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AstraCT. Let R, = Fqly]/(y™ — 1), where m | ¢ — 1. In this paper, we
obtain the structure of linear and cyclic codes over R,,. Also, we introduce
a preserving-orthogonality Gray map from R,, to Fy'. Among the main re-
sults, we obtain the exact structure of self-orthogonal cyclic codes over R,, to
introduce parameters of quantum codes from cyclic codes over R,,.
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RESUMEN. Sea Rm = Fqly]/(y™ — 1) donde m | ¢ — 1. En este articulo, obte-
nemos la estructura de cédigos lineales y ciclicos sobre R,,. También intro-
ducimos una aplicacién de Gray de R,, a Fy' que preserva la ortogonalidad.
Entre los resultados principales, obtenemos la estructura exacta de los cédigos
ciclicos auto-ortogonales sobre R, para introducir parametros de los cédigos
cuanticos a través de los cédigos ciclicos sobre R,,.

Palabras y frases clave. cdigos auto-ortogonales, cédigos ciclicos, codigos cuan-
ticos.

1. Introduction

Quantum error correcting codes were introduced by Shor [10]. In a 1998 paper
[3], the theory of finding quantum error-correcting codes is transformed into
the problem of finding additive codes over the field 4 which are self-orthogonal
with respect to a certain trace inner product. Recently, codes over rings that
serve as a source for QEC have also been of interest.

In [7], quantum codes from cyclic codes over Fy + vFy are studied. Also,
in [1], a construction for quantum codes from cyclic codes over R = F3 + vF3
where v? = 1 was given. In [4], a method to obtain self-orthogonal codes over
Fy is given and the parameters of quantum codes which are obtained from
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cyclic codes over R = Fy + uFy + u?Fy + --- + u™Fy are determined. Also
the construction of quantum codes over Fy from cyclic codes over a finite non-
chain ring F, + vF, + v*F, + v3F,, where ¢ = p", p is a prime, 3 | p — 1 and
v = v was given in [5]. Recently, Sari and Siap extended the results of [1] over
R, =F,+ vF, + -+ + v~ 'F, where v = v and p is a prime [9].

In this paper, we introduce some classes of quantum codes over F, from
linear and cyclic codes over the ring R,, = Fy[y]/(y™ — 1), where m | ¢ — 1.
In Section 2, we recall the definition of quantum codes and we provide some
basic background. In Section 3, the structure of linear codes over R,, is given.
In addition, we introduce a preserving-orthogonality gray map from R,, to Fy".
Also we obtain the parameters of quantum codes over F, from linear codes
over R,,. In the last Section, the exact structure of self-orthogonal cyclic codes
over R,, is given in Theorem 4.4. Using this exact structure, we obtain an
exact relation between cyclic codes over IR, and quantum codes over F, these
results are presented in Theorem 4.5. At the end of the paper, some examples of
self-orthogonal cyclic codes and their relations with quantum codes are given.

2. Quantum codes

In [3], the problem of finding quantum-error-correcting codes is transformed
into the problem of finding additive codes over the field Fy. These quaternary
codes are linear over Fy. The natural generalization from Fy to an arbitrary
finite ground field Fy was provided in [2, Definition 1] as follows.

Definition 2.1. Let E = V(2,¢) be the 2-dimensional vector space over F,.
An F-linear quantum code [[n, k, d]], is an Fy-subspace C' C E™, which satisfies
the following conditions:

(1) C has F,-dimension n — k.

(2) C C C*. Here the dual is taken with respect to an F,-linear symplectic
scalar product on E™, where each copy of F is a hyperbolic plane.

(3) The elements in C+ \ C have weight > d.

In above definition, a symplectic form is a non-degenerate bilinear form
B such that B(z,y) = —B(y,x). Also a hyperbolic plane is a 2-dimensional
subspace H C E", such that the restriction of 8 to H is non-degenerate.

The following proposition gives a method to construct quantum codes over
a finite ground field IF,.

Proposition 2.2. Let Cy and Cy be two linear codes such that Cy C Cy
over F,, and be with the parameters [n,ki,d1] and [n,ke,ds]; respectively.
Then there exists a quantum error-correcting code with the parameters
[[n, k1 — ko, min{dy, dy }]], where dy denotes the minimum hamming distance
of the dual code C5- of Co. Further, if Co = Ci-, then there exists a quantum
error-correcting code with the parameters [[n,2ky — n, dq]].
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Proof. See Lemma 4 in [5]. o
We apply this proposition to obtain quantum codes. Note that the above
proposition only introduces the parameters [[n, k, d]], of the existing quantum
codes which can be constructed by linear codes over F,. In other words, quan-

tum codes as defined in Definition 2.1 are obtained by C; and C5 which is not
the purpose of this paper.

