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Resumen

Este trabajo presenta un marco unificado de operadores para
la teoria cuantica de campos basado en el operador diferencial
de onda relativista generalizado Dy, definido en el espacio
de Minkowski. Mediante la seleccién de parametros discretos
o, B, A, m, n € N, el operador reproduce casos particulares
fundamentales como los operadores de Klein-Gordon, Dirac y
operadores no monogénicos, revelando conexiones algebraicas
profundas entre teorias aparentemente disimiles.

Se introduce el tensor de campo cuéntico \I/UPT = 0" @ p*
® AH’, con indices binarios que activan campos escalares,
espinoriales y de gauge. Esta estructura genera naturalmente
todas las combinaciones posibles de campos y sus acopla-
mientos, ofreciendo una derivacién desde primeros principios
de los términos de interaccion, mas alla del enfoque lagran-
giano tradicional.

El marco se extiende a interacciones gauge mediante un
acoplamiento minimo generalizado, obteniendo operadores
gauge-covariantes que reproducen ecuaciones fundamen-
tales como las de Proca y Maxwell. El formalismo unifica
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autointeracciones gauge, acoplamientos con materia y propa-
gacion libre en una sola ecuacion coherente, abriendo nuevas
perspectivas para el estudio de campos de espin alto y exten-
siones més all4 del Modelo Estandar.
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Abstract

This work presents a unified operator framework for quan-
tum field theory based on the generalized relativistic wave
differential operator D7 defined on Minkowski space.
Through the systematic selection of discrete parameters o,
B, A, m, n € N, this operator reproduces fundamental cases
such as the Klein-Gordon, Dirac, and non-monogenic oper-
ators, revealing deep algebraic connections between seem-

ingly disparate field theories.

We introduce the quantum field tensor \Ilapf =0 QR v Q
A;, where binary indices act as activation signatures for sca-
lar, spinor, and gauge fields. This tensor product structure
naturally generates all possible field combinations and their
couplings, providing a first-principles derivation of interac-
tion terms beyond the traditional Lagrangian formulation.

The framework is systematically extended to incorporate
gauge interactions through a generalized minimal coupling
prescription, yielding gauge-covariant operators that repro-
duce fundamental equations such as Proca and Maxwell.
The formalism elegantly unifies gauge self-interactions,
matter couplings, and free propagation within a single co-
herent equation, opening new avenues for exploring high-
er-spin fields and extensions beyond the Standard Model.

theory, Klein-Gordon equation, Dirac equation, Proca equation.
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Introduction

The wave operator, or D’Alembertian, constitutes a fundamental object
in mathematical physics, serving as the cornerstone of relativistic field
theories. In special relativity, it generalizes the classical Laplacian to
Minkowski spacetime, adopting the form 0O = 8”8 = g’”@ 0, in Cartesian
coordinates, which explicitly becomes 0 = —(1/c )8 > | V2 under the (=,
+, 4, +) metric convention. This Lorentz-invariant operator extends
naturally to curvilinear coordinate systems through appropriate metric
adaptations and acts component-wise on tensor fields in inertial frames.
Its differential form representation, O = dé + dd, provides an elegant
geometric formulation. In general relativity, the operator generalizes
further to the Laplace-Beltrami operator on curved spacetimes |1, 2|.

Building upon this foundation, Bar, Ginoux, and Pfaffle provided
a rigorous modern framework for understanding wave operators on
Lorentzian manifolds. Their work establishes the wave operator as a
second-order linear differential operator acting on sections of vector
bundles over time-oriented spacetimes. Significantly, they character-
ized its local structure through inverse metric coefficients and smoothly
varying matrix-valued coefficients, capturing essential analytic and ge-
ometric properties in a unified manner. This formulation has proven es-
sential for studying hyperbolic partial differential equations on curved
backgrounds, influencing subsequent developments in global analysis
and mathematical relativity [4].

More recently, Calcagni [5| investigated scalar quantum field the-
ories with fractional operators, both Lorentz-invariant and Lorentz-
breaking, demonstrating that such theories exhibit dimensional flow
and can achieve one-loop finiteness and unitarity under specific con-
ditions on the fractional exponent . This approach complements the
generalized differential operator framework presented here, suggesting
a deeper connection between fractional calculus and the algebraic uni-
fication of relativistic wave equations. Similarly, Mezic [6] developed an
alternative approach based on transfer operator theory, deriving the
relativistic quantum transfer equation (RQTE) from a relativistic dy-
namical system in Minkowski spacetime. This formalism establishes a
direct connection between spacetime geometry and quantum wavefunc-
tions, complementing the generalized differential operator framework
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presented in this work and suggesting possible deep equivalences be-
tween both approaches that merit further investigation.

The standard formulation of quantum field theory relies on a prolif-
eration of distinct differential operators each describing different field
types and interactions. Traditional approaches treat the Klein-Gordon
operator (scalar fields), Dirac operator (spinor fields), and Proca op-
erator (massive vector fields) as fundamentally distinct mathematical
entities with separate formulations. However, their shared relativistic
invariance, common geometric origins, and similar wave-like character
suggest the existence of an underlying unified mathematical structure
that remains largely unexplored. This fragmentation becomes par-
ticularly evident when considering interactions between different field
types. The conventional Lagrangian approach requires ad hoc construc-
tions of interaction terms, often obscuring the fundamental connections
between different sectors of the theory. Moreover, the description of
gauge interactions through minimal coupling prescriptions varies sig-
nificantly across different spin representations, lacking a unified math-
ematical framework.

