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Renormalized Solutions for Nonlinear
and Non-Coercive Elliptic Problems
Involving Hardy Potentials and L'-Data

Soluciones renormalizadas para problemas elipticos no lineales y no
coercitivos que involucran potenciales Hardy y funciones de tipo L1
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ABsTrACT. This work is centered around the study of the following non-
coercive elliptic problem :

|u|PO— 2y

Au+ g(z,u, Vu) = f(x) + =170 in Q,
u =0 on 01},

In the anisotropic Sobolev space, where Q is a bounded open subset of RY
(N > 2) that includes the origin, with g(z, s, £) subject to certain growth con-
ditions and f € L'(Q). We prove the existence of renormalized solutions for
the strongly nonlinear and non-coercive elliptic Dirichlet problem. Further-
more, we establish several regularity results.
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equation, non-coercive problems, renormalized solutions.

2020 Mathematics Subject Classification. Primary 35J15; Secondary 35J25.

RESUMEN. Este trabajo se centra en el estudio del siguiente problema coercitivo
eliptico:
—2
Au+ g(z,u, Vu) = f(z) + lu‘li(‘]po - in Q,
u=0 on 012,

en un espacio anisotrépico de Sobolev, donde 2 es un subconjunto abierto
acotado de RY (N > 2) que incluye el origen, donde g(z,s,£) estd sujeto a
restricciones relacionadas a su crecimiento y f € L*(£2). Probamos la existen-
cia de soluciones renormalizadas para el problema eliptico de Dirichlet. Mas
aun, probamos varios resultados acerca de la regularidad de las soluciones.

Palabras y frases clave. Espacios anisotrépicos de Sobolev, ecuaciones elipticas
fuertemente no lineales, problemas no coercitivos, soluciones renormalizadas.
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1. Introduction

In [I], B. Abdellaoui and al. studied the following nonlinear elliptic problem:

{ ~Aut |[VulP =\t +f i, Q)

u=20 on 02,

where A is a positive real number. They have proved the existence of positives
solutions for the problem in the case (+|Vu|?), with f € L1(2) that is the
absorption case. Note that for the reaction case (—|Vu|?) the non-existence of
solutions is proved even in a very weak sense.

In [I5], M. M. Porzio investigated the existence of weak solutions for the
following quasilinear elliptic problem:

—div(M (x,u)Vu) + y|ulP~tu = a.% + f(z) — divF in €2, @)
T
u=0 on 012,
here p is greater than %, the element a is a positive constant and the

Caratheodory function M (z,s) satisfies the growth and coercivity conditions.
For further details, we refer the reader to [4].

Recently, there has been growing interest among scientists and mathemati-
cians in the anisotropic Sobolev spaces W7 (). This interest stems from their
relevance in studying nonhomogeneous materials, which exhibit different behav-
iors across various spatial directions. These spaces are particularly applicable
in fields such as electrophysiology and thermoelectric fluid dynamics. For more
information, we refer to [3] and [13].

Many authors considered special cases of such problems, for example, in [9],
R. Di Nardo and F. Feo examined the following quasilinear elliptic problem:

N N N
- 0;a;(x,u, Vu) + H;(x,Vu) = f — 0:q; in Q,

; ( ) ; ( )=f ; g (3)
u=20 on 012,

They proved both the existence and uniqueness of weak solutions for this
anisotropic elliptic Dirichlet problem, assuming that the data resides in the
dual space.

E. Azroul et al. studied the following anisotropic quasilinear elliptic Dirich-
let problem, as detailed in [5].

Y i s(z)—1 |u|po(r)—2u .
_;D ai(ﬂf,u,vu)‘i“ul U:f—i—)\W m Q7 (4)
u=20 on 01},
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N
Where Au = — Z D'a;(x,u, Vu) is a Leray-Lions operator satisfying the stan-
i=1
dard growth, monotonicity, and coercivity conditions, and f € L'(Q) with A
being a positive real number. The authors proved the existence of an entropy
solution for the quasilinear elliptic problem .

This paper focuses on the study of a nonlinear and non-coercive elliptic
Dirichlet problem, formulated as follows:

N

- =2
—ZDl(az(aj,u,Vu))—|—g(x,u,Vu)=f(1:)+7 in Qa
= |[Po ()
u=~0 on 02,

where the strongly nonlinear term g(z, s, ) is a Caratheodory function satis-
fying certain growth conditions, and f belongs to L!(f2).

The aim of this paper is to prove the existence of renormalized solutions for
certain nonlinear and non-coercive elliptic problems of type in anisotropic
Sobolev spaces by using an approximation procedure and a priori estimates.

This paper is organized as follows: First, in Section 2, we recall some defi-
nitions and basic properties concerning anisotropic Sobolev spaces. In Section
3, we present some non-standard assumptions on the Carathéodory functions
a;(z,s,&) and g(z,s,€) for which our nonlinear elliptic problem has at least
one renormalized solution. In Section 4, we state the main results and prove
the existence of renormalized solutions for our nonlinear elliptic problem. Ad-
ditionally, some regularity results are concluded.

2. Preliminaries

Let © be a bounded open subset in RY (N > 2) with boundary 5.

Let p1,...,pn be N be real constants numbers, which satisfy 1 < p; < oo
fori=1,...,N.

We denote
ou
ox;

ﬁ: (17p17'~'7pN)7 DOUZU and Diu:

and we define
p =min{p1,p2,...,pn} and BJF = max{p1,p2,..., PN}
We recall the définition of the anisotropic Sobolev space W17(€) :
WhP(Q) = {ueW"(Q) suchthat D'ue LP(Q) for i=1,2,...,N},
equipped with the norm
N
el = Nl + Y 1Dl o o) (6)

i=1
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The space (W1P(Q), |ull1,5) is a separable and reflexive Banach space (see

[14]). Recall that W, ?(Q) is defined as the closure of C§°(2) in W#(€2) with
respect to the norm @

We now revisit the Poincaré and Sobolev type inequalities in the anisotropic
Sobolev spaces.

