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Abstract. Krylov methods have been successfully used to solve large matrix
equations with sparse coefficients. In this paper, we are interested on solv-
ing the low-rank Lyapunov equation whether in the continuous or discrete
case. We propose to modify the block Arnoldi process so that the projection
Krylov subspace contains some additional blocks that involves the inverse of
the square coefficient of this equation. Our goal with this approach is to re-
duce the number of iterations and convergence time required by the classical
block Arnoldi method. To show the effectiveness of the proposed method,
some numerical experiments are carried out.
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Resumen. Los métodos de Krylov se han utilizado para resolver ecuaciones
matriciales de gran tamaño con coeficientes dispersos. Este art́ıculo se centra
en la resolución de la ecuación de Lyapunov de rango bajo, tanto en el caso
continuo como en el discreto. Se modifica el proceso de Arnoldi por bloques
de manera que el subespacio de proyección de Krylov involucre bloques adi-
cionales que incorporen la inversa del coeficiente cuadrático de dicha ecuación.
El objetivo de este forma de atacar el problema es reducir el número de ite-
raciones y con ello el tiempo de convergencia que requiere el método clásico
de Arnoldi por bloques. Para mostrar la eficacia del método propuesto, se
incluyen varios experimentos numéricos

Palabras y frases clave. Subespacios de Krylov, proceso de Arnoldi por bloques,
ecuación de Lyapunov.
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1. Introduction

In this paper, we deal with the block Arnoldi process addressing large matrix
equations. In particular, we consider the Lyapunov equation given as follows

L(X) = E ET , (1)

where L is the linear operator defined by

L(X) =AX +X AT , (continuous case) (2)

L(X) =AX AT +X, (discrete case). (3)

where A ∈ Rn×n is supposed to be non singular matrix while E ∈ Rn×r is full
rank with r ≪ n. This equation appears in different scientific fields and has
several applications such as control theory [13, 16], model reduction [2], signal
processing [20] and many others. In the continuous case, the Lyapunov equation
has a unique solution when the matrix A is stable, meaning that the spectrum
of A does not contain the pair (λi,−λi) for i = 1, 2, . . . , n, where λi are the
eigenvalues of A (see Section 5 in [26]). On the other hand, in the discrete case,
the existence of the solution is ensured when these eigenvalues lie inside the unit
disk, which is the stability region for discrete-time systems (see Proposition 2.1
in [23]). It is assumed throughout the rest of this paper that these conditions
have been met. Direct methods such as the Bartels-Stewart method, the Ham-
marling method, and the Hessenberg-Schur method can be used to solve the
equation. However, these methods are only suitable for moderate problem sizes,
except for the parallel implementation of the Hammarling method discussed in
[21], which can be applied to large-scale equations. Basically, these methods
use the Schur or Hessenberg decomposition to compute partially the solution
of the Lyapunov equation by solving small linear systems. When the size of A is
larger, direct methods are no longer accurate. Therefore, it is more cost effective
to use iterative methods such as those based on the matrix sign function [4] or
the ADI (Alternating Directional Implicit) method [11] which has been consid-
ered for many years as the most efficient method for solving (1). However, the
projection methods onto Krylov subspaces have received recently a lot of at-
tention [12, 7]. Note that these approaches can be combined with ADI method
as proposed in [6]. Projecting the original problem onto a Krylov subspace
allows it to be scaled down, which is the core principle of this class of meth-
ods. Among the most commonly used projection techniques, we encounter the
Arnoldi process which allows to construct an orthonormal basis of the Krylov
subspace. Before deriving an approximate solution, a projected equations of
similar form to the original ones are obtained thanks to the Petrov-Galerkin
or minimal residue conditions. The projected problems are solved, due to their
small size, by standard methods mentioned earlier [3, 15]. In order to hasten
the convergence of Krylov methods, the projection subspaces have recently
been enriched with additional blocks that involve the inverse of the coefficient
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matrices [9, 10, 19, 18]. In this context, we propose a simple modification of
the Arnoldi process applied to the Lyapunov equation, which consist to project
(1) onto a Kryolov subspace of the form Kq

m(G,V ) := Km(G,A−q V ) where
q = 1 or q = 2. This subspace supports additional information from G−1, while
ensuring that the inverse is invoked at most twice. More precisely, we consider:

K1
m(G,V ) := Km(G,G−1 V ) = blockspan{G−1 V, V,GV . . . , Gm−2 V },

K2
m(G,V ) := Km(G,G−2 V ) = blockspan{G−2 V,G−1 V, V,GV . . . , Gm−3 V }.

which hopefully provides a decent alternative, as far as convergence speed is
concerned, to using the classical Krylov subspace Km(G,V ) or the extended
Krylov subspace Ke

m(G,V ) given by :

Km(G,V ) := blockspan{V,GV . . . , Gm−1 V },

Ke
m(G,V ) := blockspan{G−m V, . . . , G−1 V, V,GV . . . , Gm−1 V }.