In this paper, we introduce a generalized relativistic wave differ-
ential operator, Dy, designed to unify several fundamental oper-
ators in quantum field theory under a single analytic structure. Our
approach is motivated by the physical insight that these operators dif-
fer primarily in their matrix structure and index contractions rather
than their fundamental differential nature. By introducing carefully
chosen discrete parameters that control these features, we can generate
the entire family of relativistic wave operators from a single master op-
erator. The generalized operator incorporates discrete indices and ma-
trix-valued coefficients to encapsulate a family of wave-like operators
that include the KleinaGordon, Dirac, and non-monogenic operators as
special cases. Such unification is not merely formal; it reveals profound
underlying connections between seemingly distinct field theories and
offers a versatile tool for constructing new models within the quantum
field theoretic framework.

A key innovation of this work is the introduction of a quantum field
tensor V= ¢’ ® y* @ A where the binary indices o, p, T € {0, 1}
act as a “signature” that activates or deactivates the constituent scalar,
spinor, and gauge fields, respectively. This approach provides a compact
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and representation-theoretically natural description of field content and
interactions, facilitating a unified treatment of field equations and cou-
pling structures without recourse to ad hoc Lagrangian constructions.
Physically, this tensor product structure reflects the fundamental com-
position rules of quantum fields under the Lorentz group, with each
component field transforming under specific representations: scalars
under (0, 0), spinors under (%, 0) @ (0, %), and vectors under (%, %,)
The binary signature system elegantly encodes all possible field com-
binations and their interactions, providing a first-principles derivation
of coupling structures that are typically postulated in conventional
approaches. Furthermore, we extend the operator formalism to include
gauge interactions through a generalized minimal coupling prescrip-
tion, leading to a gauge-covariant differential operator that natural-
ly incorporates electromagnetic interactions for fields of various spins.
This formulation allows for a direct derivation of field equations such as
the Proca and Maxwell equations from a single operator-based frame-
work, highlighting the deep connections between gauge symmetry, mass
generation mechanisms, and the algebraic structure of field operators.

The physical significance of this unification extends beyond mathemat-
ical elegance. It provides new insights into mass generation mechanisms
through controlled gauge symmetry breaking, offers a systematic ap-
proach for constructing higher-spin field theories, and establishes nat-
ural connections with effective field theory frameworks where multiple
particle species and interactions must be treated consistently.

Before presenting the technical details of our approach, it is important
to position this work with respect to existing unified formalisms in the
literature, particularly the Duffin-Kemmer-Petiau (DKP) formalism
[13-15]. The DKP algebra provides a first-order unified description of
spin-0 and spin-1 fields through a single matrix equation (if “8# — m)
¥ = 0, where the DKP matrices f* satisfy prg’p* + p*p'pr = g"p* +
g”p*. This formalism successfully unifies the Klein-Gordon and Proca
equations within a common algebraic structure. Our generalized op-
erator Dy differs from the DKP framework in several fundamental
aspects. First, regarding the order of the operator, the DKP formalism
is first-order in derivatives for all fields, whereas our operator is defined
with arbitrary derivative orders m, n, A, allowing it to reproduce both
first-order (Dirac) and second-order (Klein-Gordon) equations from the
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same structure without introducing auxiliary fields. Second, concern-
ing the parameter space, while DKP is a fixed algebraic structure, our
operator contains discrete parameters (oc, B, A, m, n, p) that connect
different spin sectors and field types, enabling interpolation between
distinct physical regimes. Third, regarding the tensor product struc-
ture, the DKP formalism does not incorporate the quantum field tensor
\I/gpr =0°Q P A;, while our approach explicitly encodes field con-
tent through binary indices, providing a natural framework for gener-
ating interaction vertices from first principles.

Our framework extends the DKP formalism in several directions. It al-
lows extensions to higher-spin fields through appropriate choices of in-
dices and matrix representations, potentially connecting to the Vasiliev
higher-spin framework [16]. Section 3 introduces a generalized minimal
coupling prescription that naturally incorporates gauge interactions
into the operator structure, extending DKP to interacting theories.
Additionally, as shown in Section 3.1, the operator framework generates
effective field theory operators systematically, connecting to modern
EFT methods that are not addressed by the original DKP formalism.
The proposed operator also offers specific improvements over DKP: it
provides a unified treatment of spinor fields (DKP primarily addresses
spin-0 and spin-1 bosons but does not naturally incorporate spin-1/2
fermions, while our operator explicitly reduces to the Dirac equation
as shown in Theorem 2.5); the parameter-dependent structure enables
systematic spectral analysis across different spin sectors (see Section
2.1); and the discrete parameter space offers computational flexibility,
providing a systematic way to generate and classify generalized wave
equations. Nevertheless, we acknowledge that a detailed comparison
with the full DKP literature, particularly regarding higher-spin exten-
sions and gauge coupling prescriptions, remains an important direction
for future research.

