
Revista Colombiana de Matemáticas
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Renormalized Solutions for Nonlinear

and Non-Coercive Elliptic Problems

Involving Hardy Potentials and L1-Data
Soluciones renormalizadas para problemas eĺıpticos no lineales y no
coercitivos que involucran potenciales Hardy y funciones de tipo L1

Bouchaib FerrahiB, Hassane Hjiaj, Rajae Zerouali

Abdelmalek Essaadi University, Tetouan, Morocco

Abstract. This work is centered around the study of the following non-
coercive elliptic problem :{

Au+ g(x, u,∇u) = f(x) + |u|p0−2u
|x|p0 in Ω,

u = 0 on ∂Ω,

In the anisotropic Sobolev space, where Ω is a bounded open subset of RN

(N ≥ 2) that includes the origin, with g(x, s, ξ) subject to certain growth con-
ditions and f ∈ L1(Ω). We prove the existence of renormalized solutions for
the strongly nonlinear and non-coercive elliptic Dirichlet problem. Further-
more, we establish several regularity results.

Key words and phrases. Anisotropic Sobolev spaces, strongly nonlinear elliptic
equation, non-coercive problems, renormalized solutions.

2020 Mathematics Subject Classification. Primary 35J15; Secondary 35J25.

Resumen. Este trabajo se centra en el estudio del siguiente problema coercitivo
eĺıptico: {

Au+ g(x, u,∇u) = f(x) + |u|p0−2u
|x|p0 in Ω,

u = 0 on ∂Ω,

en un espacio anisotrópico de Sobolev, donde Ω es un subconjunto abierto
acotado de RN (N ≥ 2) que incluye el origen, donde g(x, s, ξ) está sujeto a
restricciones relacionadas a su crecimiento y f ∈ L1(Ω). Probamos la existen-
cia de soluciones renormalizadas para el problema eĺıptico de Dirichlet. Más
aún, probamos varios resultados acerca de la regularidad de las soluciones.

Palabras y frases clave. Espacios anisotrópicos de Sobolev, ecuaciones eĺıpticas
fuertemente no lineales, problemas no coercitivos, soluciones renormalizadas.

185

DOI: https://doi.org/10.15446/recolma.v59n2.125949



186 BOUCHAIB FERRAHI, HASSANE HJIAJ & RAJAE ZEROUALI

1. Introduction

In [1], B. Abdellaoui and al. studied the following nonlinear elliptic problem:{
−∆u± |∇u|2 = λ. u

|x|2 + f in Ω,

u = 0 on ∂Ω,
(1)

where λ is a positive real number. They have proved the existence of positives
solutions for the problem (1) in the case (+|∇u|2), with f ∈ L1(Ω) that is the
absorption case. Note that for the reaction case (−|∇u|2) the non-existence of
solutions is proved even in a very weak sense.

In [15], M. M. Porzio investigated the existence of weak solutions for the
following quasilinear elliptic problem: −div(M(x, u)∇u) + γ|u|p−1u = a.

u

|x|2
+ f(x)− divF in Ω,

u = 0 on ∂Ω,
(2)

here p is greater than N
N−2 , the element a is a positive constant and the

Caratheodory function M(x, s) satisfies the growth and coercivity conditions.
For further details, we refer the reader to [4].

Recently, there has been growing interest among scientists and mathemati-
cians in the anisotropic Sobolev spaces W 1,p⃗(Ω). This interest stems from their
relevance in studying nonhomogeneous materials, which exhibit different behav-
iors across various spatial directions. These spaces are particularly applicable
in fields such as electrophysiology and thermoelectric fluid dynamics. For more
information, we refer to [3] and [13].

Many authors considered special cases of such problems, for example, in [9],
R. Di Nardo and F. Feo examined the following quasilinear elliptic problem: −

N∑
i=1

∂iai(x, u,∇u) +
N∑
i=1

Hi(x,∇u) = f −
N∑
i=1

∂igi in Ω,

u = 0 on ∂Ω,

(3)

They proved both the existence and uniqueness of weak solutions for this
anisotropic elliptic Dirichlet problem, assuming that the data resides in the
dual space.

E. Azroul et al. studied the following anisotropic quasilinear elliptic Dirich-
let problem, as detailed in [5]. −

N∑
i=1

Diai(x, u,∇u) + |u|s(x)−1u = f + λ.
|u|p0(x)−2u

|x|p0(x)
in Ω,

u = 0 on ∂Ω,

(4)
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Where Au = −
N∑
i=1

Diai(x, u,∇u) is a Leray-Lions operator satisfying the stan-

dard growth, monotonicity, and coercivity conditions, and f ∈ L1(Ω) with λ
being a positive real number. The authors proved the existence of an entropy
solution for the quasilinear elliptic problem (4).

This paper focuses on the study of a nonlinear and non-coercive elliptic
Dirichlet problem, formulated as follows: −

N∑
i=1

Di(ai(x, u,∇u)) + g(x, u,∇u) = f(x) +
|u|p0−2u

|x|p0
in Ω,

u = 0 on ∂Ω,

(5)

where the strongly nonlinear term g(x, s, ξ) is a Caratheodory function satis-
fying certain growth conditions, and f belongs to L1(Ω).

The aim of this paper is to prove the existence of renormalized solutions for
certain nonlinear and non-coercive elliptic problems of type (5) in anisotropic
Sobolev spaces by using an approximation procedure and a priori estimates.

This paper is organized as follows: First, in Section 2, we recall some defi-
nitions and basic properties concerning anisotropic Sobolev spaces. In Section
3, we present some non-standard assumptions on the Carathéodory functions
ai(x, s, ξ) and g(x, s, ξ) for which our nonlinear elliptic problem has at least
one renormalized solution. In Section 4, we state the main results and prove
the existence of renormalized solutions for our nonlinear elliptic problem. Ad-
ditionally, some regularity results are concluded.

2. Preliminaries

Let Ω be a bounded open subset in RN (N ≥ 2) with boundary ∂Ω.

Let p1, . . . , pN be N be real constants numbers, which satisfy 1 < pi < ∞
for i = 1, . . . , N.

We denote

p⃗ = (1, p1, . . . , pN ), D0u = u and Diu =
∂u

∂xi
for i = 1, . . . , N,

and we define

p = min{p1, p2, . . . , pN} and p+ = max{p1, p2, . . . , pN}.

We recall the définition of the anisotropic Sobolev space W 1,p⃗(Ω) :

W 1,p⃗(Ω) =
{
u ∈W 1,1(Ω) such that Diu ∈ Lpi(Ω) for i = 1, 2, . . . , N

}
,

equipped with the norm

∥u∥1,p⃗ = ∥u∥1,1 +
N∑
i=1

∥Diu∥Lpi (Ω). (6)
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The space
(
W 1,p⃗(Ω), ∥u∥1,p⃗

)
is a separable and reflexive Banach space (see

[14]). Recall that W 1,p⃗
0 (Ω) is defined as the closure of C∞

0 (Ω) in W 1,p⃗(Ω) with
respect to the norm (6).

We now revisit the Poincaré and Sobolev type inequalities in the anisotropic
Sobolev spaces.

Proposition 2.1. Let u ∈W 1,p⃗
0 (Ω), we have

(i) Poincaré inequality : there exists a real constant number Cp > 0, such
that the following inequality holds

∥u∥Lpi (Ω) ≤ Cp ∥Diu∥Lpi (Ω) for any i = 1, . . . , N.

(ii) Sobolev inequality : there exists a second real constant number Cs > 0,
such that the following inequality holds

∥u∥Lq(Ω) ≤
Cs

N

N∑
i=1

∥∥∥ ∂u
∂xi

∥∥∥
Lpi (Ω)

,

with

1

p
=

1

N

N∑
i=1

1

pi
and

 q = p∗ =
Np

N − p
if p < N

q ∈ [1,+∞[ if p ≥ N

Lemma 2.2. Let Ω be a bounded open subset of RN (N ≥ 2), we define

s = max(q, max
1≤i≤N

pi),

then, the following embedding hold :

• if p < N then the embedding W 1,p⃗
0 (Ω) ↪→↪→ Lr(Ω) is compact for any

r ∈ [1, s[,

• if p = N then the embedding W 1,p⃗
0 (Ω) ↪→↪→ Lr(Ω) is compact for any

r ∈ [1,+∞[,

• if p > N then the embedding W 1,p⃗
0 (Ω) ↪→↪→ L∞(Ω)∩C0(Ω) is compact.