Proposition 2.1. Let u € Wol’ﬁ(ﬂ), we have

(i) Poincaré inequality : there exists a real constant number C),, > 0, such
that the following inequality holds

lullLri (o) < Cp ||Diu||L;Di(Q) forany i=1,...,N.

(i) Sobolev inequality : there exists a second real constant number Cs > 0,
such that the following inequality holds

N
C, ou
(<=
llull Lagy < N 2 Haxl

Lri(Q)
with
N
1 1N —p=—L i F<N
—=D and N-p
P i=1 Pi q € [1,400] if p>N

Lemma 2.2. Let 0 be a bounded open subset of RN (N > 2), we define

s =max(q, max p;),
then, the following embedding hold :

e if p< N then the embedding Wol’ﬁ(Q) —— L"(Q) is compact for any
re[l,s],

e if p=N then the embedding Wol’ﬁ(ﬂ) —<— L"(Q) is compact for any
r € 1, 400],

e if p> N then the embedding Wol’ﬁ(Q) —— L®(Q)NC%Q) is compact.
The proof of this lemma follows from the Proposition [2.1

Proposition 2.3. The space WL (Q) denotes the dual of the anisotropic
Sobolev space Wol’p(Q), here p/ = (s',p%,...,Dy) and s = max(q,g"‘).

For every F € e (Q), there exist Fy € L* (Q) and F; € LPi(Q) fori=
N

1,..., N, satisfying the following equality : F = Fy — Z D'F;. Furthermore,
i=1
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for every u € Wol’ﬁ(Q) we have

N

(F,u) = Z/ F;, D'udzx.

i=0 79

We define a norm on the dual space by
. N N i . 4
IFl_, 5 = mf{zizo IEly, | F=F-YY,DiF with FeL”(Q)

and F € LP (Q)}.

Definition 2.4. Let k£ be a positive real number. We define the truncation
function T (.) : R — IR, by

s it |s| <k,

Tii(s) = /@ﬁ it |s| > k,
S

and we set
761’17(9) = {u: Q+— R measurable / Ty(u) € Wol’ﬁ(Q) for any k > 0}.

Proposition 2.5. Let u be an element of the space 761’5(')((2). For any i €
{1,..., N}, there exists an unique measurable function v; :  — R which is
measurable and satisfies :

Vk >0 D’Tk(u) = Vi-X{|u|<k} a.e. x €,

For a measurable subset A, let x 4 denote its characteristic function. The func-
tions v; are referred to as the weak partial derivatives of u and are denoted D'u.
Moreover, if u is in Wol’l(Q), then v; matched with the standard distributional
derivative of u, in other world, v; = D'u.

The proof of Proposition uses the standard methods outlined in [§]
for the case of Sobolev spaces. For further information on anisotropic Sobolev
spaces, we refer the reader to [2] 7, [9] [10].

Lemma 2.6. (see [11], Theorem 13.47) Let (uy,), be a sequence in L'(Q) and
u € LY(Q) satisfying the following items.

(1) up — u a.e. in

(ii) up >0 and u >0 a.e. in Q,

(iii) /un dx—>/udx,
Q Q

then u, — u in L'(Q).
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3. Essential Assumptions and main result

Let © be a bounded open subset of RV (N > 2), and let 1 < p; < N for
i=1,...,N, we set

Ezmin{Plvp%”pr} and p+:max{plap2a"'7pN}-

Let f be a function in L'(£). We examine the strongly nonlinear anisotropic
elliptic problem given by:

Au + (xuVu)—f(x)—l—w in Q
g Eiad] - ‘x|p0 I (7)
u=20 on 01},

N(p* =) : : :
where 1 < pg < m Here A is the Leray-Lions operator mapping
from Wol’ﬁ(ﬂ) into its dual Wﬁl’pa'(Q) and defined by:

N .
Au = — Z D'a;(x,u, Vu) (8)
i=1

where a;(z,5,£) : Q@ x RxRY s R are Carathéodory functions (i.e. measurable
with respect to z in Q for every (s, &) in R x RY and continuous with respect to
(5,€) in R x RY for almost every x in ) and satisfy the following conditions:

(ai(xa 3’5) - ai(x’ S, 77))(51 - 771’) >0 for any & # n;, (9>
Jai(z, 5,€)| < B (Ki(z) + [s|" =" + &P, (10)
for any given positive function K;(x) € LPi (Q) fori=1,...,N,and 8 > 0.

We further assume the existence of a positive, decreasing function b(:) :
[0, 00[—]0, 00[, and a constant by > 0 such that

bo

ai(e,5,)6 2 blsDI&”  with () 2 G

(11)
a.e. v € Q and all (5,£) € R x RY, where 0 < A\ < min(1,p — 1).

As a consequence of @[) and the continuity of a;(x, s, ) with respect to &,
we have

ai(z,s,0) =0 for i=1,...,N.

The lower order term g(z,s,£) : Q x R x RY + R is a Carathéodory function
which satisfy the growth condition given by:

pi (12)

7

N
92,5, < gof@) + Y d(s]) &
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where go(x) is assumed to be a positive measurable function in L!(), and the
continuous decreasing function d(-) : R — R is assumed to satisfy E|| ||; €
L*(R) N L™=(R).

We now recall some important lemmas that will be useful in proving our
main result.

Lemma 3.1. (see [6]) Under assumptwns (©) — (2), let (un)nemn be a sequence
in WaP () such that u, — u in WoP(Q) and

> )0
a; (T, Up, Vig) — a; (2, tun, Vu) ) (D'uy, — D'u) da
i=178 (13)

N
+ Z (|un|£_2un — |u\3_2u> (t, — u) dz —> 0 as n — 0o,
i=179

then u, — uweakly z'nWOLﬁ(Q) for a subsequence.

We recall the definition of renormalized solutions for the strongly nonlinear
elliptic equation .

Definition 3.2. A measurable function u is called a renormalized solution for
the strongly nonlinear elliptic problem , if u € 7,7 (Q), g(x,u, Vu) € L1(Q),

N

1 )
lim — Z/ a;(z,u, Vu)D'u dx = 0, (14)
i=1 7 {lul<h}

and u satisfies the following equality

Z/az z,u, Vu) - (8 (u)eD'u+ S(u)D'p )dac—i—/ g(z,u, Vu)S(u)p dx

Q
Po—2q,
/fS <pdx+/ | | 7o ) dr,
(15)

for every ¢ € Wol’ﬁ(Q) N L>(€) and for any smooth function S(-) € W1 (R)
with a compact support.