3. Quantum codes from linear codes over R

Throughout this paper let R = R, = F4[y]/(y™ — 1), where m | ¢ — 1. A
linear code C' of length n over R is an R-submodule of R". In this section, first
we obtain the structure of linear codes over R. So we introduce a preserving-
orthogonality gray map from R to Fy* and we obtain the parameters of quantum
codes over F, from linear codes over R.

Lemma 3.1. Let «a be a primitive mth root of unity in Fy. If fi =y — o' for

i=1,...,m, theny™ — 1= HZ’;I fi is the unique factorization of y™ — 1 into
irreducible factors over IFy.

Proof. Since ¢ =1 mod m, it follows from Theorem 4.2 in [8]. of

Lemma 3.2. Lety™—1 =[], fi be the unique factorization of y™—1 in above
lemma and f; = [[;; f;, then there are bj,b; € Fyly] such that b fi + b, f; = 1.
Ife; = b;ﬁ + {(y™ —1) € R, then

(1) ex,...,enm are mutually orthogonal non-zero idempotents of R.
(2) e1+---+e.=1€R.

(3) Let Re; be the principal ideal of R generated by e;. Then e; is the identity
of Re;.

(4) R=Re1 @ --- @ Re,,, where @ denotes the direct sum of rings.
(5) For eachi=1,..,m let R; =F,[y]/{f:). Then the map
it Ri = Rei,g + (fi) = (9+ (Y™ = 1))e;
is an isomorphism of rings.

(6) Foreachi=1,..,m the map ¥; : Fq = R;,a— a+(f;) is an isomorphism
of rings.

Proof. See Theorem 4.6 in [8]. vf
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For a positive integer n, let ¥; : Fy — R} and ¢; : (R;)" — (Re;)" be the
natural generalizations of 1; and ;. The following theorem gives the structure
of linear codes over R.

Theorem 3.3. (1) R" = (Re1)" @ - ® (Rem)™.
(2) C is a linear code over R of length n if and only if
C= (plqpl(cl) DD @mwm<cm)a

where C; is a linear code over Fy of length n. In this case |C| = II}%,|C;].

(3) Let C* be the dual of C' with respect to standard inner product in R.
Then

OL = (plwl(C%) D---D @mwm(cﬁz)v

where Ci- is the dual of C; with respect to standard inner product in F,.

Proof. (1) It follows from Lemma 3.2, part 4.

(2) Let C C R™ be an R-submodule. By Item 1, C = C; @ - - & C,,, where C;
is an Re;-submodule of (Re;)". Consider the Fy-linear isomorphisms 1; :
(F)™ — (R;)"™ and ¢; : (R;)™ — (Re;)". Since C; is an F -submodule,

for any ¢ we have that C; = ¢;9;(C;) for some F,-submodule C; of Fy-
Conversely let

C= 90171}1(01) D---D @mwm(cm)a
where C; is a linear code over I, of length n. Since %; : F; — R; and
@i+ Ri — Re; are isomorphisms of rings, C; C Fy is an F,-submodule if
and only if v;4;(C;) C (Re;)™ is an Re;-submodule. Hence C' C R™ is an
R-submodule. Clearly
|C| = L4 @it (Cy)| = IL4 |Gy
(3) Let
a=p11(a1) + - + mbm(am) € @191 (CT) @ -+ & Pmhm (Cry)

and

b= (lel(bl) S D Qomwm(bm) eC= (lel(cl) SY RN (pml/}m(cm)a

where a; = (ai1,...,ai,) € Ci+ and b; = (b;1,...,by) € C; for i =
1,...,m. It is easy to see that @;1;(a;).¢;4;(b;) = 0 for i # j. Therefore

ab= Z%ﬂ%(az’)-sﬁﬂ/}i(bi) = Z ©ivi(ai.b;)
i=1

=1
= Z%%’(O) =0,
=1
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where in the last two lines we consider 9; : F; — R; and ¢; : R; — Re;
and also a;.b; denotes the standard inner product over F,. So a € ct
and hence

<P11P1 (Cll) DD Spmwm(c#b) - CL-

Since R is a Frobenius ring, |C||C*| = |R"| = ¢™". So we have |C| =

q|C\ . On other hand

i=1 i=1 1"
Thus
o191 (CT) @ -+ B Omthm (Cry)| = |C].
Therefore

Cr =1 (C) @+ ® omthm (CL).
)

By Part 4 of Lemma 3.2, for any § = g + (™ — 1) € R there exist g7 =
g+ "=, ..0m =9gn+ ®™ —1) € Rsuch that g = gre; + -+ + Gmem.-
we define a gray map ¢ : R — F;* by ¢(g) = (91(), ..., gm(a™)).