The proof of this lemma follows from the Proposition 2.1.

Proposition 2.3. The space W−1,p⃗′
(Ω) denotes the dual of the anisotropic

Sobolev space W 1,p⃗
0 (Ω), here p⃗′ = (s′, p′1, . . . , p

′
N ) and s = max(q, p+).

For every F ∈ W−1,p⃗′
(Ω), there exist F0 ∈ Ls′(Ω) and Fi ∈ Lp′

i(Ω) for i =

1, . . . , N, satisfying the following equality : F = F0 −
N∑
i=1

DiFi. Furthermore,
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for every u ∈W 1,p⃗
0 (Ω) we have

⟨F, u⟩ =
N∑
i=0

∫
Ω

Fi D
iu dx.

We define a norm on the dual space by

∥F∥−1,p⃗′ = inf
{∑N

i=0 ∥Fi∥p′
i

/ F = F0−
∑N

i=1D
iFi with F0 ∈ Ls′(Ω)

and Fi ∈ Lp′
i(Ω)

}
.

Definition 2.4. Let k be a positive real number. We define the truncation
function Tk(.) : IR 7−→ IR, by

Tk(s) =

 s if |s| ≤ k,

k
s

|s|
if |s| > k,

and we set

T 1,p⃗
0 (Ω) := {u : Ω 7→ R measurable / Tk(u) ∈W 1,p⃗

0 (Ω) for any k > 0}.

Proposition 2.5. Let u be an element of the space T 1,p⃗(·)
0 (Ω). For any i ∈

{1, . . . , N}, there exists an unique measurable function vi : Ω 7→ R which is
measurable and satisfies :

∀k > 0 DiTk(u) = vi.χ{|u|<k} a.e. x ∈ Ω,

For a measurable subset A, let χA denote its characteristic function. The func-
tions vi are referred to as the weak partial derivatives of u and are denoted Diu.
Moreover, if u is in W 1,1

0 (Ω), then vi matched with the standard distributional
derivative of u, in other world, vi = Diu.

The proof of Proposition 2.5 uses the standard methods outlined in [8]
for the case of Sobolev spaces. For further information on anisotropic Sobolev
spaces, we refer the reader to [2, 7, 9, 10].

Lemma 2.6. (see [11], Theorem 13.47) Let (un)n be a sequence in L1(Ω) and
u ∈ L1(Ω) satisfying the following items.

(i) un → u a.e. in Ω,

(ii) un ≥ 0 and u ≥ 0 a.e. in Ω,

(iii)

∫
Ω

un dx→
∫
Ω

u dx,

then un → u in L1(Ω).
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3. Essential Assumptions and main result

Let Ω be a bounded open subset of RN (N ≥ 2), and let 1 < pi < N for
i = 1, . . . , N, we set

p = min{p1, p2, . . . , pN} and p+ = max{p1, p2, . . . , pN}.

Let f be a function in L1(Ω). We examine the strongly nonlinear anisotropic
elliptic problem given by: Au+ g(x, u,∇u) = f(x) +

|u|p0−2u

|x|p0
in Ω,

u = 0 on ∂Ω,
(7)

where 1 ≤ p0 <
N(p+ − λ)

N + p+ − λ− 1
. Here A is the Leray-Lions operator mapping

from W 1,p⃗
0 (Ω) into its dual W−1,p⃗′

(Ω) and defined by:

Au = −
N∑
i=1

Diai(x, u,∇u) (8)

where ai(x, s, ξ) : Ω×R×RN 7→ R are Carathéodory functions (i.e. measurable
with respect to x in Ω for every (s, ξ) in R×RN and continuous with respect to
(s, ξ) in R× RN for almost every x in Ω) and satisfy the following conditions:

(ai(x, s, ξ)− ai(x, s, η))(ξi − ηi) > 0 for any ξi ̸= ηi, (9)

|ai(x, s, ξ)| ≤ β
(
Ki(x) + |s|pi−1 + |ξi|pi−1

)
, (10)

for any given positive function Ki(x) ∈ Lp′
i(Ω) for i = 1, . . . , N, and β > 0.

We further assume the existence of a positive, decreasing function b(·) :
[0,∞[→]0,∞[, and a constant b0 > 0 such that

ai(x, s, ξ)ξi ≥ b(|s|)|ξi|pi with b(|s|) ≥ b0
(1 + |s|)λ

, (11)

a.e. x ∈ Ω and all (s, ξ) ∈ R× RN , where 0 ≤ λ < min(1, p− 1).

As a consequence of (9) and the continuity of ai(x, s, ·) with respect to ξ,
we have

ai(x, s, 0) = 0 for i = 1, . . . , N.

The lower order term g(x, s, ξ) : Ω× R× RN 7→ R is a Carathéodory function
which satisfy the growth condition given by:

|g(x, s, ξ)| ≤ g0(x) +

N∑
i=1

d(|s|)|ξi|pi , (12)
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where g0(x) is assumed to be a positive measurable function in L1(Ω), and the

continuous decreasing function d(·) : R 7→ R+ is assumed to satisfy
d(|s|)
b(|s|)

∈

L1(R) ∩ L∞(R).
We now recall some important lemmas that will be useful in proving our

main result.

Lemma 3.1. (see [6]) Under assumptions (9)−(12), let (un)n∈IN be a sequence

in W 1,p⃗
0 (Ω) such that un ⇀ u in W 1,p⃗

0 (Ω) and

N∑
i=1

∫
Ω

(
ai(x, un,∇un)− ai(x, un,∇u)

)
(Diun −Diu) dx

+

N∑
i=1

∫
Ω

(
|un|p−2un − |u|p−2u

)
(un − u) dx −→ 0 as n→ ∞,

(13)

then un → uweakly inW 1,p⃗
0 (Ω) for a subsequence.

We recall the definition of renormalized solutions for the strongly nonlinear
elliptic equation (7).

Definition 3.2. A measurable function u is called a renormalized solution for
the strongly nonlinear elliptic problem (7), if u ∈ T 1,p⃗

0 (Ω), g(x, u,∇u) ∈ L1(Ω),

lim
h→∞

1

h

N∑
i=1

∫
{|u|≤h}

ai(x, u,∇u)Diu dx = 0, (14)

and u satisfies the following equality

N∑
i=1

∫
Ω

ai(x, u,∇u) ·
(
S′(u)φDiu+ S(u)Diφ

)
dx+

∫
Ω

g(x, u,∇u)S(u)φ dx

=

∫
Ω

fS(u)φ dx+

∫
Ω

|u|p0−2u

|x|p0
S(u)φ dx,

(15)

for every φ ∈ W 1,p⃗
0 (Ω) ∩ L∞(Ω) and for any smooth function S(·) ∈ W 1,∞(R)

with a compact support.

The aim of this paper is to prove the following existence result:

Theorem 3.3. Let f ∈ L1(Ω), and assume that conditions (9) − (12) are
satisfied. Then, there exists at least one renormalized solution u for the strongly
nonlinear and non-coercive elliptic problem (7). Moreover, we have u ∈ Lr(Ω)
for any 0 < r < p+ − λ− 1.
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4. Proof of Theorem 3.3

The proof is structured in several steps.

Step 1: Approximate problems.

Let (fn)n be a sequence of measurable functions in W−1,p⃗′
(Ω) ∩ L1(Ω) that

satisfy: fn → f strongly in L1(Ω) and |fn| ≤ |f | (e.g., fn = Tn(f)). We
consider the approximate problem: −

N∑
i=1

Diai(x, Tn(un),∇un) + gn(x, un,∇un) = fn(x) +
|Tn(u)|p0−2Tn(u)

|x|p0 + 1
n

in Ω,

un = 0 on ∂Ω,

(16)
where gn(x, s, ξ) = Tn(g(x, s, ξ)). Let’s consider the operators An and Gn from

W 1,p⃗
0 (Ω) into W−1,p⃗′

(Ω) satisfying:

⟨Anu, v⟩ =
N∑
i=1

∫
Ω

ai(x, Tn(u),∇u)Div dx ∀u, v ∈W 1,p⃗
0 (Ω),

and

⟨Gnu, v⟩ =
∫
Ω

gn(x, u,∇u)v dx−
∫
Ω

|Tn(u)|p0−2Tn(u)

|x|p0 + 1
n

v dx ∀u, v ∈W 1,p⃗
0 (Ω).