The rest of this paper is organized as follows. In the section 2, we present the
modified the block Arnoldi process. Next, we show how this process can be
combined with the Petrov-Galerkin condition in order to construct a sequence
of approximate solutions of the exact solution of (1). In addition, we give some
simplifications to be taken into account when computing the right-hand side
of the projected equation. Some theoretical results of the approximation error
will also be stated in this section. The last one is devoted to some numerical
examples in order to check the efficiency of the proposed methods.

2. Modified block Arnoldi process

The modified block Arnoldi process, outlined by the algorithm 1, starts by
computing the QR decomposition of [G−p V,G−p+1 V ]. This gives us the first
two blocks of Vm ∈ Rn×mr the orthonormal basis of Kq

m(G,V ) and a triangular
upper block matrix Λ ∈ R2r×2r. Using the Gram-schmidt process applied to
the blocks G−q V , G−q+1 V , . . ., Gm−q V , we compute the other m− 2 blocks
of Vm as well as H̃m an upper-block Hessenberg matrix meeting the following
relations:

H̃:,1:r = Λ:,2 (Λ1,1)
−1, (4)

and

GVm =Vm+1 Hm, (5)

=Vm Hm + Vm+1 Hm+1,m (E(r)
m )T . (6)

where E(r)
m = [0r, . . . , 0r, Ir]

T is the block formed by the r last columns of the
identity matrix Imr and Hm = (Vm)T GVm is the upper Hessenberg matrix
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obtained by deleting the r last rows of H̃m. For further use, we note that Λ
can be partitioned as follows:

Λ =

[
Λ1,1 Λ1,2

0s Λ2,2

]
, (7)

where Λ1,1 and Λ2,2 ∈ Rr×r are triangular matrices.

Algorithm 1 : Modified Block Arnoldi process

Require: Matrices : G ∈ Rn×n; V ∈ Rn×r; integer : m;
Ensure: Matrices : Vm+1 ∈ Rn×(m+1) r; H̃m ∈ R(m+1) r×mr;
1: Compute the QR decomposition of [G−q V,G−q+1 V ], i.e.,

[G−q V,G−q+1 V ] = [V1, V2] Λ;

2: Compute the block formed by the first r columns of H̃m : H̃:,1:r =
Λ:,2 (Λ1,1)

−1;
3: for j = 2, . . . ,m do
4: Ŵj = GVj ;
5: for i = 1, . . . , j do
6: Hi,j = (Vi)

T Ŵj ;

7: Ŵj = Ŵj − Vi Hi,j ;
8: end for
9: Compute the QR decomposition of Ŵj , i.e., Ŵj = Vj+1 Hj+1,j ;

10: end for

Remark 2.1. In the proposed refined block Arnoldi method, the orthogonal-
isation process plays an important role in maintaining numerical stability and
accuracy. While the classical Gram–Schmidt process provides a cost-effective
way to build the block Krylov basis, it may suffer from loss of orthogonality, es-
pecially when the generated block vectors become nearly linearly dependent or
when the problem is ill-conditioned. More stable variants [24], such as the Modi-
fied Gram-Schmidt (MGS) process or the Householder-based Arnoldi block, can
be easily integrated into current methods without affecting their whole algo-
rithm. The MGS version improves numerical robustness by re-orthogonalizing
each block vector sequentially, providing better stability at a modest increase
in computational cost. The Householder variant, although more expensive,
guarantees full numerical orthogonality and is particularly useful in highly
ill-conditioned cases. In practice, the choice of orthogonalisation depends on
the balance between stability and efficiency. For well-conditioned problems,
the classic version remains efficient and accurate, while for ill-conditioned ma-
trices, the MGS or Householder variants may offer more stable convergence
behaviour.
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3. Modified Arnoldi method for solving low-rank Lyapunov
equation

