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ALGORITHMIC REPRESENTATION OF WERMUS' CONSTRUCTIONS

OF ORDINAL NUMBERS

lay

HARTWIG FUCHS

In his paper [3] Wermus defines ordinal numbers as liZ. symbols" of the form

[al,;" ,ak] , k) I and [all =al ' where the aj' l"j~k, are natural numbers or

Z. symbols. It wi II be demonstrated that Wermus' constructions can be de,scribed

by means of a special Neumer algorithm, the constructive algorithm of [l], part I

and V resp. a descriptive algorithm of ~], part III ; more precisely: that there can

be established a 1·1 correspondence between Z.symbolsi [al,"',ak] and

algorithmic symbols T[al,'" ,ak] such that [al," .,ak] and T[al,'" ,ak] repre-

sent the same ordinal number. This comparision of the two .s ystems further allows

the determination of the least ordinal number which is inaccesible by Wermus'

constructions in [3].

A few notations and assumtions are needed. A symbol lim A(n) is an abreviation

for limA(n). lhe symbol uf3' f3 ordinal number >u, den otes the sequence cons is-
n<w

ting of (3 zeros; especially Uu is the void sequence. If a(VJf3)' is an algorithmic

symbol then let a(VJf3)U= a , a(VJf3)1 = a V]{3, a VJu = a V. Assume for the Z.sym.

bol [al,a2, ... , as+l,as+2] ,s>·l, that
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(1.1) a~ul< [a,u2+1, ,us+1,Us+2]

(1.2) u~u2 < [a2,u3+1, ,us+1,Us+2]

(1.5+ 1) U ~u5+1 < [a5+1, uH2+ 1]

(1.5+2) U < uH2< [U5+2, 1]

and define

(2) Tu = a if the -symbol a < co

(3) Tna,1] + 1) = (T[a,l] J+ 1 for the least transfinite Z -symbol [a,1]

Then the following "representation theorem" can be proved:

THEOREM 1.

where

Trz ,= a' if a,' < w, 1~ j ~ s + 2 ,
I I

T[a1,a2, ... ,a~+l,as+2] =a1 if s=-1,

T[ Ta
a1,a2,"',as+l,as+2]=1V 2+Tu1 if s=a.

Since the system of the Z -symbol is well - ordered (d. [3], p.3(3) the proof

will be given by transfinite. recursion ; it relies heavily on the "fundamental

sequences" X = !X(n)l which Wermus assigns to each Z-symbol X of the

second Kind (cf.[3], p. 311-312) and on the definitions of the "operators"

V and (cf.[J],p.397-398).

PROOF OF THE THEOREM.

s=-1 implies [a1]=a1<w and T[a1]=a1 by (2). Let s)a and

. Ass ume :

1. a1>u,a1ofthefirstKind.

Put al=·o+1 and +0+1. Now T( +0) =
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T + Toby hypothes is and since Z· + 0 and T Z + To represent the same

ordinal number the same holds forz' + 0+1 and TZ'+ To+I .. therefore

T[aI.a2.··· .as+2] = T[a.a2 .r :>, as+2] + Tal'

2. aI>a. al of the s econs Kina.

Then [a 1. a2, •••• as+2] = I[a in). a 2.r :>, as+2]l where ~ a 1 = Ia~n) , •

By hypothe s is T[aI(n) a2 ... a 2] = T[ a. «z ••• as+2] + Taflt) and, , s+ I I

[a.a2 r :>, aS+2]+a~n), n<W. re sp, lim .r and lim r-r represent

the same ordinal numbers; therefore limT[afn). <z.: ... us+2] =T[a.a2.·.·.

as+2] + lim Ta/n) = T[a.a2 .:': ,aS+2J+TaI=T[al,a2.· ... aS+2]. B,'

1 and 2 the "additive part" of the thea-em is proved.

3. a 1 = a and ;z = [as+I. 1]. 5 > a •

a) 5 = a: ~ [a, 1] = Inl and by (2) and definition of Y Tn = n ,

lim Tn = lim n = 1 yl or T[a, 1] = 1 yl •

b) 5> 1: ~ [as+I.I] = Iz (n), where. Z (1) = [as' 1]. Z(1+n) =

[as' Z(n)] for n>.,I. The hypothesis yields TZ(1) = I(Y J 5-1)1,

T 7(n) . 5-1 1
TZ(1+n)=I(Yjs-I) and limTz(n)=ltm!I(V.! ),

, . . . I

a) at+I of the first Kind.

P· ] I (n) l he z (J) =[ s:, ]ut at+I = 0+ 1. ~[at. 0+ 1.r '>, as+2 ~ Z w re . at. ", .... as+2

Z(1+n) = [at 1 z'»! • 0, •••• a 2]' n>I. If now t = 1 then T Z(l) =
- • 5+

T
(... (1 (V J 5) as+2) ... ) Y To and since obviously Z(n) = £(1) n ,

n~I, lim TZ(n) = lim T(~(I)n) = (( ... (1 (Yfs) Tas+2) ... ) yoy.

