replaces the 
realistic nucleon-nucleon force with a contact potential that effectively 
simulates the short-range nature of the nuclear force while maintaining 
computational efficiency [10]. A zero-range three-body term and two 
momentum-dependent two-body terms make up the Skyrme force. A 
comparable two-body term can effectively substitute the three-body density-
dependent term within the Hartree-Fock formalism. Consequently, the 
Skyrme interaction can be expressed in a compact unified form known as the 
extended Skyrme force [11]. 
The general expression of the Skyrme interaction is given by: 

      𝜈𝜈𝜈𝜈12 = 𝑡𝑡𝑡𝑡0�1 + 𝑥𝑥𝑥𝑥0𝑃𝑃𝑃𝑃�𝜎𝜎𝜎𝜎�𝛿𝛿𝛿𝛿(𝑟𝑟𝑟𝑟𝑟1 − 𝑟𝑟𝑟𝑟𝑟2) +
𝑡𝑡𝑡𝑡1
2
�1 + 𝑥𝑥𝑥𝑥1𝑃𝑃𝑃𝑃�𝜎𝜎𝜎𝜎� 

             �𝑘𝑘𝑘𝑘�2𝛿𝛿𝛿𝛿(𝑟𝑟𝑟𝑟𝑟1 − 𝑟𝑟𝑟𝑟𝑟2) +  𝛿𝛿𝛿𝛿(𝑟𝑟𝑟𝑟𝑟1 − 𝑟𝑟𝑟𝑟𝑟2)𝑘𝑘𝑘𝑘�́2� + 𝑡𝑡𝑡𝑡2�1 + 𝑥𝑥𝑥𝑥2𝑃𝑃𝑃𝑃�𝜎𝜎𝜎𝜎�𝑘𝑘𝑘𝑘�́ . 𝛿𝛿𝛿𝛿(𝑟𝑟𝑟𝑟𝑟1 − 𝑟𝑟𝑟𝑟𝑟2)𝑘𝑘𝑘𝑘� 

       + 𝑡𝑡𝑡𝑡3
6
�1 + 𝑥𝑥𝑥𝑥3𝑃𝑃𝑃𝑃�𝜎𝜎𝜎𝜎�𝜌𝜌𝜌𝜌𝛼𝛼𝛼𝛼�𝑅𝑅𝑅𝑅�⃗ �𝛿𝛿𝛿𝛿(𝑟𝑟𝑟𝑟𝑟1 − 𝑟𝑟𝑟𝑟𝑟2) + 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖0𝑘𝑘𝑘𝑘�́(𝜎𝜎𝜎𝜎𝜎1 + 𝜎𝜎𝜎𝜎𝜎2) × 𝑘𝑘𝑘𝑘�𝛿𝛿𝛿𝛿(𝑟𝑟𝑟𝑟𝑟1 − 𝑟𝑟𝑟𝑟𝑟2)    (3)    

Here, 𝑅𝑅𝑅𝑅�⃗ = 𝑟𝑟𝑟𝑟1+𝑟𝑟𝑟𝑟2
2

 , and the Skyrme interaction parameter is denoted by 𝜶𝜶𝜶𝜶.                            
The operators 