The projection Krylov subspace of the form Kq
m(G,V ) contains additional in-

formations provided by the use of G−1. Therefore, we aim to have a faster con-
vergence with less performed iterations compared to the classical block Arnoldi
method. In the following, we describe how to obtain an approximate solution
of the continuous Lyapunov equation by applying the modified block Arnoldi
process combined with the Petrov-Galerkin condition. However, we point out
that the approach followed can also be applied in the discrete case through
the same process. Consider VA

m the orthonormal basis obtained by applying the
algorithm 1 to the pair (A,E). Moreover, we assume that the subspace that
contains the approximate solution Xm is spanned by the columns of Vm, it
follows that Xm may be written as

Xm = VA

m Ym (VA

m)T , (8)

where Ym in Rmr×mr solves a projected Lyapunov equation obtained by taking
the Petrov-Galerkin condition, that is

Rm ⊥Kq
m(A,E) ⇔ (VA

m)T Rm VA

m = 0,

where Rm = E ET − (AXm+Xm AT ) is the residue corresponding to Xm. We
can infer then that Ym is a solution of the reduced size equation

HA

m Ym + Ym (HA

m)T = Ẽ ẼT , (9)

where HA
m = (VA

m)T AVA
m is the block upper Hessenberg matrix that represents

the restriction of the matrix A to the Krylov subspaces Kq
m(A,E). Furthermore,

the expression of Ẽ varies depending on the value of q. Specifically, when q = 1,
it can be seen that

Ẽ = (VA

m)T E = HA

:,1 Λ
A

1,1 =: Ẽ(1),

while if q = 2, we have :

Ẽ = (VA

m)T E = HA

:,1 Λ
A

1,2 +HA

:,2 Λ
A

2,2 =: Ẽ(2),

where E(r)
1 , E(r)

2 ∈ Rmr×r are respectively formed by the r first and second
columns of the Identity matrix Imr while ΛA , partitioned as in 7, is the tri-
angular matrix obtained from the QR decomposition of [A−q E,A−q+1 E]. We
note that (9) can be solved by a direct method [3] as long as the solution ex-
ists. Once we have acquired Ym, we need a criterion to assess the quality of the
approximate solution Xm without incurring the cost of its direct calculation.
The theorem below proffers a cost-effective formula for computing the residue
Rm, removing the necessity for matrix-vector multiplications with A.

Revista Colombiana de Matemáticas
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Theorem 3.1. Let rm = vec(Rm), xm = vec(Xm) and ym = vec(Ym) be
respectively the vectorization of Rm, Xm and Ym. We have

rm = −(VA

m ⊗Bm +Bm ⊗ VA

m) ym, (10)

where Bm = Vm+1 Hm+1,m (E(r)
m )T . Moreover

∥Rm∥F =
√
2∥Hm+1,m Y(m−1)r:mr,:∥F . (11)

Proof. Using the Kronecker product, the continuous Lyapunov equation may
be written as the linear system

(A⊗ I + I ⊗A)xm = vec(E ET ).

Let e = vec(Ẽ ẼT ). Since Xm = VA
m Ym (VA

m)T , we have xm = (VA
m ⊗VA

m) ym it
follows that

rm =vec(E ET )− (A⊗ I + I ⊗A)(VA

m ⊗ VA

m) ym

=(VA

m ⊗ VA

m) e− ((AVA

m)⊗ VA

m + VA

m ⊗ (AVA

m))y

=(VA

m ⊗ VA

m) e− (VA

m HA

m +Bm)⊗ VA

m + VA

m ⊗ (VA

m HA

m +Bm))y

=(VA

m ⊗ VA

m) e− [(VA

m HA

m)⊗ VA

m + VA

m ⊗ (VA

m HA

m) + VA

m ⊗Bm +Bm ⊗ VA

m]y

=(VA

m ⊗ VA

m) e− [(VA

m ⊗ VA

m)(HA

m ⊗ Imr) + (VA

m ⊗ VA

m)(Imr ⊗HA

m)+

VA

m ⊗Bm +Bm ⊗ VA

m]ym

=(VA

m ⊗ VA

m)[e− (HA

m ⊗ Imr + Imr ⊗HA

m) ym]− (VA

m ⊗Bm +Bm ⊗ VA

m) ym.

