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ABsTrACT. Recently Hossein Jafari introduced a new general integral trans-
form called Jafari transform to solve higher order initial value problems and
integral equations. The main objective of this paper is to modify this integral
transform that we call the p-Jafari transform and to study its properties. Then,
we present interesting results and apply them to solve linear and nonlinear
generalized fractional differential equations. The results obtained confirmed
that the p-Jafari transform acts as a powerful tool for generalized fractional
problems. As a result, we assert that in the future, the modified transform
can be applied to many generalized fractional differential equations that arise
in applied science and engineering.
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RESUMEN. Recientemente, Hossein Jafari introdujo una nueva transformada
integral general llamada transformada de Jafari para resolver problemas de
valores iniciales de orden superior y ecuaciones integrales. El principal objetivo
de este trabajo es modificar esta transformada integral que llamamos trans-
formada p-Jafari y estudiar sus propiedades. Luego, presentamos resultados
interesantes y los aplicamos para resolver ecuaciones diferenciales fraccionarias
generalizadas lineales y no lineales. Los resultados obtenidos confirmaron que
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la transformada p-Jafari actiia como una poderosa herramienta para proble-
mas fraccionarios generalizados. Como resultado, afirmamos que en el futuro,
la transformada modificada se podré aplicar a muchas ecuaciones diferenciales
fraccionarias generalizadas que surgen en las ciencias aplicadas y la ingenieria.

Palabras y frases clave. Transformada de Jafari, integral fraccionaria general-
izada, derivada fraccionaria generalizada de Caputo, solucién exacta.

1. Introduction

Today, fractional calculus and its applications in various branches of science and
engineering is an important area in the modeling of many real-world problems
[20, 21, 23, 26].

Fractional differential equations are an equations that contains fractional
derivatives. These equations appear in many scientific and engineering appli-
cations such as fluid dynamics, plasma physics, hydrodynamics, solid state
physics, biological population models, acoustics and some others, which are
well described by differential fractional equations.

In recent years, many authors have been mainly concerned with solving frac-
tional differential equations using various methods, for example, the Adomian
decomposition method [28], the variational iteration method [22], the homo-
topy perturbation method [27], the homotopy analysis method [25], the differ-
ential transform method [6], the general fractional residual power series method
(GFRPSM) [16] and the modified fractional Taylor series method (MFTSM)
[14].

The integral transform method is one of the most popular schemes used by
many researchers to get analytical solutions fractional differential equations,
thus in the literature, there are various types of integral transforms such as
Laplace transform [19], Sumudu transform [5], natural transform [1], Shehu
transform [3] and many others.

The aim of the paper is to propose a new extension of the general integral
transform that we call the p-Jafari transform to solve various kinds of linear
and nonlinear generalized fractional differential equations.

The main advantages of the proposed method are:

(i) The ability to convert generalized fractional differential equations into a
simple system of algebraic equations that can be easily solved.

(ii) This method gives the solution with less computational calculations and
with high efficiency

(iii) The p-Jafari transform method is free from any restrictive assumptions,
perturbations, discretization, or linearization.

(iv) The possibility of combining an important semi-analytic method called
the Adomian decomposition method and p-Jafari transform method in the sense
of Caputo generalized fractional derivative.
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Furthermore, the novelty of this work lies in the possibility of combining
an important semi-analytic method called the Adomian decomposition method
and the Jafari transform in the sense of Caputo generalized fractional deriva-
tion, which is a generalization of th above integral transforms.

The outline of this paper is as follows. In the next section, we present some
necessary definitions and results from fractional calculus theory. In Section
3, our main results regarding to the p-Jafari transform and their properties
are presented. In Section 4, some linear and nonlinear generalized fractional
differential equations of different types and orders are performed in order to
illustrate capability and simplicity of the proposed technique. The conclusion
is given in the last part, Section 5.

2. Preliminaries concepts

In this section, the preliminaries concepts of fractional calculus and some in-
teresting properties are presented.