Lemma 4.1. The bounded operator Bn = An +Gn, which acts from W 1,p⃗
0 (Ω)

into W−1,p⃗′
(Ω) is pseudo-monotone. Furthermore, Bn is coercive in the follow-

ing sense:

⟨Bnv, v⟩
∥v∥1,p⃗

−→ ∞ as ∥v∥1,p⃗ → ∞ for any v ∈W 1,p⃗
0 (Ω).

For the proof of Lemma 4.1, see Appendix. In view of Lemma 4.1 (see [12],

Theorem 8.2), there exists at least one weak solution un ∈W 1,p⃗
0 (Ω) for problem

(16), that is:

N∑
i=1

∫
Ω

ai(x, Tn(un),∇un)Div dx+

∫
Ω

gn(x, un,∇un) v dx

=

∫
Ω

fn v dx+

∫
Ω

|Tn(un)|p0−2Tn(un)

|x|p0 + 1
n

v dx for any v ∈W 1,p⃗
0 (Ω).

(17)
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Step 2 : Some regularity results

Lemma 4.2. Assume that the conditions (9)−(12) are satisfied, then there ex-
ists a constant C > 0, independent of k and n, such that the following estimates
hold:

N∑
i=1

∫
Ω

|Diun|pi

(1 + |un|)λ+θ
dx ≤ C(kλ + kp

+−θ + kp0−1) for any 1 < θ < p,

(18)

N∑
i=1

∫
Ω

|DiTk(un)|pi dx ≤ C(kλ+θ + kp
+

+ kp0−1+θ) for any k > 0. (19)

∫
Ω

|un|s dx ≤ C for any 0 < s < p+ − λ− 1. (20)

Let k ≥ 1 and 1 < θ < p+ − N(1− p0)

N − p0
, we set

φ(s) =

(
1− 1

(1 + |s|)θ−1

)
sign(s) and B(|s|) =

∫ s

0

2d(|τ |)
b(|τ |)

dτ.

By taking v = φ(un)(1 + |Tk(un)|)λeB(|un|) ∈ W 1,p⃗
0 (Ω) as a test function for

the approximate problem (16), we have

N∑
i=1

∫
Ω

ai(x, Tn(un),∇un)Di(φ(un)(1 + |Tk(un)|)λeB(|un|)) dx

+

∫
Ω

gn(x, un,∇un)φ(un)(1 + |Tk(un)|)λeB(|un|) dx

=

∫
Ω

|Tn(un)|p0−2Tn(un)

|x|p0 + 1
n

φ(un)(1 + |Tk(un)|)λeB(|un|) dx

+

∫
Ω

fnφ(un)(1 + |Tk(un)|)λeB(|un|) dx.

(21)
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It follows that

(θ − 1)

N∑
i=1

∫
Ω

ai(x, Tn(un),∇un)Diun
(1 + |un|)θ

(1 + |Tk(un)|)λeB(|un|) dx

+λ

N∑
i=1

∫
Ω

ai(x, Tn(un),∇un)DiTk(un)(1 + |Tk(un)|)λ−1|φ(un)|eB(|un|) dx

+2

N∑
i=1

∫
Ω

ai(x, Tn(un),∇un)Diun
d(|un|)
b(|un|)

|φ(un)|(1 + |Tk(un)|)λeB(|un|) dx

≤
∫
Ω

|Tn(un)|p0−1

|x|p0 + 1
n

|φ(un)|(1 + |Tk(un)|)λeB(|un|) dx

+

∫
Ω

|fn(x)| |φ(un)|(1 + |Tk(un)|)λeB(|un|) dx

+

∫
Ω

|gn(x, un,∇un)| |φ(un)|(1 + |Tk(un)|)λeB(|un|) dx.

(22)
Thanks to (11) and (12) we obtain

(θ − 1)

N∑
i=1

∫
Ω

b(|un|)|Diun|pi

(1 + |un|)θ
(1 + |Tk(un)|)λeB(|un|) dx

+λ

N∑
i=1

∫
Ω

b(|un|)|DiTk(un)|pi(1 + |Tk(un)|)λ−1|φ(un)|eB(|un|) dx

+2

N∑
i=1

∫
Ω

b(|un|)|Diun|pi
d(|un|)
b(|un|)

|φ(un)|(1 + |Tk(un)|)λeB(|un|) dx

≤
∫
Ω

|Tn(un)|p0−1

|x|p0 + 1
n

|φ(un)|(1 + |Tk(un)|)λeB(|un|) dx

+

∫
Ω

(|fn(x)|+ g0(x))|φ(un)|(1 + |Tk(un)|)λeB(|un|) dx

+

N∑
i=1

∫
Ω

d(|un|)|Diun|pi |φ(un)|(1 + |Tk(un)|)λeB(|un|) dx.

(23)
Since |φ(un)| ≤ 1, we conclude that

b0(θ − 1)

N∑
i=1

∫
Ω

|DiTk(un)|pi
(1 + |un|)θ

dx+ b0(θ − 1)(1 + k)λ
N∑
i=1

∫
{|un|>k}

|Diun|pi
(1 + |un|)θ+λ

dx

+b0λ

N∑
i=1

∫
Ω

|DiTk(un)|pi
1 + |Tk(un)|

|φ(un)| dx+

N∑
i=1

∫
Ω

d(un)|Diun|pi |φ(un)|(1 + |Tk(un)|)λ dx

≤ eB(∞)

∫
Ω

|Tn(un)|p0−1

|x|p0 + 1
n

(1 + |Tk(un)|)λ dx+ eB(∞)(1 + k)λ
∫
Ω

(|f(x)|+ g0(x)) dx.

(24)
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For the first term on the left-hand side of (24), applying the Poincaré inequality,
we obtain:

b0(θ − 1)

N∑
i=1

∫
Ω

|DiTk(un)|pi

(1 + |un|)θ
dx

= b0(θ − 1)

N∑
i=1

∫
Ω

∣∣∣ DiTk(un)

(1 + |un|)
θ
pi

∣∣∣pi

dx

= b0(θ − 1)

N∑
i=1

∫
Ω

∣∣∣Di

∫ |Tk(un)|

0

dτ

(1 + |τ |)
θ
pi

∣∣∣pi

dx

≥
N∑
i=1

b0(θ − 1)

Cpi
p

∫
Ω

∣∣∣ ∫ |Tk(un)|

0

dτ

(1 + |τ |)
θ
pi

∣∣∣pi

dx

≥
N∑
i=1

b0(θ − 1)

Cpi
p

∫
Ω

|Tk(un)|pi

(1 + |Tk(un)|)θ
dx

≥
N∑
i=1

b0(θ − 1)

2Cpi
p

∫
Ω

|Tk(un)|pi−θ dx− C0

≥ C1

∫
Ω

|Tk(un)|p
+−θ dx− C2.

(25)

with C1 =
b0(θ − 1)

2C
p+

p

. Concerning the second term on the left-hand side of (24),

we have

b0(θ − 1)

N∑
i=1

∫
{|un|>k}

|Diun|pi

(1 + |un|)θ+λ
dx

= b0(θ − 1)

N∑
i=1

∫
Ω

∣∣∣Di

∫ |un|

|Tk(un)|

dτ

(1 + |τ |)
θ+λ
pi

∣∣∣pi

dx

≥
N∑
i=1

b0(θ − 1)

Cpi
p

∫
Ω

∣∣∣ ∫ |un|

|Tk(un)|

dτ

(1 + |τ |)
θ+λ
pi

∣∣∣pi

dx

≥
N∑
i=1

b0(θ − 1)

Cpi
p

∫
Ω

(|un| − |Tk(un)|)pi

(1 + |un|)θ+λ
dx

≥
N∑
i=1

b0(θ − 1)

2pi−1Cpi
p

∫
Ω

|un|pi

(1 + |un|)θ+λ
dx−

N∑
i=1

b0(θ − 1)

Cpi
p

∫
Ω

|Tk(un)|pi

(1 + |un|)θ+λ
dx

≥
N∑
i=1

b0(θ − 1)

2pi+θ+λ−1Cpi
p

∫
Ω

|un|pi−θ−λ dx−
N∑
i=1

b0(θ − 1)

Cpi
p

∫
Ω

kpi−θ−λ dx− C3

≥ C4

∫
Ω

|un|p
+−θ−λ dx− C5k

p+−θ−λ − C6.

