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ALGORITHMIC REPRESENTATION OF WERMUS' CONSTRUCTIONS

OF ORDINAL NUMBERS

by

HARTWIG FUCHS

In his paper [3] Wermus defines ordinal numbers as ‘“Z- symbols’’ of the form

.,ax)» k31 and [ajl=a;, where the ajs 1§j<k, are natural numbers or

[CII”. .
It will be demonstrated that Wermus ' constructions can be described

Z.symbols.
by means of a special Neumer algorithm, the constructive algorithm of [1], part |

and V resp. a descriptive algorithm of [2], part Il ; more precisely : that there can
be established a 1-1 correspondence between Z-symbols: [al,”',ak] and
algorithmic symbols T[al,‘ . ,ak] such that [al,' ..,ag] and T[al,' 4 ',ak] repre-
sent the same ordinal number. This comparision of the two systems further allows

the determination of the least ordinal number which is inaccesible by Wermus’
constructions in [3].
A few notations and assumtions are needed. A symbol /im A(n) is an abreviation

for limA(n). The symbol og B ordinal number >o, den otes the sequence consis-

n<w
ting of B zeros ; especially g is the void sequence. If a(VJB)" is an algorithmic

symbol then let a(VJB)0=a A a(V]IS)I =a V]ﬁ, aVjo=aV, Assume for the Z-sym-

bOI [a15a21-uon aS+1'as+2] IS>‘I » fhdf

(].0) [al'az'...,as+1'as+2] =a1<w lf S =-]
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oSar<loraz+l «ov as,q,as,7]
oSay<lop,a3+l, ee agyy, 05,0l

(ls+]) oS ag,1<[os,1,as,2+1]

(1.s+2) o<ag, 7< [Us+2,1]

and define

(2) Tq =q if the -symbol #<®@

(3) T([g,1]1 + 1) = (T[0,1])+1 for the least transfinite Z-symbol [0, 1]
Then the following ‘‘representation theorem'’ can be proved :

THEOREM 1.

Tlay, ag, «++,as,1,2542) =

Tq i Taw T
(Coo 1V 8 %2y s=1) "y | yv 1) %)y 92, 1,
where
Tal-=a]- if a]_((o' ISj<s+2,
T[alpazp."1a5+1:a5+2]=a1 if S=-1'

T,

Tlag, a2, +-,8501, 05421 = 1V “24Ta; if s=g.
Since the system of the Z -symbol is well - ordered (cf.[3], p.303) the proof
will be given by transfinite recursion ; it relies heavily on the ‘‘fundamental
sequences’’ X = (X} which Wermus assigns to each Z-symbol X of the
second Kind (cf.[3], p. 311-312) and on the definitions of the ‘“‘operators”
V and (cf.[1], p.397-398).
PROOF OF THE THEOREM,
s=-1 implies [a;]=a;<® and T[a;l=a; by (2). Let syo and
lajiap, e+, as2] = . Assume :

a;>o.aj of the first Kind.

Put a;=6+1 and =[0'02,"',as+2]+a1= +8+1. Now T( +§) =
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T +T§ by hypothesis and since Z'+8 and T Z+ T represent the same

ordinal number the same holds forZ’ + §+1 and TZ+ T§+1; therefore

T[al'azl... asi2] = T[a.az'...,as+2]+ Ta,.

a;>0,aj of the secons Kind.

Then [al,aZ,"',as+2]={[al(n)'aZ,"',aS+2]} where K‘sa1={a9")}.

By hypothesis T[al(n') az,++e a5, 2l =Tlosay, -, as;2] +Ta1(n) and

(

[o.az... as+2]+a1n). n< @, resp. lim al(") and /lim Tal(n) represent

the same ordinal numbers ; therefore limT [al("), ag,+++,as, 21 =Tlovay..-,
n) .

ag ol + lim Ta; T[o,az’...'as+2]+Ta1 =T[a1,a2,"',as+2] . By

1 and 2 the ‘‘additive part’’ of the theorem is proved.

a;j =0 and 7z =[og,7 11, 5 20.
a) s=¢: Slo,1]=1{n} and by (2) and definitionof V Tn ==n,

lim Tn = limn = 1V1 o T[g,11=1V1,

(n)} \ Z(1+n) 2

b) s>1: g[as+1'1]={z where Z”)'—'[as,l]

[og, (™) for n31. The hypothesis yields Tz@ = 1v JshHl.

‘ () y
200 2 yvg s’ 7 and lim T 20 = lim{ g <HL,
-1 I(VjS'I)I
wwyshl, qwisnivIshluvy s-1) 1V ] *75) e
I(V}'.S'I) i =1(VJS)1. Thus T[0$+l,1]=1(vfs)1.

aj] =o and 2=[ot.at+1’...'as+2].at+1 #0‘!1<t<s+1' Z#[05+1,1]'
a)  a, ; of the first Kind.
Put a.q =34+ %‘[Ut,a*' 1' eee, as+2] = { Z(”)} where Z(I) =[0t, 8,"',as+2]

Z(1+n) _ [Ut-l z(n) g ""as+2] » npl. lfnow ¢ =1 then TZ(I) =

T
(oe (L(V]®) as+2) s )V Ts and since obviously z(")= z”) n,

T
w31, lim Tg® = lim T(2Wp) = (... 1 (VFS) ?5%2) ) VOV,



&)

T, T
Therefore T[g,az'... agy2) =ilas (1(V 5) as+2).“)v a, If >1

T
then Tz = (. (1(vys) s+2) . )vyt) T8 1z Ln) - (T 7(1)
v ]t-Z)TZ("), n>1 and lim TZz® = lim {TZ (D), (Tz(l))(vﬂt-z)TZ-(“

D o fs
azMpTZOVIEYTET @zt g = (e V)5

Tag,5)...)(vi*1)T8)vy#1 which implies that the theorem holds for
Z=[04%, qre00r%5,2]

b)  a,; of the second Kind.