Definition 2.1. [10] Let the function u : [0, co[ — R, the generalized fractional
integral of order a, p > 0 of the function u, is defined by

I%Py(t) = F(la) /Ot (tp ; rp)a_l :l(fidr,t > 0. (1)

Definition 2.2. [11] Let the function u : [0, co[ — R, the generalized fractional
derivative of order a, p > 0 of the function u, is defined by

D*Pu(t) = "I~ %Pu(t)

n t p_p n—a-+1
__7 / o u(r) dr,t >0, (2)
I'(n—a) Jo p TP

where v = t!7Pd/dt and n — 1 < a < n.

Definition 2.3. [8] Let the function u : [0,00[ — R, the Caputo generalized
fractional derivative of order «, p > 0 of the function w, is defined by

D& u(t) = I P~y u(t)

1 trgp o\l ¥ u(T)
- ( - ) M >0, @)

where v = t!7°?d/dt and n — 1 < a < n.

For equations (1) and (3), we have the following relation

DEPTPu(t) = u(t), (4)
" oD =i -3 o O () &)
© B P Fa—k+1) \p '
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28 ALI KHALOUTA

Definition 2.4. [20] The Mittag-Leffler function for one parameter denoted
by E4 (z), is defined as

+oo
Zk

Ea(2)=S —~ _ acRt,zeC. 6
(2) Z;r@a+1)ae #€ (©)
and for two parameter denoted by E, 5 (2), is defined as

k

+oo
z
ang (Z)=§m,a,ﬁ€R+,ZEC. (7)

3. Main results

In this section, we present our main results related to the p-Jafari transform
and their properties.

3.1. The p-Jafari transform

Definition 3.1. Let u : [0,00] — R be an integrable function. The p-Jafari
transform of u is given by

3,00 = 5506 =) [ exp (=) ) 10

tl-r

5
: 7\ u(t)
= p(s) Jm | <P <—Q(S)p) -, 0 >0,

where the integral exists for some ¢(s) and the functions p(s),q(s) : Rt — R
such that p(s) # 0 for all s € RT.

Definition 3.2. A function w : [0, 00 — R is said to be of p-exponential order
exp (B%) if there exist non-negative constants M, B, T such that |u(t)] <

M exp (B%) fort>T.

Theorem 3.3. If the function u : [0, co[ — R is a piecewise continuous in every
finite interval 0 < t < A and is of p-exponential order exp (B %) for t > A.
Then its p-Jafari transform exists for ¢(s) > B.

Proof. For any A > 0, then we have
o P\ u(t
J, [u(t)] = p(s)/ exp (—q(s)) —1(7) dt
0 p)t=r

= p(s) /OA exp (—Q(S)t:) :l(%dt +p(s) /Aoo exp (—q(s)t;) :1(73‘#
— I 41,
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Since the function u(t) is a piecewise continuous in every finite interval 0 <
t < A, then the first integral I exists, and since u(t) is of p-exponential order

exp (B%) for t > A, then the second integral I exists.

Indeed,
u(t)
exp ( ) ol
L
ti-

p6) [Coww (<92 ) 50t < i) [
(t)|dt

<o) [ e (~ato) )tl (o)
= Mp(s)/ eXp( (q(s) — B) ) tll—pdt
5

0

Mp(s)
q(s) — B’

The proof is complete. o]

Theorem 3.4. Letu : [0,00] — R be a function such that its p-Jafari transform
ezists. Then )

3, [w®)] =3 [u ((o0)7)] (8)
where J [u(.)] is the usual Jafari transform of u(.) [7].

Proof. According to the Definiton 3.1 of p-Jafari transform, we have

B0l =p6) [ e (<)% ) iar )

Substituting ¢ = % = dip = tldf,, dt and t = (pw)% in equation (9), we get

5, u(0] = o) [ " oxp (—a(s)) ul(p) )

0
- sfo )
The proof is complete. vf
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Now, we present two important properties of the p-Jafari transform.
Theorem 3.5. Let u and v : [0,00] — R be given functions such that the

p-Jafari transform of u and v exists for q(s) > By and q(s) > Ba respectively.
Then for A\, u € R, the p-Jafari transform of Au + pv exists and

Jp Pult) £ po(t)] = M [u(®)] + pJ, [v(t)] (10)

for q(s) > max {By, Bz} .

