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ON THE MAXIMALITY OF  S2(L) N Sp,(k)
by
Nelo ALLAN

Let % be the quotient field of a Dedekind domain 0, (k # 0) and let G = Sp, (k)
be the Symplectic Group over k. G actson the 2n-dimensional vector space V.
Let L be alatticein Vv, andlet Sp(L) be the stabilizerof L -in S$p, (k). Our
purpose is to investigate whether or not there exists a subgroup of Sp,(k) which contains
Sp(L) as a subgroup of finite index, Although in several points we need only weaker as-
sumptions, to describe our methods we shall assume that all residue class fields of %
are finite, First of all we would like to point out that the o-module A(Sp(L),0) gener-
ated by Sp(L) in M,k), isanorder, i.e.,l itis a subringwhichisa finitely gener-
ated O-module and generates M,(k) over k. Alsois I'>Sp(L) as subgroup of
finite index the 0-module A(T",0) is an order containing A(Sp(L),0). The mapping
org--Je]=¢l, | =(0

E
8 ”) induces as involution in  M,(k) i.e.,] an antiauto -
morphism of order 2 and as I' and Sp(L) are groups, o leaves invariant both

n
orders A(I’,0) and A(Sp(L), 0). On the other hand given a ¢-invariant order L
in M, (k), itiseasytoseethat LNSp,(k) isagroup which contains Sp(L) as
subgroup of finite index if L>A(Sp(L),0), Our problem is then to calculate the g-invar-
iant orders , in particular the maximal ones , containing A(Sp(L),0). We show that
A(Sp(L),0) is contained in precisely one maximal ¢-invariant order N , and
N=A(Sp(L),0) if and only if the elementary divisors (see §3) of L are square free,
Consequently Sp(L) is contained in at most one maximal group in  Sp,(k), anditis
maximal if and only if the elementary divisors of L are square free,  We also give

a rough estimate on the index of Sp(L) in the maximal group.



1. The order A(Sp(L),0).

Let & be the quotient field of a Dedekind domain 0. Let G = Sp,(k) be the

Symplectic Group over %, i.e., G isthegroupofall 22 by 2» matrices

0 E
geMzn(k) SUCh that tg]g = ] where ] :(.E y
n

identity matrix and ‘g being the transpose matrix of g. Let V = k2" be the

") , E, beingthe » by =

standard 2»-dimensional vector space over k, withbasis te;,..., e, }. |If
we write each vector x as acolumn matrix , then we have an alternating form defined

by fx,y)='sjy. Let {a,,...,a,} beidealsin 0 suchthat a; divides

a.

;.1 forall i=1,...,n-1; weconsiderthe lattice L = Oe;+...+ Oe,+aje, ;

+eoetaye,, . Let Sp) be the growp of the S$p,(k) witsof L, i.e, SpL) = { geM,, (k)|
gL = L}. Let L beanorderin M, (k); fixed 1gi,jg2n we shall denote by

Li]- the ideal generated by the (7, j)-entryofall geL. Wesaythat L is a

. 2n . :
direct summand if as O-module, L =3 h Ljjejj where e;; are the matrix units
i,j=

of M,,(k). Thishappensifin particular all e;;&L, and in this case we must have
L;; = 0, otherwise by considering powers of L;e;;, L wouldnot be a finite
O0-module. Let gg&M,,(k), and letus define o(g) = - ]tg] ; o isclearly an
involution of the algebra M,,(k), and G is precisely the set of all g&M,, (k)

such that go(g) = E, If we write the matrices g€M,,(k) infour » by =

e
A B t -t

blocks, say ¢ =( ) , then o(g) =( b B i We say that L is g~in-
C D 'tC tA

variant if L =Ly, i.e., ifforall gegL, o(g)€L. Clearlyif L is any order,

then LNy (L) is g-invariant, If L is g-invariant, then BN S

and L; forall 7,j=1,...,n. If L isdirect

L intj = Lintio

niij = Ln+jio

summand , then the converse is also true . 1 If A is a subgroup of S$p,(k), then we
shall denote by A(A,0) the o0-module generatedby A in My, (k). From the fact
that A is agroup it follows that A(A,0) is an order and o(g) EA(A,0) whenever
¢€A(A0). 1f M isthe order of all ©0-endomorphisms of a lattice L, then we shall

set End_ (L) = MNoM. if «a and b are fractional idealsin %, then [a:5]



will denote the ideal (a/b)fNO0. If L is g-invariant, then LMNSp,(k) is agroup;
if, moreover, L is direct summand, then it is not true in general that L =L', where

L’'= A(LNSp,(k) . 0) .
LEMMA 1: |If e,-iel_', forall i=1,...,2n, then L=1L".