The paper is organized as follows: Section 1 reviews necessary pre-
liminaries on Lorentzian geometry and operator theory in Minkowski
space. Section 2 introduces the generalized wave operator and proves
its reductions to standard operators in QFT. Section 3 extends the
framework to include gauge interactions and discusses the resulting
field equations. We conclude with a discussion of implications and fu-
ture directions within quantum field theory.
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Preliminaries

DermiTioN 1.1. A pseudo-Riemannian manifold M is a differentiable
manifold, equipped with an everywhere non-degenerate metric g. We denote
a manifold provided with a specific metric with the couple (M, g)[[3,/9].

DErINITION 1.2. A Lorentzian manifold is a pseudo-Riemannian manifold
M, equipped with a metric g with signature (1, n — 1), where n is the
dimension of M |3, 9.

DermiTION 1.3. Let us consider the following metric tensor ¢*:

-1
af _

) (1)

Q

|
oo o
cor o
o~ oo
—_— o oo

A Lorentzian manifold M, equipped with the metric g, is the Minkowski
space. The metric ¢ is called Minkowski metric 3]}

Generalized relativistic wave operator

DerFmNiTION 2.1, Let o, B, A, p, m, n € N with the constraint that all coor-
dinate indices arising from sums o + m, f, and m + o + f are restricted
to {0, 1, 2, 3}, ensuring consistency with the 4-dimensional Minkowski
spacetime structure. The generalized relativistic wave differential oper-
ator on Minkowski space is defined as:

D%nlp:

0 o\ 0 (2)
0 n+oa+A af__af\__ n.0 af
2 (7m+a+,8) al'thm (axﬁ) (g q ) 7 ’Y(x—l—mq 8$m+a+ﬁ 5

where ¢ denotes the Minkowski metric (), and ¢ is the auxiliary
tensor defined by |7, 9]

1 7
qw:{o Zf? (3)
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where y, .., and y,  represent generalized matriz-valued coefficients.
These matrices encompass various representations including, but not
limited to, the standard Dirac matrices. Their specific algebraic prop-
erties are determined by the parameter values and the field content
under consideration.

Algebraic Properties of the Generalized Operator

The operator defined in (2) possesses several structural properties that
justify its role as a unifying framework for relativistic wave equations.

Lorentz Covariance

Under a Lorentz transformation A*, the partial derivatives transform
as 0, = A:@V. The generalized operator Dy is constructed from met-
ric contractions ¢ and Dirac-like matrices Ve By requiring that the
matrices transform appropriately under the Lorentz group, specifically
7, = Ay, the operator as a whole becomes Lorentz covariant. More
precisely, for any Lorentz transformation, there exists a representation

S(A) such that:
S(A) DU (z) = Dig W (A ). (4)

This ensures that the field equations derived from the operator respect
special relativity.

Symmetry Properties

The operator exhibits discrete symmetries under parameter exchange.
When the parameters o and f are interchanged, the operator trans-
forms according to:

D = (=)D, (5)
provided the gamma matrices satisfy appropriate commutation re-
lations. This antisymmetry property generalizes the behavior of the
electromagnetic field tensor F For the specific parameter choice
corresponding to the Kleln—Gordon case, the operator becomes mani-
festly symmetric.
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Hermiticity and Self-Adjointness

On the Hilbert space L*(R"*) with the Minkowski inner product, the
generalized operator satisfies:

.I.
(DZ?/\Q> = (—1)n+ADZ$AQ + boundary terms, (6)

where boundary terms vanish for fields with appropriate fall-off con-
ditions at infinity. For the Dirac case (o = 0, f =0, n = 1, A = 0), the
operator becomes anti-Hermitian, consistent with the standard Dirac
Hamiltonian after multiplication by i. For the Klein-Gordon case (a0 =
1,p=1,1=1, m= 0, n=0), the operator is Hermitian up to a sign,
corresponding to the self-adjointness of the Klein-Gordon operator on
suitable function spaces.

Spectral Properties

The eigenvalue problem Dy#W = eW¥ leads to dispersion relations that
generalize the relativistic energy-momentum relation. For parameter
values corresponding to physical field theories, the spectrum is real
when the operator is Hermitian. The continuous spectrum covers g2 >
m?, reproducing the mass gap characteristic of relativistic quantum field
theory. For exotic parameter choices (e.g., those leading to non-mono-
genic operators), the spectrum may exhibit complex eigenvalues, po-
tentially indicating instabilities or new physics beyond the Standard
Model. The spectral analysis can be performed by Fourier transforming
the operator to momentum space, yielding an algebraic equation:

Eﬂ+oc+/1\ij:

n4+ao o a a T 7
(st s) ™ Parm) (08) (0% — 1) = 1240 Pimrars) ¥, ()

where p are the momentum components and E denotes the energy.
The spectral properties are determined by solving this matrix equation
for the eigenvalues F.

DEerFINITION 2.2. From Definition 2.1 and equation (5), we define the
relativistic energy relation:

D;néﬂg + (m0>a+/\+n _ p81+)\+n<,)/a7)\)n+a+)\7 (8)
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where p, denotes the energy and m, the rest mass. According to the
above definition, we demonstrate that for specific values of the parame-
ters a, f, A, m, n € N, the generalized relativistic wave operator reduces
to well-known operators: the Laplace operator, the Dirac operator, and
the non-monogenic operator discussed in [7].