The aim of this paper is to prove the following existence result:

Theorem 3.3. Let f € L'(Q), and assume that conditions @ - are
satisfied. Then, there exists at least one renormalized solution u for the strongly
nonlinear and non-coercive elliptic problem . Moreover, we have v € L™ (Q)
forany 0 <r <pt—XA-1.
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4. Proof of Theorem [3.3|

The proof is structured in several steps.

Step 1: Approximate problems.

Let (fn)n be a sequence of measurable functions in WLy (Q) N LY(Q) that
satisfy: fn — f strongly in LY(Q) and |f.| < |f] (eg., fu = Tu(f)). We
consider the approximate problem:

po—2
Lo Talw) |

N
- ZDiai(man(un)7vun) + gn (T, Un, Vun) = fn(z) + z[Po + %

i=1
up, = 0 on 012,
(16)
where g, (z,s,&) = T, (g(x, s,£)). Let’s consider the operators A,, and G,, from
Wol’ﬁ(Q) into W*I’I;'(Q) satisfying:

N
(Apu,v) Z/ ai(z, T, (v), Vu)D'v dz Yu,v € Wol’ﬁ(Q)7
Q

i=1

and

po 2 _
<GnU7U>:/gn(x u, Vu)v do — / [T (u | |p +T( )vdx Yu,v € WyP(Q).
x|Po -

Lemma 4.1. The bounded operator B, = A, + G,,, which acts from Wol’ﬁ(ﬂ)

into W17’ (Q) is pseudo-monotone. Furthermore, By, is coercive in the follow-
ing sense:

(Brv,v)

ol — 0 as |lv|lizp— oo forany wve WEP(Q).
vll1p

For the proof of Lemma see Appendix. In view of Lemma (see [12],
Theorem 8.2), there exists at least one weak solution u,, € W, () for problem

, that is:

N
Z/ ai(z, T (un), Vun) D' dm+/gn(x,un,Vun) vdx

T " po 2T " .
/ fn vdx+ | u| |p0 1 (ttn) vdz for any v e Wy (Q).
2 1
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Step 2 : Some regularity results

Lemma 4.2. Assume that the conditions @ - are satisfied, then there ex-
ists a constant C > 0, independent of k and n, such that the following estimates

hold:

N |Diu |Pi .
Z/deﬁ(}(k*_q_kﬂ 0 4 o~y forany 1< <p,

=1
(18)

N
3 / DT ()P dae < COPM+ 32" 459 179)  forany k> 0. (19)
Q

/|un\sdx§0 forany 0<s<p®—A-1 (20)
Q

B N(1—po)

, we set
N —po

Letk‘Zlandl<9<Q+

= S B sign(s an s|) = " 2d(]7)) T
ot0) = (1= fres st a0 = [0

By taking v = @(u,)(1 + |Ti(un) ) eBUunD € Wol’ﬁ(Q) as a test function for
the approximate problem , we have

z:/aZ (, Ty (), Vi ) D (0(uy) (1 + | Tk (u )|)/\eB(\un\))dx

gn(x Un, Vi )@ (un ) (1 4 |Th(un ) ) P da:

T un Po 2T Uy, )
/| x||po+ ) @(un) (1 + [ Ti (un) ) Bl dz

+ [ Fupln) 0+ [Tulan)]PeP0D da.
Q

(21)
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It follows that

a;(z, T (un), Vu,)Diuy, \ B
—1) E 14 Ty (un (Junl) g
/ (14 |un|)? (14 [Tk (un)l)e T

“Z/ 5(2, T (1), ) D T (1) (1 + [T )N o0) 200D i

> [ iy, Wt Ao Bllunl)
+2Z/Qal(a:,Tn(un),Vun)D unb(|Un|)|<p(un)|(1+|Tk(un)|) e dx

=1
Tn n pU_l
%Mp(unﬂ(l + |Tk(un)|)>\€B(|un|) dx

o |zfpo+ L

+/ | F(@)] Jo(un)| (1 + |Th (un)]) eB0unD) dg
Q

[ Janltn, D) o) (15 [Tin) )P0
Q

Thanks to and we obtain

n D np
Z/ |U | | U ‘ (1+|Tk(un)|))\63(|u"|) d

T un)?

HZ Ml DIDTu )1+ T4 e
z;l

+ZZ/Qb( pim |90(Un)|(1+|Tk(un)|)’\eB(‘“n|) dr

o |zfo+ 4
+/(\fn(x>|+go(x))lso(un)|(1+|Tk(u ) eBlunh gy

+Z/ (Jtn )| D'y

= ()| (1 + [T (un) ) B 0D

pi

o (un) (1 + |Tio(un) )P40 da.

(23)
Since |¢(uy,)| < 1, we conclude that
| DTy (un) [P al | Diauy, [P
o(6—1) / n) dx—!—b(@—l)(l—!—k))‘ / g
Z (1+ |un ’ Z fluni>ky (14 un])?F2

DTy (un
+50AZ/ ‘H&: ‘Iw(un Id:c+Z/ )| D un P |0 (un)|(1 + | Th(un)|) da

< (B9 Q%(H\Tk(un)n gz 1 P (11 k) /Q(‘f(x)‘+go(x))dx.
n 1)
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For the first term on the left-hand side of , applying the Poincaré inequality,
we obtain:

N @ Pi
bo(0 -1 [P ()

dzr
— Jo (1+|ual)?

o(6— 1) Z/’ DT (un) 77 )
1+|u|P1
‘Tkun)l i
= bo(6— 1) Z/‘D/ Lepdx
(1 +|7])»e
N Ty ()|
boﬂfl |k 7' Pi 25
2~ cr /‘/ du %)
-1 (147

bO(a - 1 |Tk(un)
2. "ep / A+ [Telun))? ™

N bo(6
>3 [ 17w

>0 [ [T~ da = Co.