12



T T
Therefore T[a,a2,"',as+2]=( ••• (1(V s) as+2) ••• )V a2. If t>1

then T Z (1) = (... (1 (V J s) Tas+2) ••• )( V ] t.l) To, TZ (1+71) = (T Z (1»

(V J t.2) T Z (71) , 71> 1 and lim T Z (rl) = lim IT Z (1), (TZ(1»(V JJ t.2) T z(1)
TZ(l)

(TZ(l)(V]t-2jCTZ(1»(V/t•2) ••• I = (TZ(J)(V/t.2)j = a.- .. (l(Vr )

TaS+2) ••• )(VJt•1)TO)V]t.l which implies that the theorem holds for

z « [at,at+1, ... ,as+2)

b) at+l of the second Kind.

Put at+l = ° , ZSo = I 0(71)\. Then ~[at, 0, ••• , as+2] = \ [at, 0(71), ••• ,

as+2] I. Now lim 0(71) = ° impl ies lim T 0(71) = To and since

T[ (71) S Tas+2 V t·l To(n) L hat,o , ... ,as+2) = r... «rv J) ) ... ) (/) oy ypoth-

T
esis a/so lim T[at ,0(71), ••• , as+2) = (..• (i tv /5) as+2) ••• )(V Jt•1?0.

Th is completes the proof.

Remark concerning the restrictions (i.i),1 <i<s+2, for Z·symbols. By

representation theorem T[ak ak 1 ••• a 2] = Q where I-, +, , s+

Q = (... tuv J s/as+2) ••• )(V J k.l) TaM1 and

(4) TZ=Q(V]k.2)Tak for Z=[ak.l,ak,ak+l,"·,aS+2],2<k<s+2.

Obviously (4) can be proved by recursion only if Tak < T

Q(V ] k.l) and Tak is the first critical number

\ Q(V J k.2/1.1 ; i,e, Q(V] k.2) Tak = Tak since

k 2 Q(VJk'2) Q(V]k'2)
q(V/k.2) Q(V] • ) Q(V]k'2)

of the sequence

Q(V J k.l) = lim \ Q(V J k.2),

, ... I (d. [2], 1 p. 135 (In )) •

Ass uming (5) therefore amounts to T Z = Tak and t he recurs ive cr qurnentc-

tion in the proof of theorem 1 must fail without (l.i), l:;;,i~s+2.
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Moreover, the constructive algorithm does not make use of symbols.

(6) Q(V It) u where u~ Q(V I t+1) •

But it is clear that once theorem 1 is proved under the restrictive conditions

(l.i) , it also holds if these assumptions are dropped: one only has to replace

the constructive algorithm by a descriptive algorithm ([2], III) which con.to ins

symbols of the form (6) and if any of (1.i) do not hold one identifies formally

'2 Ta· Ta2
T[a1,' .. .»«. ... ,as+2] with (••• « ... )(VI'·) ') ••• )V +Ta1•

This identification will be carried out now and in this way justified first for

a very general situation.

Wermus defines "amplification Ak" of I] Z-symbol by

(7) A k[a 1, ••• ,ak-1' ak, Pk+1, ••• , as+2] = [a 1, ••• , ak-1, [ak, ak-1, ak+1,' • " as+2]]'

1<k<s+2, where on the right side at least (1.k) does not hold. Now

(7') Ak[a1,"',ak,"',as+2]=[a1,'" ,ak,"',as+2] ( f r:I,] 3]7 th 91)c '1"", p. . , • •

(7) and (7') suggest then, that also

should hold, By theorem 1 or by the identification T[ak,ak+1,..·· ,as+2] = Q,

where Q = ( ••• (l(VI s)
Tas+2) ••• )(VI k_1/

a
k+1,

(11)

T [ak, ak-1, ak+1," • , as+2] = Q + Tak '

T[ . k-2 Tak ,
ak-1 ak ak+1 ••• as+2] = Q(V I )" , ,

k2 Q+Tak
T[ak_1' [ak ,ak.1, ak+1,"', as+2]] = 1 (V I - ) . , using (9).

By the algorithmic "theorem of parallelism" ([2], II p.44) is Q(V I k-2)A

l(V I k-2)Q+A, A arbitrary, and therefore with (10), (11).

(9)

( 10)

A s ] ight generalization of (12) yields (8).
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Since now every Z-symbol [a1,"',ai,'" as+2J which does or does

not fulfill (l.i) I 1<i<s+2. may be written in the cmpl if ied form, then

with (8) there is always a corresponding symbol of a descriptive

algorithm. for it.

In the two remaining cases, where (1.1) or (1. s+2) do not hold,

identification is trivial. Suppose a1 >[a,a2+1, ... ,as+2J resp. as+2>

[as-l-2, I J and let the identification be performed for a1 re s p. as+2 (if
,

necessary). Then in both cases identify T[a1, «z.> ,as+2] with

(oo. (1 (V

Con cI us ion.

THEOREM 2.

Theorem 1 holds without assuming (l.i), l~i~s +2, if the algorithmic

symbols belong to a descriptive algorithm.

Wermus considers only z-symbols Z = [a1,''',atJ with t<w. By

theorem 1 and its generalization it is obvious that there always exist natural

numbers i :« such that [aj,l)~ Z<[ag,l]'. Now lim[an,l] =

lim T [an' 1 J = lim 1V J n = 1 V J 1V •

Therefore

THEOREM 3.

The least ordinal number which is inaccessible by Wermus' constructions in

[3] is 1 V J 1 V •
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