THEOREM 2.3. For the parameter valuesa =1, f =1, A =1, m =0, and
n = 0, the generalized relativistic wave operator (2) and (8) reduces to
the Klein-Gordon operator:

—7 + m% = EQ, (9)

where m, denotes the rest mass and E represents the energy.

ProOOF 2.4. Substituting the parameter values into equation (), we obtain:

, o d\' , 0
20(70+1+1)0+1+1W (@) (gll_qll)_zo,yf+0q11W+<mo>l+l+0

= p(1)+1+0(’71—1)

Using the metric tensor (1) and the definition of ¢ (3), this simplifies to:

0 0
(72)2% (a_x) + (mo)* = P75
2

Applying the property of Dirac gamma matrices p> = —1, y> = 1 and

v

identifying p, with the energy E, we finally obtain:

0+1+1

82
022

which completes the proof of equation (9). Now, let us consider the
Dirac’s case in the following theorem

+mp = E?,

THEOREM 2.5. In analogy to Theorem 2.3, the Dirac energy operator
is obtained from the generalized relativistic wave operator |(2) with the
parameter values o« = 0, f =0, m =k, n = 1, and A = 0. Specifically,

.0
Z’Vk% +mo = E, (10)
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where )*, y, are the Dirac matrices for k = 1, 2, 3, m, is the rest mass,
and E denotes the energy.

Proor 2.6. Substituting the parameter values into equations (12) and
(8), we obtain:

. o (9 , 0
21(’Yk+0+0)1+0+08xk+0 (@) (goo_qoo)_2173+kqoow+(mo>o+o+1

= p8+0+1 (70—0

Using the metric tensor (1) and the definition of ¢ |(3), where ¢* = —1
and ¢ = 0, this expression simplifies to:

>1+0+0'

o0
—Wk@ + Mo = pPoYo-

Applying the properties of Dirac matrices and identifying p, with the
energy E, we obtain the final result:

0

K

-1y _(jxk +mgy = E’)/O,
which completes the proof.

Now we consider the case of the non-monogenic operator discussed in
[7,'9]. For the parameter values aa# f, A =0, « = 0, n = 1, and m, f €
N, we establish the following result:

THEOREM 2.7. The non-monogenic energy operator is derived from the
generalized relativistic wave operator (2) and (8) with parameter values
a#zp, A=0,0a=0,n=1, and m, f €N, yielding:

Z.em+5&L.—m + Zemw +mg = Eeo, (11)

where €ois and em are matriz-valued coefficients satisfying the relations
(14) in [[7], m, denotes the rest mass, and E represents the energy.

Proor 2.8. Fora#f, A =0,a =0, n=1, p=1and m, B €N, we sub-
stitute into equations (12) and (8) to obtain:
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0 9 \" 0
-1 1+0+0 08 053 1.1 05 0+0+1
i (em+045) Hp0rm (W) (97 =a") =1 €oma WJ””O

— p8+0+1 (60—0)

Using the metric tensor (1) and the definition of ¢/ (\3), where ¢ = 0
§7 # 0 for f#0 and ¢# ==1 for o # p, this expression simplifies to:

1+0+0

: 0 . 0
Z(em+ﬂ)1ar_m(0 — (1)) - lem(—l)w + mo = poco.
Sitmplifying further:

Z'em+ﬂax.—m + Zemw + mgy = Po€o.
Identifying p, with the energy E, we obtain the final result:
0

1emig—=—— + 16, ——— + mg = Fey,
0 G Oxm+h 0 0
which completes the proof of Theorem 2.7.

THEOREM 2.9. The Duffin-Kemmer-Petiau (DKP) [L5-15] equation is
obtained from the generalized relativistic wave operator (4) with the
parameter values o« = 0, f =0, A =1, m = pu, n =1, and p = 1,
together with the replacement 7, = /3#, where ﬁﬂ are the DKP matri-
ces. Specifically,

(16"0,, — mo)¥ = 0, (12)

where B are the DKP matrices satisfying the algebra fpF + B =
g'F + g'p', m, is the rest mass, and ¥ is the DKP spinor.

Proor 2.10. Substituting the parameter values « =0, f =0, 1 =1, m =
w, n =1, p =1 into equation (2), we obtain:

o (9 o
1pll _ )
Doy = zl(%+0+0)1+0+lw (@) (QOO—QOO)—ZW&L#QOO Opht+0+0°

Using ¢ = —1, ¢"° = 0, and simplifying the powers:

, 0
Dégll = 2(7#)2%80(—1) — 0
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Since (y,)* =1 for p =0 and (p,)* = =1 for p =1, 2, 3, the factor (y,)*
can be absorbed into the definition of the DKP matrices p'. The factor
1 and the derivative structure yield:

i30T = mo ¥,

which s precisely the DKP equation after identifying the
mass term. The detailed correspondence between the gamma ma-
trices and the DKP matrices p' is given by the standard embedding
pr = A @ I + ... for the spin-0 and spin- 1 representations.

One may inquire about the action of the operator (2). The answer to
this question is provided by the following definition:

DErINITION 2.11. Building upon Definition 1.2, we define a quantum
field tensor over a Lorentzian manifold as follows:

‘I]crpT = (pg ® 'l/}p ® A;; (13)

where o, p, T €N.