Proof. According to the Definiton 3.1 of p-Jafari transform, we get

tp) Au(t)  po(t))
p th=r

3, () ()] = p(s) / e (q<s>

tu (p(S) /Ooo exp (—q(S)t:
= N [u(t)] £ pJ, [v(t)] -

The proof is complete. o

Theorem 3.6. Let u and v : [0,00] = R be two functions which are piecewise
continuous in every finite interval [0,T] and of p-exponential order . Then

1

p(s) “UP [u(t” Jp [U(t)] ’ (11)

Jp [(ux,0) ()]

where u *, v is the p-convolution integral defined by

(e ) (0= [ a7 W e
- [ o -
0

= (v, u)(t).
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Proof. According to the Definiton 3.1 of p-Jafari transform , we get

3,013,100 = (o) [~ e (-0 ) 5ar)
X (p(S) /OO exp( q(S)gp) gl(gldf)
[ oo () 2

(12)

Substituting 7° = t# + £ and t*~'dt = 7P~ 1dt in equation (12), we get

3o )3, o) =t [ [ e (<t 2 ) M 2 g
| )

Changing the order of integration, i.e., equation (13) becomes

3,013, 0] =062 [ (a7 ) o~ &)%) 29 gra
= p(s) (p(s)/OZXp ( q(s)Tl)) (/Tu((ff’ - 6”)5)2)1@2055) TcllTp)
:p(s)( exp( ) (w5 v) (T)T‘ffp)
(

p(s)( exp q(s Tp) p V) (T)Tcllip)
=p(s)Jp [(U*pv)

The proof is complete. vf

Now, we give some of the p-Jafari transforms of elementary functions.

Theorem 3.7. Let a,b and c € R and p > 0, then

q" (s)
93, || = o
4) 7, {exp (ai)] = q(];)(sz a,q(s) >a
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, > }
p

5) 3, [sn (o

ap(s)

¢*(s) +a?’

Proof. From Theorem 3.4, we have

[E—) —
=
ol 1T
QU O X
I ~——~
~
ol — \nua/
— w =
4+ ~ 5
S 1|7
_|.( A ol
= Sl
I Il
o
>,
NS
=

¢ = np, then we have

3) If we take
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5)
o[ (4)] o [ (5

= J[sin (at)]

__ap(s)
a*(s) +a*

Jo [sinh (ai)] =J |sinh QM

p
= J [sinh (at)]

ap(s)
q(s)? —a*

5 o (a2)] =3 [ (o2

p
= J [cosh (at)]

q(s)p(s)
q*(s) — a?’

The proof is complete. v

Now, we present the p-Jafari transforms of the derivatives.

Theorem 3.8. Let u : [0,00[ — R be a function which is continuous and is of
p-exponential order exp (B%) such that yu(t) is piecewise continuous in every
finite interval [0,T). Then p-Jafari transform of ~u(t) ewxists for q(s) > B and

o yu(®)] = ()3, [u(®)] = p(s)u(0). (14)
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Proof. Using the definition of p-Jafari transform 3.1, we get

3o but) =p(6) [~ esp (<ot ) T

tl-p

= p(s) /OOO exp (—Q(S)t;> e L

Sdt e
) [ e (~a0 ) w0

Now integrating by parts gives

g— 00

+4q(s) /OOO exp (—q(s)t;> :f_tldt)

= —p(s)u(0) + q(s)J, [u(t)]
= q(5)J, [u(®)] = p(s)u(0).

3o bt = p6s) (Jm_[ex (—at9) ) utt)]

The proof is complete. o

Theorem 3.9. Let u € C7710,00) such that y'u,i = 0,1,2,...,n — 1 are of
p-exponential order exp (B%) . Let v™u be a piecewise continuous function in
every finite interval [0,T). Then, the p-Jafari transform of ~"u(t) exists for
q(s) > B and

n—1

T, (7" u(®)] = ¢"(s)d, [u(t)] — p(s) Z q" R (s)v*u(0). (15)

k=0

Proof. The proof can be done by mathematical induction on n and with the
help of Theorem 3.8. o

3.2. The p-Jafari transforms of the generalized fractional integrals
and derivatives

In the following theorems, we present new results related to the p-Jafari trans-
forms of generalized fractional integrals and derivatives.