(26)
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On the other hand, applying Young’s inequality, we get:

eB(∞)

∫
Ω

|Tn(un)|p0−1

|x|p0 + 1
n

(1 + |Tk(un)|)λ dx

≤ eB(∞)

∫
{|un|≤k}

|Tk(un)|p0−1

|x|p0 + 1
n

(1 + |Tk(un)|)λ dx+ eB(∞)(1 + k)λ
∫
{|un|>k}

|un|p0−1

|x|p0 + 1
n

dx

≤ C1

2

∫
Ω

|Tk(un)|p
+−θ dx+ C6

∫
Ω

1

|x|
p0(p+−θ)

p+−θ−p0+1−λ

dx+ eB(∞)

∫
{|un|≤k}

|Tk(un)|p0−1

|x|p0 + 1
n

dx

+
C4

2
(1 + k)λ

∫
Ω

|un|p
+−θ−λ dx+ C7(1 + k)λ

∫
Ω

1

|x|
p0(p+−θ−λ)

p+−θ−λ−p0+1

dx

≤ C1

4

∫
Ω

|Tk(un)|p
+−θ dx+

C4

2
(1 + k)λ

∫
Ω

|un|p
+−θ−λ dx+ C8(1 + k)λ + C9k

p0−1.

(27)

since
p0(p

+ − θ − λ)

p+ − θ − λ− p0 + 1
<

p0(p
+ − θ)

p+ − θ − p0 + 1− λ
< N then

∫
Ω

1

|x|
p0(p+−θ)

p+−θ−p0−λ+1

dx ∈

L1(Ω).

By combining (24) and (25)− (27), it follows that

C1

4

∫
Ω

|Tk(un)|p
+−θ dx+

C4

4
(1 + k)λ

∫
Ω

|un|p
+−θ−λ dx

+
b0(θ − 1)

2

N∑
i=1

∫
Ω

|DiTk(un)|pi
(1 + |un|)θ

dx

+
b0(θ − 1)(1 + k)λ

2

N∑
i=1

∫
{|un|>k}

|Diun|pi
(1 + |un|)θ+λ

dx

+b0λ

N∑
i=1

∫
Ω

|DiTk(un)|pi
1 + |Tk(un)|

|φ(un)| dx

+

N∑
i=1

∫
Ω

d(un)|Diun|piφ(un)(1 + |Tk(un)|)λ dx

≤ C10(k
λ + kp

+−θ + kp0−1) for any k ≥ 1,

(28)

where C9 is a constant independent of n and k. Therefore, we have:

N∑
i=1

∫
Ω

|Diun|pi
(1 + |un|)θ+λ

dx

=

N∑
i=1

∫
Ω

|DiTk(un)|pi
(1 + |un|)θ+λ

dx+

N∑
i=1

∫
{|un|>k}

|Diun|pi
(1 + |un|)θ+λ

dx

≤
N∑
i=1

∫
Ω

|DiTk(un)|pi
(1 + |un|)θ

dx+ (1 + k)λ
N∑
i=1

∫
{|un|>k}

|Diun|pi
(1 + |un|)θ+λ

dx

≤ C11(k
λ + kp

+−θ + kp0−1) for any k ≥ 1,

(29)
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and

1

(1 + k)θ

N∑
i=1

∫
Ω

|DiTk(un)|pidx≤
N∑
i=1

∫
Ω

|DiTk(un)|pi

(1 + |un|)θ
dx ≤ C12(k

λ+kp
+−θ+kp0−1),

(30)
Thus the estimates given by (18)− (19) hold. Moreover, thanks to (29) we have∫
Ω

|un|p
+−θ−λdx ≤

∫
Ω

|un|p
+−θ−λ(1+|Tk(un)|)λdx ≤ C13(k

λ+kp
+−θ+kp0−1).

(31)
for any k ≥ 1 and θ > 1, which completes the proof of (20).

Step 3 : Weak convergence of truncations

In view of (19), the sequence (Tk(un))n remains bounded inW 1,p⃗
0 (Ω), and there

exists a subsequence, still denoted by (Tk(un))n, and a measurable function

ψk ∈W 1,p⃗
0 (Ω) such that:{

Tk(un)⇀ ψk in W 1,p⃗
0 (Ω),

Tk(un) → ψk in L1(Ω) and a.e. in Ω.
(32)

Furthermore, due to (20), for any 0 < r < p+ − 1− λ, the sequence (|un|r)n is

bounded in L1(Ω). As a result, we have:

kr meas{|un| > k} =

∫
{|un|>k}

|Tk(un)|r dx

≤
∫
Ω

|un|r dx

≤ C for any k ≥ 1,

(33)

It is therefore necessary that

lim sup
n→∞

meas{|un| > k} ≤ C

kr
−→ 0 as k → ∞. (34)

We will now prove that (un)n is a Cauchy sequence in measure. In fact, for
every δ > 0, we have:

meas{|un − um| > δ} ≤ meas{|un| > k}+meas{|um| > k}
+meas{|Tk(un)− Tk(um)| > δ}.

Given ε > 0, according to (34), we can select k = k(ε) sufficiently large such
that:

meas{|un| > k} ≤ ε

3
and meas{|um| > k} ≤ ε

3
. (35)
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Furthermore, by (32), we have Tk(un) → ψk strongly in L1(Ω) and almost ev-
erywhere in Ω. Therefore, the sequence Tk(un) is a Cauchy sequence in measure.
For any k > 0 and δ, ε > 0, there exists n0 = n0(k, δ, ε) such that:

meas{|Tk(un)− Tk(um)| > δ} ≤ ε

3
for all m,n ≥ n0(h, δ, ε). (36)

By combining (35) and (36), we conclude that for all δ, ε > 0, there exists
n0 = n0(δ, ε) such that

meas{|un − um| > δ} ≤ ε for any n,m ≥ n0.

It follows that (un)n is a Cauchy sequence in measure, then after going to a
subsequence, it converges almost everywhere, to some measurable function u.
Thanks to (32) we have

Tk(un)⇀ Tk(u) weakly in W 1,p⃗
0 (Ω). (37)

Using Lebesgue dominated convergence theorem, we obtain:

Tk(un) → Tk(u) strongly in Lpi(Ω) for i = 1, . . . , N. (38)

Step 4: Equi-integrability of the term
( |Tn(un)|p0−2Tn(un)

|x|p0 + 1
n

)
n

Now, we will show the strong convergence of
( |Tn(un)|p0−2Tn(un)

|x|p0 + 1
n

)
n
in L1(Ω).