PROOF : Clearly L isdirect summand, and L'CL, or LyCL; for all (4,j).

ij
A 0
We consider elements g = g(A,D) =(0 D)ésp,,(k) , (i.e.; fAD = E,), with

A=E, + ae;i i#j, 4,j=1,00.,n, ad a€Ljj ; consequently ejigej; = ae

liesin L', hence Lji>L;;, Of Lji=Lj and , since Lj; =0, thisis true

forall i,j=1,...,n; bythe g-invariance we get the sane result forall i,j=

ij

'E H
n+1,...,2n. Now we considerelements g = g(H) = (0 E)e Sp,(k), i.e.,

tH=H, and choose H=a(el']'+e]'l')r 1,j=1,000,n, i#j and aeLin+j:

ij_i,- thus eiigen+]-n+].=azn+]€L' or Lin;= Lini* Similar argument

applied to “g(H), butwith a€L, ;. =L, ;; yields Ly =L, ;. forall

iyj=1,+.0.,n, i#j. Tocomplete our proof, it suffices to consider g(H) and
'e(H), H =ae; where a€L;, ;» and a€L, ;;, respectively .

g.e.d.

Before calculating the order A(Sp(L),0) we shall observe that Sp(L) = Enda(L)
Sp,(k) .

LEMMA 2: 1 The order L = A(Sp(L),0) is precisely Endo(L) ; it isdirect
summand and

b = y el T i Lote ol
Lii‘Ln+in+i“[“j'“i]'“t Lutji = %Lingj

PROOF : Firstof all we observe that g = g(H), H = aej;,

aéa;.l, liesin End (L) because gl =g(-H), andif xeL, gx=x+ axy.i€j

j =1y eswiBo

and axn+]»€0 . Similar argument applies to to(H) with aea]- . Consequently
LIDE 7 tle g I
Lpijd % Lingjd 8 » and ienji a] ]n+]cL hence e]]eL for al

P 3 0wy LY S glrgict summand and by lemma 1, L = Enda(L) . Hence

1.1 This lemma has been mistated in {2] p.7.



a. and L; 1

Lovii =% jnsi = & Now let abe an ideal . Then forall x L (ae;)x,

(ae,, i nyi) ¥CL if and only if axje;, axy ey iCL, aco ad aa;Ca or

]'1
equivalently a = (a]-/ a;)No = [ aj: a;]. Consequently L =il aj.: a;]. Finally

- o S
as (Lz;ez])(l"]n+]e]n+]) = Li]L]n+]elﬂ+] and as (LG+i) = Ln+1'i we get that

L. L

ijinej = L

and similarly L I, Therefore L;

in+j n+intj Lyptjj = Lnvij- nej =

[ai R al] a;l and Ln+t] = [ ai & (1]] dj
. e. d.

Lige++Lip
We shall introduce the matrix notation : L =
Lypss Lo

and set 8y = a;/ aj. we get that

(O Ayp oo e By a’11 al,.. a'11

0O 0 ...a, al a'21...a'1

-1 -1 -1

A(SP(L),O)—-— (0] O oo 0 al a2 ooaan
a; ay ... a, (0] O ... 0

a, a, a, ay; o ... O

We say that a o-invariant order in M, (k) is maximal if it is not properly contained
in any other _g-invariantorder. |

THEOREM 1: There exists at most one maximal ¢-invariant order containing
L = A(SpL),0), and L ismaximal if and only if the elementary divisors of L are
square free .

PROOF : Let M beany o-invariant order containing L . If M= M) » then
M;ioL; forall #,j=1,...,2n. Consequently e; €M, M is direct summand ,

_ el 5 - — ¢ P
and M;, ;=a; =M, ;)" - i=1,...,n. Now M=J'MJ implies that
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t
LT MDpyinjenrine] (% €njj) Mjgeip) = MjiMjpaje, .0

Hence MiiMppa,CM, ;pforall i, j,k=1,...,n. Inparticularif i=%k we

have
Mip)? 8 CMy pp = 3 O Mjp?a CO
Now from
MinyjCinej) (9 enijj) = Mingj% i
(azlein+i)(Mn+i]' enyij) = “;'1 My, ijeij
and from
(Myj e (a5 e, 1) = Mij"f'lein+j r (@5epis) Myjesi) = a;Mjjey i
we get that
Mij=Minj8 =My ;ia forall i,j=1,.0..m (1

Letnow j>k andwrite ay = b]Zk tip Wwith by, ty integral ideals such
that 'jk is square free ; if we set Mjg = P/yv, (P,Q)=1, P,Q integral
ideals , then 2| ajp o Qby, e, M]-kcb;i . If j<k, then

Mfkc api o “ijM]Zk hence by itp;|Mjp or  MipCbypity;. Consequently if
a@,; s square free , then b]-k =0, ap=ty and Lj = M forall ,;7=
l1,+00,n OF g-invariance and (1) imply L =M. Wenow define

