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Resultados de existencia para algunos problemas parabdlicos
degenerados anisotréopicos con términos y funciones de fuente de
orden inferior
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ABsTRACT. In this study, we establish the existence and regularity of weak
solutions for the anisotropic degenerate parabolic equation, namely.

N
Oru = 3" (Di(as(t, . w) Deal” > D) + [ul " ul Dyul) = [u]
i=1
fl<r<7p +1land T > p% with p~ = minj<;<n p:, then there exists a
non-negative weak solution for every positive initial data in L'.

Key words and phrases. L™ estimates, nonlinear anisotropic parabolic equa-
tions, degenerate coercivity.
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ResUMEN. En este articulo, probamos la existencia y regularidad de las solu-
ciones de la ecuacién parabdlica anisotrépica no lineal

N
Oy — Y (Di(ai(t, , w)| Diu|” "2 Diu) + [u] ™~ 2u| DaulP) = |u]"~u,
i=1
sil<r<7p +1ly72> p% con p~ = mini<;<n pi. Probamos la existencia

de una solucién débil cuando los datos iniciales son funciones en L'.

Palabras y frases clave. Estimados L°°, ecuaciones anisotrépicas parabdlicas no
lineales, coercitividad degenerada.
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162 RABAH MECHETER, HELLAL ABDELAZIZ & NOUREDDINE DECHOUCHA

1. Introduction and preliminaries

Our main objective is to prove the existence and regularity of solutions to the
following nonlinear anisotropic degenerate parabolic problem:
(P)
Oyu— 321 (Dilai(t, , w)| DiufP "2 Dyu) + [u| ™ ~2u| DiufP) = [u|""*u  in Qr,
u(0,z) =ug(z) >0 inQ,
u=0 onI7.

where €2 is a bounded open subset of RY (N > 2) with Lipschitz boundary
denoted by 99, T is a positive constant, ug € L*(Q2), Q7 = (0,T) x Q with the
lateral boundary I'r = (0,7T") x 012, and under the hypotheses

L
=

T>—, 1<r<Ttp +1 (1)

The function a; : (0,7) x RV x R — R are Carathéodory functions and satisfy
for almost every (t,z) € Qr, Vs € R, the following:

1
—— < a(t,z,s) < cog, 2
Ao = “hm = )

where ¢, co are strictly positive real numbers and g; > 0. We recall that if
holds true, the differential operator

pi_2Diu))’

N
U — Z(Di(ai(t, x,u)|Diu
i=1

is not coercive as u becomes large. Degenerate coercivity suggests that when |ul
gets large, (HTW goes towards zero. To address the issue of non-coercivity,
the approach consists of approximating the operator by using truncations in
a;, the function that influences the coefficients of the differential operator. This
approximation is aimed at making the operator coercive. The original problem
(P) is approximated by a sequence of non-degenerate problems (P,). This ap-
proximation likely simplifies the analysis by replacing the original problem with
a series of related, easier-to-handle problems. The next step involves proving a
priori estimates on the sequence of approximate solutions obtained from solving
the (P,) problems. These estimates provide bounds on the solutions, which are
crucial for passing to the limit in the subsequent step. After establishing the a
priori estimates, the passage to the limit is performed. This involves showing
that as n tends to infinity, the solutions of the approximate problems converge
to a solution of the original problem (P). This step requires careful analysis
to ensure convergence. Depending on the initial data ug, the existence of solu-
tions to (P) is proven using different techniques, which are new compared to
those in [2]-[16]. For up € L*°(2), the passage to the limit from the sequence
of non-degenerate problems is employed. For ug € L'(Q) is approximated by
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Ugn, € L®(R2), and the results from the first case are used to establish the
existence of solutions

we LT (0,T; Wy %(Q)), 1<q <p;— N.

—i=1,...
N + 17 1 ) 3
In the non degenerate isotropic case p;, = p =2, ; = 0 and for positive initial
data, the existence of solutions to problem (P) is proved in [] and if 7 = 1/2
on this problem

ou— Au+ v HVult =u" inQr=(0,T) xQ
u(0,2) = up(x) >0 in Q (3)
u=0 onTp=(0,T) x 00

Chipot and Weissler [I0] examined the presence of non-global positive classical
solutions, specifying conditions for blow-up given certain assumptions about
p,q, N and . In the work by Andreu [4],the global existence of non-negative
initial data was demonstrated for the scenario where ¢ > p > 1. However, in
reference [19] it was observed that problem (1) does not have global classical
solutions when r > 2,7 > 1/2 and 27 +2 < r.

Mecheter and Mokhtari [14] studied degenerate coercivity with a singu-
lar lower-order term depending on the gradient, but their work was limited to
isotropic operators. In contrast, handling anisotropic diffusion (the p;-Laplacian)
and proving regularity under weaker assumptions (Theorem requires the
application of the anisotropic Sobolev inequality .

In [I2]-[I6], the authors investigated similar anisotropic problems, but with-
out lower-order terms. The inclusion of the term |u|™~2u|D;u|Pi necessitates
new gradient estimates (Lemmal4.2]) and a modified limit passage (Section 4.1).

Mecheter [I3] focused on an isotropic weighted elliptic problem with vari-
able exponents and L' data. However, the present work addresses the parabolic
anisotropic case, introducing time-dependent truncations and compactness ar-
guments (Lemma that were unnecessary in the elliptic setting (as in [1]).

In recent years, research on anisotropic problems has grown significantly.
This area is important because it has many real-world applications. Materials
like liquid crystals, wood, and the Earth’s crust often have different properties
in different directions. Problem (P) helps model these natural behaviors. For
instance, it can describe how fluids move in materials that conduct differently
in various directions. In biology, it can model how diseases spread in uneven
environments (see, for example, [6]-[8]).