We have
|Tn(un)|p0−2Tn(un)

|x|p0 + 1
n

→ |u|p0−2u

|x|p0
a.e. in Ω. (39)

Using Vitali’s theorem, it is sufficient to prove that
( |Tn(un)|p0−2Tn(un)

|x|p0 + 1
n

)
n

is uniformly equi-integrable.
Let r, ε > 0 such that p0−1 < r < r+ε < p+−1−λ, and let E be a measurable
function in Ω. Thanks to Young’s inequality we have∫

E

|Tn(un)|p0−1

|x|p0 + 1
n

dx ≤
∫
E

1

|x|
p0r

r−p0+1

dx+

∫
E

|Th(un)|r dx

+

∫
{|un|>h}

|un|r dx.
(40)

Thanks to (20), there exists h(η) > 0 such that∫
{|un|>h}

|un|r dx ≤ 1

hε

∫
{|un|>h}

|un|r+ε dx ≤ C

hε
−→ 0 as h→ ∞. (41)
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Thus, for any η > 0 there exists h(η) > 0 such that∫
{|un|>h(η)}

|un|r dx ≤ η

2
. (42)

On the other hand, there exists µ(η) > 0, such that for all E ⊂ Ω, we have∫
E

1

|x|
p0r

r−p0+1

dx+

∫
E

|Th(un)|r dx ≤ η

2
for meas(E) ≤ µ(η). (43)

We conclude that, for any measurable subset E of Ω that

∫
E

|Tn(un)|p0−1

|x|p0 + 1
n

dx ≤ η for meas(E) ≤ µ(η). (44)

Thus, the sequence
( |Tn(un)|p0−2Tn(un)

|x|p0 + 1
n

)
n

is equi-integrability, we deduce

that

|Tn(un)|p0−2Tn(un)

|x|p0 + 1
n

−→ |u|p0−2u

|x|p0
strongly in L1(Ω). (45)

Step 5 : Some regularity results

The goal of this step is to show that

lim
h→∞

lim sup
n→∞

1

h

N∑
i=1

∫
{|un|≤h}

ai(x, Tn(un),∇un)Diun dx = 0.

Let h > k ≥ 1, by using
Th(un)

h
eB(|un|) ∈ W 1,p⃗

0 (Ω) as a test function for the

approximate problem (16), we have

N∑
i=1

∫
Ω

ai(x, Tn(un),∇un)Di
(Th(un)

h
eB(|un|)

)
dx

+

∫
Ω

gn(x, un,∇un)
Th(un)

h
eB(|un|) dx

=

∫
Ω

|Tn(un)|p0−2Tn(un)

|x|p0 + 1
n

Th(un)

h
eB(|un|) dx+

∫
Ω

fn
Th(un)

h
eB(|un|) dx.

(46)
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It follows that

1

h

N∑
i=1

∫
Ω

ai(x, Th(un),∇Th(un))DiTh(un)e
B(|un|) dx

+
2

h

N∑
i=1

∫
Ω

ai(x, Tn(un),∇un)Diun
d(|un|)
b(|un|)

|Th(un)|eB(|un|) dx

≤ 1

h

∫
Ω

|Tn(un)|p0−1

|x|p0 + 1
n

|Th(un)|eB(|un|)dx+
1

h

∫
Ω

|fn(x)||Th(un)|eB(|un|)dx

+
1

h

∫
Ω

|gn(x, un,∇un)||Th(un)|eB(|un|) dx.

(47)
In view of (11) and (12) we conclude that

1

h

N∑
i=1

∫
{|un|≤h}

ai(x, Tn(un),∇un)D
iun dx

+
2

h

N∑
i=1

∫
Ω

b(|un|)|Diun|pi
d(|un|)
b(|un|)

|Th(un)|eB(|un|) dx

≤ eB(∞)

h

∫
Ω

|Tn(un)|p0−1

|x|p0 + 1
n

|Th(un)| dx+
eB(∞)

h

∫
Ω

(|fn(x)|+ g0(x)) |Th(un)| dx

+
1

h

N∑
i=1

∫
Ω

d(|un|)|Diun|pi |Th(un)|eB(|un|) dx.

(48)
It follows that

1

h

N∑
i=1

∫
{|un|≤h}

ai(x, Tn(un),∇un)Diun dx

+
1

h

N∑
i=1

∫
Ω

d(|un|)|Diun|pi |Th(un)|eB(|un|) dx

≤ eB(∞)

∫
Ω

|Tn(un)|p0−1

|x|p0 + 1
n

|Th(un)|
h

dx+ eB(∞)

∫
Ω

(|f(x)|+ g0(x))
|Th(un)|

h
dx.

(49)
For the two terms on the right-hand side of (49), we have meas {|un| > h} → 0

as h tends to infinity, then
|Th(un)|

h
⇀ 0 weak−∗ in L∞(Ω). Thanks to (45),

we have
|Tn(un)|p0−2Tn(un)

|x|p0 + 1
n

→ |u|p0−2u

|x|p0
strongly in L1(Ω), it follows that

ε1(h) =

∫
Ω

|Tn(un)|p0−1

|x|p0 + 1
n

|Th(un)|
h

dx −→ 0 as h→ ∞. (50)

Moreover, since f(x) and g0(x) belong to L1(Ω) then

ε2(h) =

∫
Ω

(|f(x)|+ g0(x))
|Th(un)|

h
dx −→ 0 as h→ ∞. (51)
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By combining (49) and (50)− (51), we deduce that

1

h

N∑
i=1

∫
{|un|≤h}

ai(x, Tn(un),∇un)Diundx+
1

h

N∑
i=1

∫
Ω

d(|un|)|Diun|pi |Th(un)|dx ≤ ε3(h).

(52)
By letting h tends to infinity in (52) we conclude that

lim
h→∞

lim sup
n→∞

1

h

N∑
i=1

∫
{|un|≤h}

ai(x, Tn(un),∇un)Diun dx = 0. (53)

Moreover, we have

lim
h→∞

lim sup
n→∞

N∑
i=1

∫
{|un|>h}

d(|un|)|Diun|pi dx = 0. (54)

Step 6 : Strong convergence of truncations

Let h > k ≥ 1 and

ψh(un) = 1− |Th(un − Th(un))|
h

ϕ(s) = s. exp(
γ2s2

2
),

where γ = 3

∥∥∥∥d(| · |)b(| · |)

∥∥∥∥
L∞(R)

. Note that ϕ′(s)− γ|ϕ(s)| ≥ 1

2
∀s ∈ R.

By using v = ϕ(Tk(un)−Tk(u))ψh(un)e
B(|un|) ∈W 1,p⃗

0 (Ω) as a test function
for the approximate problem (16), we obtain :

N∑
i=1

∫
Ω

ai(x, Tn(un),∇un)(DiTk(un)−DiTk(u))ϕ
′(Tk(un)− Tk(u))ψh(un)e

B(|un|) dx

− 1

h

N∑
i=1

∫
{h<|un|≤2h}

ai(x, Tn(un),∇un)Diun|ϕ(Tk(un)− Tk(u))|eB(|un|) dx

+2

N∑
i=1

∫
Ω

ai(x, Tn(un),∇un)Diun
d(|un|)
b(|un|)

sign(un)ϕ(Tk(un)− Tk(u))ψh(un)e
B(|un|) dx

+

∫
Ω

gn(x, un,∇un)ϕ(Tk(un)− Tk(u))ψh(un)e
B(|un|) dx

=

∫
Ω

|Tn(un)|p0−2Tn(un)

|x|p0 + 1
n

ϕ(Tk(un)− Tk(u))ψh(un)e
B(|un|) dx

+

∫
Ω

fn(x)ϕ(Tk(un)− Tk(u))ψh(un)e
B(|un|) dx.

(55)
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Since ϕ(Tk(un) − Tk(u)) have the same sign as un on the set {|un| > k}, and
ψh(un) = 1 on the set {|un| ≤ k}. In view of (11) and (12) we obtain

N∑
i=1

∫
{|un|≤k}

ai(x, Tk(un),∇Tk(un))(D
iTk(un)−DiTk(u))ϕ

′(Tk(un)− Tk(u))e
B(|un|) dx

−
N∑
i=1

∫
{k<|un|≤2h}

|ai(x, T2h(un),∇T2h(un))| |DiTk(u)|ϕ′(Tk(un)− Tk(u))e
B(|un|) dx

−2

N∑
i=1

∫
{|un|≤k}

ai(x, Tk(un),∇Tk(un))D
iTk(un)

d(|un|)
b(|un|)

|ϕ(Tk(un)− Tk(u))|eB(|un|) dx

+2

N∑
i=1

∫
{k<|un|≤2h}

b(|un|)|Diun|pi
d(|un|)
b(|un|)

|ϕ(Tk(un)− Tk(u))||ψh(un)|eB(|un|) dx

≤
∫
Ω

|Tn(un)|p0−1

|x|p0 + 1
n

|ϕ(Tk(un)− Tk(u))|ψh(un)| eB(|un|) dx

+

∫
Ω

(|fn(x)|+ g0(x)) |ϕ(Tk(un)− Tk(u))| eB(|un|) dx

+

∫
Ω

d(|un|)|Diun|pi |ϕ(Tk(un)− Tk(u))||ψh(un)| eB(|un|) dx

+
1

h

N∑
i=1

∫
{h<|un|≤2h}

ai(x, Tn(un),∇un)D
iun|ϕ(Tk(un)− Tk(u))| eB(|un|) dx.

