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ON COMPARISONOF SEMINORMSONA BARREL

BY

Jos~ I. Nieto

Let E be a real or complex vector space, \ p~ ~, ~ Pr.,~ two fa-
milies of serni no rms and 'l:4Ib\.~ ,~{ qf-.~ the locally convex
topologies on E defined by {PoI and ~q\~ , respectively. We
take from [3] the following.

DEFINI11ON. {qd~ is said to be stronger than ~ Pd- ~ on a sub-
set S of E if the topology induced by rt?1q(.>Y on S is
stronger than the one induced by t'fi {po(r .
It is weI.L known -that if the family lqf-J\ is filtrating, i.e ••
for each f'i n'i te subfamily q f:>' ••• , q(? there exists
qf->E lq~tsuch that !l: ~'lI

sup 1qf->i.(x) ~ ~ q~x) for all x E- E,

i = 1, ..• , n

then a necessary and sufficient condition for ~ qf-,f to be
stronger than lpcA.ton E is that for any given Po( there exist
q f.::; and a positive constant M such that

( 1) for all x€ E.

It his note we would like to announce a theorem whi ch not on-
ly contains the previous result but also, among others, a
lemma due to J. Lions (Lemma 2.9 in C6J) and a lemma of J.
Dixmier [21. Detailed proofs of our results will appear else-
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where in a forthcoming publication.

THEOREM.Let tpoI..~ and 1qf-ot be two families of seminorms on
E, wi th ~qBrfiltrating. Further, assume that SC E is a
subset of the form S = {x ~1T( x)..::- 1 ~, where 1\ is a serrinorm
on E. Then the following statements are equivalent:

a) tq(:>1 is stronger than 1. Pot ~ on S.;

b) To each ~) 0 and Po<. there correspond q~ and 11)0
such that for x E:- S ~ (x) s;. tt· implies PeX (x) -$. ~

c) Given E.)O and Po( there exist qr3and a positive cons-
tant K such that I

(2) po( (x) ~ <e.TI(x) + Kqr?>(x) for all XE E.

Consecuences of the-lLrevious theorem (assuming iqf-> ~ fil tra-
ting) •

1. tqf-> Yis stroger than ~Pc\ron E if and only if (1) holds.

II. Let E be a topological vector space and S a barrel in
E with Minkowski functiona11l. Then a neccesary and
sufficient condition for )q(.2,~to be stroger than hC>\f
on S is that (2) be valid.

Assume now that A,B,C are three normed spaces with norms \\ 1\
A \\ \\ Band n \lC , respectively, such that

J

i) A C Be C

ii) The imbeddings A--';:>Bi
AB

iBe B~e

are continuous.

Taking in the theorem E = A,i\(x) = \\xllA ' p( x) = \\xl\B and

q( x) = \\x\\e for X E- A, we obtain:
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III. The spaces Band C induce on S the same topology if
and only if to each ~» ° there corresponds a posi ti-
ve constant K = K( S ) such that

(3) II xIIB .:s: ~ \\xlIA + K\\xllc for all x Go- A

IV. (Lions'Lemma). If the imbedding i
AB

is compact then
"the interpolation inequality (3) holds.

NOTE1. We show with a concrete example that iAB does not
have to be compact for (3) to be valid.

V. Suppose that there exist constants M '> 0, u) 0, »> °
such that.

u
(4) (Ixll B ~ Ml!xll A

Then (3) ho;Lds.

v
\\x\lB for all x Eo A

Lei HS :::HS(Rn) (s real) be theSobolev space of all tem-
pered distributions yJ such that .

11y;11 =( fRn (1 + 1~\2) I ~(})\2 d y) ~<CO,
s .

I'.

where Y; denotes the Fourier transform of )t? Then we have:

VI. Suppose that s,t,r, are real numbers such that S)t> r
Then to each ~ '/ ° there corresponds a posi ti ve cons-
tant K::: K (2., s , t, r) such that

(5) 1\'Pllt -S€I¥{J\\s + K IIfllr for all VJEHsC HtC Hr

NOTE~. The inequality (5) has been known only for the spa-
ces HS (Jl.) (or the spaces l~s( SL»):; where s is a non-
negative integer and R a bounded domain of Rn with amo .th
boundary (see fc r example [1] ). For these spaces HS(Rn), h<r
wever , the situation is different due to the fact that Re=
llichfs theorem no longer holds.
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VII. Let E be a normed space with norm II \I, and s:t, ~ linear
operators with domains of definition D(~), D(6),res-
pecti vely, such that D(~) C D(CO). If ® is closable
and~ - compact, then to each 'C../ 0 there corresponds
a posi tive constant K = K(S) such that

(6) \\®X\\ ~t:\\d1x\\+ K\lx\\ for all x-f D(~) C D(c6)

NOTE 3. The inequality (6) is known to playa role in pertur-
bation theory. See (41, in particular the corollary to Theo-
rem V.3.7.

VIII. (Dixmier's lemms). Let E be a normed space, E' its to-
pological dual and Mi, M2 two linear subspaces of E'
its topological d~al ~nd Mi, M2 two linear subspaces
of \vith closures M', M; in the norm topology of E'
Then the weak topologies o-(E, M'), o--(E, M21 coinci-
de on the unit ball in E if and ~nly if Hi = HZ.

NOTE 4. We point out that from V it follows that inequali~s
of type (3) hold for all families of Banach spaces whichfrum
a scale as in 5. Finally the author wishes to express his
grati tude to Professor Henri G. Garnir for valuable sugges-
tions.

REFERENCES

1 Agmon, S., Lectures on elliptic boundary value problems.
Van Nostrand (Mathematical Studies, No.2).
Princeton, N.J. (1.965).

2 Dixmier,J., Sur un th~orema de Banach. Duke Math. Jo,15
(1.948), P.P. l057~l07l.

3 Garnir, H., De Wilde, M.- Schmetz, J" Espaces Lin~aires
a seminorms. Book to appear (Preprint: Uni-
versit~ de Liege, Institut de Hath~matique~
1.964, 1.965).

4 Goldberg,S., Unbounded linear operators. Theory and appli-
cations. McGraw Hill (Series in Higher Mathe-



- 1'28 -

matics), New York (1.966)

5 Krein, S.G. Petunin, Yu, I., Scales of Banach spaces.
Uspehi Mat. Nauk, Vol. 21, 2 (128) (1.966),
P.P 89-168.
(English translation: Russian Mathematical
Surveys, Vol. 21. No 2,1966, P.P 85-159).

6 Magenes, E. Stampacchia, G., I problemi a1 contorno per
Ie equazioni differenziali di tipo elliticQ
Annali della ScuoLa Norm. Sup. Pisa, Serie
III, Vol. 12, P.P 247-357 (1.958).

University of Mainz, Germany, and Universi-
ty of Maryland.