The paper is structured as follows: In Section 2, we define the weak solution
and focus on presenting the main results of the paper. Then, in Section 3, we
demonstrate the existence of weak solutions w in the first case, where ug €
L (£2). Section 4 examines (P) with initial data of ug € L'(Q).
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164 RABAH MECHETER, HELLAL ABDELAZIZ & NOUREDDINE DECHOUCHA

We assume here that the exponents ¢; satisfy § < N. Then
N
1 1
V&

and there are continuous embedding Wy % (€2) — L(2) for all s < g*, which
turn out to be compact only when s < g*. Possible references on the theory of
anisotropic Sobolev spaces are [3, 20]. For the convenience of the reader, let us
recall some basic fact about some anisotropic Sobolev spaces.

Let Q be a bounded smooth open subset of RY and p; > 1 for i = 1,..., N.
We introduce the anisotropic space

e Na
= whnere
T=N_7

| =

WPi(Q) = {u € LP (Q)|Diu € LP (Q)},
which is a Banach space under the norm
lullwrr: ) = lullzri@) + 1DiullLri @), i =1,..., N. (4)
We define also W, () as the closure of C§°(Q) with respect to the norm @,
its dual is denoted by W~1i(2). Then one has the following Lemmas.

Lemma 1.1. [I5] There is ¢; > 0 such that:
Vo e Wy (), llellze: < cill Dl

Lemma 1.2. [20] There exists a positive constant C, depending only on €,
such that for u € Wol’(pi)(ﬂ), P < N, we have

N
1
lullzey < CTLIDwlF ) Vs € [1LF] (5)

i=1
where s =p* = NN—E with p given by % = % Zfil i, if p > N, the inequality
(B) is true for all s > 1, and C depends on s and |9].
2. Statement of Main Results

Given a positive real number j and r, we define the functions T;(r) as
max(—j, min(r, j)) and its primitive ©; : R — R* as follows:

2

" - if:lr] < 4
o= [ { %, =
0 gl =%, iffr] > j

we will then use the following results

<0O;(r) <jrl, vreR. (6)

-2
jirl - L
2
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Definition 2.1. Assume that . hold true. We will call a weak solution
of (P) a function u € L(0,T; W0 )N L®(Qr)NC([0,T); L1(2)) such that
u™Pi~ D;ulPi belongs to Ll(QT) i= 1 N, w1 € LY(Qr) and

T
—/ /u@tgadxdt—/ ©(0, x)up(x)dx
0o Jo Q

N T
+Z/ /ai(t,x,u)|Diu\pi_2DiuDi<pdxdt (7)
=170 JQ
N T T
—|—Z/ /qui71|Diu picpdmdtz/ /u’”*lgodxdt,
—Jo Ja 0o Ja

for every ¢ € LP (0,T; W, " () N L®(Qr) such that dyp € LP
(0, T;W=Hr(Q)) + L} (Qr)-

The first result deals with a given uy € L*(€2).

Theorem 2.2. Let ug € L>(Q) and suppose that (1))-(2)) hold true. Then, the

problem (P) has at least one non-negative weak solutionu € LP (0, T; Wy ' (2))
NL>®(Q7) N C([0,T); L*(2)) in the sense of Definition .

The next result considers the case where uy € L'(Q).

Theorem 2.3. Let ug € L'(Q) and suppose that — hold true. Then, the
problem (P) has at least one non-negative weak solution w, i.e., a function

we LY (0,T; W™ (Q))NC([0, T]); L* () in the sense of Deﬁnition where

N
1§Qi<pi_m, i=1,...,N. (8)

3. Proof of Theorems [2.2]

Let n € N be arbitrary, let us consider the following approximated problem
(Pr)
6tun - Zi\il (Dz(al (ta x, Tn (un)) |D7,un ‘pii2Diun) + |un |Tpi 72un ‘Dzun |p1)

= Tu([unl™2un), in Qr
Un(o,.lﬁ) = UO(:L')7 in
un = 0, on I'r.

Note that by (2)) and |7, (u,)| < n, we have

C1
where o™ = max g,

, >
ai(t, 2, To(un)) = (1+n)e*’ 1<i<N

so that the operator B : v +— div(a;(t,x, Ty (un))|Divn|Pi =2 D;vy,) is coercive.
For the existence of the solution w, in LP~ (0, T; Wy (2)) N C([0, T]; L2(2))

of problem (P}) is classical, see [II] for instance.
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Remark 3.1. According to [9], and given the inequality |T,,(|un|""2uy)| <
n, where ug € L®(Q), it can be easily verified that ¥(t) = nt + |Jug||pe= is
a supersolution and o(t) = 0 is a subsolution of problem (P}). As a result,
there exists a weak solution w, of (PY) such that ¢ < uw, < ¥ in Qr, and
consequently, u, belongs to L>=(Qr) and u, > 0. Therefore, u, solves the
problem.

At — SN (Di(as(t, @, T (tn))| Ditin [P~ 2 Dytn) + i~ Dy [P

= TTL(u;71)> in QT
Un(O,LE) = ’LLo(l'), in Q
Un =0, on I'r.

(9)

We will use specific constants C' or C} that rely solely on the structure of
d, pi, 7,7, T, ug, |Qr|, for each k in the set of natural numbers.

Lemma 3.2. Let u, be a solution of problem @D and suppose that holds
true with p; > 1,1 =1,...,N. Then, we have

o the sequence {uy} is bounded in L>=(Qr),
e the sequence {Tj(u,)} is bounded in LP (0, T; Wy (2)).
Moreover, there exist a positive constant C such that

ur? | Diug [P || 1@y < C, i =1, ..., N.