Considering that Ym solves (9), it can be established that e − (HA
m ⊗ Imr +

Imr ⊗ HA
m) ym = 0, thus validating (10). Reshaping the relation (10) leads to

the following

Rm = −VA

m+1

[
0mr×mr Ym E(r)

m (HA
m+1,m)T

HA
m+1,m E(r)

m

T
Ym 0r×r

]
(VA

m+1)
T .

Which proves the results (11). □✓

Remark 3.2. We maintain the form of the approximate solution and the
orthogonality condition used in the continuous case when solving the discrete
version of the low-rank Lyapunov equation. However

- Ym is a solution of the projected equation:

HA

m Ym (HA

m)T + Ym = Ẽ ẼT , (12)
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- The norm of the residue Rm is written as

∥Rm∥F =
√
λ2
m + µ2

m + ν2m, (13)

where λm = ∥HA
m Ŷm (HA

m+1,m)T ∥F , µm = ∥HA
m+1,m Ỹm (HA

m)T ∥F
and νm = ∥HA

m+1,m Ȳm (HA
m+1,m)T ∥F while Ỹm and Ŷm are defined as in

Theorem 3.1. Ȳm = E(r)
m Ym E(r)

m ∈ Rr×r designates the block formed by
the intersection of the last r rows and columns of Ym.

Note that in case of convergence, the approximate solution Xm can be
expressed as a product of two matrices with a reduced rank. Specifically,
we can obtain the SVD decomposition of Ym which is the solution of the
projected equations (9) or (12), represented by Ym = U ΣUT , where Σ =
diag[σ1, σ2, . . . , σmr] is the diagonal matrix comprised of the singular values of
Ym sorted in a descending order. Now, let Uℓ be the mr × ℓ matrix formed by
the first ℓ columns of U that corresponds to the singular values greater than
some tolerance τ . Thus, a truncated SVD decomposition of Ym is obtained. We
have

Ym ≈ Uℓ Σℓ U
T
ℓ ,

which implies that Xm can be written as

Xm ≈ ZA

m (ZA

m)T .

where Σℓ = diag[σ1, . . . , σℓ] and ZA
m = VA

m Uℓ Σ
1/2
ℓ . Before giving the algorithm

2 summarizing the modified block Arnoldi method to solve (1), we specify that
we can solve the projected equation (9) or (12) every p iterations where p is
a predefined parameter. This strategy can reduce considerably the operational
cost.

Remark 3.3. The dimension of the Krylov basis can grow rapidly, leading to
prohibitive storage requirements. To address this, a restarting techniques can
be beneficial. However, only a few approaches have considered Lyapunov or
Sylvester equations with a factored right-hand side. Recently, it was proposed
in [22] to expressed the current residual, obtained after running k iteration, in
symmetric factorized form such as Rk = R(k) = C(k+1) (C(k+1))T using the
SVD decomposition of Yk and Xk as a compressor, then apply again the block
Arnoldi process to the pair (A,C(k+1)) and restart computations by solving
the correction equation

AX(k+1) +X(k+1) AT +R(k) = 0

where C(0) = E,X(0) = Xk and R(0) = AXk+Xk A
T+C CT . The convergence

behaviour of the method proposed in this article can be improved using a
good preconditioner. For example, the authors of [1] proposed transforming
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the continuous Lyapunov equation into a discrete equation by multiplying it
by A−1 and then solving it using an alternative block Arnoldi method. The
same approach can be effectively applied here.

Algorithm 2 Modified Block Arnoldi method for solving low-rank Lyapunov
equation (MBAq-LRS)

Require: A ∈ Rn×n; E ∈ Rn×r; mmax the maximum dimension of the Krylov
subspace; ϵ the desired precision; τ the threshold used for the truncated
SVD decomposition; p ∈ N the projection step size;

Ensure: Xm an approximate solution of the Lyapunov equation;
1: for m = 1, 2, . . . ,mmax do
2: Compute the mth block of the orthonormal basis VA

m as well as that of
the Hessenberg matrix HA

m by applying simultaneously the algorithm 1 to
the pair (A,E)

3: if m is a multiple of p then
4: Compute Ẽ = (VA

m)T E where
5:

6:

{
Ẽ := HA

:,1 Λ
A
1,1, if q = 1

Ẽ := HA
:,1 Λ

A
1,2 +HA

:,2 Λ
A
2,2, if q = 2

7: Solve the projected equation:

{
continuous case: HA

m Ym + Ym (HA
m)T = Ẽ ẼT ,

discrete case: HA
m Ym (HA

m)T + Ym = Ẽ ẼT ,

8: Compute the norm of de Rm using

{
(11) in the continuous case.

