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AN ISOMORP,HISM THEOREM FOR ALGEBRAS

by

Dan PALMER

Suppose we have given two algebras Ol andJ? over a field P and an

p·1 in ear ¢ such that
~ "l 'h.1.

¢ : e\. -.cP such that ¢ Ie(": ex. -. JJ is onto,

and such that ¢ is an isomorphism of ttl.. and ~as vector spaces over P.

We wish to find necessary and sufficient conditions that ¢ be an isomorphism

of ex and ~ as algebras.

For any algebra tit the multiph c atlon in &1.. is an p·bilibear map,

';': lX " fJ1... __ ~, oc7.
ct

Associatedto r isan p-linearmap,

- : Ol. 0 ex.--~) 81..7-
tit F

It is immediate from the definitions that ¢ will be an isomorphism of

J;r as algebras if and only if the following diagram commutes:

'tc9£at 6J (}t ._--~) 1Jt.2
F

IBI 1 1 ¢Itt,
1:> zt/3-~F~ ) :fr

et and

Weproceedviathe se cuence of s cuare diagrams (Al,(B),(Cl,(Ol, and (El to

get the desired condition. The condition will be evident when we have explained

each di aqr an •
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,I f!a.z ( '(' )
II ~ ~

l-lD"'F(~."'F ( !JfJ;'J;'l)} F) ) HD/IIF (HomF ( ~t,F), F)

(AJ: In (AJ we get (2) from (1) by applying the functor D = Homp( , p)

which assigns to ,every p-linear space its algebraic dual and to every p-linear

map its adjoint.

(8): In (8) we get (3) from (2) by recalling that since for any IJt ,T~ is

surjective, we have Homp( Ten) injective; and so we can identify

Homp( tJt'. p) with its image in Homp(tJr.~ £t £1). It is standard that this
. . F I
Image IS I

.I.
[KeT (T(}f)] = 1/ (Homp(lt~~/) I /( Ker(T"t )) = 0 I

Welet /&1. bethe inclusion of [Ker(T~)].L into Homp(~tJ~,P) and
~

"Homp (T
dt

)" be the mapping induced by Homp( T 6t i .

(C): In (C) we get (4J from (3) by recall ing that there is a natural isomorphism
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ur.) between the following two functors of one variable,

Hom F (. ~/, F) and Hom F ( • , Hom F ( • , F ) ) •

(0) ln t D) we qet G) from (2) by applying the functor D again.

(E) In (E) we get (1) from (S) by t(~) where t(~) is the natural isomor-

phism between the two functors D2 and I.

REMARK. We must at this point assume some such condition as dim < 00

so that D2 will be naturally isomorphic to I.

We can now state the main theorem.

THEOREM 1. Let tn and r7J be two finite. dimensional al gebj as over F.

Suppose we have an F • linear ¢ such that

¢ : tJl ->;j:; such that ¢ I aZ : 8lZ -> J;r is onto

and such that ¢ is a vector space isomorphism. Then ¢ will be an is om or •

pb ism of til and./)J as algebras < = > the following di agram , denoted above

by (4), commutes :

PROOF: Since we have seen that ¢ is an algebra isomorphism < ~ > (1)

commutes, the proof just consists of the fact that as soon as anyone of the si.ua-

res (1) through (S) commute, they all do.

Use the notation "(k) => tt) " for (k) commutes => (l) does.

(1) => (2): This follows from the functorial property of D.

(2) <=> (3): The faces bounded (in part) by the double edges in (8)

commute. Sinc e I, flH om (T bC. t " and "H om ( T~) " are isomorph i srn,

(2) < = > (3) • (3) < = > 4): The faces bounded ( in part) by the double edges of

(e) commute since u(I) is a natural isomorphism. Again since "t «) is an

isomorphism, (3) < = > (4) • (2) = (S): Again the functorial property of D.
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(5) < '= > (1): The faces bounded (in p art) by the doubl e edges in (E) commute

since f(I) is an isomorphism (5)< '= > (1). Since f(,) is an isomorphism

(5) < '= > (1) •

REMARK. The essential feature of the whole proof is that D2 is natura-

lly isomorphic to t . (This gives us the "if" p art i), We could get other necessa-

ry and sufficient conditions for isomorphism if we had other invertible functors

i , e functors F for which there is a functor G such that .G 0 F is naturally

isomorphic to the identity functor.

It would be rice to have a necessary and sufficient isomorphism condition that

explicitly shows the involvement of the base field and so I we will now choose

bases for our F· spaces.

Let I at In,

such that la·r,
t

Thus we have I

and I e, In,
and lf3il',

a1 ala 1 an

be bases for

are bases for

and

and

respectively I and

respectively.

k kcl1 C 1n

n
~ akk=1

ck ck
n1 nn

I and I

k kdu d1n

r
f3k= ~k=1 .

dk dk
n1 nn

The I ci; I aid I t{7 I are the multiplication constants of and with

respect to the given bases. Let us write I ck = [c~.] and Dk = [d.~].%/ %/

Further let H = [hij] be the matrix for 1> relative to the given bases.