(56)
It follows that

N∑
i=1

∫
Ω

ai(x, Tk(un),∇Tk(un))(D
iTk(un)−DiTk(u))ϕ

′(Tk(un)− Tk(u))e
B(|un|) dx

−3

N∑
i=1

∫
Ω

ai(x, Tk(un),∇Tk(un))D
iTk(un)

d(|un|)
b(|un|)

|ϕ(Tk(un)− Tk(u))|eB(|un|) dx

≤ eB(∞)

∫
Ω

|Tn(un)|p0−1

|x|p0 + 1
n

|ϕ(Tk(un)− Tk(u))| dx

+eB(∞)

∫
Ω

(|f(x)|+ g0(x)) |ϕ(Tk(un)− Tk(u))| dx

+
ϕ(2k)eB(∞)

h

N∑
i=1

∫
{h<|un|≤2h}

ai(x, T2h(un),∇T2h(un))D
iT2h(un) dx

+ϕ′(2k)

N∑
i=1

∫
{k<|un|≤2h}

|ai(x, T2h(un),∇T2h(un))| |DiTk(u)|eB(|un|) dx.

(57)
For the two first terms on the right-hand side of (57), we have Tk(un)⇀ Tk(u)
weak−∗ in L∞(Ω) and thanks to (45) we conclude that :

ε1(n) =

∫
Ω

|Tn(un)|p0−1

|x|p0 + 1
n

|ϕ(Tk(un)− Tk(u))| dx −→ 0 as n→ ∞, (58)

Similarly, we have

ε2(n) =

∫
Ω

(|f(x)|+ g0(x)) |ϕ(Tk(un)− Tk(u))| dx −→ 0 as n→ ∞. (59)
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Moreover, in view of (53) we obtain :

ε3(h) =
ϕ(2k)eB(∞)

h

N∑
i=1

∫
{h<|un|≤2h}

ai(x, T2h(un),∇T2h(un))DiT2h(un) dx

−→ 0 as h→ ∞. (60)

Concerning the last term on the right-hand side of (57), we have (|ai(x, T2h(un),
∇T2h(un))|)n is bounded in Lp′

i(Ω), then there exists ηi ∈ Lp′
i(Ω) such that

|ai(x, T2h(un),∇T2h(un))| ⇀ ηi weakly in Lp′
i(Ω) for any i = 1, . . . , N, there-

fore,

ε4(n) =

N∑
i=1

∫
{k<|un|≤2h}

|ai(x, T2h(un),∇T2h(un))| |DiTk(u)| eB(|un|) dx

≤ eB(∞)
N∑
i=1

∫
{k<|un|≤2h}

|ai(x, T2h(un),∇T2h(un))| |DiTk(u)| dx

−→ eB(∞)
N∑
i=1

∫
{k<|u|≤2h}

ηi |DiTk(u)| dx = 0 as n→ ∞.

(61)

By combining (57) and (58)− (61), we conclude that :

N∑
i=1

∫
Ω

ai(x, Tk(un),∇Tk(un))(DiTk(un)−DiTk(u))ϕ
′(Tk(un)− Tk(u))e

B(|un|) dx

−3

N∑
i=1

∫
Ω

ai(x, Tk(un),∇Tk(un))DiTk(un)
d(|un|)
b(|un|)

|ϕ(Tk(un)− Tk(u))|eB(|un|) dx

≤ ε5(n, h).
(62)

It follows that

N∑
i=1

∫
Ω

(ai(x, Tk(un),∇Tk(un))− ai(x, Tk(un),∇Tk(u)))(DiTk(un)−DiTk(u))

×
(
ϕ′(Tk(un)− Tk(u))− 3

d(|un|)
b(|un|)

|ϕ(Tk(un)− Tk(u))|
)
eB(|un|) dx

≤ −
N∑
i=1

∫
Ω

ai(x, Tk(un),∇Tk(u))(DiTk(un)−DiTk(u))

×
(
ϕ′(Tk(un)− Tk(u))− 3

d(|un|)
b(|un|)

|ϕ(Tk(un)− Tk(u))|
)
eB(|un|) dx

+3

N∑
i=1

∫
Ω

ai(x, Tk(un),∇Tk(un))DiTk(u)
d(|un|)
b(|un|)

|ϕ(Tk(un)− Tk(u))|eB(|un|) dx

+ε5(n, h).
(63)
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For the first term on the right-hand side of (63), we have Tk(un) → Tk(u)
strongly in Lpi(Ω), then, ai(x, Tk(un),∇Tk(u)) → ai(x, Tk(u),∇Tk(u)) strongly
in Lp′

i(Ω), and since DiTk(un) converges to DiTk(u) weakly in Lpi(Ω) for
i = 1, . . . , N, we obtain

|ε6(n)| ≤
∣∣∣ N∑
i=1

∫
Ω

ai(x, Tk(un),∇Tk(u))(DiTk(un)−DiTk(u))

× (ϕ′(Tk(un)− Tk(u))− 3
d(|un|)
b(|un|)

|ϕ(Tk(un)− Tk(u))|)eB(|un|) dx
∣∣∣

≤
(
ϕ′(2k) + 3

∥∥∥∥d(| · |)b(| · |)

∥∥∥∥
L∞(R)

ϕ(2k)
)
eB(∞)

×
N∑
i=1

∫
Ω

|ai(x, Tk(un),∇Tk(u))| |DiTk(un)−DiTk(u)| dx→ 0 as n→ ∞,

(64)

Concerning the second term on the right-hand side of (63), we have that
(|ai(x, Tk(un), ∇Tk(un))|)n is uniformly bounded in Lp′

i(Ω), then there ex-
ists νi ∈ Lp′

i(Ω) such that |ai(x, Tk(un),∇Tk(un))| ⇀ νi weakly in Lp′
i(Ω) for

any i = 1, . . . , N, and we have Tk(un) → Tk(u) in L
pi(Ω) therefore,

|ε7(n)| ≤
∣∣∣ N∑
i=1

∫
Ω

ai(x, Tk(un),∇Tk(un))D
iTk(u)

d(|un|)
b(|un|)

|ϕ(Tk(un)− Tk(u))|eB(|un|) dx
∣∣∣

≤
∥∥∥∥d(| · |)b(| · |)

∥∥∥∥
∞
ϕ(2k)eB(∞)

N∑
i=1

∫
Ω

|ai(x, Tk(un),∇Tk(un))| |DiTk(u)| dx

−→
∥∥∥∥d(| · |)b(| · |)

∥∥∥∥
∞
ϕ(2k)eB(∞)

N∑
i=1

∫
Ω

νi |DiTk(u)| dx→ 0 as n→ ∞,

(65)
By combining (63) and (64)− (65), we conclude that

1

2

N∑
i=1

∫
Ω

(ai(x, Tk(un),∇Tk(un))− ai(x, Tk(un),∇Tk(u)))(DiTk(un)−DiTk(u)) dx

≤
N∑
i=1

∫
Ω

(ai(x, Tk(un),∇Tk(un))− ai(x, Tk(un),∇Tk(u)))(DiTk(un)−DiTk(u))

×
(
ϕ′(Tk(un)− Tk(u))− 3

d(|un|)
b(|un|)

|ϕ(Tk(un)− Tk(u))|
)
eB(|un|) dx

≤ ε5(n, h).
(66)
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Having in mind that Tk(un) → Tk(u) strongly in Lp(Ω), we obtain by letting
n then h tend to infinity

N∑
i=1

∫
Ω

(
ai(x, Tk(un),∇Tk(un))− ai(x, Tk(un),∇Tk(u))

)
(DiTk(un)−DiTk(u)) dx

+

∫
Ω

(|Tk(un)|p−2Tk(un)− |Tk(u)|p−2Tk(u))(Tk(un)− Tk(u)) dx −→ 0.

