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ABsTrACT. We prove boundedness of a discrete version of Vainikko operator
on discrete Morrey spaces. We also show that the commutator of this Vainikko
operator with a multiplication operator by an element of a discrete version of
BMO is bounded on these spaces.
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RESUMEN. Probamos que una versién discreta del operador de Vainikko en
espacios de Morrey discretos es acotado. También probamos que el conmutador
de este operador de Vainikko con un operador de multiplicaciéon discreto de
tipo BMO es acotado en espacios de Morrey discretos.

Palabras y frases clave. Espacios de Morrey discretos, operador de Vainikko,
conmutador.

1. Introduction

Discrete Morrey spaces were introduced by Gunawan, Kikianty and Schwanke
in [6]. Since then, these spaces have been studied by several authors like [2], [5],
[7], [8] and [9]. In all these articles have been obtained important results about
boundedness of some operators acting on these spaces: discrete versions of the
Hardy-Littlewood maximal operator, discrete Riesz potentials, discrete Hilbert
transform, convolution and multiplication operators, and commutators.

Our goal in this article is to show the boundedness of a discrete version of
the Vainikko operator introduced in [12] and [13], on discrete Morrey spaces.
Additionally, we also consider the commutator of the Vainikko operator and a
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multiplication operator by an element of a discrete BM O-type space. We prove
under appropriate conditions that this commutator is also bounded on discrete
Morrey spaces. All of this work is done in the last two sections of this paper.

We will use standard notation along this note, and as usual, we shall denote
by C a constant that could be changing line by line.

2. Discrete Morrey Spaces
Throughout this section we will asume that p and ¢ are two real numbers such
that 1 <p <¢q < 0.

The discrete Morrey spaces for dimension n = 1 were defined by Gunawan
et al. (see [6]) in the following way:

The set
1= {o = @i)pes € BP ]y < o0}, M

1 m+N 1/p
lally = sup 11< 3 mv’) ,

me€Z, NeNo (2N + 1)p 0 \ 2~

where

is called a discrete Morrey space. Here Ny denotes N U {0}.
As in [6], we will denote by Sy, n the set {m — N,m — N +1,...,m+ N}.
The authors of [6] also consider other generalizations of discrete Morrey
spaces, however, we will focus our attention in the version given by (1).
It turns out that (lg, H||l§) is a Banach space such that I = I? (see [6]),

the classical space of p-summable sequences indexed by Z. Notice here that
the equality [f = [P is an isometric isomorphism, since it is very easy to check
that the norms ||||lg and |[|-[|;, coincide. Also, the space 7 can be viewed as a
subspace of the continuous Morrey space M? (R) equipped with the norm

1 a+r 1/p
g = s =t ([ irwra)
P q a

a€R, r>01r —r
if we consider a sequence (zy),c; € IF as a step function
E ka[k‘*%,k#»%)'
kez

However, as in [6], we will consider here [? as a space on its own.

In the paper [7], the authors consider the Hardy-Littlewood maximal oper-
ator M on the space [f. This operator M is defined for each m € Z by

m+N
1
Mx(m)= sup ——— Tl . 2
(m) = 20 gy O I (2)
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They also proved that this operator is bounded from /¥ into itself for 1 < p <
q < oo.

3. Vainikko operator on /! spaces

The Vainikko operator V,, is formally defined as follows:

For Lebesgue measurable functions f, ¢ : (0,00) = R

Vi (@)= | " f () () dr. 3)

Under appropriate conditions for f and ¢, this operator acts continuously on
different functional spaces (see for example, [3], [12], [13]).

Here, we will consider the following discrete version of (3):

Let f : Z — R and ¢ : N — (0,00) be sequences indexed by Z and N,
respectively. The discrete Vainikko operator Vg is formally defined as

(VEF) (k)= @ (n) f (kn)

for each k € Z.

We are interested in the behavior of this operator on discrete Morrey spaces.
The corresponding result is as follows.