Proof. Choosing ¢ = u,, as test function in the approximated problem @D, we
obtain, using

| Ditn |
Byt un)dt + //—ddt
/O (Opn, clz 1+ |Tn(un)))e ™
S
; o Ja
T
S/ /|Tn(uf;1)\undxdt.
0 Q

Diun

Pidxdt (10)

Because that [T, (u"~1)|u, <u’ and

[\

Q
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Applying Lemma, and dropping positive term, we get

! “(t+1) "
Cl/ /uﬁ T dzdt < / /uﬁ”
T 1
r 2
§/ /undmdt—i—f/uodx,
o Ja 2 Ja

Since r < 7p~ + 1 < p~ (7 4+ 1), it follows from Young inequality that

T
/ / uP Y dgdt < Cs,
0 Q

which implies that the boundedness of (u,) in LP~ "tV (Qr). Now, we prove

that the sequence (u?.~1),, is bounded in L'(Qr). To this end, we choose u’**

as test function in (9) where v > 0, we find
1(v+1) Z/ / __|Daunf” ”da:dt—i—Z/ / ulPi | Dijuy [P dadt
(1 + [T (un)]) 2

/ /|T |ult dzdt + C.

Dropping the non-negative term and by Lemma [T} we obtain

T T
/ / uP "D dpdr < / / u" T dedt + C. (11)
0 Q 0 Q

Now, we can choose v =p (1 4+ 1) — 7 (v > 0 since (1)), so p~ (1 +1)+v =
2p~ (7+1)—r. Then by (TI), we obtain that u, is bounded in L2~ ("+D="(Q7).
Consequently, an iterating procedure gives us that (u,) is bounded in L™(Q7)
for all m < +oco. Indeed, if we consider v; > 0 such that r + 14 = 2p~ (7 +

1) —r, by (T1)) and the fact that (u,) is bounded in L% ("+D="(Q7), then it is
bounded in L* ("+1)=3" Now consider v, > 0 such that r+v, = 4p~(74+1)—3r
and deduce that (u,,) is bounded in L®~ ("+1=77(Q;). Hence we can obtain
that (u,) is bounded in L2'?~ ("+D=2"=Ur(Q7) for all s € N. Since

Pidxdt

Diun

2°p (r4+1)—=(2°=1)r=2°(p (r+1)—7r)+7r = 400, as s — +oo,

we deduce that (uy) is bounded in L™ (Qr) for all m < +o00. Because there is
s’ > 0 such that M > pﬂ_+17

N
(ur) is bounded in L™(Qr) for some m > — + 1, (12)
p
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witch implies that (u”) is bounded in L'(Qr). Using the nonnegativity of

n
the lower order gradient term and solely the principal part of the opera-

tor, standard parabolic estimates (see, for instance, [7]) imply that (u,), is
bounded in L>®(Qr). To prove that the sequence (Tj(uy))n is bounded in

LP"(0,T; W, " (Q)), we choose Tj(u,) as test function in (9) and the fact that
|T, (ur=1)| < ur=1, we obtain

N T
/ 0, (un) (T + 3 / / s (t, 2, T ()| Ditin [P~ 2 Dyt Di (T, ()t
Q —Jo Ja
N T
+Z / / wlPi N Dy |P T () dasdt

/ / i (un) dxdt+/ O (un)(0)dz. (13)

Since ©; > 0 and uZPi T} (uy,) > 0, so after dropping non-negative terms and
using @, we obtain

i/OT/Qai(t,x,Tn(un))

T
< / / T et + ol 21 .
0 Q

According to the conditions and for n > j > 0, we get

N T T
a E ' ; —1 .
T AT D;T;(uy)|P drdt < ur” tdxdt + j||lu
(1 —|—j)p+ i_l/O ‘/Q‘ J( )l ]/0 ‘/Q j” 0||L1(Q)

Using and the fact that ug € L (1), there exist a positive constant C
such that

Pi=2 Dy, Dy (T (uy,))dadt

1T ()l o= (o, 2271 0y < Cs 8= 1,0 N, (14)
Therefore by the bounded of w,, in L>(Qr), the estimate (14)) implies that
<c, (15)

HunHLp (0,T; WP (Q)) =

Moreover, if we take @ as test function in @ and dropping the non-negative
terms, we obtain

N T
T (wp,
Z/ /u;pi*1|Diun|p17](iu )d:vdt
i—1J0 Ja J
J

< fpe
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T (un)
J

T T
Ti(up
/(/%WHQ%WJEJMﬁS/(/%*m&+mﬂmm
o Ja J o Ja

Letting j tend to 0 and by Fatous Lemma, we deduce

Using <1 and ({6, we have

JurP [ Diun [P L1 (@ry < C. (16)
o
If we take n to be sufficiently large, we obtain T, (ul,"') = ul~! and
T, (un) = up, so we conclude that u, is a weak solution of
(Pn)
Aeun — SN (Di(ai(t, 2, un )| Ditin [P 2 Diun) 4+ ufP | Diug [P1) = ul ™!, in Qr
un(0,z) = uo(x) > 0, in Q
un = 0, on I'r.

Then, we have the weak formulation of (P,) as follows

T
—/ /unatgodxdt—/ ©(0, 2)ugn (x)dx
0o Jo Q

N T
+Z/O /Qai(t,x,un)|Diun|pi_2DiunDi<p
i=1

N T
T 7;—1
+ E / /unp | Dy
-1 /0 Ja

for every ¢ € LP (0, T; Wy ()N L>®(Qr). with 9, € LP™ (0, T; W~17:(Q))
+LY(Qr).

