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Resultados de existencia de soluciones renormalizadas para
ecuaciones parabdlicas no lineales en espacios de Musielak-Orlicz
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ABsTRACT. In this paper, we prove the existence of renormalized solutions for
a nonlinear parabolic problem of the type ‘Z—;‘ —div (a(m, t,u, Vu) + @(u)) +
g(w)e(x, |Vul) = f in Q (a bounded subset of RY), in the setting of Musielak-
Orlicz, where — div(a(x,t,u, Vu)) is a Leray-Lions operator, ® € C° (R, RN).
The term g(u)¢(z,|Vu|) represents a nonlinear lower-order term with natural
growth with respect to |Vu| and satisfies a sign condition. Note that the Ag-
condition is not assumed on the Musielak function and the source term f

belongs to L'(Q).
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RESUMEN. En este articulo, probamos la existencia de soluciones renorma-
lizadas para el problema no lineal parabdlico del tipo %—”Z —div (a(x, t,u, Vu)+
®(u)) + g(u)p(z, |[Vu|) = f en @ (un subconjunto acotado de RY), en el es-
pacio de Musielak-Orlicz, donde — div(a(z,t,u, Vu)) es un operador de tipo
Leray-Lions, ® € C° (R, R"). El término g(u)¢(z, |Vul|) representa un término
no lineal de menor orden con crecimiento natural con respecto a |Vu| y sa-
tisface una condicién de signo. Note que no se asume la condicién Az en la
funcién de Musielak function y la funcién fuente f pertenece a L'(Q).

Palabras y frases clave. Espacios inhomogéneos de Musielak-Orlicz-Sobolev.
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230 ABDESLAM TALHA

1. Introduction

In the present paper, we prove the existence of renormalized solutions to the
following nonlinear parabolic problem with homogeneous Dirichlet boundary
value conditions

9u t Au) — div (®(w)) + g(u)e(z,|[Vu)) = f in  Q,
u=20 on 9Q, (1)
’LL(.’E, O) = Up n Q,

where Q be a bounded subset of RV, T'is a positive real number, Q = Qx (0, 7).
The operator A(u) = —div (a(x, t,u, Vu)) is a Leray-Lions operator defined on
a subset of W, L,(Q) where ¢ is a Musielak-Orlicz function, the right-hand
side f € L1(Q), we assume that g is an integrable function in R and satisfying
the sign condition, while the function ® is a continuous function on R.

Solving the problem presents some difficulties due to the fact that the
data f only belong to L! and that the function ® is not restricted by any growth
condition at infinity so that proving the existence of a weak solution (i.e. in the
distribution meaning) seems to be an arduous task. Loosely speaking it would
require an L}, .(Q) a priori estimate on ®(u) in order to be able to define the
nonlinear term div(®(u)) as a distribution on Q. In order to define the solution
of we will then use the notion of renormalized solutions introduced by R.-J.
DiPerna and P.-L. Lions [I1] for the study of the Boltzmann equation. It was
then adapted to the study of some nonlinear elliptic or parabolic problems and
evolution problems in fluid mechanics, see for example [8] [I0]. Let us mention
that in a joint work with F. Murat (see D. Blanchard, F. Murat [§]) the first
author has obtained an existence and uniqueness result for Problem (|1) in the
case ® = 0. The existence and uniqueness of renormalized solution of have
been proved in [21] in the case where g = 0. Where g = ® = 0 and f is replaced
by f+div(F'), the existence and uniqueness of renormalized solution have been
proved in [20].

The functional setting in these works is the usual Sobolev space WP, Ac-
cordingly the function a(.) is supposed to satisfy polynomial growth conditions
with respect to u and its derivatives Vu. When trying to perform an analysis for
the function a(.) with more general growth conditions, one is led to replace W1?
by more general Sobolev spaces. In this direction, generalizations to the Orlicz-
Sobolev spaces W'Lj; and to the variable exponent Sobolev spaces W1»(#)
have been the subject of a large number of research papers.

On Orlicz spaces, Elmahi and Meskine [I3] have proved existence of solu-
tions for (1)) where ® = g = 0 and where g(u)o(z, |Vu|) = g(z,t, v, Vu) in [14],
without assuming any restriction on the N-function M.

In the framework of variable exponent Sobolev spaces, in [4] Azroul, Ben-
boubker, Redwane, and Yazough have shown the existence of renormalized
solutions for the problem without sign condition involving nonstandard
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growth in the case where v = b(u) and g(u)¢(z, |Vu|) = g(z,t,u, Vu) and in
the elliptic case (see [3]).

In the setting of Musielak-Orlicz spaces, M. S. B. Elemine Vall, A. Ahmed,
A. Touzani, A. Benkirane [12] proved the existence of solutions for the problem
where & = ®(z,t,u) and g = 0. The problem has recently been solved
by A.Talha, A. Benkirane, and M.S.B. Elemine Vall in [23] when the right hand
side function f is measure data, ® = 0 and g(u)¢(z, |Vu|) = g(z, t,u, Vu).

The study of the nonlinear partial differential equations in this type of
spaces is strongly motivated by numerous phenomena of physics, namely the
problems related to non-Newtonian fluids of strongly inhomogeneous behavior
with a high ability of increasing their viscosity under a different stimulus, like
the shear rate, magnetic or electric field. The generalized Orlicz (Musielak-
Orlicz) spaces are of interest not only as the natural generalization of these
important examples, but also in their own right. They have appeared in many
problems in PDEs and the calculus of variations [3] and have applications to
image processing [9] [15] and fluid dynamics [I7].

It is our purpose in this paper, to prove the existence of renormalized solu-
tions to a strongly nonlinear parabolic equation with minimal restrictions for
the Musielak Orlicz functions and ®(u) # 0, while the right hand side function
f in is in L'(Q) . This result can be applied, for example, for finding a
renormalized solution for the following equation:

ou

du m(z,|Vul)
ot

[Vl

sign(u)
1+u?

— div( Vu+ ulul”) + o, |Vul|) = f € LHQ),

where ¢ is a Musielak function and m is the derivative of ¢ with respect to ¢.

The paper is organized as follows: We introduce some basic definitions and
properties in inhomogeneous Musielak-Orlicz-Sobolev spaces as well as an ab-
stract theorem, in section [2| In Section [3| we prepare some auxiliary results to
prove our theorem. In Section [4] we give Basic assumptions on a, ®, g, f and
the definition of a renormalized solution of (T)).

Finally in Section [5| we state the main result and proofs.

2. Preliminaries

In this section we list briefly some definitions and facts about Musielak-Orlicz-
Sobolev spaces. Standard references are [7], [18].

2.1. Musielak—Orlicz function:

Let Q be an open set in RY and let ¢ be a real-valued function defined in
Q x R4 and satisfying the following conditions:
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232 ABDESLAM TALHA

(a) o(z,-) is an N-function for all z € Q (i.e. convex, strictly increasing,

t
continuous, ¢(z,0) = 0, p(z,t) > 0, for all ¢ > 0, lim sup %’) =0 and

=0 ;e
t
lim inf . t) = 00),
t—oo e t

(b) ¢(+,t) is a measurable function.
The function ¢ is called a Musielak—Orlicz function.

For a Musielak-Orlicz function ¢ we put ¢, (t) = ¢(x,t) and we associate
its non-negative reciprocal function ¢!, with respect to t, that is

o, o, 1) = oz, 0, ' (1) =t.

The Musielak-Orlicz function ¢ is said to satisfy the Aj-condition if for some
k > 0, and a non negative function h, integrable in €2, we have

o(x,2t) < ko(z,t) + h(z) for all z € Q and ¢ > 0. (2)

When holds only for t > tg > 0, then ¢ is said to satisfy the As-condition
near infinity.