𝒌𝒌𝒌𝒌� = �𝛁𝛁𝛁𝛁��⃗ 𝟏𝟏𝟏𝟏 − 𝛁𝛁𝛁𝛁��⃗ 𝟐𝟐𝟐𝟐� 𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐⁄   and  𝒌𝒌𝒌𝒌�́ = −�𝛁⃖́𝛁𝛁𝛁��𝟏𝟏𝟏𝟏 − 𝛁⃖́𝛁𝛁𝛁��𝟐𝟐𝟐𝟐� 𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐�  (4) 
denote the relative momentum operators acting on the wave functions to the 
right and left, in that order. The free parameters 𝒕𝒕𝒕𝒕𝟎𝟎𝟎𝟎, 𝒕𝒕𝒕𝒕𝟏𝟏𝟏𝟏, 𝒕𝒕𝒕𝒕𝟐𝟐𝟐𝟐, 𝒕𝒕𝒕𝒕𝟑𝟑𝟑𝟑,𝒙𝒙𝒙𝒙𝟏𝟏𝟏𝟏,𝒙𝒙𝒙𝒙𝟐𝟐𝟐𝟐,𝒙𝒙𝒙𝒙𝟑𝟑𝟑𝟑 and 𝑾𝑾𝑾𝑾𝟎𝟎𝟎𝟎 
are used to calibrate experimental nuclear structure data and describe the 
intensities of the various interaction components. 
 The Pauli matrices 𝝈𝝈𝝈𝝈�, exchange spin operator 𝑷𝑷𝑷𝑷�𝝈𝝈𝝈𝝈 = 𝟏𝟏𝟏𝟏

𝟐𝟐𝟐𝟐
 (𝟏𝟏𝟏𝟏 + 𝝈𝝈𝝈𝝈�𝟏𝟏𝟏𝟏 ∙ 𝝈𝝈𝝈𝝈�𝟐𝟐𝟐𝟐) , and 

𝜹𝜹𝜹𝜹(𝒓𝒓𝒓𝒓�⃗ 𝟏𝟏𝟏𝟏 − 𝒓𝒓𝒓𝒓�⃗ 𝟐𝟐𝟐𝟐) is the Dirac delta function.  
In the present work, the Sk29 parameterization of the Skyrme interaction is 
adopted. This parameterization has been shown to provide a reliable description 
of ground-state properties in medium-mass nuclei. It is important to emphasize 
that the Skyrme interaction is not used here within a fully self-consistent 
Hartree-Fock framework. Instead, it is employed to generate single-particle 
radial wave functions that are subsequently used as input in the shell-model 

, exchange spin operator 
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wave functions. Core polarization effects are incorporated through the use of 
effective proton and neutron charges; however, it should be noted that this 
approach represents an approximation and does not fully account for all many-
body correlations. 
2.3 Nuclear Potentials 
 
2.3.1 Skyrme Interaction (Sk29) 
In 1958, Skyrme introduced the Skyrme interaction, a phenomenological 
zero-range force that has been extensively employed within the HF mean-
field, which is a self-consistent framework [9]. This interaction replaces the 
realistic nucleon-nucleon force with a contact potential that effectively 
simulates the short-range nature of the nuclear force while maintaining 
computational efficiency [10]. A zero-range three-body term and two 
momentum-dependent two-body terms make up the Skyrme force. A 
comparable two-body term can effectively substitute the three-body density-
dependent term within the Hartree-Fock formalism. Consequently, the 
Skyrme interaction can be expressed in a compact unified form known as the 
extended Skyrme force [11]. 
The general expression of the Skyrme interaction is given by: 

      𝜈𝜈𝜈𝜈12 = 𝑡𝑡𝑡𝑡0�1 + 𝑥𝑥𝑥𝑥0𝑃𝑃𝑃𝑃�𝜎𝜎𝜎𝜎�𝛿𝛿𝛿𝛿(𝑟𝑟𝑟𝑟𝑟1 − 𝑟𝑟𝑟𝑟𝑟2) +
𝑡𝑡𝑡𝑡1
2
�1 + 𝑥𝑥𝑥𝑥1𝑃𝑃𝑃𝑃�𝜎𝜎𝜎𝜎� 
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intensities of the various interaction components. 
 The Pauli matrices 𝝈𝝈𝝈𝝈�, exchange spin operator 𝑷𝑷𝑷𝑷�𝝈𝝈𝝈𝝈 = 𝟏𝟏𝟏𝟏
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𝜹𝜹𝜹𝜹(𝒓𝒓𝒓𝒓�⃗ 𝟏𝟏𝟏𝟏 − 𝒓𝒓𝒓𝒓�⃗ 𝟐𝟐𝟐𝟐) is the Dirac delta function.  
In the present work, the Sk29 parameterization of the Skyrme interaction is 
adopted. This parameterization has been shown to provide a reliable description 
of ground-state properties in medium-mass nuclei. It is important to emphasize 
that the Skyrme interaction is not used here within a fully self-consistent 
Hartree-Fock framework. Instead, it is employed to generate single-particle 
radial wave functions that are subsequently used as input in the shell-model 
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 is the Dirac delta function.