Remark 3.3. We observe that Theorems still hold even when the coef-
ficients a;(t,x,u) are discontinuous in x, provided they are either piecewise
Carathéodory or bounded measurable functions approximated by continuous
ones. The crucial point is that the truncation technique employed in Lemma

does not rely on global continuity-measurability and boundedness suffice for
the argument.

T
p’%pdmdtz/ /ur_lcpdxdt, (17)
0o Ja

Now, to pass to the limit, we have to prove the convergence almost every-
where of D;u,, to D;u.

Lemma 3.4. Let u,, € LP (0,T; W, (Q)) is a weak solutions of problem ©).
Then,

D;u, — D;u a.e. in Q. (18)
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170 RABAH MECHETER, HELLAL ABDELAZIZ & NOUREDDINE DECHOUCHA

Proof. By Lemma we have the sequence {u,} is bounded in the space
L®(Qr) N LP™(0,T; Wy P (Q)). Then, there exist a function u € L>®(Qr) N
LP”(0,T; W, P (Q)) and a subsequence, still denoted by {u,}, such that

u, —u weakly in  LP (0,T; Wy (). (19)

Moreover, we have

Di
pi— 1

dyuy, is bounded in LP~ (0, T; W17i(Q)) + LY(Qr), p, =

using compactness argument in ([I8] Corollary 4), we obtain that
u, — u strongly in L'(Qr), and a.e. in Qr. (20)
Now, we prove that
D,T;(un) = D;T;(u) strongly in LPI(Qr) forall keN. (21)

We present a new time truncation regularization. We will approximate T (u)
by using the sequence (T;(w)),. When v > 0, the time regularization of the
function T (u) is defined by the following equation:

t

(T(w)), (t, ) :== v / eSO (u(s, ))ds + e 71T (ug), (22)

— 00

where T (u(s,x)) is the zero extension of u for s < 0 (See [21]). This regular-
ization has the following properties:

o [(Ti(w)w)l <
e (DTj(u)), — D;Tj(u) strongly in LP(Qr)asv — +o0.

Let I > j and let us take
@n = Toj(un = Ti(un) + Tj(un) — (T;(w))w),

as test function in (P,), we have

T N T
/ <8tun,wn>dt+2/ /ai(t,x,un)ﬂDiun
0 —Jo Ja
N T T
+Z/ /u;pi_1|Diun\piwndxdt:/ /ug_lwndacdt. (23)
—Jo Ja 0o Ja

We will also denote by 7(n, v, 1) any quantity I such that

piiZDiun)DiwndIdt

lim lim lim I=0.
l—+o00 v—>r4+00 n—>+00
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By the same technique of [I7], we can obtain that
T
/ (Optin, o )dt > T(n, v, 1).
0

From the estimate above, we can express the inequality as

N T

Z/ / ai(t, 2, u, )| Ditn [P 2 Dy, Do, dadt

= Jo Ja

N T
T 7‘,—1
+ g / /unp | Dy,
=1 /0 Ja

T
Pigg,drdt < / / ul o, dedt — 7(n, v, 1).
o Ja

Since |T}(u)| < j, @y can be written as

@n = Tigj(un = (Tj(w)y) = Tiej(un = Tj(un))-

By splitting the integral on the left side into the sets where |u,| < j and where
|un| > 7 and discarding some nonnegative terms, we can derive the following

N T
Z/ /ai(tﬂc,un)|Diun\pi72DiunDiwndwdt
=170 JQ
c Nogr
> 1 / / \DiT-(un)|m_2DiT-(u,L)Di(T-(un) — (T (u)),)dzdt
(1+5)e" ; o Jtuni<sr ’ ’ ’
N T
X [ Dl DDA () e
i=1 70 {lun|>j}

The inequality above indicates that

C1 N T
G S )P D D8 ) ().

N T

+ //qui71|Dlu
N T
S L[ P
i=1 0 {lun|>35}

T
—|—/ / u' o, dedt — 7(n, v, 1).
0o Ja

Pigg,dxdt < co

P Di(T () |dadt
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Furthermore, we have

c N T
g 2 ) L IPT ) D ) DTy DiT )
i=1

x Di(Tj(un) — (Tj(u)), )dzdt
N T
<ad [ [ D DT ) o
i=1 70 J{lun[>j}

c N T
=S [ DT DI D) - (@) s

N T
- g / / urPi= | Dy,
=170 /@

:Il+IQ+13+I4—T(’I’L,V7l). (24)

T
Pigg, dxdt + / / u' Y, dedt — 7(n, v, 1)
0 Q

Limit of I;. By ensuring that |D;u,|?*~! remains bounded in L?(Qr), and
by invoking the dominated convergence theorem, we have

X{lun >34 Di(Tj (w))o] — Xqluj>53 | DiTj(u)|  strongly in - LP(Qr),
which is zero, as n,v — +o0o. Thus, we obtain

lim lim I; =0. (25)

v—+00 n—>+00
Limit of I,. Since (14), we obtain D;Tj(u,) — D;T;(u) weakly in LP*(Qr)
and the boundedness of | D;Tj(u)[P*~2D;T;(u) in LP:(Qr), we obtain

lim lim I,=0. (26)

v—r+00 n—>+oo

Limit of I3 we have

N T T
-y / / TP Dyu |Pi wp dadt < — / / ulP Y DT (un ) [P dasdt
=1 0/ 0 {Ogungj}

T
<o / / DT ()P [ |, (27)
0o Ja
where C¥_ be a positive constant, such that C} = max,, cjo ;) usP* . Given
(14) and the inequality
| DiTy(un) P [won| < 25| DiT (un) | Lri (@) € LH(@Q),
Using (20)), the definition of (T}(u)), and the Lebesgue dominated convergence

theorem, we have

T
lim  lim  lim 5 <CP lim / / | DAT () [P Ty (=T ()| et = 0.
0JQ

l—+o00 v—>+00 n—>+00 7 l—+o0
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Limit of I, By the properties of (T}(u)), and (20), we find
lup | < 2]|up ™ @) € LY(QT),
also, by Lebesgue dominated convergence theorem,

lim lim lim I, =0.
l—>+o0 V—>+00 n—>+00

Now, passing to the limits in as n, v, [ tend to infinity, we deduce that
lim AJ =

n—>-+o0o
where

AJ *//HDT Un) [P DT (un)—| DTy (w) [P DTy (w)) D (T (un )T (u))dxdt.

