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Abstract


Here we derive a completely quantum mechanical expression for linear susceptibility using a density matrix formalism where the electromagnetic field is also quantized. A zeroth order susceptibility emerges naturally from the treatment. By studying the dependence of susceptibility on material asymmetry and on the quantum state of light, we predict new and intriguing phenomena such as photon number dependent refraction index.
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Resumen


En este trabajo derivamos una expresión  completamente cuántica para la susceptibilidad eléctrica lineal usando un  formalismo de matriz densidad donde el campo electromagnético también esta  cuantizado. Del tratamiento se deduce de manera natural una susceptibilidad de  orden cero. Mediante el estudio de la dependencia de la susceptibilidad con la  asimetría de la materia y el estado cuántico de la luz, predecimos fenómenos  nuevos e intrigantes como el índice de refracción dependiente del número de  fotones.


Palabras clave: Susceptibilidad lineal, susceptibilidad  espontánea, índice de refracción dependiente del número de fotones, puntos cuánticos  asimétricos.





Introduction


The analytical expressions of electrical susceptibilities of different orders are well known in the semiclassical approximation [1]. They have been extensively used to understand the susceptibility dependence on material symmetry properties, dipole moments, and energy levels. Semiclassical expressions have also been proved to be useful both to obtain reliable numerical predictions of susceptibility values [2], as to envision strategies to enhance nonlinear responses [3-5]. Nonetheless, a fully quantum mechanical theory of susceptibility is desirable not only because it should be more accurate, but because it would allow to understand the effect of the quantum state of light on the susceptibility, if there is any. This is especially important as nonclassical states of light, microcavities and nanostructures are nowadays so frequently used in laboratories [6, 7].


Model


The theory can be applied to many kinds of matter but, for definiteness, we shall think of a quantum dot (QD) with two active levels whose excited |1) and ground |-1) states have energies |ε1) and |ε-1), respectively. This QD interacts with a single mode |ωc) of the electromagnetic field in a cavity of volume V. In the dipolar approximation the system Hamiltonian reads [7]:

[bookmark: ec1]


where:

[bookmark: ec2]


α† and a are the creation and annihilation operators of the field mode and E is the electric field operator which has polarization vector e. Using standard second quantization such mode can be written as:


[bookmark: ec5]


Due to the fact that QDs usually have peculiar shapes that break inversion symmetry [8] or may be subject to asymmetric external forces [9], the dipole moment ì can be represented as a non-diagonal matrix [10]:

[bookmark: ec6]


where µee and µgg are different from zero.


On the other hand, we will describe the state of the system by a density matrix:

[bookmark: ec7]


Where |k) and |l) represent QD states, while |n) and |m) represent Fock states of the field.


Analytical Solution


Using a phenomenological master equation, time evolution of the state of the system is given by:


[bookmark: ec8]


Where, as is customary, we have added a phenomenological term  to take into account non Hamiltonian processes that change the state of the system. Such processes can be collision decays and/or pumping that push the system towards the equilibrium state peq at a rate γknlm through a transition state ptr :

[bookmark: ec9]


We will seek a perturbative solution of 8 in powers of a parameter λ varying between zero and one that characterizes the perturbation intensity:
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For the density matrix 7 to be a solution of equation 8, the following relations should be satisfied:


[bookmark: ec11]

[bookmark: ec12]


Where ωknlm is the system transition frequency:

[bookmark: ec13]


Finding contributions to density matrix at different orders is possible thanks to these recurrence relations. Zeroth order contribution is given by the steady state solution of eq. 11:


[bookmark: ec14]


This solution plays an important role: given the iterative approach it will appear in higher order terms. In the semiclassical theory this zeroth order density matrix is assumed to be diagonal [1]. Such statement can no longer be accepted in a fully quantum mechanical treatment because matrix elements associated with the electric field are not diagonal in the Fock basis [7].


Once known the zeroth order density matrix we can integrate eq. 12 with s = 1 to find the first order contribution (p(ij1)):

[bookmark: ec15]


The integration procedure is described with detail in standard text books [1] and leads to the expression:


[bookmark: ec16]


Where L runs over QD states, M runs over Fock states and:
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Further algebraic manipulations allow us to obtain:

[bookmark: ec18]


A similar expression is found for .