Let ¢ and v be two Musielak-orlicz functions, we say that ¢ dominate ~y
and we write v < ¢, near infinity (resp. globally) if there exist two positive
constants ¢ and ty such that for almost all x € Q)

v(z,t) < @(x,ct) for all t > tg, (resp. for all ¢ > 0i.e. tg =0).

We say that v grows essentially less rapidly than ¢ at 0 (resp. near infinity)
and we write 7 << ¢ if for every positive constant ¢ we have

lim (sup 'y(x,ct)) =0, (resp. tlirn <sup 'y(x,ct)> =0).

t=—0 \ zeq P(z,1) —0e \zeq #(7,1)

Definition 2.1. A Musielak function ¢ is called locally integrable on ) if

/Ecp(:v,t)dx = /Qcp(x,tXE(x)) dzr < +o0,

for all t > 0 and all measurable set E C Q with mes(E) < +o0.

Remark 2.2. If v << ¢ and + is locally integrable on 2, then Vc > 0 there
exists a nonnegative integrable function h such that

v(z,t) < @(x,ct) + h(z), for all t > 0 and for a.e. x € Q. (3)

Definition 2.3. A Musielak function ¢ satisfies the log-Hélder continuity con-
dition on 2 if there exists a constant A > 0 such that

(:U,t) <t(log(‘:+y‘))
e(y,t) ~

for all ¢ > 1 and for all z,y € Q with |z — y| < 3.

BS)
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Lemma 2.4. [2] Let Q be a bounded open subset of RN (N > 2) and let ¢ be
a Musielak function satisfying the log-Holder Continuity, then there exists an
N-function M such that

o(z,t) < M(t), for all t > 1 and for all z € Q.

Remark 2.5. The latter Lemma proves that the log-Holder Continuity con-
dition implies the local integrability.

2.2. Musielak-Orlicz space:

For a Musielak-Orlicz function ¢ and a measurable function v : Q@ — R, we
define the functional

o) = [ (o fu(@)) da.

The set K, () = {u :  — R measurable | p,o(u) < oo} is called the

Musielak-Orlicz class (or generalized Orlicz class). The Musielak-Orlicz space
(the generalized Orlicz spaces) L, (§2) is the vector space generated by K,(f2),
that is, L, (£2) is the smallest linear space containing the set K, (£2). Equiva-
lently

Ly (Q) = {u: Q — R measurable |p¢ Q< ) < o0, for some A > 0}.

A

For a Musielak-Orlicz function ¢ we put: ¢ (z,s) = sup;>q {st — ¢(x,t)}, ¥ is
the Musielak-Orlicz function complementary to ¢ (or conjugate of ¢) in the
sense of Young with respect to the variable s.

In the space L,(€2) we define the following two norms:

lullp,0 = inf {)\ >0 |/Q<p(x, @) dx < 1},

which is called the Luxemburg norm and the so—called Orlicz norm by:
el = sup [ ju(@y(o)] do.

[[v]l4 <1

where 1) is the Musielak Orlicz function complementary to . These two norms
are equivalent [I§].

We will also use the space E, () defined by

E;(Q) = {u: Q — R measurable |p¢,9<3) < oo, for all A > 0}.

A
Remark 2.6. [2] The set E, is a closed subset of L.
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Theorem 2.7. [2] Let Q be a bounded open subset of RN (N > 2) and let ¢
be a Musielak function satisfying the log-Hélder Continuity condition. Then
(E, () is isomorphic to Ly(Q).

We say that the sequence of functions u, € L,(€) is modular convergent
to u € L, () if there exists a constant A > 0 such that

lim p%g(un;u) =0.

n—oo

For any fixed non-negative integer m we define
W™L,(Q) = {u € Ly(Q) :V|a| <m, D € Lw(Q)}.

and

WME,(Q) = {u € E,(Q) :V]a| <m, D € EW(Q)}.

where a = (o, ..., a,) with non-negative integers oy, |a| = |ag| + -+ + ||
and D®u denote the distributional derivatives. The space W™ L, () is called
the Musielak Orlicz Sobolev space.

Let

Pyalu) = Z P, (Dau) and [|lul|3q = inf {)\ >0:7,0 (%) < 1}

laf<m

for u € W™L, (), these functionals are a convex modular and a norm on
W™ L,(2), respectively, and the pair (WmLW(Q), ||HZLQ) is a Banach space if
¢ satisfies the following condition [I§]:

there exist a constant ¢y > 0 such that inggo(x, 1) > cp. (4)
rE

The space W™L,(Q2) will always be identified as a subspace of the product
[Tjaj<m Le(§2) =1L, this subspace is o(I1Ly, ILEy,) closed.

The space WL, () is defined as the o(IIL,,IIEy) closure of D(€) in
W™L, (). and the space W{"E,(Q) as the (norm) closure of the Schwartz
space D(2) in W™ L,(Q).

Let W§" L, (€2) be the o(IIL,,, IIEy) closure of D(Q2) in W™L, ().

The following spaces of distributions will also be used:

WrLy@ = { £ € D@ f= X (), with £y € Ly()}

la|<m
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and
WrE) = { £ € D) f= 3 (~)D, with , < Bu(@) .
o <m

We say that a sequence of functions u,, € W L,(Q) is modular convergent to
u € W™L,(9Q) if there exists a constant £ > 0 such that

. — Up — U _
Jim Bo0 () =0
For ¢ and its complementary function v, the following inequality is called the
Young’s inequality [I8]:

ts < o(x,t) +(z,s), Vi, s>0,z¢€Q. (5)
This inequality implies that
[lulllp.e < pp.a(u) + 1. (6)
In L,(€2) we have the relation between the norm and the modular
lulle.0 < pp.a(u) if flull,0 > 1, (7)

HUH%Q > Pw,ﬂ(u) if ||u||so,ﬂ <L (8)

For two complementary Musielak Orlicz functions ¢ and 1, let v € L, () and
v € Ly(Q), then we have the Holder inequality [I8]

< llulle.allolllw.o- (9)

/Qu(ac)v(x) dx

2.3. Inhomogeneous Musielak—Orlicz-Sobolev spaces

Let © be a bounded domain of RY and Q = Q x [0,7],T > 0 and let ¢ be a
Musielak function. For each o € NV denote by D¢ the distributional derivative
on Q of order a with respect to the variable 2 € RY.

The inhomogeneous Musielak-Sobolev spaces of order 1 are defined as fol-
lows:

WLy (Q) = {u € Ly(Q) : Diu € Ly(Q¥|a] <1},
WhE,(Q) = {u € Ey(Q) : Dgu € Ep(Q)V]a] < 1}.

The latter space is a subspace of the former, and both are Banach spaces with
respect to the norm defined by norm ||ull = >, <; [[Dgull, q -

These spaces are regarded as subspaces of the product space IIL,(Q),
which consists of (N + 1) copies. We will also examine the weak topologies
o (IIL,,11Ey) and o (ILLy,,IILy). If w € WH*L,(Q), then the function ¢ —
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236 ABDESLAM TALHA

u(t) = u(t,-) is defined on (0,T) and takes values in W'L,(Q). Furthermore,
ifu € VV1 2 E,(Q), this function is also W1*E,(Q) valued and is strongly
measurable.