N]-k = b;i or Ny = bkj ' according to whether j>% or j<k,

o Ry 1 gr0 805,08 Nkk=Nﬂ+kn+k=O' and

= = oy
Npi = Npyjnsk = %N knyj = % Ny j
We claim that the direct sum N of Nje;, i,j=1,...,20 isanorder. As
;€N forall i=1,...,2n itsufficestoverifythat N;NjCNy forall

ivjsk=1,...,2n. We shall consider first the case i,j,k=1,...,n. We

1i



have that i<j<& implies

2 23 P o 2
Yitki = O = Gjaji = (biibyi)? by
or there exists an integral ideal iik such that
2 = = .
“iik ki = Yitkj e Cjibkitgy = b wg |y, fis by
and consequently
NijNig = bjitjibpitpi = ujp Ny
and if k<j<i
T TS DTS
NijNik = bij bk = bik upj; = upj;Ny,
Next for i<k<j wehave
NijNik = ibri (g uiki) = Ng i)

similarly j<k<i implies NiiNik = Nig (tg ;03

the two last remaining situations we get k<i<j and NijNjg = Ny (’ji”;elij) 2

Now
" -1 " S
NijNink = Nijag Nip Cay' Ny = Ny g

NpyijNjgp = @;N;iNip Ca;Njp = N, 13
Nn+in+]'~n+jn+k = NjiNgjCNpi =Npiinik
we observe that aiNgj = Njg forif k<j

Nk = i bk tik = YR bty = bk = Nig

and the other case is similar .
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Consequently

. . r = ..1 o . = -1 L ] -1 s
Ninej Nnyjnek = @) NijNgj = @p; @ NjjNpj = ap NjjNjp Cap Nig = Ninik

NurinejNoyjk = @iNjiNjk CaiNjp = Ny jp -

Finally McNNo(N) whichis o-invariant , hence if M is maximal we have
M=NOo(N) . Itisalsoclearthatthe matrix g(A,D) where A=E+¢ ey
geb 0, '‘pA=E, liesin M-L.

q.e.d. |

2. Estimates on indices . |

From now on we shall assume that all the residue class fields with respect to the non
archmedian valuations are finite . The following lemma is a corollary of lemma 1 of [1] ,

and we shall use the same notation asin [1].

LEMMA 3: Let A, and A, be arithmetic groups in G, such that
A,>A;. Letusassume that there exists ideals a4,6,c of 0 such that
ab A(A,,0) C bA(A;,0) C M,(0), and  cM,(0) C AA0). Then [A,:A;] isat
most the cardinal of bA(A,,0) modulo a’bc. Moreoverif G isthe Symplectic
Group , then if suffices to consider the number m(A,A;) of classes C in
abA(A,,0) modulo a2bc, suchthatforall g€&C, ‘gJe =0 modulo a?b .

PROOF : If bag; = bag, modulo ba’c, 81+ 82€A;, then g'11g2 =1+
€lacw , weM,0), andas gla€AA,0)  we get gj'e, €A, ;  hence our
first assertion ., If A, C Sp,(k), then forall geA,., gl = abg, we have
tgy g’ = 0 modulo a2  and, a fortiori, lgr] g =0 modulo a?b, and the same

happens to any other element in the class of g! modulo a%b.

g.e.d.

We remark that the number of classes  abA(A,,0) modulo a2bc is at most 2t

where A is the number of elements in  0/a%bc .
For future reference , and complement of lemma 1 of (1], we shall prove :

13



LEMMA 4 : If L isanorderin M,0), then LMNAG, isagroup.]|

PROOF : |t is well known that there exists an integral ideal & in 0 such
that L >aM,0). Let L* be amaximal 0-order containing L. By lemma
lof [1] L*NG is agroup commensurable to Gg and Gp(a); from

L*NGOLNG>Gpy(a), wegetthat gelNG implies g"e Gy(a) for some
m, e, gleg™l6y@cLNG. Henceourassertion.

g.e.d. |

3. jApplication to maximality . |

Let L bealatticein Vxk?”, and Sp(L) be its stabilizerin Sp,(k).
By [5] p. B5 , we can replace L , if necessary , by another lattice L’ in such
way that the maximality or not of Sp(L) is preserved, and L’ is the lattice
considered in section 1, for conveniently chosen ideals {a;,...,4a,}; moreover
{1, @y1s e 404 @y} areinvariantsof L called the elementary divisors of L.
Vie have

THEOREM 2 : Sp(L) is contained in at most one maximal arithmetic group A
in  Sp,(k), withindex at most m(A,Sp(L)). In particular Sp(L) is maximal)
as an arithmetic group, in  Sp,(k), if and only if the elementary divisors of L

are square free , i

PROOF: If A is any arithmetic group containing Sp(L), then

A(A,0) D A(Sp(L),0). By theorem 1 we have that A(A,0) C NNo(N)
i, AQNNG(N)) NSp,(k) = Ay . If the elementary divisors of L aresqae

free , then by theorem 1 L = NNo(N), hence Sp(L)=Ay ismaximal in Sp,(k).
Ifnot, the element g(A,D) in theorem 1liesin Ay but notin SpL). The

estimate on [AN:Sp(L)] is a consequence of lenma3 with a2 =4,; and b=a;.

q- E. da'
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Closing this note we would like to remark that the group Ay is maximal containing

Sp(L)  as subgroup of finite index in the case where 0/a, s finite.
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