(67)
In view of Lemma 3.1, we conclude that{

Tk(un) → Tk(u) strongly in W 1,p⃗
0 (Ω),

Diun → Diu a.e. in Ω for i = 1, . . . , N.
(68)

Moreover, we have ai(x, Tn(un),∇un)Diun tends to ai(x, u,∇u)Diu almost
everywhere in Ω, and in view of Fatou’s lemma and (53), we conclude that

lim
h→∞

1

h

N∑
i=1

∫
{h<|u|≤2h}

ai(x, u,∇u)Diu dx

≤ lim
h→∞

lim inf
n→∞

1

h

N∑
i=1

∫
{h<|un|≤2h}

ai(x, Tn(un),∇un)Diun dx

≤ lim
h→∞

lim sup
n→∞

1

h

N∑
i=1

∫
{h<|un|≤2h}

ai(x, Tn(un),∇un)Diun dx = 0.

(69)

Moreover, thanks to (54) and since d(|un|)|Diun|pi tends to d(|u|)|Diu|pi almost
everywhere in Ω, it follows that

lim
h→∞

N∑
i=1

∫
{|u|>h}

d(|u|)|Diu|pi dx

≤ lim
h→∞

lim inf
n→∞

N∑
i=1

∫
{|un|>h}

d(|un|)|Diun|pi dx

≤ lim
h→∞

lim sup
n→∞

N∑
i=1

∫
{|un|>h}

d(|un|)|Diun|pi dx = 0.

(70)

Step 7 : The equi-integrability of the sequence (gn(x, un,∇un))n

Now, we will show that

gn(x, un,∇un) −→ g(x, u,∇u) strongly in L1(Ω),

using Vitali’s theorem, it is sufficient to show that the sequence (gn(x, un,
∇un))n is uniformly equi-integrable.
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Indeed, thanks to (54) we have

lim
h→∞

lim sup
n→∞

N∑
i=1

∫
{|un|>h}

d(|un|)|Diun|p dx = 0. (71)

and since g0 ∈ L1(Ω) we obtain∫
{|un|>h}

|g(x, un,∇un)| dx

≤
∫
{|un|>h}

|g0(x)| dx+

N∑
i=1

∫
{|un|>h}

d(|un|)|Diun|pi dx→ 0 as h→ ∞.

We conclude that for any ε > 0 there exists h0(ε) > 0 such that∫
{|un|>h}

|g(x, un,∇un)| dx ≤ ε

2
for any h ≥ h0(ε). (72)

On the other hand, it’s clear that for any measurable subset E ⊂ Ω we have∫
E

|gn(x, un,∇un)| dx

≤
∫
E

|gn(x, Th(un),∇Th(un))| dx+

∫
{|un|>h}

|g(x, un,∇un)| dx.
(73)

Thanks to (68), there exists β(η) > 0 small enough such that∫
E

|gn(x, Th(un),∇Th(un))| dx

≤
∫
E

|g0(x)| dx+

N∑
i=1

∫
E

d(|Th(un)|)|DiTh(un)|pi dx ≤ ε

2
.

(74)

By combining (72), (73) and (74) we deduce that∫
E

|gn(x, un,∇un)| dx ≤ ε,with E ⊆ Ω such that meas(E) ≤ β(ε). (75)

It follows that the sequence (gn(x, un,∇un))n is uniformly equi-integrable, and
thanks to (68) we have

gn(x, un,∇un) −→ g(x, u,∇u) a.e. in Ω. (76)

Thus, in view of Vitali’s Theorem we conclude that

gn(x, un,∇un) −→ g(x, u,∇u) strongly in L1(Ω). (77)
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Step 8 : Passage to the limit.

Let φ ∈ W 1,p⃗
0 (Ω) ∩ L∞(Ω), and let S(·) be a smooth function in C1

0 (R) such
that supp (S(·)) ⊆ [−M,M ] for some M ≥ 0.

By choosing S(un)φ ∈W 1,p⃗
0 (Ω)∩L∞(Ω) as a test function in the approximate

problem (16), we obtain

N∑
i=1

∫
Ω

ai(x, Tn(un),∇un)
(
DiunS

′(un)φ+ S(un)D
iφ
)
dx

+

∫
Ω

gn(x, un,∇un)S(un)φ dx

=

∫
Ω

|Tn(un)|p0−2Tn(un)

|x|p0 + 1
n

S(un)φ dx+

∫
Ω

fnS(un)φ dx.

(78)

To begin, we examine the first term on the left-hand side of (78), and it follows
that

N∑
i=1

∫
Ω

ai(x, Tn(un),∇un)
(
DiunS

′(un)φ+ S(un)D
iφ
)
dx

=

N∑
i=1

∫
Ω

ai(x, TM (un),∇TM (un))(S
′(un)φD

iTM (un) + S(un)D
iφ) dx,

in view of (10), we have that (ai(x, TM (un),∇TM (un)))n is bounded in Lp′
i(Ω),

and since ai(x, TM (un),∇TM (un)) tends to ai(x, TM (u),∇TM (u)) almost ev-
erywhere in Ω, it follows that

ai(x, TM (un),∇TM (un))⇀ ai(x, TM (u),∇TM (u)) weakly in Lp′
i(Ω),

and since S′(un)φD
iTM (un)+S(TM (un))D

iφ tends strongly to S′(u)φDiTM (u)
+S(TM (u))Diφ in Lpi(Ω), we deduce that

lim
n→∞

N∑
i=1

∫
Ω

ai(x, Tn(un),∇un)
(
DiunS

′(un)φ+ S(un)D
iφ
)
dx

= lim
n→∞

N∑
i=1

∫
Ω

ai(x, TM (un),∇TM (un))
(
DiTM (un)S

′(TM (un))φ+ S(TM (un))D
iφ
)
dx

=

N∑
i=1

∫
Ω

ai(x, TM (u),∇TM (u))
(
DiTM (u)S′(TM (u))φ+ S(TM (u))Diφ

)
dx

=

N∑
i=1

∫
Ω

ai(x, u,∇u)
(
DiuS′(u)φ+ S(u)Diφ

)
dx.

(79)
Regarding the second term on the right-hand side of (78), it is evident that
S(TM (un))φ ⇀ S(TM (u))φ weak−∗ in L∞(Ω). Given (77) we observe that
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gn(x, un,∇un) → g(x, u,∇u) strongly in L1(Ω), hence we obtain

lim
n→∞

∫
Ω

gn(x, un,∇un)S(TM (un))φ dx =

∫
Ω

g(x, u,∇u)S(TM (u))φ dx

=

∫
Ω

g(x, u,∇u)S(u)φ dx.

(80)
For the terms on the right-hand side of (78), we have fn → f strongly in

L1(Ω), and using (45) we find
|Tn(un)|p0−2Tn(un)

|x|p0 + 1
n

→ |u|p0−2u

|x|p0
strongly in

L1(Ω), Thus, we obtain

lim
n→∞

∫
Ω

fnS(TM (un))φ dx =

∫
Ω

fS(TM (u))φ dx =

∫
Ω

fS(u)φ dx. (81)

and

lim
n→∞

∫
Ω

|Tn(un)|p0−2Tn(un)

|x|p0 + 1
n

S(TM (un))φdx =

∫
Ω

|u|p0−2u

|x|p0
S(TM (u))φdx

=

∫
Ω

|u|p0−2u

|x|p0
S(u)φ dx.

(82)
Combining (78)− (82), we obtain that

N∑
i=1

∫
Ω

ai(x, u,∇u)
(
DiuS′(u)φ+ S(u)Diφ

)
dx+

∫
Ω

g(x, u,∇u)S(u)φ dx

=

∫
Ω

|u|p0−2u

|x|p0
S(u)φ dx+

∫
Ω

fS(u)φ dx,

(83)
which concludes the proof of Theorem 3.3.

