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ALGEBRAIC THEORY OF ATKINSON OPERATORS
By
Harro Heuser
1) Notations: In this paper E denotes a linear space,'zﬂ(E)
the set of all endomorphisms of E, L(E) the set of all

continuous endomorphisms of E if E is equipped with a
vector space topology. If TCY(E), then

N(T) ={x : Tx = o?-
B(T) = {Tx: x €E}
A(T) = dim N(T)
/A(T) = codim B(T)

Based on the work of Fredholm, F. Riesz and Noether, Atkin-
son defined the abstract concept of a Fredholm operador on
a Banach space E : T €(E) is called a Fredholm operator
if {(T) and A(T) are both finite and B{T) is closed. As
was shown later by Kato, /3(T)<CO already implies that
B(T) is closed. When considering continuous operators T on
a Banach space E for wich only one of the numbers (N (T)

/A (T) was supposed to be finite, Atkinson remarked that the
hypothesis "B(T) is closed" was not sufficient to establish
a satisfying theory. He therefore introduced the stronger
hypothesis of relative regularity: T QQ&Q(E) is calles rela-
tively regular if there exists a S¢ % (E) such that

TST=T

This definition can be carried over to the algebra Efl(E)
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for an arbitrary topological vector space E. Pietsch proved
chat in this case T is relatively regular if and only if T
is open and N(T) as well as B(T) has a topological comp.le-
ment in E. He then built up a theory of relatively regular
operators T on a locally convex space for which at least one
of the numbers CX(T),/%(T) is finite.

Since the defining properties of these operators can be ex-
pressed in purely algebraic terms it seems natural to deve=
lop an algebraic theory of "Atkinson Operators™.

This concept will be defined presently and the salient fea=—
tures of this theory will be outlined.

2) Basic Definitions: Let 5{be an algebra of operators (en-—

domorphisms) on the arbitrary vector space E. T &€& is
called relatively regular (with respect to &) if there
exists a S € ® such that TST = T. ®is called normal if the
two=sided ideal 9F (&) of all finite-dimensional operators
in ﬁa_consists only of relatively regular operators.

I1f B2 is normal and contains the identity transformation I
then T € 0L is called an Atkinson operator (with respect to
TA), if T is relatively regular and at least one of the
numbers O (T), (& (T) is finite. If both numbers OL(T), A (T)
are finite then T is called a Fredholm operator. stands
for the set of all Atkinson operators in R , Oy, G, res-
pectively for the set of all Atkinson operators withd/ (T)<aQ
(A(T) < SO respectively, and Z for the set of all Fred -
holm operators in ¥ Hence we have:

] OYO\UOZ/” Z:OZo{n 02/5

An algebra Uzd on E is called saturated if to each pair of
ordered finite sets ﬂ;qj.o,, Xn} i {)q)..., yn% in E of
which the first one is linearly independent there exists a

T < O such that Txv =y, for v=1, (.., n

3) Examples of normal cperator algebras éz

a) Yf?E) is normal, Actually, each T GLT(IR) is relatively
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regular (with respect to ‘6\(;"\‘:..
b) If E is locally convex, then EQ(E') is normal.

c) Let E be a topological vector space with topological dual
E*; ﬁ(E) is normal if and only if Ef = {O} or ¥ is to-
tal. »

d) A saturated algebra Ris normal,

4) Characterization and basic properties of Atkinson opera-
tors.

I~
By @R ve understand the quotient algfibra 6)\/0}:‘(&); T is
the equivalence class of T €0} inQL.

Theorem 1.~ Let® be a normal operator algebra containing I.
Then the following statements are equivalent:

a)yT e 0T

b) There exist a S e® and a ke 0?‘ (ZP\) such that either
ST =1 =K or TS =1=K

c) T is either left regular or right regular,

Theorem 2,~ Let 6)\ be as in theorem 1. Then

a) Te O-(/c(@ T is left regular

2).3 & al, N T is right reguiar

¢) T € Z <—"'§ /’;\ is regular

From theorem 2 the following theorem 3 can be deduted in an
obvious -way.

Theorem 3.~ Let & be as in Theorem 1 themn:

a) GLO( ; O-Z»/b. Z are semi-groups
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b STEy — T €0y
c) STEQ L —> seagﬁ
d) STEQy , TES =SEY,
e) STE(ZG » SET=TEY,
f) STES ,TES=PSES
g) STES ,S8ES=TES

- I~ s
h) Te_{gg:_g{;, K e?’(p) ——=>MKE (25.-0(“ ;
=

Definition: If TEJ/ , then the index of T is the number
ind(T) = QA(T) - B(T)

5) Representations of Atkinson operators.