Additionally, the following embedding holds :
WhE,(Q) € L' (0,T, W'E,(Q))

It is worth noting that the space Wl’””LW(Q) is not generally separable. The
space WH*E,(Q) is characterized as the norm closure of D(Q) within W*
L,(Q). We can show as in [6] that when 2 is a Lipschitz domain, then each ele-
ment v of the closure of D(Q)) with respect to the weaks topology o (ILL.,, ILE;)
is the limit, in W E,(Q), of some subsequence (u,,) C D(Q) for modular con-
vergence, i.e. there exists A > 0 such that for all |a| < 1, we have

Deu,, — D¢
/cp(x,M)dxdt%Oasn%oo.
Q

This implies that (u,) converges to u in Wl‘"”(Q) for the weak topology
o (IIL,,TIEy). Consequently (D(Q))? e T1Ew) = (D(Q))7 Mo 11lw)  This space
will be denoted by W, * Ly (Q). Furthermore, W, E,(Q) = Wy " L,(Q)NIIE,,.
We have then the following complementary system

( Wy Le(Q) F )
Wy "Ep(Q) Fy

where F' is the dual space of WO1 " Ly(Q). Additionally, except for an isomor-

1L
phism, F' corresponds to the quotient of IIL,, by the polar set (WOI’IEV, (Q))
We denote this space as F' = W 1%L, (Q), and it can be shown that

W Ly(Q) =S f =Y D fa:fa€ Ly(Q)

|| <1
This space is equipped with the usual quotient norm
11l =inf Y [l fallyo
la|<1
where the infimum is taken over all possible decompositions
= Dfar fa€LyQ).
lal<1

The space Fj is then given by

Fo=4f= Y Difa:fa€EyQ)

laf<1

and is denoted by W% E,(Q).
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3. Auxiliary results

In this section we cite some preliminaries lemmas from the literature that will
come handy in the next sections.

Lemma 3.1. [2] Let Q be a bounded Lipschitz domain of RN (N > 2) and let
@ be a Musielak function satisfying the log-Holder continuity such that

W(x,1) < ¢y a.e in Q for some ¢y > 0. (10)

Then D(RY) is dense in L,() and in Wi L,(2) for modular convergence.

t
Remark 3.2. Note that if lim inf @ = 00, then holds.

t—oo0 e

Consequently, the action of a distribution S in WL, () on an element u
of Wi L,(f) is well defined. It will be denoted by < S,u >.

The following lemma gives the modular Poincaré’s inequality in Musielak-
Orlicz spaces.

Lemma 3.3. [2] Let Q2 be a bounded Lipschitz domain of RN (N > 2) and let
@ be a Musielak function satisfying the conditions of lemma . Then there
exist positive constants a,b and \ depending only on  and ¢ such that

/ oz, |u(z)|)dx < a+ b/ o(z, \|\Vu(z))dz Yu € Wi L,(Q). (11)
Q Q

Corollary 3.4. [2] (Poincaré Inequality) Let 2 be a bounded Lipschitz domain
of RN(N > 2) and let ¢ be a Musielak function satisfying the same conditions
of Lemma[3.3] Then there exists a constant C > 0 such that

lolle < ClIVolly Yo € WoLy(Q).

Lemma 3.5. [7] Let F' : R — R be uniformly Lipschitzian, with F(0) = 0. Let
¢ be a Musielak—Orlicz function and let uw € Wi L, (S2). Then F(u) € W¢ L,(£2).
Moreover, if the set D of discontinuity points of F' is finite, we have

0 _ F’(u)%“i a.ein {z € Q:u(z) € D}
asz(u) B { 0 aa.e in {z € Q:u(x) € D}

Lemma 3.6. [24] Let u,,u € Ly(Q). If u, — u with respect to the modular
convergence, then u, — u for o(Ly(2), Ly (£2)).

Definition 3.7. Let © be an open subset of RY. We say that ( has the segment
property if there exist a locally finite open covering {O;} of the boundary 02
of  and corresponding vectors {y;} such that if z € QN O; for some i, then
r+ty; € Qfor0 <t < 1.
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Lemma 3.8. [7]. Suppose that Q satisfies the segment property and let u €
W4 Ly, (). Then, there exists a sequence (uy) C D(2) such that

un, — u for modular convergence in Wy Ly, (Q).

Furthermore, if u € Wi Ly(Q) N L>®(2) then [|unlloo < (N + 1)|ul]oo-

Lemma 3.9. [I] Let Q be an open bounded subset of RN satisfying the segment
property. If u € (W3 Ly(Q)N then

/divudx =0.
Q

Lemma 3.10. (The Nemytskii Operator) Let  be an open subset of RN with
finite measure and let ¢ and ¥ be two Musielak-Orlicz functions. Let f : Q X
RP — RY be a Carathéodory function such that for a.e. x € Q and all s € RP:

[f (@, 5)] < (@) + ki Ho(x, kals|). (12)

where k1 and ky are real positives constants and c(.) € Ey(Q).
Then the Nemytskii Operator Ny defined by N¢(u)(z) = f(x,u(z)) is con-
tinuous from

(MEAQ%éOP_II{UeLAm:MwEﬂm)<;}.

2

into (Ly(2))9 for the modular convergence.

Furthermore if ¢(-) € E,(Q) and v << v then Ny is strongly continuous
P

from (PE,@). ) 10 (B, ()1,

Lemma 3.11. [I] Let Q be a bounded open Lipschitz domain of RY, then

{wemi Ly@: G ew oL@ + L@} < o (.12 @).

Proposition 3.12. [23] Let ¢ be a Musielak function and let (u,) be a sequence
of W L,(Q) such that

u, — u weakly in WH* L, (Q) for o(I1L,, I1Ly),

and 5
4%:m+mmﬂwy

with (hy) bounded in W=1*Ly(Q) and (k) bounded in the space M(Q) of

measures on Q. Then u, — u strongly in L}, (Q). If further (u,) C W(}’GCL@(Q)
then u,, — u strongly in L'(Q).
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4. Basic assumptions and definition of a renormalized solution

Let Q be the cylinder  x (0,7), 0 < T < 400, © is a bounded domain of RV
with the segment property and let ¢ and ¢ two complementary Musielak—Orlicz
functions.

Let A: D(A) C Wy"L,(Q) — W~5%L,(Q) be a mapping given by
A(u) = —div(a(z,t,u, Vu)),

where a(z,t,5,6) : Q x [0,T] x R x RY — RY is a Carathéodory function.
There exist two Musielak—Orlicz functions ¢ and - such that v << ¢, a positive

function c(z,t) € Ey(Q) and two positive constants v, S such that for a.e.
(r,t) € Q and for all s € R, £, & € RV, ¢ £ ¢

ae,t,5,6)| < B(C(w, 1)+ 65y (@ vls]) + o3 (e, u|s|>>, (13)

(a(xvtv&f) - CL(.’L’,t,S,f/)) (6 _fl) > 07 (14)
a(x,t,5,6) = ap(z, [§]), (15)

®: R — RY is a continuous function, (16)

g : R — R is an integrable function on R and g(u)u > 0, (17)
feLl(Q), (18)

ug is an element of L'(9). (19)

Remark 4.1. As already mentioned in the introduction, problem does
not admit a weak solution under assumptions 7 since the growths of
a(z,t,u, Vu) and ®(u) are not controlled with respect to u (so that these fields
are not in general defined as distributions, even when u belongs to W1* L, (Q).