Pi=0 dy — C,

-1
= ﬁ)' Concerning the second term on the left-hand side of ,
2Cy

al | D, [P?

bol0=1) Z/{WM} W o>

lunl d pi
1T (un)| ( 1+|r|)
Y bo( —1 lun pi
DI /\/
a i=1 Cgl 1T (un)] (1 4 \T|) m
N
bo (6 — / Iun\—ITk(un)I)l
> d
23 G Jo Atluh
bo(6 — 1) / Jun o bo (6 / [T (1)
> d d
*gzn—lcpl (1 + [un))™> 7 ; cgw o L+ Jun )7 ™
N N

bo(6 — 1) RPN bo(0 — 1) o
ZZW/QWHP dx—zcgi/ﬂkp da — Cs

i=1 =1

> 04/ |20 d — sk 0> — )
Q
(26)
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On the other hand, applying Young’s inequality, we get:

oB(o0) |Tn(“n)|p071

o |zlpo + %

< >/ Blwn)l™ (1 () ) i + €21+ k)*/ =
Qual<ky 2P+ 5 {unl>k} 1TIP0 + 5

po—1
<G [ mp = w o [ e [ MW,
o sl (unl<k) |@[PO+ 5

|w|£+797po+17k

(1 + [T (un))* da

|un|p0*1

dx

+ %(1 + k)*/ lunl?" 0 dz + Cr (1 + k) / S .
Q

po(pt—6-X)
@ | |p+—e—A—p0+1

g%/m(u YT da +C (1+k) /| [P0 dr 4 Os(1 4 k) + CokPo Y.
Q
(27)

po(p™ —0—A) po(p* —0)
i = N th
Slnceﬂ+*9*>\*l’0+1<B+*9*P0+1*/\< en/

1

po(pt—6)
‘x|p+ 0—po—A+1

dx €

LY(Q).
By combining and — , it follows that

9/ Te(un) 20 dz+9(1+k)k/ fun 20 do
4 Q 4 Q

_ N v Pi
pho0—1) 3 | D T (un) "

2 Zo (1+|ual)?
+4bo<0f1><1+k>* S / [Dual
2 (uni>ky (14 |un])0T2 (28)
|D Tk un \ i
b )\ — )| d

53 / () D' (1) (1 + T ()]
i=17%
§C1o(kk+k9+_a+kp°_l) for any k>1,
where (g is a constant independent of n and k. Therefore, we have:
ZN:/ Dl g
(L+ [un \)9“

|D Tr(un) / un|p7‘
= dz + _Drua
Z/ (T o Z (e (L Tual 752 (29)

N

| D" T (un) | / | Dy, [P0
< e R (Y AUl g
<3, (a0 R Z I ca vy L

i=1

< Cu(k + k2 0 4 kP for any k> 1,
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and

| DTy (un)| A t_0 -1
DTy (uy,)|[Pida < d < kM kP JPo
1+k92/| k() [ dz Z/ (1+ |un|)? Cra(k™ + )
(30)
Thus the estimates given by — hold. Moreover, thanks to we have
h/jhuﬁﬂ*‘e‘kdx < j[ |20 (L T () ) e < Crg (R 20 koY),
Q Q
(31)
for any £ > 1 and 6 > 1, which completes the proof of .

Step 3 : Weak convergence of truncations

In view of , the sequence (T} (uy)), remains bounded in W, 7((2), and there
exists a subsequence, still denoted by (T%(un))n, and a measurable function

Vi € Wol’ﬁ(Q) such that:

Te(un) = v in Wy7(Q), (32)
Tn(un) — ¢ in LY(Q) anda.e. in Q.

Furthermore, due to 7 for any 0 < r < p* —1— A, the sequence (|uy|")y is
bounded in L(£2). As a result, we have:

k" meas{|u,| > k} = / | T (un)|" dx
|un|>k}

|un|" dz (33)
Q
<C for any k£ >1,
It is therefore necessary that
li k} < ¢ k
1;1;8;13p meas{|u,| > k} < ™ 0 as k— o0 (34)

We will now prove that (u,), is a Cauchy sequence in measure. In fact, for
every ¢ > 0, we have:

meas{|u, — upy| >0} < meas{|u,| > k} + meas{|u,,| > k}
+meas{|Ty (un) — Tk(um)| > 6}

Given € > 0, according to , we can select k = k(e) sufficiently large such
that:

meas{|u,| > k} < g and meas{|um,| > k} < (35)

W ™
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Furthermore, by , we have Ty, (u,) — 1. strongly in L*(£2) and almost ev-
erywhere in Q. Therefore, the sequence T (u,,) is a Cauchy sequence in measure.
For any k > 0 and 6,& > 0, there exists ng = no(k, d, ) such that:

meas{|Tx (un) — Tk (um)| > 0} < % for all m,n > ng(h,d,e). (36)

By combining and , we conclude that for all §,& > 0, there exists
ng = no(d,e) such that

meas{|un, — um| >0} <e for any n,m > nyg.

It follows that (uy), is a Cauchy sequence in measure, then after going to a
subsequence, it converges almost everywhere, to some measurable function u.
Thanks to we have

Ti(tn) — Tp(u) weakly in  WaP(€). (37)

Using Lebesgue dominated convergence theorem, we obtain:

Tk (un) = Ti(u) strongly in  LPI(Q) for i=1,...,N. (38)
Tn n po*zTn n
Step 4: Equi-integrability of the term (‘ (un)| T (u ))
|z[Po + - n
Tn n po—QTn n :
Now, we will show the strong convergence of [T (un)| (un) in L1(Q).
e+ 5
O e YU
n(Un) |70 T (un ulPo .
a1 2] a.e. in . (39)

T, Po—2T,

Using Vitali’s theorem, it is sufficient to prove that <| "(un)||p n 1"(un))
x|Po = n

n

is uniformly equi-integrable.
Let r,e > 0suchthat pp—1 <r <r+e < Q“‘—l—)\7 and let F be a measurable
function in €2. Thanks to Young’s inequality we have

T po—1 1
LllP g < [ o+ [ i)t
E E

B oo+ o] 7=roT (40)