Using the following inequality (|£|Pi=2¢ — |n|Pi=2n)(€ —n) > 227Pi|€ — n|P if
p; > 2 we find,

> 927" / / (T () — T ()P dadt.
{rGQ,p>2}

If 1 < p; < 2 we have (|€[P=2€ — [p[P=2n)(E — ) > (pi — 1) e, s0

(I&]+Inl)2—Pi>
T
/ / DTy () — T ()| davdlt

—T:(u Pi pi(2—p;)
/ / un) — Ty ( ))‘p ey X (IDT ()| + DTy (w))) ™7 dadt
|DT Un \+IDT( )]}
< ” |D1( j( n) - Tj(u))|pi ‘
> pi(22—pi) LE([O,T]XQ)

(1D:Tj (un)| + | D: T (uw)])

p;i(2—p;)
2

XA (IDiT; (un) | + [DiT; (w)])

// un) = Ty (u)) dwdt)%
|DT \+|DT(>|)"’*”

//\DTun|+|DT()\)’“dxdt)

<1 F ) E ( / [ (DT )+ 1D @] dad) (28)

L 2*2?11 ([0,T]x Q)

2—p;

Since A7, —> Oasn — —|—oo and (T} (un))n is bounded in LP~ (0, T; Wy ** (Q))
(see lemma , we obtain . So, we conclude that (up to subsequences)

D;u, — D;u  almost everywhere in Q. (29)

v
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Lemma 3.5. We have

ulP T Dy [P — wP T DyulPt strongly in - LY(Qr). (30)

Proof. In view of and , we already know that this sequence con-
verges a.e. in Q. So, on account of Vitali theorem, only the proof of the
equi-integrability is necessary. To this end, we take again ¢ = T (u,) as a test
function in problems (P,) and after dropping the non-negative terms, we derive

T
T i—l
/ /unp | Djuy,
o Ja

g/OT/Qu:L1|Tj(un)|dxdt+/QGj(un)(O)dx.

Taking into account that for any K > 0, 0 < |Tj(s)| < K + jlssk, s € RT, we
have

T T
/ /u;—l\Tj(un)\dxdt < K.C||un||g;}(QT)+j/ / W ldadt,
0 Q 0 up>K

Consequently, since (|15]), we have
T 1 T
/ / u;pi_1|Diun\pidxdt = — / / u;pl_l‘Dlun‘plTJ(un)d{Edt
0 Un >J J Jo Uy, >

1 T
<= K.C+j/ / u:l_ldacdt +j/ X{un>k}tondT |,
J 0 up>K Q

k T _
Saﬁ/m/mmmﬁfﬂﬁ+/MwMWM”
J 0o Ja Q

We take k = /7, we obtain

N T
P (uy, )dzdt < Z/ /u;”"_1|Diun|p’3Tj(un)d$dt
—Jo Ja

T
/ / uTP Y Dy, [Pidadt —7 7T 0 uniformly with respect to n, (31)
0 un>j
then, there exist jo > 1, such that
r €
/ / urP 7 Dijug [Prdadt < = Vj > jo, Vn € N. (32)
0 Jun>j 2

Let E be a measurable subset of 2, then

T T
/ / TP Dy, |Pidrdt < / / uTPi Y Dy, [P dadt
o JE 0 JEN{u,>j}

T
+Caplr/ / |D; T (up)|Pi dxdt.
0 En{un,<j}
(33)
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where C’pz = maXy,g0,5] Unl' 1. Moreover, since . there exist n. and o,
such that for every £ C (2 w1th meas(E) < 0, we have

/ / IDLT ()
En{u,<j}

Arguing this and from , and taking n > n., j > jo we see that

T
meas(E) < 0. :>/ / u? 1 D;u,
o JE

So, this sequence is equi-integrable in Q. This proves (30)). o

Pidxdt < 2Cp , Vn>ne..

Pidxdt < e.

Lemma 3.6. we have
u, —u in C([0,T]; L*(Q)). (34)

Proof. We define the vector-valued function a(t, z, s, &) : Qs x RxRY — RN
where a(t,z, s, &) = a;(t, , s)|&[P~2&. Taking Tj(un — tm) 1o, (¢ € [0,77)
as test function in (P,) for w, and u,,, subtracting up both identities, we
deduce that

N t
O, (un(t) — um (£))dz + Z/ / (@(t, , un, Dittn) — G(t, 2, Dyti)]
Q —Jo Ja

DlTJ(Un — Um)
N t
+ :lpq‘,—
AL

t
< / / ? Y — [Tt — )|+ / 10, (11 (0) — e (0)) |z
0JQ Q

i Tp;—1
Pi — TP Dyt

P T (i, — ) dwdt

Note that I]* is well de’ned and I]* > 0, where

t
= / / [a(t, z,un, Diuy) — a(t, ©, tn, Dity, )| D; (uy — ) > 0.
Q

Dropping non-negative terms, we get

/QGj(un(t)—um(t))dx<j§;/0t/ﬂ|u;m
+j/0tA|UZ_1 _u:ﬁ_l‘dxdt+j/52|(un(0)—um(0)|d$.
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Next, we divide this inequality by j and let j — 0. Since @, we obtain

sup /\un — U (t |dx</ /|u”’1
t€[0,T)
+/ /|u:flfu:n*1\dxdt+/ [(tn,(0) — 1, (0)|dx.
0 Q Q

Taking into account , we deduce that (u,) is a Cauchy sequence in
C([0,T]; L*(Q2)). Consequently holds true.