A particularly illustrative case is when these indices are binary (0 or
1), acting as a “signature” that specifies which fundamental fields are
present in the tensor product. In this framework, the scalar field ¢ is
activated when o = 1, the spinor field p is activated when p = 1, and
the electromagnetic potential Au is activated when r = 1. A value of
0 for any index signifies that the corresponding field is not included in
the product (effectively represented by the scalar 1). This provides a
compact notation for representing fundamental fields and their interac-
tions. The following table enumerates the non-trivial cases for binary

indices (o, p, 7) [9].

TABLE 1. Field tensor signatures and physical interpretations

Tensor Fields Interpretation
L Au Fundamental electromagnetic field
Yoo Y Fundamental spinor field
Yo 0] Fundamental scalar field

(Continue)
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Tensor Fields Interpretation
o 94, Scalar-EM field coupling
Yo QY Scalar-spinor coupling
U, pA Spinor-EM coupling (QED vertex)

o

v gpA, Triple field interaction

From the above definitions we can rewrite the relativistic wave equa-
tion for some values of o, p, 7 € N.

ProposiTion 2.12. Taking into account the relation 8 and the Theorems
2.8 and 2.5 for o =1, p=0, T.= 0, p = 0, the Klein - Gordon, and
Dirac equation can be write as @

DO g0 = 0,
and for 0 = 0, p = 1, and T = 0 the Dirac equation is given by:

Degp” W10 = 0.

THEOREM 2.13. For n =0, A = 0, a = 0, and p = 2, the generalized op-
erator yields the electromagnetic field tensor of Mazwell’s theory:

dum g

(14)

Proor 2.14. From and (13), we evaluate DZ%"AQ\IJJPT for

the specied parameters:

. o [ 9\° v
Doﬁooz‘yopf - ( > (905 - qoﬁ)‘l’om - QOB’YQ —

oxm \ 0xP B ogm+8’
) , 0
= o Yoo (1 = m+ B) 1 5 Voo (1 = m),

0Anis 5 0Ay
- Ogm % Oxmth8’

Using the property V= —1 of the Dirac matrices, the expression simplifies to

ox™m Qxm+B’
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which, by definition, is the electromagnetic field tensor F , +p. This
completes the proof.

Application to quantum field theory

For the study in this section, it is necessary to consider the fol-
lowing definition.

DeriNiTiON 3.1. Let o, fi, A, p € {0, 1, 2, 3} be Lorentz indices. The gen-
eral quantum field differential operator is defined as:

Dy = i (41,) 0" (0, + p™ N mo) M, (15)

where p* = ¢ — ¢ denotes a metric perturbation tensor with components:

1 -1 -1 -1
1 1 -1 -1

a\

Pr= 11 (16)
1 -1 -1 1

m, represents the rest mass yu are the Dirac gamma matrices, and 8/‘
denotes the partial derivative operator.

DEerFNiTION 3.2. Let o, B, A, p be Lorentz indices, and let e denote the
electric charge coupling constant. The gauge-covariant differential op-
erator D** is defined through the minimal coupling substitution [§, |10

@u+6 N Du+ﬁ _ 3u+ﬂ + ieA’“‘B, (17)

and at the vector level:
0y — D, = 0, + ieA,,. (18)
The general operator acting on a tensor quantum field (13) is given by:

Dgﬁ)\qfapr = ia+A(Vﬁ+M)O{DM+ﬁ\IjapT + pa)\<m0))\+0‘\110m_’ <19)
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where AM is the electromagnetic four-potential, Yoin denotes a Dirac gam-
ma matrixz with shifted index, and p* is a metric perturbation tensor.

REMARK 3.3. This definition generalizes the minimal coupling prescrip-
tion 0, > D =0, + z'eAu of quantum electrodynamics to the case of
higher-index differential operators 0% — D'F, enabling a unified de-
scription of electromagnetic interactions for fields of various spins.

DErINITION 3.4.

Let AM be the electromagnetic four-potential and D =90, + z'eAﬂ the
gauge-covariant derivative. The generalized differential operator |(19)
acting on A is defined as:

Dgﬂ)\Au = iaJr)\(’VﬁJru)aD”JrB(VﬁJru))\(Du))\Au + pa/\ (mO)A+aAu7 (20)

where Yy, are Dirac matrices, and pald is the metric perturba-
tion tensor |(16).

THEOREM 3.5. Let F*" = 0'A” — 0"A" be the electromagnetic field tensor
and jv the conserved current. The generalized operator DM“”AM can be
expressed in terms of standard electromagnetic quantities as:

Dy A, = DyD" A, + poj” — 0,1, (21)

where p, is the vacuum permeability. This expression establishes a di-
rect connection between the abstract operator formalism and concrete
electromagnetic field equations.

Proor 3.6. According to the classification in |Table—1 and the general
definition in Eq. (20), the operator D reduces to known physical equa-
tions for specific index values.

In particular, for the electromagnetic field case ¥ = A# with indices
a=1,4=1, f= 0, we obtain:

D" Woor = DA, = =3, Dy, Dy Ay + p (mo) Ay,
= D"D,A, + (mp)*A

s
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which corresponds to the massive Proca equation for the electromagnet-
ic potentiall12]. This equation describes a massive vector field where the
mass term (m,)* explicitly breaks the gauge symmetry, consistent with
known results in quantum field theory. Comparing with the inhomoge-
neous Proca equation 0 P + (mc)*’A" = p j', we arrive at the stated
relationship after appropriate term rearrangement and identification of
the current coupling, obtaining (21)).