Definition 3.4. Let § = gie1 + -+ + Gmem be an element of R. The Lee
weight of g is defined as follows: wr,(g) = wr(g1(@), ..., gm(a™)), where wy (a)
denotes the hamming weight of the vector a over F,. We define the Lee weight
of a vector ¢ = (¢1,...,¢,) € R™ to be the rational sum of Lee weights of its
components, i.e. wr(c) = > 1 wr(c).

Theorem 3.5. Let ¢ : R" — F'" be the natural extension of the gray map ¢
form R to Fy*. Then

(1) The gray map ¢ is an Fy-linear isomorphism.

(2) ¢ is a distance-preserving map from R" (Lee distance) to F*™ (hamming
distance).

(3) If C C R™ is a linear code, then ¢(C+) = ¢(C)*.
(4) If C = 0191(C1) ® - - ® o (Crn), then
d(C) = min{duy(Cy);i=1,...,m}

where dr,(C) is the Lee distance of C and dg(C;) is the hamming distance
Of Cz .

(5) If C C R"™ is an (n,A,d) linear code, then ¢(C) is an [mn,log, A,d]
linear code over IF,.
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Proof. (1) Since ¢ : R" — F;"" is the natural extension of ¢ : R — F",

it suffices to show that ¢ : R — F{" is an Fy-linear isomorphism. First
we show that ¢ is well defined. Let § = gre; + -+ + gmemn = 0. Hence
gie; =0 for any ¢ = 1,...,m. But g;e; = 0 if and only if g; € (f;). Since
fila) = o —a = 0, gi(a") = 0. Thus ¢(g) = (91(0),..... gm(a™)) = 0.
Now let g = gie1 + - + Gmem and h = hie; + - - + hype,, be elements
of R and a € F;. We have that

grh=Y (G +hei= (9 +hie.
=1

Hence
¢(§ + E) = ((91 + hl)(a)7 R (gm + hm)(am>)
= (91(a); s gm(@™)) + (A1 (@), ..., i (a™)) = ¢(g) + & (h).

Also ag = agre; + -+ - + agmem- Thus

¢(ag) = (agi(a), ..., agm(@™)) = a(g1(@), ..., gm(a™)) = ad(g).
Therefore ¢ is an Fy-linear homomorphism. Now let ¢(g) = 0. We have
that g;(a’) = 0fori=1,...,m. Thus f; = (y—a*)|g; and hence g; € (f;).
As a result gje; =0 for i = 1,...,m and consequently

g=gie1+ -+ gmem = 0.

Therefore ¢ is injective. Since |R| = [F*|, ¢ is surjective. This completes
the proof.

Let ¢1,¢c2 € R™. By Part 1, ¢(c1 — c2) = ¢(c1) — ¢(c2). Hence
L(Cl,CQ) = wL(cl - 02)

=wn(9(c1 — ¢2))
= wH(gb(cl) — Qb(CQ)) = dH(¢(cl)> ¢(02))

This completes the proof.
Let ¢ = (c1,...,¢,) € C and ¢ = (c},...,c,) € C+ where
¢ = TTer -+ T

and

;= e +~-~+c;-7mem
for j =1,...,n. We have that
(c)
o(c')

(c11(a), c12(a®), ... cim(@™), ... en(@), cna(@?), ..., cpm(a™)),

= (Cll<a)’ 0/12(042)’ tey C/lm(am)7 T C;Ll(a)acln2(a2)> ce >C/nm(am))'

Volumen 56, Numero 1, Afio 2022



QUANTUM CODES 83

Thus

m

(b( Z Z cj’L cﬂ

=1 j=1

Now since ¢/ € C+, ¢.c = 0. Therefore

Z (Z c;-icji)ei =0

i=1 j=1
and so

c iCji)ei = 0.
j:1

Thus (357, ¢j;cji) € (fi). Consequently,

2 : ’ 2 :
Cj’L( Cﬂ cjzcﬂ -

Thus ¢(c’).¢(c) = 0 which proves that ¢(¢') € p(C)*. Therefore ¢(C+) C
#(C)*. Since R and F, are Frobenius rings, we have the following equality:
\R["™ _ |R™_ [Fg ™"

1y = 1y _ _ q _ €L
lp(CH) =1C~| = T = To(O)] ~ [6(O)] = [o(C)~].