(13) in the discrete case.
9: if ∥Rm∥F ≤ ϵ then

10: Goto line 14
11: end if
12: end if
13: end for
14: Compute the SVD of Ym, i.e., Ym = U ΣWT where Σ = diag[σ1, . . . , σmr]

and σ1 ≥ . . . ≥ σmr;
15: Find l such that σℓ+1 ≤ τ < σℓ and take Σl = diag[σ1, . . . , σℓ];

16: compute ZA
m = VA

m Uℓ Σ
1/2
ℓ and ZA

m = VA
m Wℓ Σ

1/2
ℓ ;

17: Compute the approximate solution Xm ≈ ZA
m (ZA

m)T .

3.1. Theoretical results

In this section, we give some theoretical results related to the approximation
error associated with Xc

m and Xd
m, which refer to the estimated solutions ob-

tained through the application of the modified block Arnoldi method to the
continuous and discrete Lyapunov equations, respectively. In the following, we
will designate by Xc

∗ and Xd
∗ respectively the exact solutions of continuous and
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discrete form of low-rank Lyapunov equation. More precisely,

AXc
∗ +Xc

∗ A
T = E ET , (14)

AXd
∗ A

T +Xd
∗ = E ET . (15)

We recall that the separation function, denoted here as sep(A,B), measures
the numerical distance between two square matrices A and B in terms of their
spectral properties. It is defined as:

sepF (A,B) = min
X ̸=0

∥AX −XB∥F
∥X∥F

= σmin(In ⊗A−BT ⊗ In),

where σmin is the smallest singular value.

Theorem 3.4. Let Xc
m be the approximate solution obtained by the MBAq-

LRS method applied to the continuous form of the Lyapunov equation of reduced
rank. Then Xc

m is the exact solution of the perturbed Lyapunov equation given
by

(A−Qm)Xc
m +Xc

m (A−QT
m) = E ET , (16)

and

∥Xc
∗ −Xc

m∥F ≤
2∥HA

m+1,m∥F ∥Ym∥F
sepF (A,−AT )

, (17)

where Qm = V A
m+1 H

A
m+1,m (V A

m)T .

Proof. By multiplying the projected equation (9) on the left by VA
m and on

the right by (VA
m)T , we obtain

VA

m HA

m Ym (VA

m)T + VA

m Ym (HA

m)T (VA

m)T = VA

m Ẽ ẼT (VA

m)T .

According to (6) and since VA
m Ẽ = E, we have[

AVA

m − V A

m+1 H
A

m+1,m (E(r)
m )T

]
Ym (VA

m)T+

VA

m Ym

[
(VA

m)TAT − E(r)
m (HA

m+1,m)T (V A

m+1)
T
]
=EET .

Therefore

A

=:Xc
m︷ ︸︸ ︷

VA

m Ym (VA

m)T −V A

m+1 H
A

m+1,m (E(r)
m )T

=(VA
m)T Xc

m︷ ︸︸ ︷
Ym (VA

m)T +

=:Xc
m︷ ︸︸ ︷

VA

mYm (VA

m)T AT −
=Xc

mVA
m︷ ︸︸ ︷

VA

mYm E(r)
m (HA

m+1,m)T (V A

m+1)
T = EET ,

By using the fact that V A
m = VA

m E(r)
m , we can derive the following result

(A−Qm)Xc
m +Xc

m (A−QT
m) = E ET .

In order to establish the result 17, we subtract the above relation from (14).
Thus we have
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A (Xc
∗ −Xc

m) + (Xc
∗ −Xc

m)AT = −Qm Xc
m −Xc

m QT
m.

Using the result given in Section 7.6.3 (Page 399) of the book [14], we obtain

∥Xc
∗ −Xc

m∥F ≤
2∥HA

m+1,m∥F ∥Ym∥F
sepF (A,−AT )

.