Throughout this paper (-, -) means either the pairing between VVO1 T L,(Q)N
L>®(Q) and W1 L, (Q) + LY(Q) or between WL, (Q) and W12 L, (Q).
We recall that, for £ > 1 and s in R, the truncation is defined as

Ty(s) = s if |s] <k,
YT ke it s > ke

We shall use the following definition of renormalized solutions for problem
in the following sense:

Definition 4.2. Let f € L'(Q). A renormalized solution of problem is a
function u defined on @), satisfying the following conditions:

u e L=(0,T; LY(Q)) and Ty (u) € Wy " L,(Q) for all k > 0, (20)
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/ a(z,t,u, Vu)Vu dedt — 0 as m — oo,  (21)
{(z,t)e@Qm<|u(z,t)|[<m+1}

and if, for every function S in W?2°°(R) and such that S has a compact support,
we have

Gz(tu) — div(S' (w)a(z, t,u, Vu)) + 5" (w)a(z, t,u, Vu)Vu — div(S' (u)®(u))
+ 5" (u)®(u)Vu + S (u)g(u)e(z, |Vu|) = £5'(u) in D'(g%,)
S(u)(t = 0) = S(ug) in O. (23)

The following remarks are concerned with a few comments on Definition [1.2]

Remark 4.3. Equation is formally obtained through pointwise multipli-
cation of by S'(u). However, while a(x,t,u, Vu), ®(u) and g(u)e(z, |Vu|)
does not in general make sense in D'(Q), all the terms in have a meaning in
D'(Q). Indeed, if k is such that supp S’ C [—k, k], the following identifications

are made in (22):

o S'(u)a(z,t,u, Vu) identifies with S’ (uw)a(z,t, Ty (u), VI (u)) a.e. in Q.
Since |Ti(u)| < k a.e. in @ and S'(u) € L*°(Q), we obtain from that

S'(u)a(z, t, T (u), VIi(u) € (Ly(Q))N.

o S"(u)a(x,t,u, Vu)Vu identifies with S”(u)a(x,t, Ti(u), VI (w)) VI (u)
and

S"(w)a(z, t, Ti(u), VI (w))VTk(u) € LN(Q).

o S'(u) (g(u)ga(x, |vu\)) identifies with S (u) (g(Tk(u))go(x, |VTk(u)|)) a.e
in Q. Since |Ti(u)] < k ae. in @ and S’(u) € L*(Q), we obtain from
(13), that

8/ (w) (9(Ti(w) (e, IVTe(w)])) € L1(Q).

o S'(u)®(u) and S”(u)®(u)Vu respectively identify with S’ (u)®(Tk (u))
and S”(u)®(Tk (u))VTk(u). Due to the properties of S and ® beeing
a continuous function, the functions S’,S” and ® o Tk are bounded
on R so that implies that S’ (u)®(Tk(u)) € (L=(Q))Y, and
S"(w)® (T (u)) VI (u) € (Ly(Q))N.

e S'(u)f belongs to L*(Q) by (18).
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5. Statement of main results

Our main results are collected in the following theorem.

Theorem 5.1. Assume that (13| — hold true. Then, there exists a renor-
malized solution u of problem (1)) in the sense of Definition .

Proof. The proof of this theorem is done in six steps. o]
Step 1: Approximate problem
Let us introduce the following regularization of the data,

an(z,t,7,6) = a(z,t,T,,(r),€) ae. (v,t) €Q, Vr € R, V&€ € RV, (24)

®,, is a Lipschitz continuous bounded function from R into RY, (25)

such that ®,, uniformly converges to ® on any compact subset of R as n — oo
n’

fn€C(Q)  :Ifnllzr < NIfllpr and fr, — £ in L'(Q) as n tends to + oo,

(26)
ton € C5°(Q) : [|uon] |21 < ||uol|zr and ug, — ug in L'(R) as n tends to +oo.
(27)
Let consider the following approximate problem:
% - div(a(x,t,un,Vun) + (I)n(un)) + g(un)p(z, | Vuy, |) = fr in Q,
un(x,0) = ugp(x) in Q.
(28)

For fixed n > 0, since ® is continuous, it is obvious that |®,,(t)| < maxs<,, |P(t)]
= C,,. Moreover, let {f,} C D(Q) be such that f,, — f strongly in L!(Q), and
let {uon} C D(Q) be such that ug, — ug strongly in L'(Q). Then, the exis-
tence of a weak solution u,, € WOLILV, (@) to problem is an easy task (see,

e.g., [16]).
Step 2: A priori estimates

The estimates derived in this step rely on usual techniques for problems of the
type (28).

Proposition 5.2. Assume that 7 are satisfied and let u,, be a solution
of the approximate problem . Then for all £;n > 0, we have

i) ||T€(un)||W01'“"‘L¢(Q) <0,

i1) L]lim meas{(z,t) € Q : |up| > £} = 0 uniformly with respect to n,
— 00
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iii) / g(up)o(z, |Vu,|) dedt < Cy, where Cy is a positive constant not de-
Q

pending on n.

Proof. We take Ty(un)X(0,r) as a test function in , we get for every 7 €
(0,T)

Ouy,
<%,Tg(un))((o7.,-)>+/ a(z,t, Ty(un), VT () VT (un)dz dt

-

v / By, ()T (10 )t + / 9w o(@, V) Te(un)dedt  (29)

. Q-

= foTe(uy)dx dt
Q-

which implies that

/ Se(un(r)) da + / o, To(un), VT (1)) VT () da it
Q Q-

+ / Dy, (un) VT (uy,)dx dt

-

= fuTe(uy,) da dt —/ 9(un)p(x, |Vun|)To(uy,) da dt +/Sg(u0n) dx
Q- Pt Q

where

2

Silr) = /OTTZ(U)dU - { T|r| o st (30)

The Lipschitz character of ®,, Stokes formula together with the boundary
condition u, = 0 on (0,7) x 92, make it possible to obtain

/ D, (un) VT (uy) dedt = 0. (31)

.

Thanks to the definition of Sy and we have
0< /sg(u%) dz < e/ o] dz < €lluol|L: (0. (32)
Q Q

Consider now for 6, e > 0 a function gfj € C*(R) such that

(s) = 0 if|s| <0,
Col%) = sign(s) if |s| >0 +e.

and
(05)'(s) >0  VseR.
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Then, by using 0§ (u,) as a test function in and following [19], we can see
that

/ l9(un) o (x, |Vun|)| da dt < / \fo| da dt +/ luon| dz dt
{lun|>0} {lun|>0} {lun|>0}
(34)

and so by letting # — 0 and using Fatou’s lemma, we deduce that g(u,)
z,|Vuy,l|) is a bounded sequence in L'(Q,), then we obtain iii). By using

. ([32), iii) and (17), it yields

/ So(un (7)) dz + / o, To(un), V() VT () daz dt
Q

.

= fnTg(un)dacdt—/ g(un)cp(x,|Vun|)Tg(un)dxdt+/QS’g(uon) dx

Q. .
— [ ) dedt —/ l9(un ) (z, |Vun|)Tg(un)|dxdt—|—/Sg(u()n) dz
Q- , Q
< fullr.y +4€Cy + €|uol| 1 () (35)
<Ll fullzr@,) +€Cy + [|uollLr (o))
S écOa

where here and below C; denote positive constants not depending on n and /.
By using and the fact that Sp(u,) > 0, we can deduce that

/ a(,t, To(un), Vo))V Ty () da dt < (Co, (36)

-

which implies by virtue of that
/ o(x, VT (uy)|) dedt < LC. (37)
We deduce from that above inequality that

/Sg(un(T)) dx < LCy, for any 7 in [0,T. (38)
Q

On the other hand, thanks to Lemma there exist positive constants a, b
and ¢ depending only on ) and ¢ such that

/ o(z, Jv(x)])dedt < a+ b/ oz, \|Vo(z)|)dedt Vv € Wol’sz(QT).