Let us consider the particular case when DM]O]AM = 0, which corresponds
to the field equation for the electromagnetic potential. This equation
encapsulates three fundamental physical processes: gauge self-interac-
tions [10, 18], matter couplings, and free propagation, as represented by
the Feynman diagram below.

Ficure 1. The Feynman diagram illustrates the complete structure
of the gauge field equation: DuD”Au + ) — OvF" = 0.

D,D#A, o
Contracted o, FH
index p
0,
__________ S
Gauge self-interaction Free gauge field
with contracted indices Matter source kinetic term

current coupling

Feynman Diagram for the Complete Gauge Field Equation:
D, D¥ A, + poj” — 0P =0

Representing gauge self-interactions, matter couplings, and free propagation

The term D D”A in electromagnetism represents the quantum propa-
gation of the photon field Ap through the covariant derivative D, =o,
+ ieA [10]. However, in quantum electrodynamics (QED), which is an
abelian U(1) gauge theory, the triple photon vertex vanishes identically
due to the commuting nature of the gauge group. The momentum con-
servation k" + k) + k/ = 0 would describe photon self-interactions, but
in QED photons do not interact directly with each other. The contracted
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1 indices indicate a Lorentz-invariant combination, but the absence of
non-abelian structure means no genuine triple photon vertex exists.
Instead, this term contributes to the photon propagator and quantum
corrections through loop diagrams where photons interact indirectly
via virtual electron-positron pairs, maintaining the fundamental prin-
ciple that photons in QED only interact with charged matter, not
with themselves.

The complete expression DMD”AM + p, — 0, = 0 encapsulates the full
structure of electromagnetic theory: the first term describes the quan-
tum dynamics of the photon field, the second term p " represents the
coupling to matter currents through the minimal coupling prescription,
and the third term —0 F *" gives the classical Maxwell equations in the
absence of quantum corrections. This formulation highlights how quan-
tum field theory generalizes classical electromagnetism while preserv-
ing gauge invariance and Lorentz covariance. The term n0jv describes
the fundamental interaction between matter currents and gauge fields
through minimal coupling, where the conserved Noether current 57 = y
Yy couples directly to the gauge field A . In the Feynman diagram rep-
resentation, this corresponds to a fermion-gauge vertex characterized
by momentum transfer ¢¢ = p’ — p”, ensuring energy-momentum con-
servation at the interaction point. The coupling strength is governed by
vertex factors that depend on the specific gauge theory: for quantum
electrodynamics (QED), the vertex factor is ie)”, representing the elec-
tromagnetic coupling between electrons and photons [§, 17|, while for
non-abelian theories like quantum chromodynamics (QCD), the vertex
factor becomes ¢gT"y’, incorporating the gauge group generators 1"
that account for the additional color degrees of freedom [8, [19]. This
term embodies the core principle of gauge theories where matter fields
interact with force carriers through locally conserved currents derived
from symmetry principles.

The term —0 F" encodes the free propagation dynamics of gauge fields
in the absence of external sources, representing the left-hand side of
the inhomogeneous Maxwell equations that govern classical electro-
magnetic phenomena. Diagrammatically, this corresponds to the gauge
field propagator where the differential operator 0, acts upon the field
strength tensor F* = o0rA” — 0"A”, which for the abelian case of elec-
tromagnetism captures the fundamental antisymmetric structure of
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the electromagnetic field. This term describes how gauge fields evolve
and propagate through spacetime independently of matter interactions,
embodying the wave-like nature of electromagnetic radiation and the
self-dynamics of the gauge field itself. In the context of the complete
equation, this free field term provides the classical foundation upon
which quantum corrections and matter interactions are built, ensuring
that in the source-free limit the theory reduces to the well-established
Maxwellian electrodynamics.

Other several applications

The proliferation of differential operators in quantum field theory—
each describing distinct field types and interactions—points toward an
underlying unified mathematical structure. Conventional approaches
treat the Klein-Gordon, Dirac, and Proca operators as fundamental-
ly distinct entities, lacking a systematic framework that interpolates
between different spin regimes and reveals their deeper algebraic con-
nections. Our work bridges this gap by introducing a generalized dif-
ferential operator that encompasses the complete family of relativistic
wave operators through a continuous parameter space. This unified
approach proves particularly valuable for describing scenarios involving
new heavy resonances coupling to fields of different spins, as well as for
developing effective descriptions of UV-complete theories containing
multiple particle species.

Recent observations of spatially oscillating but exponentially damped
correlation functions in (2 + 1)-dimensional four-fermion models at fi-
nite density and temperature [20] represent a significant advancement
in understanding the phase structure of strongly interacting matter.
These oscillations, mediated by scalar-vector condensate mixing, man-
ifest mathematically through complex-conjugate eigenvalue pairs in the
Hessian matrix of stability analyses. We demonstrate that this phe-
nomenon originates fundamentally from the algebraic structure of the
generalized relativistic wave differential operator ng,gﬂp. By reformu-
lating stability analysis within this unified operator framework, we es-
tablish profound connections between operator algebra, gauge symmetry
through minimal coupling prescriptions, and the emergence of oscillatory
behavior in quantum field correlations. Specifically, the Hessian matrix
governing stability analysis in four-fermion models [20] admits an ele-
gant formulation in terms of our operator:
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H\IIGPT\IIUIPIT/ (Q) = <\Ilo'pT|-D;ng)\Q|\Ilo-/plT/>
— [Py, (o) D) Vo),

where ¢ is a bosonic momentum mentioned in |28}, and the operator
acts in position space as:

D™, q)

A
— i"(v )n+a+)\ 0 i ( af aﬂ>5(3)(x - )
m+a+8 al‘oH—m axﬁ g q Yy
0

n 3
—1 7§+mqa6W(5( )(l’ —y).