Thanks to the triangle inequality, we may right

∥Qm Xc
m +Xc

m QT
m∥F ≤ ∥Qm Xc

m∥F + ∥Xc
m QT

m∥F
≤ (2∥Qm∥F ) ∥Xc

m∥F
= 2(∥V A

m+1 H
A

m+1,m (V A

m)T ∥F ) ∥VA

m Ym (VA

m)T ∥F
≤ 2∥HA

m+1,m∥F ∥Ym∥F .

□✓

We may also consider the following result,

Theorem 3.5. If the MBA method provides an approximate solution Xc
m with

a residual accuracy of ϵ, meaning that if ∥Rc
m∥F ≤ ϵ, then the following holds

∥Xc
∗ −Xc

m∥F ≤ ϵ

sepF (A,−AT )
. (18)

Proof. Since Rm = AXm +Xm AT − E ET , subtracting this from (14) gives
that

A (Xc
∗ −Xc

m) + (Xc
∗ −Xc

m)AT = Rc
m,

which means that

∥Xc
∗ −Xc

m∥F ≤ ∥Rc
m∥F

sepF (A,−AT )
.

Consequently, the result (18) is obtained. □✓

For the discrete case of the Lyapunov equation, we adapt the result given
in [5] to solve the discrete Sylvester equation. We consider the following result

Theorem 3.6. [5] Let Xd
m be the approximate solution obtained by the MBA(q)-

LRS method applied to the low-rank discrete Lyapunov equation. If ∥A∥2 < 1,

∥Xd
∗ −Xd

m∥2 ≤
2∥A∥2 ∥HA

m+1,m∥2 + ∥HA
m+1,m∥22

1− ∥A∥22
∥Ym∥2.

where Ym is the solution of the projected equation (12).
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4. Numeric results

In order to evaluate the effectiveness of The modified block Arnoldi method for
solving the Lyapunov equation, a comparison will be made against both the
classical Arnoldi method and its extended version. The evaluation will consider
the CPU time and number of iterations required by each algorithm. All tests
were conducted using MATLAB 2015 on a PC with 8 GB of RAM. The de-
fault double-precision floating-point arithmetic is used. However, the proposed
method can also be implemented using single precision, which may run faster,
but it could lead to a loss in accuracy or numerical stability. To solve the pro-
jected Lyapunov equations, the functions lyap2 (for the continuous case) and
dlyap (for the discrete case) were used. The matrices E was randomly generated
using the function random. For truncating the singular value decomposition,
a tolerance of τ = 10−12 was used, and all algorithms were stopped as soon as

the condition ∥Rm∥F

∥E∥2
F

≤ ϵ = 10−10 was met.

4.1. Exemple 1

Throughout this series of tests, we assessed the effectiveness of The refined block
Arnoldi method when applied to the continuous low-rank Lyapunov equation,
abbreviated as MBA-CLRL(q) (algorithm 2) and compared it to both the clas-
sical and extended Arnoldi methods, which were respectively abbreviated as
BA-CLRL[17] and EBA-CLRL [18] [25]. The matrices A and B belong to the
collection ”SuiteSparse Matrix” [8]. Table 1 summarizes the results obtained
where the actions of A−1 and B−T were computed using the LU decomposi-
tion. On the other hand, the results given in Table 2 were obtained using the
BICGSTAB method. It should be noted that the projected Lyapunov equations
are solved at each iteration. The convergence of the compared methods in some
tests is also illustrated by the curves in Figure 1.

The first thing to note from these results is that the EBA-CLRS method is
much better than the other methods in terms of number of iterations. Neverthe-
less, it should be noted that the methods (MBA(1)-CLRS and MBA(2)-CLRS)
are faster in too many examples in terms of CPU time, whether the LU de-
composition is used for computing the actions of A−1 or BiCGstab. Besides,
this method requires fewer iterations than Arnoldi’s classical block method,
demonstrating the benefit of slightly enriching the Krylov subspace with blocks
involving A−1.