+ |tn|" de.
{lun|>h}

Thanks to (20), there exists h(n) > 0 such that

1 c
/ un|" da < 7/ up|" " dr < = — 0 as h—oo. (41)
{Jun|>h} b J{un|>hy h
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Thus, for any 1 > 0 there exists h(n) > 0 such that

/ |un|" dz < 7, (42)
{unl>h(n)} 2

On the other hand, there exists p(n) > 0, such that for all E C €, we have
1 n
————dx + |Th Up)|" de < = for meas(E) < u(n). (43)
|l’| T— p0+1 2

We conclude that, for any measurable subset E of €2 that

|Tn(un)|p0_1

dr < f B) < un). 44
o Ja TS for meas(E) < p(n) (44)

T () ‘p0_2Tn (un)
P + 5

Thus, the sequence ( ) is equi-integrability, we deduce
n

that

|Tn(un)|p072Tn(un) |U|p072u

. 1
2o+ 1 P strongly in L™ (). (45)

Step 5 : Some regularity results

The goal of this step is to show that

N
1 )
hm lim sup — g / ai(z, Ty (uy), Vg ) D'uy de = 0.
{lunl<h}

h—oo n—oo
=1

T n D .
Let h > k > 1, by using #GB(W”D € Wol’p(Q) as a test function for the
approximate problem 7 we have

3 Ti(un)
Z/ a/l(xaTn(un),Vun)Dl( hitn eB(Iun‘)> dzx
=179 h

T (un

h<: ) Bunl) gy

|T wp)|Po~ 2T (n) Tn(tn) _B(jun|) dx+/ aneBﬂunD o,
|x‘p0 + = h Q h

/ gn(x U, vun)

(46)
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It follows that
1 ,
,Z/ ai(z, T (wn), VT (1)) DT, ()B4 D dae
h i=17/%

d((un)
b(lun)

1
ITh(un)|eB<'“n'>dx+E/ | o ()| T () [€B D
Q

N
2 .
+— Z/ ai(z, Tp(uy), Vu,) D uy, |Th(un)|eB(|“"D dx
h i=179

< 1 |Tn(un)‘p071
=] o |x|p0 +%

1
+5/ |G (2, Uy, Vi ) || T () €200 D .
Q

(47)
In view of and we conclude that
1 & ;
— ai(z, Tn(un), Vur) D u, dx
h Z; /{ lunl<h}

2 & d(|unl)
+= E / b(|tn )| Dot |PF 2 (44, ) [ B D) g

ITh ()| da +

eB(oo_) | T, () [P0 B(co)

> h Q |x|PO +%

N
1 ; ) B
- DD [P | Th (un, (Junl) )
+hi§:1/ﬂd(\u DID un| " |Th (un)|e dx

e

/ﬂ (1f(@)] + go(x)) |Th(un)| da

(48)
It follows that
1 ,
- / ai(z, Ty (up), Vuy)D'uy, da
h = J 1<y
1 ,
3 3 [ a2 ) e
i=1

po—1

(49)

For the two terms on the right-hand side of , we have meas {|u,| > h} =0
T (un :
as h tends to infinity, then M — 0 weak—x in L>°(Q). Thanks to ||
| T (wn) [P0~ Tn () |u[P°~u
el + 1 R

[ Ta(ua) [P [ Th(un)|
aulh) = Q \x|po+% h

we have strongly in L'(£2), it follows that

dx — 0 as h — oo. (50)

Moreover, since f(x) and go(x) belong to L*(£2) then

ga(h) = /Q(|f(x)\ + go(x)) W de — 0 as h—oo. (51)
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By combining and - , we deduce that

N
1
hz_:/{lun@} z, Ty (un), Vun) D “”derh Z/ (lun )| D [P | Ty (un ) | da < e3(h).
(52)
By letting h tends to infinity in we conclude that
1 .
hm lim sup — Z/ ai(z, Ty (up), Vup)D'uyp dz = 0. (53)
h=o0 n—oo VI J{jun|<h}
Moreover, we have
N
lim lim sup / d(|tn|)| D up |P* da = 0. (54)
hmoo noo ; {Jun|>h}

Step 6 : Strong convergence of truncations
Let h >k >1 and

Up, — Th(u 252
P (up) =1 — |7 (1 hTh( n)l o(s) = s.exp(A/

. Note that ¢'(s) — v|p(s)| > % Vs e R.

Le=(R)

d
where v = 3 Hb

By using v = ¢(Th () — T (1) )hp (un )eB (D) € Wol’ﬁ(Q) as a test function
for the approximate problem , we obtain :

N
Z/Qa,-(g;,Tn(un),vun)(DiTk(un) — D'Ty(u)) ¢ (Th(un) — Tho(0))tn (ug )e BN D) ds
=1

N
1 )
—= § :/ @i (2, T (tn ), Vi) D' | (T (un ) — T (w))|eB0unD da
{h<|un|<2h}

+2Z/al (z, Tn(un), V) D'uy, d(|un |)Slgn(un)¢(Tk(un)— T () () eB14nD) gy

/g"(x tny Vit )$(Tio(tn) — T () )on ()P D d
/ |T |p0 2T (un)¢(Tk(Un) *Tk(u))wh(un)eB(lunl) dx

oo+ 2

+/ fn(fc)¢(Tk(un) — T (u))p (up ) B0 da.
Q

(55)
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Since ¢(Ty(un) — Tk (u)) have the same sign as u, on the set {|u,| > k}, and
¥p(uy) =1 on the set {|u,| < k}. In view of and we obtain