Therefore ¢(C+) = ¢(O)*.
Let ¢ = (c1,...,¢n) € R™. Then ¢ = 31", @it)i(a;), where
a; = (i1, ..., ain) € (Fg)",
fori=1,...,m. It is easy to see that
¢;=(a; + (" —1))er 4+ (am; + (Y™ = 1))em
forj=1,...,n. So
d(c) = (a11y- -+, Qmiy- -3 Alny - - -y Gmn)

and hence wr,(¢) = >1" , wr(a;). Now let wr(C) = wr(c) for some ¢ € C.
We have that ¢ = >"1" | p;9;(a;) for some a; € C;. Let a; # 0. Then

m

wr(C) =wr(c) ZwH (a;) > wr(a;) > min{wy(C;);i=1,...,m}.

On other hand if a; € C;, then ¢’ = p;4;(a;) € C. But

wr(C) < wr(d) = wy(a;).
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Hence
wr(C) <min{wy (C;);i=1,...,m}.

Therefore
wr(C) = min{wy (C;);i=1,...,m}.

Since the maps ¢;, ¥; and ¢ are linear maps, we have the following
equality that completes the proof

dp(C) =wr(C) = min{wy (C;);i =1,...,m}
=min{dy(C;);i=1,...,m}.

(5) It is clear by the definition of the gray map ¢.

The following theorem indicates the existence of some quantum codes.

Theorem 3.6. Let

C= 90111)1(01) - ‘pmwm(cm)
be a linear code over R, where C; is an [n, k;, d;] linear code overF,. IfCi+ C ¢,
then there exists a quantum error-correcting code with the parameters

m

[[mn, 2(2 k;) — mn,min{d;;i = 1,...,m}]].
i=1

Proof. By Theorem 3.3.3,
C* =11 (CF) @ - ® et (Cpr).-

Then C+ C C and so ¢(Ct) C ¢(C). But ¢(C*) = ¢(C)*; see Theorem 3.5.3.
Hence ¢(C)*+ C ¢(C). Also by Theorem 3.5, ¢(C) is an

[mn, Zki,min{di;i =1,...,m}|

i=1

linear code over F,. Now Proposition 2.2 proves the existence of a quantum
error-correcting code with the following parameters

m

[mn, Q(Z k;) — mn,min{d;;i = 1,...,m}].
i=1
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Note that the above theorem only shows the existence of quantum codes
with the help of self-orthogonal codes, but obtaining the exact structure of
the self-orthogonal code C' = p191(C1) @ -+ & @ (Cr,) may not be very
efficient. In the next section, as a special case of such codes, we specify the exact
structure of self-orthogonal cyclic codes over R,,. Therefore the structure of
quantum codes can be obtained with the relation between self-orthogonal codes
and quantum codes, mentioned in Proposition 2.2. Moreover, some examples
of self-orthogonal cyclic codes are given.

4. Quantum codes from cyclic codes over R

In this section, we obtain the structure of cyclic codes over R = R,, =
F,lyl/{y™ — 1). We determine the parameters of quantum codes over F, from
cyclic codes over R and some examples are given. Consider the following cor-
respondence.

m: R" — R[z]/{z" — 1),
(ag,ay...,an—1) — ao+ a4+ -+ a2+ (2" — 1),
Clearly 7 is an R-module isomorphism. We will identify R™ with R[z]/{z™ —1)
under w. A nonempty subset C of R™ is a cyclic code if and only if 7(C) is an

ideal of R[z]/(x™ — 1). Now consider the decomposition R = Re; @ - -- ® Re,
in Lemma 3.2. The following theorem gives a decomposition for R[x]/{(z™ — 1).

Theorem 4.1. (1) The following map is an isomorphism of rings;

Bl Refd] | Reuls]
B e N O

h (hei,..., hen),
where h = h+ (" — 1) and he; = he; + (e;x™ — ;).

(2) C is an ideal of R[x]/{x™ — 1) if and only if p(C) = Jy X -+ X Jp,, where
J; is an ideal of Re;[z]/{e;x™ — €;).