4.2. Example 2

In this instance, the aim is to contrast The refined block Arnoldi method, de-
noted in the continuous case as MBA(q)-DLRS (q=1, 2) and MBA(q)-DLRS
in the discrete case, with the classical Arnoldi method (BA-CLRL / BA-
DLRL) and its extended versions (EBA-CLRL / EBA-DLRL). The factor E
of the right-side was randomly generated using the Matlab function rand and
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Table 1. Exemple 1 : Obtained results by the EBA-CLRS, BA-CLRS, MBA(1)-
CLRS and MBA(2)-CLRS methods. The LU decomposition is used for comput-
ing the matrix products with A−1

Test Method Iterations Residual norm CPU time

B=cage8, n=1015
r=10

EBA-CLRL 7 1.54e-08 0.59

MBA-CLRL(1) 15 1.09e-07 0.31

MBA-CLRL(2) 14 9.49e-08 0.25

BA-CLRL 16 1.27e-07 0.38

r=15

EBA-CLRL 6 3.30e-07 1.56

MBA-CLRL(1) 14 9.90e-08 0.95

MBA-CLRL(2) 13 9.42e-08 0.63

BA-CLRL 15 1.08e-07 1.00

r=20

EBA-CLRL 6 1.59e-07 3.30

MBA-CLRL(1) 13 1.55e-07 1.44

MBA-CLRL(2) 12 2.70e-07 0.95

BA-CLRL 20 1.30e-07 1.72

A=swang1, n=3169
r=10

EBA-CLRL 8 3.75e-07 1.05

MBA-CLRL(1) 19 7.34e-07 0.95

MBA-CLRL(2) 19 3.37e-07 0.92

BA-CLRL 20 5.05e-07 1.02

r=15

EBA-CLRL 8 2.18e-07 2.27

MBA-CLRL(1) 19 3.82e-07 2.19

MBA-CLRL(2) 18 6.09e-07 1.69

BA-CLRL 19 8.89e-07 1.88

r=20

EBA-CLRL 8 1.58e-07 3.88

MBA-CLRL(1) 18 9.42e-07 3.38

MBA-CLRL(2) 17 1.50e-06 2.56

BA-CLRL 19 5.90e-07 3.45

A=Chem97ZtZ, n=2541
r=35

EBA-CLRL 11 4.85e-07 24.03

MBA-CLRL(1) 25 1.17e-06 18.02

MBA-CLRL(2) 24 1.90e-06 15.25

BA-CLRL 26 6.70e-07 22.30

r=40

EBA-CLRL 11 2.21e-07 28.30

MBA-CLRL(1) 24 1.34e-06 22.05

MBA-CLRL(2) 23 2.42e-06 20.77

BA-CLRL 25 7.73e-07 24.75

r=45

EBA-CLRL 10 1.76e-06 36.55

MBA-CLRL(1) 23 1.85e-06 24.69

MBA-CLRL(2) 23 9.41e-07 25.23

BA-CLRL 24 1.02e-06 30.84

their rank is fixed at r = 2. The matrix-block products with A−1 were re-
alized by solving the corresponding linear systems using BiCGstab method.
More precisely, to compute the vector u = M−1 v, we use the instruction
u=bicgstab(M ,v,10−9,500). In this tests, the matrices areA=diag(1,2,. . . ,n)+Dn

where Dn is a sparse matrix of density 50% and generated randomly via the
Matlab function sprand. The projection step is p = 5. The results for different
values of n are summarized in Table 3 and 4.
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Table 2. Exemple 1 : Obtained results by the EBA-CLRS, BA-CLRS, MBA(1)-
CLRS and MBA(2)-CLRS methods. Bicgstab method is used for computing the
matrix products with A−1