/{‘ < }al(x,Tk(un),VTk(un))(DlTk(un) — DlTk(U))(ﬁ,(Tk(un) — Tk(u))eBﬂ“nD dx

/ |ai (, Ton (un), VT2 (un))| |D T (w)|@ (Th(un) — Ti(w))e® D da
{k<|un|<2h}

/ (@, Tr (un), VTk(un))DiTk(un)Z((l‘an\))|¢(Tk(un) T ()P g
un|<k} n
/ b I G T4 1) = T ) ) e
{k<|un|<2h} n
&

zfpo + L | (T (un ) — T (w))|ton (un)| €D da

/ | fn(@)] + go()) |6(Th(tn) — Ti(w))] eZ0nD dg

At )| D [P 16(Tr () — T [ ()| "D i
N

+- Z/ ai (2, T (tn), Vi) D' tn|¢(Th (un) — Ti(w))] 0D da,
h i—1 Y {h<|un|<2h}

(56)
It follows that

Z/Qai(fﬁka(un),VTk(un))(DiTk(un) — DTy (u))¢ (Te (un) — Te(u))eP"n D dz

d(|unl)
b(lunl)

|p(Ti(un) — T (w))| dz

_3ZAai(x,Tk(un)7VTk(Un))DiTk(un) |¢(Tk(un) _Tk(u))leB(lu“l) da

B(eo) [ 1Tn(un)~"
o lzpo+ 1

o) / (7 @)] + go(2)) |6(Th(un) — Tic(w))] de

2k)eB) X i
% Z/ ai(z, Ton(un), VIon (un)) D" Ton(un) dx
{h<|un|<2h}

<e

2k Z/ |a”b 13 TQh(un) VTQh(un))l |D1Tk(u)|eB(‘unD dz.

{k<|un|<2h}

For the two first terms on the right-hand side of (57), we have T}, (u,) — Tk (u)
weak—x in L*°(2) and thanks to we conclude that :

| T (un) [P0~

0 |zl + L |o(Tk(up) — Ti(u))| de — 0 as n — oo, (58)

€1 (’fl) =
Similarly, we have

E2(71)Z/Q(lf(ﬂﬁ)lJrgo(ﬂC)) |¢(Th(un) = Ti(w))| dz — 0 as n —o0. (59)
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Moreover, in view of (53|) we obtain :

9(2k)el ) &

E3(h) = / ai(ac, Tgh (un), VTQh (un))DiTgh (un) dx
h {h<lun|<2h}

—0 as h— oc. (60)

Concerning the last term on the right-hand side of (57), we have (|az(x Top (un),
VTon (un))|)n is bounded in LPi(£2), then there ex1stb n; € LPi(Q) such that
|a;(, Ton (wn), Vo (un))| = n; weakly in LPi(Q) for any i = 1,..., N, there-
fore,

N
ea(n) = / |ai (z, Ton (tn), VTon (un))| | D Tk (u)| e®1*mD dz
{k<|un|<2h}

N
<ePIN / |ai(@, Ton(un), VTon(un))| |D'Ti(u)| dz (61)
{k<|un|<2h}

N
— B0 Z/ ni |D'Te(u)|de =0 as n — oo.
{k<|ul<2h}

By combining and — , we conclude that :

N
2 /Q i (2, T (1), VT (1)) (D' T ) — DT () (T (1) — Ti(w))eP 1)

5y 00T, VT Do) S 6T ) = TP i
‘ Q (2 bl n)s n n b(‘un‘) n

< es(n,h).
(62)

It follows that

N
Z /Q(ai(z,Tk(un), VTi(un)) — ai(x, T (un), VI (w)(DTy (un) — D' T (u))

/ d(lun) .
x (¢ (Ti(un) = Ti(w)) = 33 = 16(T(un) — Tk(u))|)eB(‘ D da

N . .
<-3 /Q i, T (tn), VT3 () (D Ti () — DT ()

=1

(s ) .
x(qb(Tk(un)—Tk(u))—?)b(‘ 3 0(Ti(un) ~ 70?1 da

N
+SZ/az(maTk(un)aVTk(Un))DlTk( ) (|Un|)

u))|eBUunD) gz
~ Jq b(| |)|¢(Tk( ) Tk:( ))| d

(63)
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For the first term on the right-hand side of (63)), we have Ty (u,) — Tx(u)
strongly in LPi (), then, a;(x, Tk (un), VIk(uw)) = a;i(z, Ty (u), VI, (u)) strongly
in LPi(Q), and since DT} (u,) converges to DTy (u) weakly in LPi(Q) for
i=1,...,N, we obtain

N
o)) < | 32 [ s Tulie). VI () (DT () = DTiu)

x (¢I(Tk(un) —Tr(u)) — 3d(|Z"D |&(Th (un) — Tk(u))\)eB(lu"l) dx

d(l- )

< (¢’<2k> +3 H 5D <z><2k:))e3<°°>

L>=(R)
N . .
X Z/ la;(z, T (un), VIg(uw))| |D*Tk(uy) — DTk (u)| dez — 0 as n — oo,
—1 /o
(64)
Concerning the second term on the right-hand side of ., we have that
(Jai(2, T (up), VTi(tn))])n is uniformly bounded in LPi(2), then there ex-

ists v; € L”;(Q) such that |a;(z, Ty (un), VTk(un))| — v; weakly in LPi(Q) for
any ¢ = 1,..., N, and we have Ty (uy,) — Ti(u) in LPi(£2) therefore,

d(Junl)
b(lun)

H H B(o@;/Q|ai(x,Tk(un),ka(un))\ |D' T (u)| da

lez(n)| < ]Z/ ai(x, Ti(un), VT (wn)) D Ti(u) |6(Tho () — T (w)) B nD dx’

N
H H #(2k)e?>) Z/ vi |ID'Ty(u)|de — 0 as n — oo,
— Jo

(65)
By combining and — (65), we conclude that

(ai(z, T (un), VIk(un)) — ai(z, Ti(tn), V(1)) (D Tk (up) — DTy (u)) dx

N |
'MZ

~
Il
—

IA
M=
S— o

(ai(z, T (un), VTk(un)) — ai(z, Ti(tn), VT (0)) (D Ty (uy) — DTy (u))

ﬁ
Il
-

o (6 (Ti() = Tw) — 3902 07, 1) = T3 ) ) 20D

b(|unl)
§ 65(n, h)
(66)
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Having in mind that T (u,) — Tk(u) strongly in LZ(£2), we obtain by letting
n then h tend to infinity

N
3 /Q (03 D). T (1)) — a4, T, V() ) (DT () — DT ()

+/Q(|Tk(un)\372Tk(un) = [T (w) P72 T3 (w) ) (T (un) — Tio(w)) dw — 0.