Theorem 3.1. Assume 1 <p < g < oo and let ¢ : N — (0,00) be a sequence
of positive real numbers. Then, the operator Vg is bounded from I into itself if

1

Zap(n)n%_E < 00. (4)

In such case, the norm of the operator satisfies

1

Z‘p(n) e < HV«(}ing—ng < Zw(n)nré.
n=1 n=1
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Proof. Let us assume first that condition (4) is true. Given any m € Z, any
N € Np and f € 1, we can use Minkowski’s inequality for integrals to obtain

1 mi N ., 1/p
(2N +1)7 [ > %D (k)|1
k=m—N
1 mAN |2 p1l/p
TNt L_EN ;@(”)f(k:n) 1

1/p
If(l)|p> ¢ (n)

INA
M2
3
3=
b
A/~
3
5
N

It follows that

IV £l < (an)né-é) 11l - (5)
n=1

To prove the second assertion, for € > 0 let us consider the sequence f. : Z — R

defined by

T i n#£0
fa(")_{o it n=0
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Now, setting a = % — %, notice that for every m € Z, N € Ny, and € # %
m—+N
N+ Y () (R
k=m—N

N
S202N4+1)7PY kT
k=1

N
=202N+1)"7 422N +1)""> k~F
k=2

Nk
202N +1) P +2(2N +1)"* Z/ x ™ Pdy

N
<2(2N +1)"*" +2(2N + 1)“”’/ v Pdx
1
_ _ 1
=2(2N+1)""P +2(2N +1) “pli(Nl—Ep—l). (6)
—ep

The expression in (6) is bounded by a constant M when 1 —ep — ap < 0, that
is, when € > %.

The previous calculations show that f. € I for e > % and € # %. Moreover,
for n € Z— {0}

VI (n Zw ) fe (k)

k=1
= (Z@(k) ka) fe (n)
k=1
Hence, for any ¢ > % and ¢ # zl?
el =
HV ||l"%lp S TA H = Z‘P(k)k . (7)
k=1

In particular, taking € = % we have,
(o]

HVv;ing—ng =z Z‘p (k) k™
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From (5) and (7) it follows that

Q=

S ek < Vil g < Yo p (i kE
k=1

k=1

This concludes the proof. o

Question: Does the converse hold in the previous theorem?

4. Commutators
In this section we prove the boundedness of the commutator [b, Vj] on discrete
Morrey spaces.

We remind the reader that if 77 and 75 are operators acting on a space of
functions X, the commutator [T, T3] is defined by

[Th, 1] (f) = Th T2 (f) — T2T1 (f)

for every f € X.

We will assume as in the previous section that ¢ is a sequence of positive
real numbers indexed by N. The function b will be a sequence of real numbers
indexed by Z that belongs to the space BMO? (Z) for some 1 < s < oo, that
is,

1/s
1

b s(7) =  Sup —_— b(k) —bs,, v|° < 00,
|| ||BMO (Z) mez, NeNo ON +1 kESZMN ‘ ( ) ,N’

where

1
b = E b(k).
Sm,N 2N+1 kes ( )
m,N

Notice that for 1 < s <t < co we have that BMO* (Z) C BMO® (Z) since
1/s 1/t
1 s 1 t
— b(k)—b < | —— b(k)—b
2N +1 Z | ( ) Sm,N = IN +1 Z | ( ) Sm,N‘
k€Sm, N k€ESm,N

There are many references for these spaces in the continuous case, see for
example, [11] or [4].

The following Lemma will be very useful to prove the desired boundedness.

Lemma 4.1. Let 1 <r < o0, ¢ : N — (0,00) and assume that
oo
Z n*tp (n) < co.
n=1
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Let b € BMO™ (Z), where % + % = 1. Then, for any f : Z — R we have the
inequality

M ([6.VE] (1)) (m) < Bl sasor iy D (n7 + 407 o () (M (f7) (mn)) "

n=1
(®)
for every m € 7Z. Here M denotes the discrete Hardy-Littlewood maximal
operator defined in (2).

Proof. Let k € Z. Then

b, VE] () (k) = b (k) VE (f) (k) — Vi (b) (k)
=3 (00) = b (k) ] () ().

Thus, for any N € Ny and m € Z

1
ot 2 B VAN 0 < g S X )~ bl 1 Gl o (o)
kESm,N n=1k€S,, N
<L+IL+13
where
L= 2N+1;k€SZN — b, | 1F (kn)] o (n)
b= gks 1B, — S0 | 1F (B 0 ()
and

Z Z 08, — b (k)| | f (kn)| 0 (n).
n=1kESm

Let us estimate I7.
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Using Holder’s inequality we get

1/r
oo 1 .
L) \syog 2o G
n=1 k€Sm, N
1/r!
1 r
b(k)—»b
ESmN
1/r
— r 1 r
< ||bHBMo~(Z>Zln1/ o | Gy Tm SZ ol
n= 1E€ESmn,Nn
1/r