Test Method Iterations Residual norm CPU time

A=add32, n=4960
r=2

EBA-CLRL 17 1.17e-07 1.73

MBA(1)-CLRL 71 2.08e-07 2.39

MBA(2)-CLRL 65 2.02e-07 1.89

BA-CLRL 76 1.58e-07 2.66

r=5

EBA-CLRL 17 1.93e-07 3.52

MBA(1)-CLRL 69 6.01e-07 10.61

MBA(2)-CLRL 64 6.29e-07 8.27

BA-CLRL 75 3.90e-07 14.06

r=7

EBA-CLRL 17 2.30e-07 5.50

MBA(1)-CLRL 69 7.91e-07 24.08

MBA(2)-CLRL 64 6.36e-07 17.39

BA-CLRL 75 5.07e-07 32.23

A=FEM 3D thermal1,
n=17880

r=2

EBA-CLRS * * *

MBA(1)-CLRL 140 9.38e-07 17.36

MBA(2)-CLRL 128 9.67e-07 14.11

BA-CLRL 152 9.94e-07 20.95

r=5

EBA-CLRS * * *

MBA(1)-CLRL 124 2.35e-06 59.80

MBA(2)-CLRL 113 2.20e-06 45.19

BA-CLRL 137 2.23e-06 75.63

r=7

EBA-CLRS * * *

MBA(1)-CLRL 118 3.00e-06 101.23

MBA(2)-CLRL 107 3.09e-06 75.94

BA-CLRL 130 3.06e-06 132.73

A=thermal, n=3456
r=5

EBA-CLRL 9 1.55e-07 1.02

MBA(1)-CLRL 25 4.15e-07 0.52

MBA(2)-CLRL 24 4.03e-07 0.48

BA-CLRL 26 4.21e-07 0.61

r=7

EBA-CLRL 9 1.84e-07 1.33

MBA(1)-CLRL 25 4.87e-07 1.00

MBA(2)-CLRL 24 4.81e-07 0.86

BA-CLRL 26 4.87e-07 1.06

r=10

EBA-CLRL 9 2.19e-07 1.89

MBA(1)-CLRL 25 6.55e-07 1.94

MBA(2)-CLRL 24 6.42e-07 1.77

BA-CLRL 26 6.62e-07 2.17

As noticed in example 1, it is always the EBA-DLRS and EBA-CLRS
method which clearly needs few iterations to converge. On the other hand,
we still note the superiority of the methods MBA(q)-CLRS or MBA(q)-DLRS
in terms of CPU time against other methods. This is because using A−1 while
projecting the problem can improve the convergence, provided it doesn’t con-
sume a lot of CPU time, as is the case with the Extended Arnoldi process,
which computes the action of A−1 at each iteration, slowing down this method
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Figure 1. Convergence curves of the BA-CLRS, EBA-CLRS, MBA(1)-CLRS
and MBA(2)-CLRS methods in Example 1

in some examples. The MATLAB codes for the refined block Arnoldi methods
is publicly available at GitHub.

5. Conclusion

In this paper, the first part was devoted to a modification of the block Arnoldi
process which consists in applying the standard Arnoldi process to the pair
(G,G−q) where q = 1 or q = 2. We then modified the Arnoldi method for solv-
ing the Lyapunov equation to take into account the incorporation of the blocks
that involves A−1. The numerical experiments show that, in many examples,
the involvement of informations coming from A−1 allows to considerably reduce
the number of iterations. In addition, the limited computation of A−1 actions
enabled the modified block Arnoldi method to generate approximate solutions
requiring less CPU time than the method based on the extended block Arnoldi
process.

Acknowledgements. The author is grateful to the reviewers for useful sug-
gestions which improved the contents of this paper.
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Table 3. Example 2: Obtained results by the EBA-CLRS, BA-CLRS, MBA(1)-
CLRS and MBA(2)-CLRS methods.

Test Method Iterations Residual norm CPU time

n=3000

EBA-CLRL 165 1.34e-07 320.78

MBA(1)-CLRL 175 1.29e-07 14.03

MBA(2)-CLRL 150 1.15e-07 10.50

BA-CLRL 215 1.04e-07 14.94

n=5000

EBA-CLRL 200 2.21e-07 1158.19

MBA(1)-CLRL 225 2.44e-07 41.94

MBA(2)-CLRL 195 2.25e-07 39.05

BA-CLRL 270 2.76e-07 50.75

n=7000

EBA-CLRL 220 1.24e-07 2288.17

MBA(1)-CLRL 265 3.62e-07 77.31

MBA(2)-CLRL 225 3.04e-07 67.08

BA-CLRL 330 2.97e-07 99.69

Table 4. Example 2: Obtained results by the EBA-DLRS, BA-DLRS, MBA(1)-
DLRS and MBA(2)-DLRS methods.

Test Method Iterations Residual norm CPU time

n=3000

EBA-DLRL 10 4.95e-12 22.08

MBA(1)-DLRL 220 9.80e-08 21.27

MBA(2)-DLRL 185 1.65e-07 16.11

BA-DLRL 255 9.79e-08 31.91

n=5000

EBA-DLRL 10 1.34e-11 55.39

MBA(1)-DLRL 310 1.33e-07 88.73

MBA(2)-DLRL 225 1.92e-07 48.50

BA-DLRL 325 2.46e-07 94.42

n=7000

EBA-DLRL 10 1.75e-11 108.38

MBA(1)-DLRL 345 2.89e-07 143.80

MBA(2)-DLRL 285 3.33e-07 102.33

BA-DLRL 350 2.52e-05 139.59
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