(3) If J; = (h;) fori=1,...,m, then C = (hy + -+ hp,).

Proof. (1) Let h € R[z]/(z™ — 1). Then

h=0&he (a"-1)
< dg € R[z]; h=g(z" —1)
& he; = glez™ —¢;) fori=1,....m

S he; =0 fori=1,...,m.
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Hence ¢ is well defined and injective. Now let

(m,_..,%)EHJ%'

i=1

=1,...,m. Also for
(h1,...,hy). Thus ¢
() and o(h+ 1) =
is an isomorphism of

Since e; is the identity of Re;[x], h; = h;e; for ¢

i # j, hie; = hiee; = 0. Hence p(hy 4 -+ + hyp) =
is surjective. It is easy to see that cp(h h') = o(h).@
o(h) + (R for h,h’ € R[x]/(z™ — 1). Therefore ¢
rings.

(2) It is clear by Item 1.
(3) By the proof of Part 1, we have that
@(hy+ -+ hm) = (hi, .. B
Hence
P(C) = J1 X -+ X o = (p(h1 + -+ hm)) = @((h1 + -+ b))

Therefore C' = (hy + - + hm,).
o

Now we want to obtain the structure of cyclic codes over R. First we remind
the following lemma that gives the structure of cyclic codes over F,.

Lemma 4.2. Let C be a nonzero cyclic code over Fy of length n. There exists
a polynomial g(x) € C with the following properties:

(1) p(x) is the unique monic polynomial of minimum degree in C,
(2) C = (p(x)), and

(3) p(z)|(z" —1).

(4) |C| = ¢n—desr(®),

(5) If {(x) = (2™ — 1)/p(x) then C+ = (¢*(x)) where (*(x) is the reciprocal
polynomial of £(x).

(6) C contains its dual code if and only if (™ —1) =0 mod p(z)p*(x), where
p*(x) is the reciprocal polynomial of p(x).

Proof. Parts 1, 2, 3 and 4 follow from Theorem 4.2.1 in [6]. Item 5 follows
from Theorem 5.6 in [8]. We have Part 6 by Lemma 8 in [5]. o
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Now let

Y Fglz]/(z" = 1) = Rifa]/(1r, 2" — 1r,)

and
@i Rifz]/(1g, " — 1g,) — Res[z]/(eix™ — ei)

be the natural extension of isomorphisms 1; and ¢; in Lemma 3.2. Tt easy to
see that ; and v; are isomorphisms of rings. The following theorem gives the
structure of cyclic codes over R.

Theorem 4.3. (1) C is an ideal of Rlx]/{z™ — 1) if and only if
P(C) = Bithi(C) x -+ X Zithi(Cim),

where C; is a cyclic code over F, of length n; C; is an ideal of Fylz]/(x™ —
1).

(2) If C; = (pi(x)) fori=1,...,m, then

C= <p1($)61 4 +pm(x)em>'
In this case |C| = g™~ 2= deg(pi(z))
(3) If&(m) = (a" — 1)/])1(%) fori=1,...,m, then

CF = {li(@)er + - + L (@)em)

where 0} (x) is the reciprocal polynomial of {;(x).
(4) R[z]/{z™ — 1) is a principal ideal ring.

Proof. (1) Since p; and 1); are isomorphisms of rings, it follows from Theo-
rem 4.1.2.

(2) It is easy to see that

ithi(pi(x)) = pi(x)e;.

Hence

2ithi(Ci) = it ((pi(x))) = (@it (pi(x))) = (pi(x)es).

Now by Theorem 4.1.3,

C=(pi(x)er + -+ pm(T)em).

By Lemma 4.2.4, |C;| = ¢"~9°¢7:(*) Hence

€] =T ICi| = g Tt destes (),
=1
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(3) Consider the isomorphisms
m:R" —» ———
and
Re;[x]
(e;z™ — ¢;)”
Let C = 7(C") and C; = m;(Cl), where C' C R™ and C} C (Re;)". By
these correspondences, C' and C” have the same dual as linear codes. Also

C; and C! have the same dual. Denote the dual of these linear codes by
C+L, C', G and C/*. Tt is easy to see that

C/J_ = @11[11(0?‘) DD mewm(cﬁ)

7 (Re;)" —

if and only if

@(CH) =101 (CF) X -+ X Prth (Cy).-

But by Lemma 4.2.5, C;- = (¢;(x)). Hence by Item 2,

Ch = (fi(z)er + -+ G (2)em).