Theorem 3.10. Let the function u : [0,00] — R be a piecewise continuous in
every finite interval [0, T] and is of p-exponential order exp (B%) . Then the

p-Jafari transform of generalized fractional integral of order o, p > 0, is given
by

3, [I**u(t)] = T, ()], q(s) > B. (16)
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Proof. Applying the p-Jafari transform to both sides of equation (1), we get

I, 1mu(t)] = 1, lr(la) [(57) drl
o o) [ (55 s
B Oy e
= 25pt6) [ e (—a0 D) (1 0y utt)

= %Jp [tp(“_l) *p u(t)} .

Using Theorems 3.6 and 3.7, we obtain

o) = £ L g [e1] 1
p [1u(0)] = Ty oo [ 1o )
P 1 T p(s) L (pla— 1) :
@ ) (B +1)
1
F@JP [u(t)] .
The proof is complete. v

Theorem 3.11. Let u € ACY [0,T],T >0 and Im—o=key k=0,1,2,..n—1
are of p-exponential order exp (B%) . Then the p-Jafari transform of general-

ized fractional derivative of order o, p > 0, is given by

n—1

Jo D u(t)] = ¢ ()T, [u()] —p(s) Y "~ 7F ()17 u(0), q(s) > B.
k=0
(17)

Proof. Applying the p-Jafari transform to both sides of equation (2), we get
I, [D*Pu(t)] = T, [y" I~ *Pu(t)] .
Using Theorem 3.9, we get

3, [D™Pu(t)] = I, [y 1" ()]

= ()T, [ Pu(®)] — () Y a" ) T u0),
k=0
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36 ALI KHALOUTA

By Theorem 3.10, we have

n—1
5o D™ u(t)] = ()3, [I"=Pu(t)] — pls) 3 ¢~ (& 1"~ u(0)
k=0

n—1

———— T, [u(®)] = p(s) Y ¢" " F () I u(0)

= ¢ (), [w(®)] = p(s) D 4" H ()7 1" u(0).

k=0

From Theorem 2.5 in [8], we obtain

3, [D™#u(t)] = ¢*(s)3, [u(d)] = p(s) 3. q" = ()75 1"~ u(0)

The proof is complete. v
Theorem 3.12. Let u € ACY [0,T],T > 0 and v*u,k = 0,1,2,..n are of

p-exponential order exp (B%) . Then the p-Jafari transform of Caputo gener-
alized fractional derivative of order o, p > 0, is given by

n—1

Jo D& u(®)] = ()3, [u(®)] = p(s) D_ ¢* 7 F(s)7*u(0), q(s) > B.  (18)
k=0

Proof. Applying the p-Jafari transform to both sides of equation (3), we get

I, (D& u(t)] =T, [I”_o"p’y”u(t)] )
Using Theorem 3.10, we get

Jp (D& u(t)] = T, [Py ult)]

1
= ——J, [Y"u(t)].
q"fa(s) P[ ( )]
From Theorem 3.9, we obtain
1

I [D& u(t)] = WJP [ u(t)]
= q”%(s) <qn(5)vﬂp [u(t)] — p(s) i qnlk(s)’yku(o)> .
k=0
=q"(s)J, [u(®)] — p(s) > ¢* " F ()7 u(0)
k=0
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The proof is complete. o

Corollary 3.13. Taking p =1 in equation (18), we get the following results

e The Laplace transform of the Caputo fractional derivative [12], if p(s) =1
and q(s) = s

L [Dgu(t)] = s°L [u(t)] — 3 52 Fu® (0),
k=0

where L [u(t)] is the usual Laplace transform of u(t).

e The Aboodh transform of the Caputo fractional derivative [18], if p(s) = %
and q(s) = s
1 n—1
A[Dgu(t)] = s“Afu(t)] - = > s Fu®(0)

S
k=0

n—1
= s"Afu(t)] — Z 52727k (R)(0),
k=0

where A [u(t)] is the usual Aboodh transform of u(t).

o The Elzaki transform of the Caputo fractional derivative [13], if p(s) = s
and q(s) = 1

S

E[Dgu(t)] = S%E ()] — s i Sa_%u(’“) (0)
k=0

1 n—1
= ZEfu®)] =) _ " u®(0),
k=0

where E [u(t)] is the usual Elzaki transform of u(t).