T QT (39)
Taking v = % in and using , one has
Ty (un
/ oz, ‘LA“)') dadt < (Ch, (40)

T
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On the other hand, one has

1 14
ess info(x, X)) J{ju,|>0}
zeQ
o1 / (2, S| Ty(un)]) d dt
= oss info(z. L) Jo, PNy Heun)l)ax (4D
esmsebnﬂp(x, %) Ja
Cit
< ﬁa vn, V£20.
esxsebn go(ﬁC, X)

For any 5 > 0, we have

meas{|uy, — up| > B} <meas{|u,| > £} + meas{|u,,| > £}
+ meas{|Ty(un) — Te(um)| > B}

and so that
201/

meas{|un — tm| > B} < s info(z. D)
ess in o(z, 5)

+ meas{|Ty(un) — Ty(um)| > B} (42)

By using and Poincaré’s inequality in Musielak—Orlicz spaces, we de-
duce that (T;(uy)), is bounded in W, "L, (Q), and then there exists w, €
Wy Ly(Q) such that Ty(u,) — w, weakly in Wy"L,(Q) for o(IIL,, TIEy),
strongly in L'(Q) and a.e. in Q.

Consequently, we can assume that (Ty(uy)), is a Cauchy sequence in mea-
sure in Q.

Let € > 0, then by 1) and the fact that ﬁ — 0 as £ — +oo there
veq PADN
exists some £ = ¢(¢) > 0 such that
meas{|u, — um| > A} <e, for all n,m > ho(4(g), ).

This proves that (u,) is a Cauchy sequence in measure, thus, (u,) converges
almost everywhere to some measurable function wu. ™

Which completes the proof. We now prove the following proposition:

Proposition 5.3. Let u, be a solution to the approximate problem , then
we have the following properties:

U, — u a.e. Q. (43)
a(z, t, To(un), VIe(un)) = ¢¢ weakly in (Ly(Q))Y for o(TIL,, TIEy), (44)

for some ¢y € (Ly(Q))N.
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Proof. We have from that (Ty(u,)) is bounded in W, * L, (Q) for every

¢ > 0. Consider now a C?(R) nondecreasing function (;(s) = s for |s| < %
and (y(s) = ¢ sign (s) for |s| > 0. Multiplying the approximating equation by

¢, (uy,), we obtain

W = div(a(z, t, un, Vun)(p(un)) — al, t, un, Vg )¢/ (un) Vg,

+ div(q)n(un)g(un)) =P, (un )¢/ (Un) Vur, — g(un ) p(, |Vun|)Cé(“n)+fng(EZg)v

in the sense of distributions. This implies, thanks to and the fact that
¢, has compact support, that (j(u,) is bounded in Wol’mLp (@) while its time

derivative W is bounded in Wy "*L,(Q) + L'(Q), hence Proposition

allows us to conclude that (;(u,) is compact in L'(Q). Due to the choice
of s, we conclude that for each ¢, the sequence (Ty(uy)) converges almost
everywhere in @), which implies that (u, ) converges almost everywhere to some
measurable function w in Q. Therefore, following [§], we can see that there
exists a measurable function v € L>(0,T; L*(2)) such that for every ¢ > 0
and a subsequence, not relabeled,

Uy — U a. €. in Q,

and
Ty(un) — To(u) weakly in Wy " L, (Q) for o(TIL,, TIEy), (46)

strongly in L'(Q) and a. e. in Q.

We prove that a(z,t, Ty(uy), VI;(uy)) is bounded sequence in (L (Q))N.
Let w € (E,(Q)N with |lw||,.q < 1, By using , we have

(a(x,t,n(un), VTo(un)) — alz, t, To(un), %)) (VT () — %) >0,
hence

/a(m,t,Tg(un),VTg(un))%da:dtS/a(m,t,Tg(un),VTg(un))VTg(un)dxdt
Q Q

f/a(x,t, Ty(un), 2Y(VTo(un) — 2 da dt.
Q 1% 12
(47)
Thanks to , we have
/a(x,t,Tg(un)7 VTi(un))VTe(uy)da dt < Cs. (48)
Q

where Cs is a positive constant which is independent of n.
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On the other hand, for A large enough (A > ), we have by using (13).

[ (T 2

) de dt

Ble(@,t) + vz (v(@, [ Te(ua))) + ¥5  (o(@, [w]))
S/sz( ( €3A )

B c(z,t) + g (v(=, [Te(un))) + ¥5 ' (o(2, [w]))
A/Q%( = )dxdt

< ?i(/q)¢m(c(x,t))dmdt+/(2’y(x, Tg(un)|)dmdt+/Q<p(x, |w|)da:dt>

< ?)ﬂ)\(/Qwr(c(x,t))dxdﬂr/Q’y(z, Tg(un)|)dxdt+/an(x, |w|)dzdt)

S C?n

Now, since 7y grows essentially less rapidly than ¢ near infinity and by using the
Remark there exists h € L'(Q) such that Ve > 0 we have v(z, |Ty(u,)]) <
oz, | Ty(uy)|) + h(z,t) and so we also have

/62¢m<a(w,t77;f)(\un)a %)) dx dt S?f\(/sz(c(x,t))dxdt+/Qg0(z,ch(un)|)dx dt

—I—/Qh(a:,t)dxdt—F/ng(x, |w|)dxdt>.

hence a(z,t, Ty (uy,), ) is bounded in (Ly(Q))". Which implies that the second
term of the right hand side of is bounded, consequently we obtain

/a(x,t,Tg(un),VTg(un))w dzdt < Cs, for all w € (E,(Q)Y with |Jw|,o <1,
Q

where ('3 is a positive constant which is independent of n.

Hence, thanks to the Banach-Steinhaus Theorem, the sequence (a(z, t, Ty(uy,),
VTi(un)))n is a bounded sequence in (L, (Q))”, thus up to a subsequence

a(z,t, Ty(un), VIy(u,)) = ¢p weakly star in (Ly(Q))™ for o(T1L,, IIE,)

(49)
for some ¢ € (Ly(Q))N. o
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Let use prove the following lemma which will be needed later:
Lemma 5.4. Let u, be a solution to the approrimate problem . Then

lim lim

/ a(x,t, Un, Vi, )Vu, dedt = 0. (50)
m—»00 N—00 {m§|un|§m+1}

Proof. Considering the following function v = T7 (u, — T}, (uy,)) as test function

in we obtain,

Ouy,
ot

( yT1(un — T (un))) + / a(x, t,un, Vg )V, dedt

{m<|un|<m+1}

+ /Qdiv[/0 (r) Ty (wn, — Ty (up))dr| dzdt = /anTl(un — T (un)) d:v(;lf)

- /Qg(un)ga(x, |V )T (wn — T (ur)) da dt.

Unp
Using the fact that / O(r)T (up, — Trn(un))dr € Wy L,(Q) and Stokes
0

formula, we get

/U]L”(un(T))d:z: + / a(x,t, Un, Vi) Vu, de dt
Q

{m<|un [<m+1}

I (up — T (uy))| ded Up )o(z, |V, )T (U — T (uy))| do d
S/Qlf ( (un))| t+/@9( )o(, [Vun )T ( (un))| dx dt
[0 o < [ (1t g (T DDIT, (i~ T ) e

—|—/QU,T(x,uon)dac, (52)

where U (r) = %Tl (s—Tm(s))ds. In order to pass to the limit as n tends
0

to +oo in (52)), we use the fact that U™ (u,(T)) > 0 and iii) in Proposition [5.2]
we obtain that,

lim a(x,t, ty, Vi, )Vu, de dt

oo {m<|uy [<m+1}

S/ (|f|+C'g)dxdt+/ |uo|da.
{lun|>m} {luo|>m}

Finally by we obtain . o
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Step 3: Almost everywhere convergence of the gradients

Let p,, be a truncation defined by

1 if |s| <m,
pm(s) =< m+1—1s| if [|s|]<m+1, (54)
0 it |s|>m+1,

where m > /£.

we set T;(s) = (/OTZ(S) exp(/otg(s)ds) dt) (exp( — /000 g(s)ds)),

y, J T (U])/i + exp( /’Lt)Tf(wl)
i) €

Let (v D(Q) be a sequence such that

v; — T; (u) in Wy L,(Q) for the modular convergence, (55)

and let (w;) C D(Q) be a sequence such that v; > T (w;) and w; converges
strongly to T} (ug) in L?*(9).