(67)
In view of Lemma we conclude that
Ty (un) — Tp(u)  strongly in  WoP(€), (68)
Diu, — D'u a.e.in Q for i=1,... N.

Moreover, we have a;(x, T}, (u,), Vu,)Diuy, tends to a;(x,u, Vu)Du almost
everywhere in €2, and in view of Fatou’s lemma and , we conclude that

lim — / (x,u, Vu)D'u dx
h—oo I Z {h<|u\<2h}

< lim hmlan/h<|u ‘<2h} (z, T (tp), Vi ) D'y, da (69)

< lim limsup — Z/ e } (z, T (), Vi ) D'y, dz = 0.
h<|un|<2h

h—00 p—oo

Moreover, thanks to and since d(|u,|)| D%u, [P? tends to d(|ul)| D*u[P? almost
everywhere in €, it follows that

lim / d(|u|)|D*u
h*)OOZ \u|>h}

Di dCE

h—oo pnooo “
=1

< lim liminf / d(|wn|)| D up P dx (70)
h—o00 n—o0 Z {Jun|>h}
< lim limsupZ/ d(|tn|)| DPup |P* dz = 0.

{‘un|>h}

Step 7 : The equi-integrability of the sequence (g, (z,u,, Vu,))n
Now, we will show that
gn (X, Up, V) — g(z,u, Vu) strongly in  L'(Q),

using Vitali’s theorem, it is sufficient to show that the sequence (g, (z,un,
Vuy))y is uniformly equi-integrable.
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Indeed, thanks to (54) we have

N
Jim limsupZ/{l iD= 0, (71)
Un|>h

—00 n—ooo 4
=1

and since gy € L'(Q) we obtain

/ lg(x, up, Vu,)| dz

{lun|>h}

<[ lmle)do / d(Jun]) D',
{lun|>h} Z {lun|>h}

We conclude that for any € > 0 there exists ho(e) > 0 such that

/ lg(z, un, Vuy,)| de <
{lun|>h}

On the other hand, it’s clear that for any measurable subset E C 2 we have

Pidy —-0 as h — oo.

for any  h > ho(e). (72)

N ™

/ (90 (2, 1y V)]
E

(73)
< [ lonte Zawn). VIl dot [ oo, V) da
E {|un|>h}
Thanks to (68), there exists 8(n) > 0 small enough such that
[ 1@ Ti(0,). 9T )] da
(74)

< [ lnta |dx+z/ (1T )| D T ()P di <

By combining , and we deduce that

w\m

/ |gn (@, Un, Vuy)| dx < e,with E CQ such that meas(E) < f(e). (75)
E

It follows that the sequence (g, (z, un, Vuy,)), is uniformly equi-integrable, and
thanks to (68)) we have

In (T, Un, Vuy,) — g(z,u, Vu) a.e. in €. (76)
Thus, in view of Vitali’s Theorem we conclude that
9n (2, up, Vu,) — g(w,u,Vu)  strongly in  L'(Q). (77)
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Step 8 : Passage to the limit.

Let ¢ € Wol’ﬁ(ﬂ) N L>(Q), and let S(-) be a smooth function in C§(R) such
that supp (S(-)) C [-M, M] for some M > 0.

By choosing S(u,)p € Wy P(2) N L>(£2) as a test function in the approximate
problem , we obtain

N
Z/ a;(z, T (uy), V) (DiunS’(un)gp—i-S(un)Diga) dx
=1 Q

+
-,
To begin, we examine the first term on the left-hand side of (78)), and it follows
that

In (T, Up, Vug)S(un)p dx (78)
Q
\

T (un) ‘pO_QTn(un)
jefPo + 3

S(un)godx—i—/fnS(un)apdx.
Q

N . .
Z/ ai(z, T (un), V) (D'unS' (un) @ + S(un)D'p) da
i=179
N
:Z/Qai(x,TM(un),VTM(un))(S'(un)goDiTM(un)+S(Un)Di<P) dz,

in view of (10), we have that (a;(z, Tas(un), VTas (tn)))n is bounded in LPi(£2),
and since a;(x, Tas(un), VIar(ur)) tends to a;(x, Tas(u), VIar(u)) almost ev-
erywhere in 2, it follows that

ai(x, Tar(un), VT (un)) = ai(z, Tar(u), VI (u)) weakly in Lp;(Q),

and since S’ () D Tar (un ) +S(Tas (uy ) Dig tends strongly to ' (u)p DTy (u)
+S(Ta(u))Dip in LPi (), we deduce that

n—oo "

N
lim Z/ a;(x, Ty (un), V) (D'unS' (un )@ + S(uy) D) dx
i=17%

N
= lim Z_;/Qai(x,TM(un),VTM(un)) (DiTM(Un)S/(TM(Un))QD-FS(TM(Un))DiQO) dx

n—00 4

3 /Q i, Tor (w), Vs (w)) (D*Tar (w) S (Tas (w)p + S(Tar (w))D'p) da

i=1

|
&MZ

Il
-

/ a;(z,u, Vu) (D'uS'(u)p + S(u)D'p) dz.

Q

7
(79)

Regarding the second term on the right-hand side of (78]), it is evident that

S(Thr(un))e = S(Th(u))p weak—x in L°(Q). Given (77) we observe that
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Gn (T, U, Vu,) — g(x,u, Vu) strongly in L'(£2), hence we obtain

lim [ gn(2,un, Vug)S(Ta (un))p da :/g(x,u,Vu)S(TM(u))cpdx
:/g(x,u,Vu)S(u)go dx.
Q
(80)
For the terms on the right-hand side of , we have f,, — f strongly in

LY(Q), and using we find [Tt T () [l

ol + 2 e
L'(2), Thus, we obtain

strongly in

n—oo

lim fn (TM(un))godx:/QfS(TM(u))cpdx:/QfS(u)goda:. (81)

and
. | T () [P~ T () [ o2
nlggo ajro + 1 S(Tu(un))pdr = QWS(TM(U))%M%
[l
= Qws(u)(p dx.