NOTE: In the present notation the matrix for 1> I ()..%. is the upper -left hand

corner of H. f1 has the form ;
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hll h1r

(7) •
hll

hrl hrr
where HI 7. ,

hr+11 ,, . hr+1 rs- L "1 (Jt hrl

•

h 1r

We are now ready to state theorem (1) in the language of matrices.

THEORElM 2. - Let f)(, and fr be n «d im en s ion al algebras over

F. Suppose f),Z and ,jeZ are both r - dimensional. Further suppose we

have an F «Lin e ar ¢ such that

¢:/k, 4JJ"
and such that ¢ is a vector space isomorphism. Then ¢ will be an

isomorphism 01 fk and cPr as algebras < = > the [o llouiin g set 01 matrix

equations holds,

H01 HT

and dJl6tl

•,
•

HOrHT h 1lr C + ••• + hrr C r

That is ,

(8)

PROOP: For any algebra 8L ,both Homp( tt ~F~ ,p) and

Homp( tt ,HomF( ~, F» will be isomorphic to a space of n x n F-

matrices. Denote these by HomF(~fI}l) and HomF( t?l ,HomF(8zjF)

respectively. The proof will now consist mainly of three observations.

(j) The natural isomorphism between HOmF(tt~th ,F) and

HomF((A, HomF(~' F» preserves matrices, i.e., if to

I e HomF(fX,~8c. ,F) we associate the matrix MI then ttt (I) cHomF

( ,F» hasthesarnematrix MI associated to it (providedweuse
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the dual basis for

recall that every

Hom p (C71 . p) ) •

/ c HompUJr,rI)81, p)
~

f(af ®ay) = vI(ai) v2(ay)

To see why the last statm ent is so,

arises in the following way:

where vI,v2fHomp((}z,

"t » v2 in Hom p ( &, p)

We thus write f = I;
1 ' "z

e): This correspondence between pairs of

and ffHomp(tlt@J/.,P) isone-to-one.
F

The natural i sornorphi sm

Hom p ( c9l ' Hom p (f}f,; r p) )

tVz. from Homp(t:l~C{,P)
F

is then defined by ,

to

f "i . V2 Sf
VI '

1 a i· J n C Hom p ( tt . p)

for a e 8l. .
If is the dual base to lai1n, we have

Thus,

Sf (al) = VI (al) v2(aI) a; + ••• + viral) v2(an) a;
v I ' "z ,

•
~

Sf (an) = VI (an) v2(aI) aI + •.. + VI (an) v2(an)a~
V I' "z

And so we see that the matrix for the linear transformation Sf is
V I' ":

the same as that for the functional fVI ' v2 •

( i i For any algebra 6t ,the mapping T Be : tt~& -> &"2
defined above has T component functionals with respect to the base

laiJ~ of Bt?. Clearly, T~ dKeT(Tc9t,)].1 for k=I, .... T.

Indeed, upon checking the i somorphi sm between [KeT (T Qr. )]'l and

Homp(~/,p) one sees that lTk~ l1 ,correspondstothedualbase

la; II of Homp(8l,z,p). Byitsdefinition,thematrix ck isthe

matrix for Tk Let < I ck J> denote the r- space generated by the

I c k 1 •

(iii) The mapping,
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.. Homp( ¢ , Homp( ¢))" : Homp(,jr

Hom p (Ck ' Hom p ( 8z, p)) in d uced by

by ,

, Hom p (#f' p ) )

Hom P (¢ , Hom P ( ¢ ) ) isgiven

This follows directly from the definition of Homp (¢' Homp( ¢)): S ....

Hom(¢)oSo¢ and the fact that the matrices for Homp(¢) and
T rHomp(¢)OSo¢ are Hand HMSH ,respectively.

V'ith the observations out of the way let us now consider the diagram

(4) of Theorem (1) as a diagram of r- spaces of matrices.

We will then have that ¢ is an isomorphism of algebras < = > the

following di agram commutes:

out the commutation is just the ei.uation (8) ••

For the reader who is not too sure about all these diagrams, I will now

include a short computational derivation of the e iu at ion (8) • I Although this

second proof is straight- forward, it does not yield as much insight into

\\ what is going on /I as the first proof does. For instance; the e i.u at ion

(8) indicates that the p-linearmap H(.)HT:<!vkl> .... <!ckl>
is an adjoint, but there is no way of seeing what duality is with out the

first derivation.

PROOP : ( Alternate of theorem 2) ). Since
n

¢ (a e.) = L b . . {3 .
t j=l 7J J

multiplying out gives,

[¢(af) . ¢(aj)] = H [{3i (3j] H
T

Using the fact that H(.) HT acts linearly on p -linear combinations of
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matrices we then have I

(0 ) (3j ] H T

Bj for

f HDkHT'(3k'
k=-l

i =- 1, •• ., r gives I

But ¢ is an i srrnorp hi srn of algebras < = >
r k

[¢(a'i) • ¢(aj)]=k;l C ¢(ak)'

Therefore (0) and ('0) give upon equating coefficients:

is an isomorphism < = > for k=-l, •.• , r

Thi sis (8) •

Mathem atics De partment
U.S. Naval Academy
Annapolis, Md •• U.S.A.

(Received on november, I, 1969)
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