Also Ty(v;),, is the mollification with respect to time of T;(v;), see [7]. Note
that w,i ; 1s a smooth function having the following properties:

0

g(%,j) = w(Te(vs) = Wiy ;),w;,.5(0) = To(ws), |wy, ;| < 4, (56)
wZJ — T/ (u), + exp(—pt)Te(w;) in VVOL%L(P(Q)7 (57)

for the modular convergence as j — oo,
T () + exp(—pat) To(wi) = T; (u) in Wy Lo (Q), (58)

for the modular convergence as u — oo.
Using the admissible test function Z!") = (T} (un) — @), ;)pm(tn)

i,7,m

exp( fo ds) as a test function in ) leads to
Oun, Hym * i o
<W7 Zm.,n>+ a(x,t, un, Vun ) (VT (un)—Vw%j)pm(un)exp( g(s)ds) dzdt (1)
Q 0

+/ a(:mt,un,Vun)(TZ(un)—wfl’j)Vunp;n(un)exp(/ ng(s)ds) dzdt (2)
{m<u,<m+1} 0

+/ @, (un) (T4 (un (un) — w;,j)Vunplm(un)exp(/ ’g(s)ds) dxdt (3)
{m<u,<m-+1} 0

+ /Q @, (un)(VT] (un) — Vwﬁ,j)pm(un)exp(/oun g(s)ds) drdt (4)

= / fnZl dadt — / g(un)p(z, [Vun|)Z;'57, de dt
Q Q
+ (6).
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We will denote €(n, j, u,4) any quantity such that,

lim lim lim lim e(n,j,p,i) = 0.
1—>00 4—>00 ) —>00 N—>00

Let us recall that for u,, € WO1 " L,(Q), there exists a smooth function w,, such
that:

Une — Uy for the modular convergence in Wol’ng,(Q) N L*(Q),

OUpo 0 . _
Une 99 g1 the modular convergence in W12 Lyy(Q) + L2(Q).

ot ot
6Un wm\ s 1 (% i tine
< ot ,Zi’j’n> = all?& Q(um) (T; (um)—wu’j)pm(un)exp(/o g(s)ds) dx dt
= 1im_( /Q (Bun(ttno) = T (1)) (T (1) — ;) dv it

+ / T} (1) (T (1) — ) v )
Q

— lim [(Rm(um)—T;(um))(T;(um)—w;j)dxr

o—=0t Jo 0

- /Q (R (tiner) — T4 (ttnr)) (T (1) — ', dir
+ / T} (tno ) (T (tne) — wLJ) dedt =1 + I, + I.
Q

Remark also that,
Ry(une) = T/ (tne) if tne < € and Ry, (tne) > €= T, (uns) > |wl’”)| if Upy > L.

L = /Q(Rm(una)(T) = T (uno )(T)NTY (uno )(T) — wfm (T))dz
- /Q(Rm(una)(o) = T} (tno ) () (T} (o) (0) — wy, ;(0))dar = I} + I7.
I = /{um,(T><e} (B (tino )(T) = T} (tne )(T)) (T (tino )(T) — wy, ;(T))d,
and it is easy to see that,

limsup I > e(n, j, ).
oc—0+

o= - /{WW}<Rm<um><0> — T () O)) (T} (1 )(0) — To(ws) )
-/ (Ron (t10)(0) — T (1) O))(T (1 )(0) — Tolo)
{uno(0)>0}
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For the first part, it is the same as I and for the second part, we have

112 > e(n,j,pm) — / (R (tno)(0) — Té* (uno)(o))(Te*(una)(O) — To(wi))d.
{uns ()¢}

oc—0t

limsup Iy > e(n, j, 1) — /{ B 000) =5 ) T 1) = i) = .

Now letting n — co, we have

n—-+oo

i =y nl0) =T )T ) = i)

and by letting ¢ — oo, we obtain

limsup]1 > 6(n5j7i7/’[’)'

o—0+

Concerning I», we remark that T} (une)’ = 0 if upe > ¢, then

L= - /{uno<€} (B (uno) — T4 (uno) ) (T4 (tno) — wlzhj), dz dt

+/ (R (tne) — T/ (um))(w;’j)’dx dt
{u7w>€}
= L+

Asin Iy, I? > €(n, j, 1) and

2 — n — Ty (u wt ) dx
- /{%M}(RM ) = T7 (tne)) () dt

> /{UM}(RW(““’ T (o)) (Tu(0;) = T ()Y der .
thus by using the fact that
(B (i) = T3 (ane )T (e = 5,y 20,
So
tiwsup 3 2 1 [ (Ronitne) =T () (Te(05) =5 (1) et = e, ).
o0+ {uno>t}

About I3,
I — / T} (ttno ) (T} (ttng) — ', ;) d lt
Q

/Q(Tg*(um)wft,j)/(Tg*(um)wa’j)dxdt+/Q(wa,j)'(Tg*(um)wft,j)dxdt.
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2

Set ¢(r) = 5, ¢ >0, then
. T . .
I3 = [/Q (T (uno) — W;,j)dx}o + /L/Q(Tz(vj) = wy, NI (Une) — wy, ;) dz dt.
> €(n, j,p) — ; AT (tno ) (0) — To(wi))dx
+ u/ (Te(vy) — wiL,j)(Tg*(u,LU) - wfm) dz dt (as in I).
Q
So,

limsup Iy > e(n, j, 1) — / O(T; (ti0n) — Ty(w:))dec

oc—0+

o /Q (Ty(v;) — T (1) (T (tiner) — ) i dit

_ _/ (T (o) — wi)da + M/ (Ty(vy) — who ;) (T (ting) — i ;) dacd
Q Q

+ 6(”7 j’ M)?
and we easily deduce

thUpI?, > e(najaivl’[’)'
oc—0+

Finally, we conclude that

(59 (%5 (7 ()~ o wesp [ a(o)ds) = el i)

We are interested now with the terms of (1), (2), (4) and (5). Let us remark
that

VT}(u) = (exp( I g(s)ds))exp(fon(u") g(s)ds) VT (u)

60
= AMu)VTy(u). (60)

About (1)
/Qa(m,un,vun)(vT;(un) _W;,].)pm(un)exp(/o“" g(s)ds) e di
_/{uN} a(m,un,wn)(ng(un)_m;j)pm(un)exp(/o“" (o)) d
+ /{ - (e, V) (VT (1) — Vi) (e /O " gos) o
- /Q a(,t, Te(un), Viun) (VT (n) — Ve, 5)exp( / " g(s)ds) dadt

+ »/{un>1’.} a(z,t, un, Vun) (VI (un) — VwL,j)Pm(un)eXp(/Oun g(s)ds) dzx dt,
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recall that p,, (u,) =1 on |u,| < L.
Let s > 0,Q, = {(z,t) € Q : [VIy(u)| < s}, Q1 = {(z,t) € Q : |[VTy(v;)| < s}

/Q a(, t,ttn, V) (VT (1) = V) (un)exp /0 " g(s)ds ) du dt
= | ot i), )Ty, VT T () = Vi3
< exp /O g()ds) do di+ /Q oz, t, Te(tn), VTe(0;)xE) (VT () — VT2 (0)x)
x exp( /0 " g(s)ds ) da dt
+ /Q e, Ty(uny), VT () VT3 ()b /O " g()ds) dodt

- / a(x, t,uny, Vun)VwZ,jpm(un)exp(/ g(s)ds) dx dt
Q 0
=J1+Jo+ J3+ Jy4.