[e'e] . 1 .
< blzmorcy om0 | gy 2 WO
n=1

ESnLn,Nn

< bl aror @z S mY 7 (n) (M (f7) (mn)) /"
n=1

Similarly, for I3 we obtain

IgSZn%*'%(p(n) SNn1 Z FAOIN

n=1 LESmn,Nn

1 !
Wag1 2 [PE) —bsusl
k€ESm, N

< bl paror @z Y ne (n) (M () (mn))"/"

n=1
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Concerning I we have

1/r
- 1
I, < En)|”
2< D QNersz | (k)|
n= m,N
1/r
1 g
2N+1 Z |bS7n,N _bsrnn,Nn| gp(n)
kESm, N
1/r

<o) | gy S 100

n=1 l€ESmn,Nn
1/r’
1 T/
x N +1 Z |b3m,N - bSmn,Nn|
kESm,N
<3 (7 () O () (o))"
n=1
1/r'
1 o
“Nonzg 2 s = sl : (11)

Now, notice that

1
bSm,N - bSmn,Nn < Z |b (k) - bSm,n‘Nn|

2N +1 k€ESm N
n
< oo b(k)—b
= ONn+1 o |bk) = bspna]
keSnLn,Nn
1/7“'
1
<n| o b(k)—b
=" 2Nn+1kESZN 10 (k) = b8,

It follows from (12) that the right hand side of the inequality (11) can be
estimated by

> (070 () (M () m) ") 16 o

n=1

and therefore

| A

3 (nH 7 ) Q1 (7)) ) Bl pasorr ey (13
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Hence, from (9), (10) and (13) we get for N € Ny, m € Z

1
v 2 VeI M)

kE€Sm, N

< bllgasor iz 3 (/7m0 7)o () (M (1) (mn)) "
n=1

Finally, taking supremum over N € Ny we obtain the inequality (8). oaf

Now, we are ready to prove the main result of this section. Before achieving
this task, we recall that the operator M defined in (2) is bounded from P (Z)
into itself, for 1 < p < oo (see, for example [10]).

Theorem 4.2. Letl <p<g<oo, 1 <r<p, and v : N — (0,00). Assume
that b € BMO" (Z) where £ + L =1, and

N
Zn v (n) < co.

n=1

Then, the commutator [b, Vg] is a bounded operator from I into itself. More-
over,

1

(oo}
116 Vel < C Il sarorzy D n' "5 5 (). (14)
n=1

Proof. From Lemma 4.1 we have for every m € Z

M ([0, VE (D) () < bl gasor gy D (nM7 i n 7)o () (M (57 (mm)) "

n=1
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Thus, using Minkowski’s inequality for integrals and the boundedness of M on
IP/7 (Z), we obtain for every m € Z and N € N

1/p
1 d p
———— | Y [M (V) k)]
2N +1)7 "7 \ s
- i 1/p
1
< bllparorrzy 2 | ———— | D 1M k)"
=1 | N+ 177 \ s o
X (nl/r+n+n1+1/r)<p(n)}
i 1/p
= 1 Z p/r
< bllprror @ Y |~ M () (1)]
a1 [N+ 1P \jeg 0
X (nl/’“—i—n-l—nl“”)(p(n)}
o i 11 1/p
np q
< Pllsror@ Y, | 1 M () ()"

1/p

n
<Clblgpora Y, | ———= | D, IfOF

1_1
n=1 (2Nn+]-)p ! l€ESmn,Nn

% (nl/r +n+n1+1/r> ga(n)}

1_1

- 1+%+p q
< C bl paror @ I1flly >n o (n)
n=1

and taking supremum over m € Z and N € Ny we obtain the desired estimate
(14).

We end this paper with the following remark.

We recall that a triplet (X, d, i) is called a doubling measure metric space
if dis a metric on X x X, and p is a Borel measure satisfying the following
condition: open balls have positive and finite measure, and there is a positive
constant C' only depending on p such that

1 (2B) < Cu(B) (15)

for each ball B. Here, 2B means the ball with the same center as B but twice
its radius.
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It is known that in a doubling measure metric space (X, d, i), all the spaces
BMO? (X) coincide for 1 < s < oo, with equivalent seminorms (see [1]). If we
consider the set Z with the metric inherited by R, and we take u as the counting
measure defined on the subsets of Z, then Z becomes a doubling measure metric
space with constant 3 in (15).

The above implies that Lemma 4.1 and Theorem 4.2, can be stated assuming
that b € BMO (Z), and also, estimates (8) and (14) remain the same, but now
writing ([l g0 (z) instead of [[b]| grror (z)-
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