In the present work, the Sk29 parameterization of the Skyrme interac-
tion is adopted. This parameterization has been shown to provide a re-
liable description of ground-state properties in medium-mass nuclei. It 
is important to emphasize that the Skyrme interaction is not used here 
within a fully self-consistent Hartree-Fock framework. Instead, it is 
employed to generate single-particle radial wave functions that are sub-
sequently used as input in the shell-model calculations. This approach 
allows for a consistent incorporation of realistic radial properties while 
maintaining computational efficiency.

2.3.2 Woods-Saxon Potential (WS3)

An often-used tool for describing the mobility of individual nucleons in 
nuclei is the Woods-Saxon (WS3) potential. As a one-body potential, it 
neglects explicit two-body interactions and therefore cannot determine 
the total binding energy [12]. Solving the radial equation yields the 
single-particle wave functions.
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where the total potential 𝑈𝑈𝑈𝑈(𝑟𝑟𝑟𝑟) consists of a central Woods-Saxon term, a spin-
orbit interaction, and a Coulomb potential for protons. The Woods–Saxon central 
potential is given by: 

𝑉𝑉𝑉𝑉(𝑟𝑟𝑟𝑟) = − 𝑉𝑉𝑉𝑉0

1+exp(𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑎𝑎𝑎𝑎 )
                               (6) 

The radius  is parameterized as 𝑅𝑅𝑅𝑅𝑖𝑖𝑖𝑖 = Α
1
3. The parameters used in this work are 

listed in Table 1. These values are chosen to reproduce typical nuclear surface 
properties and have been widely used in nuclear structure calculations. 
        Table 1: Woods–Saxon parameters 

Parameter Value 

𝑉𝑉𝑉𝑉0 50 MeV 

𝑟𝑟𝑟𝑟0 1.25 fm 

𝑎𝑎𝑎𝑎 0.65 fm 

 
2.3.3 Harmonic Oscillator Potential (HT)  
To simplify the description of single-particle motion, the three-dimensional 
harmonic oscillator (HT) potential is typically used to approximatively represent 
the nuclear mean field for light nuclei. Nucleons in this model behave as free 
particles in a spherical mean field, and their associated Hamiltonian is expressed 
as [12]. 

𝐻𝐻𝐻𝐻𝑜𝑜𝑜𝑜 = −ħ2

2𝑚𝑚𝑚𝑚
∇2 + 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚2𝑟𝑟𝑟𝑟2

2
− 𝑈𝑈𝑈𝑈𝑜𝑜𝑜𝑜      (7) 

The Schrödinger equation yields eigenstates that separate into radial and angular 
parts, expressed in terms of harmonic oscillator radial wave functions and 

(5)
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where the total potential U(r) consists of a central Woods-Saxon term, 
a spin-orbit interaction, and a Coulomb potential for protons. The 
Woods–Saxon central potential is given by:
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. The parameters used in this 
work are listed in Table 1. These values are chosen to reproduce typical 
nuclear surface properties and have been widely used in nuclear struc-
ture calculations.

Table 1: Woods–Saxon parameters

Parameter Value

V0 50 MeV

r0 1.25 fm

a 0.65 fm

2.3.3 Harmonic Oscillator Potential (HT)

To simplify the description of single-particle motion, the three-dimen-
sional harmonic oscillator (HT) potential is typically used to approxi-
matively represent the nuclear mean field for light nuclei. Nucleons in 
this model behave as free particles in a spherical mean field, and their 
associated Hamiltonian is expressed as [12].
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2
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corresponding electron-scattering observables. In general, the experi-
mental results and the computed longitudinal C2 form factors show 
a strong agreement in the low- and intermediate-momentum transfer 
regions. However, noticeable discrepancies emerge at higher momentum 
transfers, which can be attributed to missing higher-order correlations 
beyond the adopted model space. Moreover, the form factors exhibit a 
pronounced dependence on the choice of nuclear potential, underscor-
ing the significant influence of the underlying single-particle structure 
on shaping the longitudinal C2 response of fp-shell nuclei.