To finish the proof of the Theorem by , , and together
with Vitali?s Theorem, we arrive at

ai(t, 2, wp )| Diun [P 2 Djty, — a;(t, z,u)|Diu[Pi > Dju weakly in LPi (Qr).

Pi

Tpi—1
—urPP 7 Dy,

dxdt

Arguing this and the convergence (|12] . we can pass to the limit for
n — +oo in the weak formulation |.i we obtain that u is a weak solution
for (P). o

4. Proof of Theorems [2.3

In Q, let (uop), where ug, = T (ug) > 0, be a sequence of bounded functions.
This sequence converges to ug in L'(Q). The existence of the approximate
solution wu, of problems (P,) is guaranteed by Theorem Thus, 0 < u, €
LP™(0,T; W, P (Q)) N L>®°(Qr). Additionally, it satisfies the weak formulation
(T7). We will utilize the function defined by G;(r) = r — Tj(r) for every r € R.

Lemma 4.1. Let ug be in L'(Q). Assume that 15 true and let the sequence
(un) be a solution that satisfies (17). Then we get

e the sequence {ul' "'} is bounded in L'(Qr),

o the sequence {uy,} is bounded in L>(0,T; L*(£2)).

Proof. Take ¢ = Tj(u,) as test function in the weak formulation and
dropping the non negative term (see ), we have

T N T
/ /u;pf_l\Diun\prj(un)dxdt§ Z/ /u:f’i_l|Diun|p’iTj(un)dxdt
0o Ja —Jo Ja

< /0 ’ /Q VT () derdt + /Q 0, (up) (0)da (35)

We can write the first term in the right hand of above inequality as

// i (up)dodt = // udazdt—l—k// ul Y dxdt
{un<]} {un>]}

< Cl + Cg/ / r 1dl‘dt
{uw >]}
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so, that

T T
/ / (Gj(un) + )™ Y Diun|P dadt < / / ul? M Djun [P T (uy)dodt
0 Hun>j} 0 JQ
T
<Cs3+ 04/ / (Gj(un))T_lda:dt + ||u0||L1(Q)
{un>j}

where G (uy,) = un, — T (uyn) = u, — j on the set {u, > j}. Using that

. -_1 - Tpi —1 P 1+TIJ 1 P
(G () + 37 | Diual?” = (1+ - ) DG () + ) ,
which yields
o1 [P
<1+ ) / / Giun)+ ) | dadt
{“n>]}
gcg+c4/ / (G (up))"~ dadt + Co. (36)
{un>35}

Now, Poincaré inequality implies

T T
/ / (G(un)+5)P TH " dzdt < C5+Cj / / (G (un)) " tdadt.
0 {un>j} 0 {un>35}

On the other hand, as we have r <p~ 7+ 1 < p~ (7 + 1), we can use Young’s
inequality, then

/ / DIP T dpdr < ¢, (37)
{u71>]}

Therefore,

T T
/ / Wl dadt — / / (Gy(un) +§)"dudt < Cs.  (38)
0 {u,>j} 0 {un>35}

Hence, the sequence {ul,"'} is bounded in L'(Qr). By (6) and dropping non-
negative terms in , we have

sup / Up (t,2)de < C. (39)
t€l0,T] JQ
This ends the proof of Lemma. o

Lemma 4.2. The sequence {D;un} of solutions of problems (P,) is bounded
in LY (Qr), where the exponent q; defined as in .
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Proof. Similar to , by using , we obtain

p T
DT un)l™ 0 < u"~Vdzdt + Co.
1 Q+ =) n 9
Q +Un) 0 {un>j}

From , we deduce that

/ / |D;T; (un,)
{“n<J}

DiT;(u) [P
)P dwdt = / / DT (n)l™ ) 4 3o
{un<j}

(14 un)et
|D; T Uy ) |Pi ot (.
1+ PRI dadt < (1+ ) (jCs + Co ).
]Z/QH-u) (L+5)° (JCs 9
(40)
Let us write
T T T
/ / | Dy, | P dedt = / / | Dy, | dxdt +/ / | Dy, | dxdt
0 Q 0 {un>j} 0 {unS]}
(41)
By and since ¢; < p;, we have
T
0 {un<j}
For the first integral in the right hand of (41). We can assume that q‘ = %

If not, we set v = max{q;/p;, 1 = 1,...,N } and replace g; by vp;. Observe
that, because vp; > ¢;, the fact that (D un) is bounded in L7 (Qr) implies
the result. From now on, we set ¢; = yp;, ¥ = ¢/D with 0 < v < 1. Applying
Holder’s inequality for % > 1 and according and , we obtain

/ / ur 9| Dy, | Y dedt = / / ur 4 D | T uy 1 f?dmdt
{uﬂ >J} {“n >J}
1—y
< / / uT? Y Dy, [P dadt / / us” " dadt
0 J{up>j} 0 {un>3}

1_
! /N+1
q Ni ,

T
<Oy / / ul dadt . d
0 {un>j}
T 1=y
Yidrdt < C1g < / / uidxdt> .
0 {un>35}

so, that

T
qui / / ‘Dzun
0 {un>j}
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witch implies that

T 1/qi T lq_—:
< / / | Dy | dxdt) < Ci3 ( / / u;ﬁdxdt> . (43)
0 J{un>j} 0 J{un>j}