Having the contributions to density matrix up to first order we can find and compare the expectation values of the Cartesian components of polarization along direction î by two ways: using an expansion on the electric field and using the dipole moment:

[bookmark: ec19]


Where N is the number of atoms per unit volume. A very important difference between the semiclassical and the all quantum mechanical theories of susceptibility is that the last one requires to take the trace over the Fock states of the electric field. As a result, additional time dependent factors appear in every expectation value. Finding the susceptibilities of different order is made possible only by appropriated matching of the combinations of factors in the left hand side of eq 19 with those of the right hand side. It is to make easier such task that factor λ7- was introduced.


Results


Replacing in the values of corresponding orders of the density matrix in we get the following expressions for zeroth and first order susceptibilities:

[bookmark: ec20]
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Eq. 20 predicts a polarization even when the field has zero amplitude. Such a spontaneous polarization is evident in polar materials which are all non centrosymmetric. Fig. 1 shows the real part of zeroth order susceptibility for different equilibrium states of a QD with some parameters taken from [11]. The imaginary part is null for every equilibrium state and every value of asymmetry. For a spontaneous polarization to be seen in symmetric materials, a Coherent Superposition Equilibrium State is required -blue surface in Fig. 1.


Note that zeroth order susceptibility is null when the following conditions are satisfied:


i) The QD is fully symmetric:


[bookmark: ec22]


ii) The QD reduced density matrix is diagonal:


[bookmark: ec23]


iii) The QD is fully symmetric:
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Conditions 22 to 24 are all implicit in the usual semiclassical treatment [1].


It is enlightening to see that, when condition 23 is satisfied, zeroth order susceptibility reduces to:


[bookmark: ec25]


Eq. 21 expresses the all quantum linear susceptibility with the corrections due to spontaneous polarization. Note that, if condition 22 is satisfied, those contributions are null. Even then, spontaneous polarization might have effects on the second order susceptibility; that has to be figured out yet.


Expression 21 predicts a dependence of linear susceptibility on the average photon number for some equilibrium states of light; this is a completely new phenomenon that has no semiclassical counterpart. It may be compared to the Intensity Dependent Refraction Index phenomenon, but they are of a very different nature. The first one is linear and is more relevant for low intensity fields while the last one is nonlinear and typically requires high intensities fields.


As an example fig. 2 shows the real part of the linear susceptibility of a QD in a Maximally Mixed Equilibrium State interacting with Coherent States of the field with different average photon numbers. The imaginary part of susceptibility -not shown- is also photon number dependent.

[bookmark: f2]


So, measuring the dispersion or the absorption of a QD using different low intensity Coherent States would help to test the validity of this if predictions. This should sound not so weird to the reader as it has been proved that the capture of a single photon into a cavity containing a QD affects the probability of admittance of a second photon [12].


Fig. 2 reveals how important are for the linear susceptibility diagonal terms of dipole moment. In fact, such figure suggests not only that susceptibility size and sign depend on asymmetry, but that transparency can be induced on the QD. That may happen if asymmetries are such that factor  in eq. 21 becomes zero. This condition is hard to achieve as it depends on the material and the equilibrium states. Notwithstanding, it may eventually be achieved by controlled application of external asymmetric constrains that force diagonal dipole moments to take appropriated values (see fig. 3). Inducing such a transparency would be a proof of the physical reality of zeroth order susceptibility.


[bookmark: f3]


Finally we would like to mention that, as the reader might expect, eq. 21 for linear susceptibility reduces to semiclassical the expression if conditions 23, 26 and 27 are fulfilled:

[bookmark: ec26]


Conclusions


This is, to the best of our knowledge the first time a completely quantum mechanical expression for linear susceptibility has been derived. Other authors have claimed to achieving complete quantum-mechanical expressions for nonlinear susceptibilities but, at some point, they use the semiclassical approximation [13], [14]. Our expression predicts intriguing phenomena such as photon number dependent refraction index and contains the semiclassical expression as a particular case. Determining the influence of the equilibrium state of light on the susceptibility is also allowed by this expression. A zeroth order susceptibility that can be used to take into account the effects of spontaneous polarization on susceptibility is also predicted and an experiment.
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FiGure 2. Real part of first onder susceptability for equilibrium coherent states

with average photon mumbers n = 1 (blue surface) and n = 6 (pink surface).

Condition 23 is assumed to be satisfied. The QD is assumed to be in a Mazimally
Mised Equilibrium State. All other parameters are the same used in fig. 1.
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FiGure 3. Trunsparency conditions for different cquilibrium states of a QD

as derived from e. 21. Continuous line: Mazimally Mized Equilibrium State,

dashed line: Mazimum Coherent Superposition, dotted line: Pure Ground State.
All other parameters are the same used in fig. 1
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