3.1. Quantitative Analysis
To provide a quantitative assessment of the agreement between theo-
retical predictions and experimental data, the root-mean-square (RMS) 
deviation is defined as:
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The 60Ni nucleus is composed of 28 protons and 32 neutrons. As part of the 
conventional shell-model paradigm, it is considered as a closed-shell 56Ni core 
with four neutrons occupying the fp-shell orbitals outside the inert core. Effective 
charges are employed to take into consideration core-polarization and 
configuration-mixing effects that are not explicitly incorporated within the model 
space. For nickel isotopes, shell- model calculations indicate that effective charges 
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These metrics provide complementary information: while RMS meas-
ures absolute deviation, χ² accounts for experimental error bars and 
therefore provides a statistically meaningful comparison.

Table 2: Quantitative comparison between 
theoretical and experimental form factors

Nucleus Sk29 WS3 HT
60Ni (RMS) 0.021 0.028 0.052

60Ni (χ2) 1.2 1.8 3.5

65Cu (RMS) 0.025 0.031 0.060

65Cu (χ2) 1.4 2.0 3.8
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exhibit a pronounced dependence on the choice of nuclear potential, underscoring 
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provide a reliable description of electromagnetic transition strengths 
and related observables [14].

At low momentum transfer, all three potentials provide a satisfactory 
description of the experimental data, indicating that the long-range 
components of the nuclear charge distribution are well reproduced. 
However, as the momentum transfer increases, clear differences emerge. 
The harmonic oscillator potential systematically underestimates the 
magnitude of the form factor, particularly beyond the first diffraction 
maximum. This behavior can be attributed to the Gaussian asymp-
totic form of the harmonic oscillator wave functions, which suppress-
es high-momentum components. In contrast, the Woods-Saxon and 
Skyrme potentials exhibit more realistic radial tails, leading to im-
proved agreement with experimental data, especially in reproducing 
diffraction patterns.

Figure 1 provides a contrast between the C2 form factors predicted by 
theory and those seen in longitudinal studies for the 60Ni nucleus asso-
ciated with the excited state at excitation energy Ex = 1.33MeV  with 
spin-parity Jπ = 21

+ and isospin T = 2 The form factor for squared 
C2 |FC2(q)|2 is illustrated as a function of the momentum transfer q 
over the interval 0 ≤ q ≤ 3fm-1). The calculated results obtained using 
the Sk29, WS3, HT interactions and related experimental data are 
compared. With small momentum transfer coefficients. At low momen-
tum-transfer values, all interactions reproduce the magnitude of the 
experimental data reasonably well, indicating that the adopted effec-
tive charges and transition densities provide an adequate description 
of the long-range behavior of the nuclear charge distribution. As the 
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momentum transfer increases, the calculated form factors display clear 
diffraction patterns characterized by well-defined maxima and minima. 
The locations of the first diffraction minimum are satisfactorily repro-
duced by all interactions, reflecting the reliability of the radial struc-
ture of the calculated transition densities. Small differences among the 
Sk29, WS3, and HT results become more noticeable in the intermediate 
and high momentum-transfer regions. The longitudinal form factors 
show a marked sensitivity to the details of the nuclear wave functions 
as well as to short-range correlations. In particular, the Sk29 and WS3 
interactions offer a slightly improved description of the experimental 
data around the first and second maxima when compared with the HT 
potential, which tends to underestimate the strength at higher momen-
tum- transfer values. This behavior suggests that the use of more realis-
tic mean-field potentials improves the description of the nuclear charge 
response associated with the C2 transition. At larger momentum-trans-
fer values (q ≥ 2fm-1), minor deviations between the calculated curves 
and the experimental data become apparent. These discrepancies may 
be attributed to limitations of the adopted model space and to the 
neglect of higher-order configuration mixing and meson-exchange cur-
rent effects, which are known to play an increasingly significant role in 
this momentum-transfer region. Overall, the agreement between the 
calculated and experimental longitudinal C2 form factors confirms 
that the present theoretical framework provides a reliable description 
of the quadrupole charge transition in 60Ni, successfully reproducing 
both the general trend and the diffraction pattern of the form factor.
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Figure 1. The longitudinal C2 form factor of 60Ni corresponding 
to the first excited state was calculated. The results were compared 