5. Appendix

Proof of Lemma 4.1

Using Hölder’s inequality and the growth condition (10), we can prove that the
operator An is bounded, and since

|⟨Gnu, v⟩| ≤
∫
Ω

|gn(x, u,∇u)| |v| dx+

∫
Ω

∣∣∣ |Tn(u)|p0−2Tn(u)

|x|p0 + 1
n

∣∣∣ |v| dx
≤ n

∫
Ω

|v| dx+ np0

∫
Ω

|v| dx

≤ (n+ np0)∥v∥1,p⃗ for any u, v ∈W 1,p⃗
0 (Ω),

it follows that Bn is bounded.
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For the coercivity, we have for any v ∈W 1,p⃗
0 (Ω)

⟨Bnv, v⟩ = ⟨Anv, v⟩+ ⟨Gnv, v⟩

=

N∑
i=1

∫
Ω

ai(x, Tn(v),∇v)Div dx+

∫
Ω

gn(x, v,∇v)v dx

−
∫
Ω

|Tn(v)|p0−1

|x|p0 + 1
n

v dx

≥
N∑
i=1

∫
Ω

b(|Tn(v)|)|Div|pi dx− n ∥v∥1 − np0∥v∥1

≥ b0
(1 + n)λ

N∑
i=1

∫
Ω

|Div|pi dx− C(n+ np0)∥v∥1,p⃗.

We conclude that

⟨Bnv, v⟩
∥v∥1,p⃗

≥ b0
(1 + n)λ∥v∥1,p⃗

N∑
i=1

∫
Ω

|Div|pi dx−
C(n+ np0)∥v∥1,p⃗

∥v∥1,p⃗
−→ ∞.

(84)
We still need to prove that Bn is pseudo-monotone.

Let (uk)k∈IN be a sequence in W 1,p⃗
0 (Ω) such that

uk ⇀ u weakly in W 1,p⃗
0 (Ω),

Bnuk ⇀ χn weakly in W−1,p⃗′
(Ω),

lim sup
k→∞

⟨Bnuk, uk⟩ ≤ ⟨χn, u⟩.
(85)

we will show that

χn = Bnu and ⟨Bnuk, uk⟩ −→ ⟨χn, u⟩ as k → +∞.

Thanks to Lemma 2.1, we have W 1,p⃗
0 (Ω) ↪→↪→ Lp(Ω) with p > 1, then uk → u

in Lp(Ω) and a.e. in Ω, for a subsequence denoted again by (uk)k∈IN .

As (uk)k∈IN is a bounded sequence inW 1,p⃗
0 (Ω), and by the growth condition,

the sequence (ai(x, Tn(uk), ∇uk))k∈IN is bounded in Lp′
i(Ω). Therefore, there

exists a measurable function φi ∈ Lp′
i(Ω) such that

ai(x, Tn(uk),∇uk)⇀ φi weakly in Lp′
i(Ω) as k → ∞, (86)

Also, we have (gn(x, uk,∇uk))k∈IN is uniformly bounded in Lp′
(Ω), then there

exists a measurable function ψn ∈ Lp′
(Ω) such that

gn(x, uk,∇uk)⇀ ψn weakly in Lp′
(Ω) as k → ∞. (87)

Moreover, we have
( |Tn(uk)|p0−2Tn(uk)

|x|p0 + 1
n

)
k∈IN

is bounded in Lp′
(Ω), and
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|Tn(uk)|p0−2Tn(uk)

|x|p0 + 1
n

→ |Tn(u)|p0−2Tn(u)

|x|p0 + 1
n

almost everywhere in Ω. By Lebesgue

dominated convergence theorem, we deduce that

|Tn(uk)|p0−2Tn(uk)

|x|p0 + 1
n

−→ |Tn(u)|p0−2Tn(u)

|x|p0 + 1
n

strongly in Lp′
(Ω) (88)

Firstly, for any v ∈W 1,p⃗
0 (Ω) we have

⟨χn, v⟩ = lim
k→∞

⟨Bnuk, v⟩

= lim
k→∞

N∑
i=1

∫
Ω

ai(x, Tn(uk),∇uk)Divdx

+ lim
k→∞

∫
Ω

gn(x, uk,∇uk)vdx− lim
k→∞

∫
Ω

|Tn(uk)|p0−2Tn(uk)

|x|p0 + 1
n

v dx

=

N∑
i=1

∫
Ω

φi D
iv dx+

∫
Ω

ψn v dx−
∫
Ω

|Tn(u)|p0−2Tn(u)

|x|p0 + 1
n

v dx.

(89)
In view of (85) and (89), we obtain

lim sup
k→∞

⟨Bn(uk), uk⟩ = lim sup
k→∞

( N∑
i=1

∫
Ω

ai(x, Tn(uk),∇uk)D
iuk dx

+

∫
Ω

gn(x, uk,∇uk)uk dx−
∫
Ω

|Tn(uk)|p0−1

|x|p0 + 1
n

|uk| dx
)

≤
N∑
i=1

∫
Ω

φi D
iu dx+

∫
Ω

ψn u dx−
∫
Ω

|Tn(u)|p0−1

|x|p0 + 1
n

|u| dx.

(90)
Due to (87) − (88) and the fact that uk converges strongly to u in Lp(Ω), we
have ∫

Ω

gn(x, uk,∇uk)uk dx −→
∫
Ω

ψn u dx as k → ∞, (91)

and ∫
Ω

|Tn(uk)|p0−1

|x|p0 + 1
n

|uk| dx −→
∫
Ω

|Tn(u)|p0−1

|x|p0 + 1
n

|u| dx as k → ∞. (92)

Consequently, we have

lim sup
k→∞

N∑
i=1

∫
Ω

ai(x, Tn(uk),∇uk)Diuk dx ≤
N∑
i=1

∫
Ω

φi D
iu dx. (93)

Moreover, thanks to (9), we get

N∑
i=1

∫
Ω

(ai(x, Tn(uk),∇uk)− ai(x, Tn(uk),∇u))(Diuk −Diu) dx ≥ 0, (94)
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then
N∑
i=1

∫
Ω

ai(x, Tn(uk),∇uk)Diuk dx

≥
N∑
i=1

∫
Ω

ai(x, Tn(uk),∇uk)Diu dx

+

N∑
i=1

∫
Ω

ai(x, Tn(uk),∇u)(Diuk −Diu) dx.

By applying Lebesgue dominated convergence theorem, we have Tn(uk) →
Tn(u) strongly in Lpi(Ω) then ai(x, Tn(uk),∇u) → ai(x, Tn(u),∇u) strongly in
Lp′

i(Ω), and using (86) we get

lim inf
k→∞

N∑
i=1

∫
Ω

ai(x, Tn(uk),∇uk)Diuk dx ≥
N∑
i=1

∫
Ω

φi D
iu dx.

Taking into account (93), we conclude that

lim
k→∞

N∑
i=1

∫
Ω

ai(x, Tn(uk),∇uk)Diuk dx =

N∑
i=1

∫
Ω

φi D
iu dx. (95)

According to (89), (91)− (92) and (95), we obtain

⟨Bnuk, uk⟩ −→ ⟨χn, u⟩ as k → +∞. (96)

Now, using (95) we can show that

lim
k→+∞

N∑
i=1

∫
Ω

(ai(x, Tn(uk),∇uk)− ai(x, Tn(uk),∇u))(Diuk −Diu) dx = 0.

We have un → u strongly in Lp(Ω) and by using Lemma 3.1, we get

uk −→ u strongly in W 1,p⃗
0 (Ω) and Diuk −→ Diu a.e. in Ω,

it follows that ai(x, Tn(uk),∇uk) → ai(x, Tn(u),∇u) and gn(x, uk,∇uk) →
gn(x, u,∇u) almost everywhere in Ω, we conclude that

ai(x, Tn(uk),∇uk)⇀ ai(x, Tn(u),∇u) weakly in Lp′
i(Ω) for i = 1, . . . , N,

and

gn(x, uk,∇uk)⇀ gn(x, u,∇u) weakly in Lp′
(Ω) for i = 1, . . . , N.

Thanks to (88) we conclude that χn = Bnu, which ends the proof of Lemma 4.1.
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anisotropic elliptic equations, Adv. Differential Equations 18 (2013), no. 5-
6, 433–458.

[11] E. Hewitt and K. Stromberg, Quelques méthodes de résolution des
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