Pot ap ;=58 ,38=18M1. Then lo,, 5 ... agz]=1lo, 8™ ...,
ag,21}. Now 1im 8™ =5 implies 1im T8 = T5 and since

Tloy, 8™, oo viagp)= (o ((V] ) Tasi2y ) vy 2 T8™ by hypoth.
esis also lim T[o, 8, ..., g,y = (o (1(V 1) T3 @ pETs.
This completes the proof .

Remark concerning the restrictions (i.i) ,1<i<s+2, for Z-symbols. By
representation theorem T[Uk,ak+1, eie,ag,2]=0Q where ¢

T T
Q=(..((V]5) a5+2)”.)(v_] k-l) A+l difsal

TZ = Q(V jk-Z)Tak for Z =[op.1,ap,aps], -, as2)r 2<k<s+2.
Obviously (4) can be proved by recursion only if Tq, <T
Suppose now ap = [ak, a1+ 1‘ ...'as+2] (cf.(1.k)). Then Tak =

Q(v J*1) and Tqy is the first critical number of the sequence
T,
1QVI ¥2Q ) sie. Qv JR2) k= To, since QV] K1)=limlQV ] %2,

k-2)Q(V]%2)
yik2)QVIE2) oy pie2) VT s ev H(ch 120, 1p.135(In)).
QVI*“)

Assuming (5) therefore amounts to T Z = Tg, and the recursive argumenta-

tion in the proof of theorem 1 must fail without (1.i), I1Li<s+2.
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Moreover, the constructive algorithm does not make use of symbols.
Qv J4H)* where u3 Q(V JHD

But it is clear that once theorem 1 is proved under the restrictive conditions
(1.i), it also holds if these assumptions are dropped : one only has to replace
the constructive algorithm by a descriptive algorithm ([2], 111y which contains

symbols of the form (6) and if any of (1.i) do not hold one identifies formally
. n Ta; T
Tlag. -+, af,0+r,agy2) With (o (o) (VTP V2T,

This identification will be carried out now and in this way justified first for

a very general situation.

Wermus defines ‘‘amplification A,* of a Z-symbol by

Aglag -+ apop ag, Bke1, o+, 8s+2) = lag, <o+, ake1, @k, Oke1, ki1, . as2)b

1<k<s+2, where on the right side at least (1.k) does not hold. Now

Aglag, -+ ap, -+, ass2) =lag, -+ ak, -+, 854 2] (cf.[3], p.317, th. 91).
(7) and (7') suggést then, that also

Tla; ouv apg, lag, Op-1,ake1, o+, 250211 = Tlag, e+ aketr Ok » @ky1,  +,0542)
should hold. By theorem 1 or by the identification T[Uk,ak,+1,' o as2]=2,
where Q= (...(1(V] %) Tasia) )y k1) %1,

Tlay, og.q,0ks1,"* ,ase2l=Q+ Tay ,

- Ta
T[Uk-l.ak,ak+1,---’as+2] -Qj k2 o

5 94T
Tloy. s lag ,0p-1, 241, +, 05421 =1 (V] &% k using (9).
By the algorithmic “‘theorem of parallelism"’ ([21, 1l p.44) is Q(V] k-2)A =
1(v ] #2)2+A  \ arbitrary, and therefore with (10), (11).
T 1, 0k, 0kt 1, **, @5+2) = T [og.1, La, Ok-1,2ke 1,02+, @s+2]] .

A siight generalization of (12) yields (8).



Since now every Z-symbol lag,«++,a; +++ ag, 2] which does or does
not fulfill (1.i), 1<i<s+2, may be written in the amplified form, then
with (8) there is always a corresponding symbol of a descriptive

algorithm. for it.

In the two remaining cases, where (1.1) or (1. s+2) do not hold ,

identification is trivial. Suppese a; »lorap+1 oo ag 5] resp. ag >
[°s+2, 1] and let the identification be performed for a; resp. as2 (if
neces;ary). Then in both cases identify T[al, ap, ++-,as,2] with

T
B U ions S B S f

Conclusién,

THEOREM 2,

Theorem 1 holds without assuming (1.i), 1<i<s +2, if the algorithmic

symbols belong to a descriptive algorithm.

Wermus considers only Z-symbols z = lag,+++,a;] with t<w. By
theorem 1 and its generalization it is obvious that there always exist natural
numbers f<g such that [af, 11§ Z<[o,, 1] *. Now lim[g,,1] =

o
v &
lim Tlo,, 1] = lim IV] " =1V ] %3

Therefore
THEOREM 3,

The least ordinal number which is inaccessible by Wermus’ constructions in

[3] s vy 1v,
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