e The Sumudu transform of the Caputo fractional derivative [9], if p(s) =

q(s) = ¢
S[Deu(t)] = S%S [u(t)] — é - sa—117k u™®(0)
k=0
n—1
— e[S L] - 3 stu® (o)
k=0

where S [u(t)] is the usual Sumudu transform of u(t).
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e The natural transform of the Caputo fractional derivative [24], if p(s) = *

v

and q(s) = 2
N gt = ()N ol - 23 (2) T a0
k=0
= (3)" N o) - > ),
k=0

where N1 [u(t)] is the usual natural transform of u(t).

o The Shehu transform of the Caputo fractional derivative [15], if p(s) =1
and q(s) = 2

v

3
|

(g0 - (2) Bl - 3 (2) b 0),

v = \v
where H [u(t)] is the usual Shehu transform of u(t).

Now, we present the p-Jafari transform transform of Mittag-Leffler func-
tions.

Theorem 3.14. Let o, 8,p > 0, A € R, and |\| < |qa (s)
" p(s)g”" (s)
8 p q"(s) — A (19)
)" N\ | _ p)a” ()
”[ P ’ p q"(s) = A (20)
Proof. From equation (6) and Theorem 3.5, we have

OGHEEo

k=0

, then

and

= )‘k pka
- kzzo pral (ko + 1)JP [7*].
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According to Theorem 3.7, we get

e (0 (%) )] - > e )

k=0
B oo Ak pkep(s)
=L et D) F0 Y
_ ZE +o0 ( A k
q(s) &= \q"(s)
Cpls) 1 A
= )1 qu(b) irae <1
= PO ) < g7 o)

From equation (7) and Theorem 3.5, we have

((2))

(5) w2 () 8

W\ TN ) T ) & Tkt )
+oo
:Z A 7 [t(’erB*l)p].
£ petB=1T (ka + §)""

According to Theorem 3.7, we get

A P\ = A (ka+8-1)
e [(p) Fauf (A <p) )]:Zpkawll“(kaJrﬁ)J” g

k=0
too k ka+p-1
A P p(s)
= F
L et ) ge(s) |0
_ pls) f( A >k
() 2\ (5)
p(s 1 A
= <1
ﬁ o A b [e%
PO 1 2|
a—f
_p(s)a (s) «
= oy N <6
The proof is complete. vf
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4. Applications

In this section, we examine the validity of the p-Jafari transform to some linear
and nonlinear generalized fractional differential equations.

Example 4.1. Consider the generalized fractional differential equation
DPu(t) — du(t) = f(t),t > 0,0 < a < 1, (21)

with the initial condition
1Py (0) = b, (22)

where A and b are constants and D ? denotes the generalized fractional deriva-
tive of order a, p > 0 of the function wu(t).

Applying the p-Jafari transform on both sides of equation (21) and using
Theorem 3.11, we get

g% ()T, [u(t)] = p(s)I'~Pu(0) — AT, [u(t)] = T, [f(£)]. (23)
Substituting equation (22) into equation (23), we get
(q%(s) = A) Jp [u(®)] = p(s)b =T, [f(2)] -

So

__p(s) 1

Using Theorems 3.5, 3.6 and 3.14, we get
P a—1 1P o
() = 0(5))s0
P p

-5 . 0 2))
B b)) ) b3 ]

Therefore, we have

corm a2 e ) 5 e 5

(24)

+J,

When p =1 in equation (24), we get

u(t) = bt By o (M) + /O (t—7)" Eqo At —7)%) f(r)dr.

This is the exact solution of equations (21)-(22) which is perfectly consistent
with other existing methods [17, 24].

Volumen 58, Numero 1, Afio 2024



NEW RESULTS OF THE p-JAFARI TRANSFORM AND THEIR APPLICATION... 41

Example 4.2. Consider the Caputo generalized fractional differential equation
D& u(t) + bu(t) = 0,6 > 0,1 < a < 2, (25)

with the initial conditions
u(0) = ¢o,yu(0) = ¢, (26)

where b, ¢y and ¢; are constants and D¢ denotes the Caputo generalized
fractional derivative of order a, p > 0 of the function u(t).