with the available experimental data reported in Ref. [15]

3.3. The 65Cu nucleus
The 65Cu nucleus is composed of 36 neutrons and 29 protons. In the con-
ventional shell-model setup, a 56Ni inert core is assumed, with one proton 
and eight neutrons occupying the valence space outside the core. A mi-
croscopic method is used to assess the photon-point effective charges, 
in accordance with the process outlined in Ref [7]. The resulting val-
ues are ep

e  f  f = 1.28 for protons and en
e  f  f = 0.32  for neutrons, which are 

adopted according to the Tassie-model estimates. Alternatively, the 
Bohr-Mottelson prescription provides effective charges ep

e  f  f = 1.17 and  
en

e  f  f = 0.41 with regard to neutrons and protons, respectively.

A similar pattern is observed for 65Cu, although the presence of an 
additional valence proton introduces increased sensitivity to configura-
tion mixing and effective charges. The Sk29 interaction again provides 
the best overall agreement, while the Woods-Saxon potential shows 
comparable performance. The sensitivity of the results to variations in 
effective charges was examined and found to be less significant than the 
sensitivity to the choice of nuclear potential.
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Figure 2 (panels a-g) offers a contrast between the computed and ob-
served longitudinal C2 form factors for the excited states located low 
in the energy spectrum.
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the adequacy of the adopted effective interaction for describing these states. 
This level of agreement also indicates that the dominant particle-hole 
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in panel (f), the calculated results underestimate the experimental strength at 
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form factor is reasonably reproduced.  The discrepancy in magnitude, despite 

and so on. Available experimental data are sourced from the refer-
enced work [16] and span the momentum transfer range q=(0 – 3) fm–1 
The effective proton and neutron charges applied in the calculations 
are ep=1.5 and en=0.5, respectively. The calculated longitudinal C2 
form factors for the 1/2– states are shown in panels (a) and (b). Panel 
(a) shows that the theoretical results align with the overall trend in 
the experimental data, especially for intermediate and low momentum 
transfer values. This agreement at low I indicates that the adopted 
shell-model wave functions provide a reliable description of the long-
range components of the nuclear charge distribution associated with 
the 1/2 1

–  transition. Moreover, the correct reproduction of the slope of 
the form factor at small momentum transfer suggests that the quad-
rupole transition strength is adequately captured by the chosen effec-
tive charges. However, in panel (b), the calculated form factor slightly 
underestimates the measured data around the first maximum, while 
maintaining a similar overall behavior as a function of q. Such an un-
derestimation may reflect missing configuration mixing or limitations 
in the model space, particularly contributions from higher-lying orbit-
als that could enhance the quadrupole collectivity for the 1/2 2
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Panels (c) and (d) display the C2 form factors corresponding to the 3/2 
2
–   and 3/2 3

–  states, respectively. The theoretical predictions show good 
agreement with the experimental data over the full momentum transfer 
range, successfully reproducing the position of the diffraction minima 
and the magnitude of the maxima. The accurate reproduction of both 
the diffraction pattern and absolute strength demonstrates the sensitivi-
ty of the C2 form factor to the detailed structure of the underlying wave 
functions, confirming the adequacy of the adopted effective interaction 
for describing these states. This level of agreement also indicates that 
the dominant particle-hole configurations contributing to the 3/2– tran-
sitions are well represented within the fp-shell model space. The longi-
tudinal C2 form factors for the 5/21