We shall go to the limit as n, j, m and s — oo in the last three integrals of the
last side.

As for the inequality , we can prove that
T (up) = T; (u) in Wol’xLy,(Q) for o(IIL,,IIEy,), strongly in L'(Q), and a.e. in Q.

(61)
Now, Starting with J5, we have by letting n — oo,

o= [ oot 0 T VT (-5 T e | g(s)ds) da dike(m).

Since
a(z,t, Tp(un), VI (v;)x2) = a(x,t, To(u), VT;(vj)x]) strongly in(Ey(Q))",

a(z,t, Ty(un), VI (v;)x3) = a(x,t, To(u), VT, (u)xs) strongly in (Ey(Q))",

and
VTg(vj)Xg — VT (u)xs strongly in (LV,(Q))N,

then,
J2 = e(n,j). (62)

Following the same way as in Jo and using , one has
Js = / VT (u)exp(/ g(s)ds) dx dt + €(n, j, i, s). (63)
Q 0
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Concerning the terms Jy:
Jy = —/ a(m,t,Tm+1(un),VTm+1(un))waL,jpm(un)exp(/ g(s)ds) dx dt
Q 0
= —/ a(a:,t,Tm.,.l(un),VTm+1(un))VwLVjpm(un)exp(/ g(s)ds) dx dt
{luni<e} 0

a(@,t, Tt (un ), Vi1 (wn)) VW), jpm (un)exp( / g(s)ds) dz dt.
0

B AZ<u,L§m+l}

By letting first n then j and finally p go to infinity
Jy = —/ gbL;VTZ*(u)exp(/ g(s)ds) dz dt + e(n, j, p). (64)
Q 0
We conclude then that
/a(az,t,un, YVun ) (VT (uy) — Vwi,j)pm(un)exp(/ g(s)ds) dx dt
Q 0
= / (alz,t, To(un), Vun) — a(z, t, Te(un ), VIe(v;)x%) (65)
Q
x (VT (up) — VTg(vj)Xg)eXp(/ g(s)ds) dx dt + €(n, j, u, s).
0
About (2)
‘ / a(z, t, un, Vun) (T (un) — w;]-)Vunp;n(un)exp</ ! g(s)ds) dx dt‘
{m<un|<m+1} 0
< C’(k)/ a(x,t,un,Vun)Vunexp(/ ! g(s)ds) dz dt.
{m<|up|<m+1} 0
Then by we deduce that,

‘ / a(z,t, un, Vun) (T} (un) — wiyj)Vunp/m(un)eXp(/ . g(s)ds) dx dt‘
{m<|up|<m+1} 0
< e(n, p,m).

About (3) and (4), by using, Lebesgue’s convergence theorem, we can prove
that

D, (Un) pro () — ®(w) pr (u) strongly in (B, (Q)Y) as n — oo,

and @5, (Un) X fm<fun|<m+1} (VT (un) — wafj)pm(un) —
QU)X fm<un | <mt13 (VT (u) — Vwﬁfj)pm(u), strongly in (Ey, Q)N) as n — oo.
Then by virtue of VT (u,) — VT (u) weakly in (L,(Q)"), and

VunXm<iun|<mt+1} = Vi1 (Un) X {fm<|u,|<m+1} @ €. in Q,
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one has,
/Q n(n)(VT} (un) =V wy ;) pm(un) dz dt —>/ w) (VT (u)=Vwi';) pm (u) dz dt,
as n — 0o, and

/ D, (un ) (T7 (un) — Wi ;) Vg py, (un) d dt
{m<|uy,|<m+1}

- / D (u)(T} (u) — wl' ;) Vuuply (u) da dt,
m<|up|<m-+1} ’

as n — +00. On the other hand, by using the modular convergence of (wf j) as
j — +oo and letting u tend to infinity, we deduce that,

/Q?q)n(un)(VTz*(un) - sz,j)pm(un)exp (/Oung(s)ds) dx dt = €(n, j, 1), (66)

and

/ ®,, () (T} (un () — wi’j)Vunp’m(un)exp(/ g(s)ds) dx dt
{m<jup|<m+1} 0

= €(n, j, ). (67)
About (3).

Similarly, by the alrnost every where convergence of u,, we have (Tz (un) —

wi, ) pm (un)exp( [y g(s)ds converges to (Tj (u) — w!, ;)pm(w)exp( [ g(s)ds in

LY(Q) weakly * and then
/ Fo (T i) — Yo (1) et — / S (T ) — b)) pr 11) iz .
Q Q

So that,
(T3 () =t o () — (T7 () — Ty () — exp(—ut) T (w5),
in L*°(Q) weakly * as j — oo, and also,
(T (u) — Ty (w)), — exp(—pt)Ty (w;) — 0 in L*°(Q) weak * as p — oo.

Then, we deduce that,
/an(Te*(un) — Wi ) pm(un) dx dt = €(n, j, ). (68)
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Taking now into account the estimation of (1), (2), (3), (4) and (5), we obtain
[ (@t Tutua). V) = i, ). V0 ) (V3 (1) = TTulo))
Q
X exp(/oun g(s)ds) dx dt = e(n, j, i, 1, 8,m).
On the other hand,
/Q(a(a;,t,n(un),vn(un)) e, b, To(un), VT (u)xs)
X (VI (un) — V7 (u)xsJexp /0 - g(s)ds) da i
— /Q(a(x,t, To(wn), VIo(un)) — alz, t, To(un), VI (v;)x2)
X (VT (un) = VTe(v5)x)exp( /O " 9(s)ds) dz dt
_ /Q (a(a, 1, To(un), VT (un) ) (VTo(uy)x — VT (w)xs)excp /0 " g(s)ds) dudt
- /Q (e, £, Te(un), VT7 (1)) (VTe(0)x — VTo(u) s exp /O " g(s)ds) d
+ /Q (e, Tuun), VI (0, (VT () — VT (w2 esep /0 " g(s)ds) ded.
Each term of the last right hand side is of the form e(n, j, ), which gives
0 ), T 0)) = 01, (1), 97 (1))
% (VT (un) = VT (w)xsJexp /O " g(s)ds) da dt
= /Q(a(x,t,Tg(un),VTg(un)) —a(m,t,Tg(un),VTg(vj)xg)
X (VT (un) — VTg(vj)xg)exp< /Oun g(s)ds) dx dt + €(n, j, s).
Following the same technique used in [13], we have for all r < s:

/Q(a(x, t, To(un), VI (un))—a(z,t, Te(un), VI (w) (VT (uy)—VTy (u)) dedt — 0.