Applying the p-Jafari transform on both sides of equation (25) and using
Theorem 3.12, we get

q*(5)Jp [u(®)] = p(s) (¢°7" ()u(0) + ¢**(s)yu(0)) + I, [u(t)] = 0. (27)
Substituting equation (26) into equation (27), we get
(4% (s) +0) Ip [u(t)] = p(s) (cog® ™" () + c1°72(s)) = 0.

So
p(s)g*'(s) p(s)g*2(s)
q*(s) +b q*(s)+0b

Using Theorems 3.5 and 3.14, we get

= ((5) )] o s ()]
o (32 (o ()]

Therefore, we have

u(t) = coFe (—b (’;)) +elBay <_b (tp)) . (28)

When p =1 in equation (28), we get

Ip [u(®)] = co

u(t) = coEa (—bt™) + c1t*Eq 2 (—bt*) .

This is the exact solution of equations (25)-(26) which is perfectly consistent
with other existing methods [17, 24].

Example 4.3. Consider the non-linear Caputo generalized fractional differen-
tial equation
DEPu(t) =u*(t) +1,t > 0,0 < ar < 1, (29)

with the initial condition
u(0) = 0. (30)
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42 ALI KHALOUTA

where D//” denotes the Caputo generalized fractional derivative of order a, p >
0 of the function u(t).

Applying the p-Jafari transform on both sides of equation (29) and using
Theorems 3.7 and 3.12, we get

I, ) = 22,

7> +i(s) qa(s)“]]p [“ (t)] . (31)

Taking the inverse p-Jafari transform of both sides of equation (31), we obtain

o

-1 1 2
U(t) = m +Jp <qa(s)Jp [U (t)]) . (32)

Now, by using Adomian decomposition method, then the equation (32) can be
rewritten as

where A,, are the Adomian polynomials of the nonlinear term u?(t) and it can

be formed as
N (Z/\uﬂ n=0,1,2,..
1=0 A=0

The first few components of A,, polynomials are given by

> 4,
n=0

Su = Ly
T peT(a+1) T \g%(s)™”

_ 14"
T pldan

2
AO - UO,
Ay = 2uguy,

— 2
Ay = 2u,u, +uy,

We define the following recursive formula

o
uo(t) = PONCESI
L1
)= 357 (0 4] ) 2 0
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This gives
1 ter
uo(t) = T(atl) (a+1) pT’
3a
wn(t) = I (2a+1) t3ep

2 (a+1)T (3a+1) p3>’
2 2a+ 1) T (4o + 1) toap
B (a+ 1)L (Ba+ 1)T (5a+1) poe’
4T (2a4+1)T (Ba+1)T (4a+1)T (6 + 1)+T2 (2a + 1) T (5o + 1) T (6a + 1) £72¢
us<t):< T4 (a+1I2Ba+ )T (5a+ )T (Ta+ 1) )

u2 (t) =

e
p7a

Therefore, the series solution is given by
® 1 ter r'(2a+1) t3er 2T' (2a+ 1) T (4 + 1) [
w(t) =

N (4F(2a +1)IBa+1)T(4a+ 1) T (6 + 1) + I'? (2a + 1) I'(5a + 1) T'(6ax + 1)) t7ee N

D(a+1) p*  T2(a+DT@Ba+1) p3@ ' I3(a+1)T(Ba+1)T (5a+1) po
Ma+1)T2@a+1)I'Ga+1)T(Ta+1)
Taking o = 1 in the above equation, we get

) tP +1t3f’+ 2 t5f’+ 17 t7f’+
ut) = —+-—4+——F5+ ——
pe 3 p3 15 p5 315 p7

P
= tanh <) .
pOé

This is the exact solution of equations (29)-(30) which is perfectly consistent
with other existing methods [2, 4].

p7a

5. Conclusions

In this paper, we have defined an interesting type of general integral transform
modification of the generalized fractional integrals and derivatives. This mod-
ification called the p-Jafari transform. Moreover, we studied some important
properties of the the p-Jafari transform. As an application and justification
of our results, we illustrate some applications. The use of p-Jafari transform
gives more advantages in fractional calculus, especially in generalized fractional
differential equations to describe the systems under study.
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