(82)
Combining - , we obtain that

Z/ ai(z,u, Vu) (D'uS' (u)p + S(u)D'p) der/g(x,u,Vu)S(u)ga dx

Q
L
wypdr+ [ fS(uw)edx,
el Q

which concludes the proof of Theorem

(83)

5. Appendix
Proof of Lemma

Using Holder’s inequality and the growth condition , we can prove that the
operator A, is bounded, and since

T ( 0_2T
(Gl < [ lono w5 ol do+ [ [FLE 0 g g
0 |90|’”0 + 4
gn/ |v\dx+np°/ |v| dx
Q Q L
< (n+nP)|v|l 5 for any wu,v € W, " (Q),
it follows that B,, is bounded.
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For the coercivity, we have for any v € W, 7 (Q)
(Brv,v) = (Apv,v) + (Gnv,v)

N

:Z/ai(x,Tn(v),Vv)Div dm—i—/gn(x,v,Vv)v dx
=179 Q
[ Ta() !

o lalro+ 5

N
D3 [ o @pipe

>bo§:/ | D"
T ()t = o

We conclude that

vdx

Prdr —n folly = lvfly

Prdr = C(n+n?)|v[|1 p-

N . Po N
Wov0) o Y0 S~ [ Do g - SO0
ol L+ n)Molly = Ja ollLz

(84)
We still need to prove that B,, is pseudo-monotone.

Let (ux)kemn be a sequence in Wol’ﬁ(ﬂ) such that

Up — U weakly in W) P(Q),
Bup — Xn weakly in W ~1P' (), (85)
lim sup( B uk, ug) < {Xn,u).
k—o00
we will show that
Xn = Bpu and (Bpug,ug) — (Xn,u) as k — +oo.

Thanks to Lemma 2.1, we have Wol’ﬁ(Q) —— L2(Q) with p > 1, then up — u
in L2(Q2) and a.e. in , for a subsequence denoted again by (ug)remw-

As (ug) ke is a bounded sequence in Wol’ﬁ(Q), and by the growth condition,
the sequence (a;(x, Ty, (ug), Vug)) ke is bounded in LPi (Q). Therefore, there
exists a measurable function ¢; € LPi () such that

a;(z, Ty (ur), Vug,) — ¢; weakly in  LPi(Q) as k — oo, (86)

Also, we have (g, (x, uk, Vug))kev is uniformly bounded in LB/(Q)7 then there
exists a measurable function 1, € L¥ (Q) such that

gn(@, U, Vug) — b, weakly in  LE'(Q) as k — oo. (87)
| T () [P~ 2T ()

T
|z|Po +

Moreover, we have ( )k . is bounded in LZ (Q), and
€
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[T (wr) [P T (), | T (w) [P0~ 2Tn ()
o + o +

dominated convergence theorem, we deduce that

[T (i) [0 T (), [T (@)™~ (u)
oo+ jwfpo +

almost everywhere in 2. By Lebesgue

strongly in L2 (Q) (88)

Firstly, for any v € Wy ?() we have

{Xn,v) lim (Bpug,v)
k—o00
= kli)n;OZ/ a;i(z, Ty, (ug), Vug) D*vdx

uk |;D0 2T (uk)
ol + 1

_ i | T (u) [P0~ 2T( )
Z/%Dvdx+/wnvdx7/ |x\p°+ v dx.

v dx

k—o0

T, (
4+ lim gn (T, ug, Vug)vde — hm / |
Q

(89)
In view of and , we obtain
lim sup(Bp (uk),ur) = limsup Z/ ai(x, Ty (ur), Vug) D uy, dz
k—o0 k—o0
| T (us) [P0~
+/an(95,uk, Vug)uy dz — ; WWH dm)
N
i [T (u) [P0

(90)

Due to — and the fact that uy converges strongly to u in LE(Q)), we
have

/gn(x,uk,Vuk)uk dxﬂ/z/)nudx as  k — oo, (91)
Q Q

and

T, (ug) [P~ T (
%|u|d:v—>/‘ |u|dx as k—oo.  (92)

a |z|Pe + % |po +

Consequently, we have

N N
limsupZ/ ai(x, T (ug), Vug) Diuy, do < Z/ ¢; D'u dx. (93)
Q = Ja

k—o0 i—1

Moreover, thanks to @[), we get
N . .
> / (ai(x, T (ur), Vur) — ai(z, Tn(ug), Vu) ) (Diuy, — Diu) dz >0,  (94)
; Q
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then

N
Z/ ai(iE,Tn(Uk),Vuk)Diuk dx
- Ja
1N
> Z/ a;(z, T, (ug), Vug ) D'u dx
i=179

N
+ Z ai(x, Ty (ur), Vu)(D'uy, — D'u) da.
=179

By applying Lebesgue dominated convergence theorem, we have T),(ux) —
T, (u) strongly in LPi(Q) then a;(x, Ty, (ug), Vu) — a;(z, T, (1), Vu) strongly in
LPi (), and using 1@} we get

li f T D* > D*
1H_1>10I01 Z/alx (ug), Vug)D'uy, da > Z/% ‘udz.

Taking into account (93), we conclude that

lim Z/ a;(z, Ty, (ug), Vug) D'uy, dz = Z ©; D'u dax. (95)

k—o0 i—1 Q
According to (89), — and (95)), we obtain
(Bpug, ug) — {Xn,u) as k — 4oo. (96)

Now, using we can show that

kETooZ/ ai(x, Ty (ur), Vug) — ai(z, Ty (ug), Vu))(Diuy, — Diu) da = 0.
We have u,, — u strongly in L2(€2) and by using Lemma we get
ur —> u strongly in Wol’ﬁ(Q) and D'u, — D'u a.e. in Q,

it follows that a;(x, T, (uk), Vur) — ai(z, Tn(u), Vu) and g, (z, ug, Vug) —
gn(z,u, Vu) almost everywhere in €, we conclude that

a;(z, Ty (ug), Vug) — a;(x, Ty (u), Vu) weakly in LPi(Q) for i=1,...,N,
and
gn (2, uk, Vug) = gn(z,u, Vu) weakly in  LE'(Q) for i=1,...,N.

Thanks to we conclude that x,, = B,u, which ends the proof of Lemma
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