(69)
On the other hand, by using , we have

(Nn) = M) VTAUXf ., 1) = O strongly in (E4(Q)".
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and

a(x, t, Te(un), VTe(un)) — alz, t, Te(un), VIp(u)) = ¢ — alz, t, Te(u), VIe(u))

weakly in (L¢(Q))Na
which gives

/Q(a(:z:7 t, To(un), VT(up))—a(z, t, To(un), VI(w)) VT (w)(A(un)—A(w)) dx dt
— 0. (70)

By using:

-(63),

-the monotonicity condition,
— and the decomposition,
VT (un) = VT (u) = Mua) (VT (un) = VTp(w) + (AMun) = A(w)) VIy(w),

— and ,

we obtain

lim (a(z,t, To(un), VI (uy)) — alx, t, Te(uy), VIe(u))

n—oo
Q

x (VTy(upn) — VTy(u)) dzdt = 0.
Thus, there exists a subsequence also denoted by u,, such that
VT(un) — VTi(u) ae. in Q. (71)
We deduce then that,

a(z,t, To(un), VT (uy) = a(z, t, Ty(u), VIy(u) in (Lw(Q))N for o(IIL,,IIEy,).
(72)

Step 4: Modular convergence of the truncations

We have proved that

/Q(CL(I, t, Tf(un)a VTf(un) - a(:m 12 T€<un)> VTZ(UJ)Xg))(VTZ*(un) - VTZ(’UJ')Xg)
X exp(/oun g(s)ds) dx dt < e(n, g, pt,,i,8,m). (73)
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And we can also deduce that

/Q(a(x,t,Tg(un), VTi(un) — alx,t, Ty(uy), VI (u)xs))
(VT (un) — VTé*(u)Xs)exp(/oun g(s)ds) dz dt
= /Q(a(%t’Te(Un),VTz(un) —a(z,t, Ty(un), VTe(v;)x2))

(VT (un) — VTg(vj)Xg)exp< /Oun g(s)ds) dzx dt + €(n, j, s),

then
/ (a(z,t, Te(un), VITe(un) VT (up) dx dt
Q
< / (a(z,t, To(un), VTp(un) VT, (u)xs dx dt
Q
+ / (a(z,t, To(un), VI, (u)xs) (VT (upn) — Te(u)xs) do dt
Q
+ c(n’j7ﬂ77i7s7m),
and
limsup/ (a(z,t, Te(un), VIp(un) VT (uy) da dt
n Q
< / (a(z,t, Tp(un), V() VT, (u)xs dx dt
Q
+ lime(n?j’ u73i7 S7m)7
then

n

limsup/ (a(z,t, To(un), VI (un)VT) (uy,) dx dt

Q

S/(a(x,t,Tg(un),VTg(un)VT;(u) dx dt
Q

< lim inf/ (a(z,t, Ty (un), VIe(un) VT (u) dz dt,
" Q

as n — 0o, we deduce
a(x, t, Tp(un), VT (un)VT} (un) — a(z, t, Ty(u), VI, (w)VT] (u) in L(Q).
Using the same argument as above, we obtain
a(x, t, Tp(un), VT (un) VT () = alz,t, Ty(u), VI (u)VTe(u) in L'(Q),
and Vitali’s theorem and gives
VTi(un) — VTy(u) for the modular convergence in (L, (Q))Y.
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Step 5:
In this step we prove that u satisfies .

Lemma 5.5. The limit u of the approximate solution u, of satisfies.
Then

lim

m-——=00 »/{m<|u<m+1}

a(z, t,u, Vu)Vudzdt = 0. (74)

Proof. To this end, note that for any fixed m > 0 one has
/ a(x, t, Uy, Vug)Vu, dedt
{mg\un\§m+l

= (/ al(z, t, U, V) [Vt (un) — VI (uy)] dz dt)
N (75)
= (/Qa(a:,t,TmH(un),VTmH(un))VTmH(un)dx dt

- / a(z, t, T (tn), Vi (tn)) VT (1) doc dt).
Q

According to (72), one can pass to the limit as n tends to +oo for fixed m > 0
to obtain

lim / a(x, t, un, Vg )V, de dt

=0 M m<un | <m+1

= /a(nt,TmH(u),VTmH(u))VTmH(u) dx dt
; (76)

—/a(x,t,Tm(u),VTm(u))VTm(u) dx dt

Q
a(x,t,u, Vu)Vu dz dt.
{m§|u\§m+1}

Taking the limit as m tends to +oo in and using the estimate it

possible to conclude that holds true and the proof of Lemma [5.5]is com-
plete. o

Step 6: Passing to the limit
Let S be a function in W2 (R) such that S’ has a compact support. Let K be

a positive real number such that suppS’ C [—K, K|]. Pointwise multiplication
of the approximate equation by S’(u,) leads to
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05 (un)
ot

- div(a(:m t, up, Vun)S/(un)) +8" (up)a(x, t, un, Vuy,)Vuy,

- div(S’(un)fb(un)) 8" (1) B (1) Vit + g(un) (@, | Vn|)S (un)
= fuS' (un). (77)
It what follows we pass to the limit as n tends +oo, in each term of .

e Since S is bounded and continuous, then the fact that u, — w a.e. in
@, implies that S(u,,) converges to S(u) a.e. in @ and L™ weak-*.

Consequently,

05 (uy) N 05 (u)

. '
5 o in D'(Q) asn tends to + oo.

e Since suppS’ C [—K, K|, we have for n > K,

a(z, t,un, Vuy)S (uy) = a(z,t, Ti (un), VT (un))S (un)  ae. in Q.
The pointwise convergence of u, to u and as n tends to co and the
bounded character of S’ permit us to conclude that

a(x, t, Ti (upn), VT (un))S (un) — a(z,t, Tk (u), VT (u))S (u)

weakly in(Ly(Q))N  (78)

as n tends to infinity.

e Regarding the ’energy’ term, we have

S (up)a(z, tytun, Vup) - Vu, = 8" (up)a(x, t, Tk (un), VIk (un))- VT ()
a.e. in Q.

The pointwise convergence of S’(u,) — S'(u) and as n tends to
+00 and the bounded character of S” permit us to conclude that

S" (up)a(@, t, un, Vuy) - Vu, — 8" (u)a(x, t, Tk (u), VI (u)) - VIk (u)

(79)
weakly in LY(Q).

Recall that

S"(w)a(x,t, Tk (u), VIk (1)) VTk(u) = S" (u)a(z,t,u, Vu)-Vu a.e. in Q.

e Since suppS’ C [- K, K], we have

S ()P (up) = S (un)®n(Tk (uy)) a.e. in Q. (80)
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As a consequence of and , it follows that:
S ()@ (un) = S (w)®(Tr (u))  ae. in (B,(Q)Y, (81)

we have, V.S (u,) converges to V.S”(u) weakly in (L,(Q))" as n tends
to +oo, while ®,,(Tk (uy)) is uniformly bounded with respect to n and
converges a. e. in @ to ®(Tk(u)) as n tends to +oo. Therefore

S (un) P, (wn) Vi, = 8" (w)®(u)Vu  weakly in Ly, (Q). (82)

e Since suppS’ C [—K, K], we have
5" (un)g(un) (@, |Vun|) = 8" (un)9(Tk (un))e(z, [VIk (un)]) ae. in Q.
(83)
By using lemma (3.1 and (17)), we can deduce:

S’ (un)g(un)p(x, [Vun|) = 8" (u)g(Tk (u))p (2, [VTk (u)]) weakly in Ll(é%).

e Due to f, — f strongly in L'(Q) and the fact that u, — u a.e. in Q,
we have

S (up) fn — S'(u)f  strongly in L*(Q). (85)

As a consequence of the above convergence results, we are in a position to
pass to the limit as n tends to +oo in equation and to conclude that

05 (u)
ot

- div(a(m, t,u, Vu)S’(u)) + 5" (uw)a(z,t,u, Vu)Vu
— div (8 (w)o(w)) + 8" (W)(u) - Vu+ g(u)p(u, [Vul)S'(w) 50
= 15 (u).

It remains to show that S(u) satisfies the initial condition. To this end, firstly
notice that, since S is bounded, S(uy,) is bounded in L*>(Q). Secondly, (|77 and

the above considerations on the behavior of the terms of this equation show that
% is bounded in L'(Q) + V*. As a consequence, an Aubin’s type lemma

(see, e.g, [22]) implies that S(uy,) lies in a compact set of C([0,T], L*(Q)). Tt
follows that, on the one hand, S(u,)(t = 0) = S(u)) converges to S(u)(t = 0)

n

strongly in L(£2). On the other hand, the smoothness of S imply that
S(u)(t =0) = S(ug) in Q.

As a conclusion of step 1 to step 6, the proof of Theorem is complete.
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