(4) By Lemma 3.2, F,[z]/(z™ — 1) is a principal ideal ring. So by Part 2,
R[z]/(x™ — 1) is a principal ideal ring.
v

Theorem 4.4. Let

C=pi(x)er + -+ pm(z)em)

be a cyclic code of length n over R. Then C+ C C if and only if for any
i=1,...,m we have that

(z" =1) =0 mod p;(x)p; (z).

Proof. By above theorem ¢(C) = @111 (C1) X -+ X Brthm (Cpn), where C; =
(pi(x)). Clearly

P(C) =211 (CF) X -+ X Brmthm (Cry) € 0(C)
=1¢01(C1) X -+ X Pt (Cn)

if and only if o o

Pivi(Ci) S i (Cy),
for i =1,...,m. Hence C*+ C C if and only if C;* C C; for i = 1,...,m. But
by Lemma 4.2.6, Ci- C C; if and only if (z" — 1) = 0 mod p;(z)p}(x). This
completes the proof. ]
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Theorem 4.5. Let C' = (pi(x)e1 + -+ + pm(x)em) be a cyclic code of length
n over R with dr,(C) = d. If (™ — 1) = 0 mod p;(z)pf(z) fori=1,...,m,
then there exists a quantum error-correcting code over Iy with the following
parameters

[[mn,mn — 2 deg(pi()), d]].

i=1

Proof. By Theorem 4.4, C+ C C. Also |C] = ¢™"~2i%1 4e8(Pi(2)) by Theorem
4.3.2. Apply the gray map ¢ on C. Then ¢(C) is an

[mn, mn — Z deg(p;(x)),d]
i=1
linear code over F,. Now by Proposition 2.2, we have the result. o

Example 4.6. Let R = F;[y]/(y>—1) and n = 7. Then 2" —1 = (z—1)7 over F.
Consider the polynomials p1(z) =z —1, pa(z) = (x —1)? and p3(x) = (z —1)3.
Let

C = (p1(z)er + p2(z)es + p3(x)es).

By Theorem 3.5.4 and Theorem 4.32, it is easy to see that C is a (7,7'5,2)
cyclic code over R. By Theorem 4.4, C C C. Now by Theorem 4.5 there exists
a quantum error-correcting code with parameters [[21,9,2]] over F7.

Example 4.7. Let R =Fy;[y]/(y®> — 1) and n = 11. Then 2! —1 = (z — 1)1}
over Fy;. Consider the polynomials p;(z) = p2(z) = (z — 1)* and p3(x) =
pa(z) = ps(z) = (x — 1)° Let C = (Zle pi(z)e;). Then C is a (11,1132)5)
cyclic code over R where C+ C C'. So there exists a quantum error-correcting
code with parameters [[55,9, 5]] over Fy;.

Example 4.8. Let R, = Fi3[y]/(y™ — 1) where m € {2,3,4,6}. Then
2 —1=(x+1)(z+5)(z+8)(x+12)(x* + 5)(2* + 8)

over F13. We obtain some quantum error-correcting codes from cyclic codes
over R,,.

(1) Let m =2, p1(z) = (z + 8)(z% + 8) and pa(z) = (z + 5)(x? + 5). Then
C= <Zpi(33)€i>

is a (8,130, 3) cyclic code over R where C+ C C. Thus we have a quan-
tum error-correcting code with parameters [[16,4, 3]] over Fys.
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Let m =3, p1(z) =z + 8, pa(x) = 22 + 8 and p3(z) = 22 + 5. Then

3

C = piw)e)

i=1

is a (8,13'9,2) cyclic code over R where C+ C C, which proves the
existing of a quantum error-correcting code with parameters [[24, 14, 2]]
over 3.

Let m =4,
pi(x) = pa(x) = (a + 8)(z” + 8)
and

p3(z) = pa(z) = (x4 5)(z* +5).

Then C = (Z?lei(x)el) is a (32,13%9)3) cyclic code over R where
Ct C C. Therefore there exists a quantum error-correcting code with
parameters [[32, 8, 3]] over Fy3.

Let m =6,
pi(z) = (z +38),
p2(2) = (z+5),
p3(x) = pa(x) = (2 +8),
ps(x) = pe(x) = (2 +5).
Then
6

is a (48,1338, 2) cyclic code over R where C*+ C (. Hence there exists a
quantum error-correcting code with parameters [[48, 28, 2]] over Fy3.
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