Use the following interpolation argument and (39 @, we can write

ot L33y < Ty O
< Cuallua(, )||m*({un>j})~ (44)
Integrating on [0, 7], we obtain

T T
[ i< [ 00 iyt = Coslinl g s sy
0 J{u,>j} 0 /
(45)
withH:%:NLﬂandq :Flfq<Nandq > 1 satisfying 0.d =@
otherwise. Using Sobolev inequality (9 . we get

1
lun (O La* (fun>i) < CwH | Divnll Lo (un>ih) ™
i=1
where N
1 1 1 L N
vk (@7-vh)
So that
T B T N =
[t ()| 4 At < 017/ / | D, |7 dx dt.
/O LT ({un>j}) 0 11;[1 (un>j)

The fact that ZZ 1 Nq = 1, by the generalized Holder inequality, lead to

N T
||Un||L?(0,T;L6*({un>j})) < Cis H (/0 /
=1

{“n >J}

1

| Dy, |4 dxdt) . (46)

The combination of , and , it gives that

N T
|Diun
/., p
N T & (1-1)
<Cx]] ( / / |Djun ‘“dwdt) . )
i=1 \70 J{un>j}

We get the desired results using and the fact that 1 — % € (0,1). o

1/q: -
q‘dxdt) < 019||Un||Lq(( %)
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4.1. Passage to the limit and end proof of Theorem

By Lemmas we have the sequence {u,} is bounded in the space
L(0,T; LN (Q)) N L9 (0,T; W, % (). Then, there exist a function
u € L=(0,T; L' () N LI (0,T; Wy % () and a subsequence, still denoted
by {u,}, such that

u, —u weakly in L9 (0,T; W, %(Q)), (48)
Moreover, we have
u, = u strongly in L% (Qr), and a.e. in Qr, (49)

and
D;u,, — D;u a.e.in Qr. (50)

By , we have the almost everywhere convergence:

=1yl ae. in Q.

U,

In addition, we need to show that the sequence (u”~!) is equi-integrable on Q.
From -, the condition » — 1 < p~(7 + 1) — 1, and Hoélder’s inequality,

we deduce the equi-integrability of (uf~1).

Consequently, Vitali’s convergence theorem yields the strong convergence:

ul™t — u"! strongly in LY(Qr). (51)

n

By and from the convergence 7, we get

a;i(t, 2, un )| Diun [P "2 Dy, — a;(t, z,u)| Diu[Pi > Dsu, a.e. in Qr, i = 1,..., N.
(52)

and
uPi Y Dy, Pilae. inQr,i=1,.., N (53)

From , , Lemma and the Vitali’s Theorem, we derive for all i =
1

Pi qu"*1|Diu

PIEEEY)

Pi=2Du, — (ai(t,z,u)|Dju Pi=2Diu, strongly in L7 (Qr),

ai(t7 x, un)|Diun

(54)
for all
1 <oi < 1 N
> 05 pi— 1 Di N+1)
Using ,7 we get fori =1,..., NV
uTP 7 Diju, [P — wP T DyulPt, weakly in LY (Qr). (55)
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Finally, for ¢ € LP (0, T; Wy "' (2)) N L®(Qr), we have

T
—/ /unatgodxdt—/ ©(0, 2)ugn (x)dx
0o Jo Q
N T
—I—Z/ /ai(t,ac,un)|Diun|pi_2DiunDi<p
=170 79
N T
+ / /u;pl_l Diun
; 0 Jo |

Using , and , we can easily pass to the limit in , to see that

this last integral identity is true for u instead of u,,. This proves Theorem [2.3

T
p”'(pdxdtz/ /ur_lcpdxdt, (56)
0o Ja

5. Concluding Remark and Outlook

This work establishes the existence and regularity of non-negative weak solu-
tions for an anisotropic degenerate parabolic problem with a lower-order gra-
dient term and a source. The main contributions are: the introduction of a
truncation method to handle degenerate coercivity in the anisotropic setting,
where the diffusion coefficients a;(t, z, w) may decay as |u| — oo, the derivation
of a priori estimates and compactness results under minimal assumptions on
the initial data ug € L' () or ug € L°°(£2), the proof of almost everywhere con-
vergence of gradients using a novel time-regularization technique and careful
passage to the limit, and the extension of previous results (e.g., from isotropic
or non-degenerate cases) to the anisotropic degenerate setting with a nonlinear
gradient term.

The results are valid under the structural conditions:

1
7'27_, 1§7‘<7‘p7+1,
p
which ensure the balance between the source term and the gradient absorption.
The proofs rely on anisotropic Sobolev embeddings, monotonicity arguments,
and Vitali convergence theorems.

5.1. Outlook for Further Work

Several directions for future research arise naturally from this work:

Firstly, the question of uniqueness of weak solutions remains open, espe-
cially in the case of L! initial data. Stability with respect to initial conditions
and parameters could also be investigated. Secondly, asymptotic properties
such as convergence to steady states, decay estimates, or blow-up phenomena
over large time scales are of great interest. Thirdly, extending the results to the
case where p; = p;(z) or p; = p;(t,x) would further generalize the model and
reflect more realistic applications. Fourthly, the case of non-zero Dirichlet or
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Neumann boundary conditions could be studied, possibly with measure data.
In addition, developing and analyzing numerical schemes for such degenerate
anisotropic problems would be valuable for practical simulations. Finally, ap-
plying the results to specific models in physics, biology, or engineering such as
fluid dynamics in anisotropic media, image processing, or population dynamics
would demonstrate the utility of the theoretical framework.