– and 5/22
– states are presented in 

panels (e) and (f). For the 5/21
– state, The results show an improvement 
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at the first and second maximums in the computations, which is consist-
ent with the experimental observations. This enhancement suggests an 
increased quadrupole transition strength, pointing to a more collective 
nature of the 5/21

– state and a stronger contribution from coherent pro-
ton and neutron excitations. In contrast, for the 5/22

– state shown in 
panel (f), the calculated results underestimate the experimental strength 
at the locations of the first and second peaks, although the overall shape 
of the form factor is reasonably reproduced. The discrepancy in magni-
tude, despite the correct reproduction of the form factor shape, implies 
that while the radial dependence of the transition density is reasonably 
described, the total transition strength may be underestimated due to 
missing correlations beyond the present shell-model configuration space.

Finally, panel (g) displays the 7/21
– state’s longitudinal C2 form factor. 

The calculated curve demonstrates satisfactory agreement with the 
experimental data at low momentum transfer, while slight deviations 
appear at higher q values. The remaining discrepancies are relatively 
small and systematic, suggesting that further improvements-such as 
enlarging the model space or refining the effective interaction-could 
lead to an even better quantitative agreement with experimen-
tal observations.

Overall, the calculated longitudinal C2 form factors provide a consistent 
description of the experimental data for the states considered, indicat-
ing that the adopted theoretical approach captures the essential fea-
tures of the nuclear charge distributions involved in the C2 transitions.

The remaining discrepancies are relatively small and systematic, sug-
gesting that further improvements-such as enlarging the model space 
or refining the effective interaction-could lead to an even better quan-
titative agreement with experimental observations
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Figure 2. The longitudinal Coulomb C2 form factor of 65Cu for 
different excited states: .The theoretical results are compared 

with the experimental data reported in Ref [16]
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3.4. Beyond Mean-Field Effects and Uncertainties
The remaining discrepancies between theoretical calculations and ex-
perimental data can be attributed to several factors that are not fully 
included in the present model:

•	Meson-exchange currents (MEC), which are known to enhance 
high-momentum components of the transition density

•	Core polarization effects beyond the effective charge approximation

•	Configuration mixing involving orbitals outside the fp-shell

A more complete theoretical description would require the explicit in-
clusion of these effects, which is beyond the scope of the present work 
but represents an important direction for future research.

4.	 Conclusion

In this work, a comprehensive and quantitatively rigorous compari-
son of different nuclear potentials has been performed for the longi-
tudinal Coulomb C2 form factors of 60Ni and 65Cu. The calculations 
were carried out within the same computational framework using the 
NushellX@MSU code, employing the Skyrme-type effective interaction 
Sk29, in addition to the harmonic-oscillator (HT) and Woods-Saxon 
(WS3) potentials used to generate the radial wave functions.
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The results demonstrate that the calculated C2 form factors are sen-
sitive to the choice of the radial potential. In particular, the Skyrme 
(Sk29) interaction provides the best overall agreement with experimen-
tal data, as confirmed by both RMS and analyses. This indicates that 
Sk29 offers a more consistent and realistic description of the nuclear 
structure compared to the WS3 and HT parameterizations.

On the other hand, the harmonic oscillator potential exhibits system-
atic deficiencies, especially at high momentum transfer, which can be 
attributed to its simplified radial structure and unrealistic asymptotic 
behavior. The remaining discrepancies between theoretical calculations 
and experimental data can be attributed to effects not fully included in 
the present model, such as meson-exchange currents, higher-order core 
polarization, and configuration mixing beyond the fp-shell.

Future work should focus on incorporating these missing effects, ex-
tending the model space, and performing similar analyses for other 
fp-shell nuclei in order to establish a more general and accurate under-
standing of nuclear electromagnetic observables.
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