For the case of scalar-vector mixing relevant to oscillatory phenomena,
we consider the expression in Eqg. 21| from which the corresponding
operator action yields the essential structure governing spatial modula-
tions. On the other hand, eective eld theory (EFT) has become the cor-
nerstone of modern particle physics, providing a systematic framework
for describing low-energy phenomena without detailed knowledge of ul-
traviolet completions. The standard model eective eld theory (SMEFT)
extends this approach to the Standard Model, organizing operators
by mass dimension and symmetry properties [21]. In our generalized
framework, we dene S as a master field that unifies different physi-
cal realizations:

Sreal real scalar field,
Sgeneralized = 4§ Scomplex complex scalar field, (22)
Seffective effective field emerging from UV-complete theories.

In accordance with Table 1, the generalized operator in Eq.(2) acting
on S yields the following effective operators:

DMYS — Sp®  (Scalar operator),

DEOS — Sinp  (Fermion operator),
Dyy*S — SF,,F*  (Electromagnetic operator).

In this work, we demonstrate that the generalized relativistic wave
differential operator Dgg’ip, provides a natural and unified framework
for generating EFT operators. By acting on a master field S, specific
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parameterizations of our operator automatically produce the funda-
mental operators of gauge and matter sectors. On the other hand, this
work establishes the generalized relativistic wave differential operator
as the fundamental mathematical foundation underlying Soft-Collinear
Effective Theory (SCET). While traditional SCET constructions rely
on phenomenological arguments to build operators case-by-case, we
demonstrate that the entire operator structure of SCET emerges nat-
urally from a single unifying mathematical principle. Our framework
reveals that the discrete parameter space of the generalized operator
provides a complete classification system for all SCET operators, with
the power expansion in A = v/MS corresponding to specific trajectories
through this parameter space. The core mathematical insight is cap-
tured by our factorization theorem [22]:

CoNJecTURE 3.7 (PossiBLE SCET CONNECTION). In the collinear limit,
with momentum scaling (n, - p, n, - p, pL) ~ M (2, 1, 2), the generalized
operator might factorize as [22]:

DI — O @ OL) + O, (23)

where Ol% are structures reminiscent of the collinear building blocks in
SCET with scaling dimension d. A rigorous derivation of this factori-
zation remains an open problem.

REMARK 3.8 (HEURISTIC OBSERVATION). The non-local structure of Dgg’, with
derivatives 0,/0x™ ™ acting at displaced positions, exhibits formal anal-
ogies with the Wilson lines and delocalized operators characteristic of
SCET when evaluated in certain kinematic regimes. The parameter
combinations (m, n, A, p, o, f) may correspond to scaling dimensions
and tensor structures that resemble SCET building blocks. However,
this observation is currently heuristic and requires rigorous justification.

Whether this formal analogy can be developed into a full derivation of
SCET operator structure remains an open question and a promising
direction for future research. At present, these observations should be
regarded as a conjecture or motivation for further investigation, not as
an established theorem. Any potential contributions to SCET power
counting or operator classification would require substantial additional
work beyond the heuristic sketch provided here.
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Discusion and Further Work

The generalized relativistic wave differential operator introduced in
Definition 2.1, Dggﬂp, provides a powerful unifying framework that en-
compasses several fundamental operators in mathematical physics. As
demonstrated in Theorems 2.3, 2.5 and 2.7, this operator reduces to
the Klein-Gordon operator, Dirac operator, and non-monogenic oper-
ator for specific parameter values. This unification is not merely for-
mal but reveals deep connections between seemingly distinct physical
theories. The parameter space (o, f, A4, p, m, n) € N creates a rich
landscape where different physical regimes emerge naturally, suggesting
that these operators are not independent entities but special cases of a
more fundamental mathematical structure.

The reduction to the Klein-Gordon operator (Theorem 2.3) for o = 1,
f=1,1=1 p=0, m=0, n=0 demonstrates how massive scalar
fields emerge from the general framework. Similarly, the recovery of the
Dirac operator (Theorem 2.5) fora =0, f=0,p =1, m =k, n=1, 1
= 0 shows the incorporation of spinorial degrees of freedom. Most no-
tably, Theorem 2.7 reveals how non-monogenic operators—previously
considered mathematical curiosities—find a natural place within this
extended framework, suggesting potential applications in describing
exotic field configurations or higher-spin theories. A particularly com-
pelling aspect of our framework is its capacity to generate testable
physical predictions through continuous interpolation between different
spin sectors. The generalized parameter space enables the description
of exotic field configurations that smoothly connect conventional spin-
0, spin-1/2, and spin-1 representations. We predict the existence of
mixed-spin resonance states whose decay rates are governed by opera-
tor parameters [21]:

I'(S - spin-interpolating state) = f (a, f, 4, m, n) X I'__
where the interpolation function f (a, f, A, m, n) is determined by spe-
cific trajectories through the operator space. For instance, along the
trajectory (a, p, A, m, n) = (¢, t, 1 — ¢, 0, 0) with ¢ € [0, 1], the frame-
work predicts a continuous deformation from scalar (¢ = 0) to vector (¢
= 1) behavior, with distinctive interference patterns in decay angular
distributions. This prediction is experimentally testable in high-energy
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collider searches for exotic resonances, particularly in channels where
conventional spin assignments yield ambiguous results. The quantum
field tensor \Popr = 9" D p* D Aﬂf introduced in Definition 2.11 rep-
resents a fundamental advancement in field quantization. The binary
index structure (o, p, v ) € {0, 1} acts as a genetic code for quan-
tum fields, where different combinations generate either fundamental
fields or interaction vertices. This approach transcends the traditional
Lagrangian formulation by providing a first-principles derivation of
interaction terms rather than postulating them ad hoc. The signifi-
cance of this tensor product structure becomes particularly evident
when considering the representation theory of the Lorentz group.
Each component field transforms under specific representations: ¢
under (0, 0), p under (%, 0)(0, %), and Ap under (%, %) The tensor
product then automatically generates the correct transformation prop-
erties for composite systems, ensuring Lorentz invariance without ad-
ditional constraints. This mathematical naturalness suggests that the
tensor product approach may be fundamental to understanding why
certain interactions are allowed while others are forbidden in quantum
field theory. Section 3 extends this framework to incorporate gauge
theories through the general quantum field differential operator D;ﬂ*
(Definition 3.1) and its gauge-covariant generalization (Definition 3.2).
The minimal coupling substitution o*# — D+f= or'# + jeA*'? gener-
alizes the standard prescription to higher-index differential operators,
enabling a unified treatment of electromagnetic interactions for fields of
various spins. Theorem 3.5 represents a cornerstone result, establishing
the connection between the abstract operator formalism and concrete
electromagnetic field equations. The expression D '"'A = D D'A + pj"
— 0 " shows how the generalized operator naturally incorporates both
the massive Proca equation and Maxwell’s equations within a single
framework. This result has profound implications for understanding
mass generation mechanisms and gauge symmetry breaking, as the
mass term (m,)* explicitly breaks the gauge symmetry in a controlled
manner. The Feynman diagram presented in Section 3 provides a visual
representation of the complete gauge field equation, illustrating how the
three fundamental processes—gauge self-interactions, matter couplings,
and free propagation—emerge from the operator formalism. While the
triple photon vertex in QED vanishes due to the abelian nature of U (1)
gauge theory, its inclusion in the general framework suggests possible
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extensions to non-abelian theories where such vertices are physical.
The term p,5” embodies the fundamental interaction between matter
currents and gauge fields, with the vertex factor depending on the
specific gauge theory: iey” for QED and ¢gT"y” for non-abelian theories.
This universality demonstrates how the framework naturally accommo-
dates different gauge groups through appropriate choices of coupling
constants and generators. The intentional generality of our definitions
with indices ranging over N rather than being restricted to binary values
opens numerous research avenues. Higher index values could correspond
to field derivatives, enabling the description of higher-derivative theories
that may be relevant for quantum gravity or effective field theories. The
framework also naturally accommodates higher-spin fields [11] through
appropriate extensions of the tensor product structure.

Moreover, the metric perturbation tensor p*“ introduced in Definition
3.1 suggests connections to curved spacetime and gravitational inter-
actions. Future work could explore how this formalism generalizes to
Riemannian manifolds, potentially providing a unified framework for
coupling quantum fields to gravity.

The non-monogenic operators discussed in Theorem 2.7, while mathe-
matically well-defined, warrant further investigation for their physical
significance. They may describe exotic field configurations or provide
insights into theories beyond the Standard Model, particularly in con-
texts where conventional monogenic functions are insufficient.

For future work, this mathematical foundation opens several promising
directions: a comprehensive anomalous dimension theory in parameter
space, extensions to non-abelian gauge theories, applications to sub-lead-
ing logarithm resummation, and formal connections with other algebraic
structures in quantum field theory. The unified framework presented here
thus not only explains existing SCET constructions but also provides a
systematic approach for future developments in effective field theory.

Conclusions

The unified framework developed in Sections 2 and 3 represents a sig-
nificant step toward a more fundamental understanding of quantum field
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theory. By demonstrating how diverse physical theories emerge from a
single mathematical structure, we provide evidence for the existence of
deeper organizing principles governing relativistic quantum fields. The
tensor product approach not only offers mathematical elegance but also
suggests concrete pathways for extending quantum field theory beyond its
current limitations, particularly in the direction of higher-spin theories,
non-abelian gauge interactions, and potentially quantum gravity.

The compatibility of this framework with established results while si-
multaneously suggesting new generalizations demonstrates its robust-
ness and potential for future developments in theoretical physics. As
we continue to explore the rich structure revealed by these generalized
operators, we may uncover deeper connections between seemingly dis-
parate areas of physics, ultimately leading to a more unified under-
standing of the fundamental laws of nature.
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