This work lays a solid foundation for the analysis of degenerate anisotropic
parabolic equations with gradient-dependent terms and sources. The techniques
developed here may also be adapted to other classes of nonlinear partial differ-
ential equations with similar structural features.

Acknowledgements. The reviewers’ and editor’s incisive remarks and prac-
tical recommendations, which enhanced the article, were acknowledged by the
author.

References

[1] H. Abdelaziz and R. Mecheter, Regularity results for a singular ellip-
tic equation involving variable exponents, Bol. Soc. Paran. Mat. (3s.) 43
(2025), 1-25.

[2] H. Abdelaziz and F. Mokhtari, Nonlinear anisotropic degenerate parabolic
equations with variable exponents and irregular data, J. Ellip. Para. Equa.
8 (2022), 513-532.

[3] R. Adams, Anisotropic Sobolev inequalities, éasopis pro Pestovan{ matem-
atiky 113 (1988), no. 3, 267-279.

[4] F. Andreu, J. M. Mazéon, F. Simondon, and J. Toledo, Global existence
for a degenerate nonlinear diffusion problem with nonlinear gradient term
and source, Math. Ann. 314 (1999), 703-728.

[5] F. Andreu, S. Segura, L. Boccardo, and L. Orsina, Ezistence results for
L' data of some quasi-linear parabolic problems with a quadratic gradient
term and source, Mathematical Models and Methods in Applied Sciences
12 (2002), no. 1, 1-16.

[6] S. N. Antontsev, J. I. Diaz, and S. Shmarev, Energy methods for free
boundary problems. Applications to nonlinear PDEs and fluid mechanics,
Progress in Nonlinear Differential Equations and their Applications, 48.
Birkh&user Boston, Inc., Boston, 2002.

[7] D. G. Aronson and J. Serrin, Local behavior of solutions of quasilinear
parabolic equations, Arch. Rat. Mech. Anal. 25 (1967), 81-122.

Volumen 59, Numero 2, Anio 2025



8]

[13]

[14]

[18]

[19]

[20]

ANISOTROPIC DEGENERATE PARABOLIC PROBLEMS 183

M. Bendahmane and K. Karlsen, Anisotropic doubly nonlinear degenerate
parabolic equations, Numerical mathematics and advanced applications,
Springer, Berlin (2006), 381-386.

L. Boccardo, F. Murat, and J. P. Puel, Existence results for some quasi-
linear parabolic equations, Nonlinear Anal. 13 (1989), 373-392.

M. Chipot and F. B. Weissler, Some blow up results for a nonlinear
parabolic equation with a gradient term, STAM J. Math. Anal. 20 (1989),
886-907.

J. Lions, Quelques méthodes de résolution des problémes aux limites non
linéaires.

R. Mecheter, Anisotropic parabolic problem with variable exponent and
regular data, Mathematical Modeling and Computing 9 (2022), no. 3, 519
535.

, Nonlinear weighted elliptic problem with variable exponents and
L' data, Indian J Pure Appl Math (2024), https://doi.org/10.1007/
513226-024-00627-y.

R. Mecheter and F. Mokhtari, FEzistence results for some nonlinear
parabolic equations with degenerate coercivity and singular lower-order
terms, Mathematica Bohemica 148 (2023), no. 4, 561-581.

F. Mokhtari, Anisotropic parabolic problems with measur data, Differential
Equations and Applications 2 (2010), 123-150.

F. Mokhtari and R. Mecheter, Anisotropic Degenerate Parabolic Prob-
lems in RN with Variable Exponent and Locally Integrable Data,
Mediterr. J. Math. 16 (2019), no. 61, https://doi.org/10.1007/
s00009-019-1331-0.

A. Porretta, Existence results for nonlinear parabolic equations via strong
convergence of truncations, Ann. Mat. Pura Appl. 4 (1999), no. 177, 143—
172.

J. Simon, compact sets in the space LP(0,T; B), Annali di Matematica
pura ed Applicata 146 (1987), 65-96.

Ph. Souplet and F. B. Weissler, Self-similar solutions and blow-up for
nonlinear parabolic equations, J. Math. Anal. Appl. 212 (1997), 60-74.

M. Troisi, Theoremi di inclusione per Spazi di Sobolev non isotropi,
Ricerche di Matematica 18 (1969), 3-24.

Revista Colombiana de Matemaéticas


https://doi.org/10.1007/s13226-024-00627-y
https://doi.org/10.1007/s13226-024-00627-y
https://doi.org/10.1007/s00009-019-1331-0
https://doi.org/10.1007/s00009-019-1331-0

184 RABAH MECHETER, HELLAL ABDELAZIZ & NOUREDDINE DECHOUCHA

[21] C. Zhang and S. Zhou, Renormalized and entropy solutions for nonlinear
parabolic equations with variable exponents and L' data, J. Differential

Equations 248 (2010), 1376-1400.

(Recibido en noviembre de 2024. Aceptado en octubre de 2025)

DEPARTMENT OF MATHEMATICS
LABORATORY OF FUNCTIONAL ANALYSIS AND GEOMETRY OF SPACES,
FAcuLTY OF MATHEMATICS AND COMPUTER SCIENCE

UNIVERSITY OF M’siLA, UNIVERSITY POLE, ROAD BORDJ BOU ARRERIDJ,
M’siLA 28000, ALGERIA

e-mail: rabah.mecheter@univ-msila.dz
e-mail: abdelaziz.hellal@univ-msila.dz

e-mail: noureddine.dechoucha@univ-msila.dz

Volumen 59, Numero 2, Anio 2025



	Introduction and preliminaries
	Statement of Main Results
	Proof of Theorems 2.2
	Proof of Theorems 2.3
	Passage to the limit and end proof of Theorem 2.3

	Concluding Remark and Outlook
	Outlook for Further Work