Theorem 4.- Let Rbe a saturated algebra containing I(hence
normal) then::

a) TEYJ/ and ind(T)= 0 <> T = R + K, where R has a left

inverse in /@ and KEF (R)

b) TEY and ind(T) Z 0&=>T = R + K, where R has a right
inverse in R and KEF (R).

¢) TES and ind(T) = 0&=>T = R + K, where R has an inver-
se in R and Ké%(ﬁ).

Let Zn = {TéR: TEZS. and ind(T) = nf} and T, and arbitra-
()

ry but fixed operator of =,. Then the following theorem
holds.

Theorem 5.- Let R be as in theorem 4. Then
T €Z§n <> T =T, R+ K, where R has ar inverse in ~

and XEF ().
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For any T & ZA(E) we have

N(T9) = N(1) = o YT Cnard .
B(T%) = B(I) = EDB(T)D B(T)) D... ,
Definition:

» Q0 if always N(TK) # N(TX' Dy

B(D) =
inf{K L N(TS) = N(TK"'J’)} if such K exists
0o if always B(TX) # B(TN' 1y

o(T) =

. K
1nf_§K : B(T) = B(TK+1)} if such K exists

there are the following relations between GC(T), ﬁ(T),
p(T) and g(T).

Iheorem 6,

a) p(1) <© ZH KX (1) < B()

b) q(T)<CAD = A(T) L N (T)

e) p(1) <O, (1) <O FY(1) = A(T)

d) X(1) = A(1) <D and p(T) or (1) finite = p(T) =q(T)<c0

Theorem 7.~ Let (¥ be a normal operator algebra containing 1

If T =R+ K, where RER has an inverse in R K< FH(R),
RK = KR, then T€ /_ , ind(T) = 0, and p(T) = q(T)< OO

Definition: A normal operator algebra containing I is calied
complete if the following is true for each TE€ 3 : If
E=C @ B(T), there exists a projection Pe(d2 such that
B(P) = C, N(P) = B(T).

If € is a topological vector space a (E) is complete if and
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only if is normal,

Theorem 8.= Let Q be a complete operator algebra on E. If
TES , ind(T) = 0, p(T)< o< and q(T) <o , then there
exist an REMR and a KEF (K) such that R has an inverse
inR,szxRandT=R+K. ’

6) O(-ﬂLﬁ- " 6 - ideals, In this parograph R is always a nor-
mal operator algebra on E containing I.}/is the radical
of R= R/ﬁf:\( ®) h the canonical homomorphism from & onto
R: h(T) =T.

Definition:

a) An O('fideal}sl is a left-sided ideal in R such that
I - Reg], for all RE £,

b) A /3 -ideal is a right side ideal %in\ K such that 1-R
€ for all REFs .

c) A 6\-~ideal is a one or two-sided idealf» inR such that
I1-RES forallRE&f

Theorem 9.- There exist exactly one maximal 0(-, ﬁ-, and § -
ideal in R . These ideals are all equal to the ideal

Mol

and hence are two-sided. Each -,ﬁ- ideal is a § -ideal
contained in . -

Theorem 10.= Let 32'397( R) Bes 8 two~sided § ideal in &2 i

Denote by & the quotient al ebraR / and by T the equi-
valence class of TE€ & in é’ Then: ‘f&'

a) T 60&<=> T is left regular.
b) Tédzﬁ &7 is right regular.
c) TES & T is regular,

7) The spectral stability of the index. LetRbe an operator
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algebra on b and g’a two-sided ideal in Zp\

Definition; (019'3) 18 called an inverse pair if to each
A €'F there exists a number £ =_O(A) > 0 such that 1 ~NA
has an inverse in P2 for each IA| <

E.xampleg -of invers

aj F{ Banach gpace, 22 i (E), g'any two=gidend ideal in
(E).

h! L a sequentially compiete locally convex gpace (or wmo:e

generally a p- convex space, 0 < p & i);ﬂ & - Rty M the
two-sided ideal of” dll bounded operatsrs on E.

[hecrem 11.- Let Zilbe a normal operator algebra on I contai-
ﬁmg 1. a Ewmsided ideal jdﬁe(dl), ang (8,%) an inver
se pair denotes one of the semi=groups Wa , 0o , > .if
AE'F and 1 - M A €T then there exists a number > 0
such, that for all N\, | A~ \b\(,ﬁ, I - AAE T and ind(i- AAY=

ind(1 - tU\).




