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SUMMARY

The problem on primitive roots modulo the
powers of a prime ideal in a ring of algebraic
integers is solved, and a connection with ramifi-

cation is remarked.

1. Introduction. The theory of primitive roots modulo the powers of a rational
prime number is a well known fact. It consists essentially of the determination of
the rings 2/p™Z, p a prime, n an integer > 1, which admit cyclic groups of
units ; a generator (when it exists) of the group ( 2/ p™ Z)* of units of 2/p" 2
is then called @ primitive root of 2 modulo p™ . In his "'Zahlbericht " [ 4: p.831,
Hilbert asks about the corresponding problem for the rings of algebraic integers .
Here we give an answer to this last problem and see how it can be related to some
properties on ramification. Our task is simplified by the results of R. W. Gilmer
These results are contained in

about finite rings whose groups of units are cyclic .

the following

THEOREM (GILMER ; [2]). Let A bea finite primary ring whose group of

93



units is cyclic. Then A is isomorphic to one element and only one of the following

classes :

k

(a) IF,_, aGalois field with q = p~ elements, where p is a prime number .

-
(b) IF,[X1/(X?), where p is prime.
(0 F,IX1/(x%).

d) z/p* 2, where p is an odd prime and k> 1.
() /4 2 .

(H Z21X1/4,2X,X%-2)
Moreover, the rings in (b) have p2 elements, and those is (c) and (f), 2.

We proceed now to introduce some notation and facts from algebraic number theory.
For this we follow[3] . If K is a field of algebraic numbers, we denote by O its
ring of integers and by small case german letters its ideals. Let P be a maximal
prime ideal of O and p be the unique rational prime satisfying pn 2= p2 . We

know then (opus cit.) that pO = p€a , pta , where e = e(p|p) is the so called
ramification index of p over Z. Also the number of elements of O/p is called
the norm N(p) of p and we have N(p) = p/, where f=/(p| p) =[0/p:2/p 2]
is the residual degree of p over Z. More generally, if @ is any ideal of 9, then
O/a is a finite ring whose cardinality is the norm N(@) of a further, since
N(a) N(b) wﬁcn @ and b are ideals of O, we have N(p™ = p"?/. Finally, we

shall denote by | A| the cardinality of a set A .

The problem now becomes : Given a field K of algebraic numbers, to determi-
ne all prime ideals P in the ring of integers O of K, and all the values n=1,2,..,
for which the group of units (O/p”)x of O/p" is cyclic.

Since each O/p” is a finite primary ring we observe that by comparison with
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Gilmer’s list we are able to do such determination. Also, the classical list ((a),(d)
and (e) ) is not substantially increased ; thus, in a sense, a theory of primitive roots

modulo p” is superfluous.

2, The results. We shall express our results in terms of the invariants
e(|p) and f(p|p) of the ideal p. Also the following two properties of the rings

O/p” will facilitate our comparison.

PROPOSITION 1. Let K be a field of algebraic numbers, O its ring of inte-
gers and D one of its prime ideals with ramification index e=e(p|p). Then

O/ " bas characteristic M m>1, when, and only when, n> e .
4 y

Proof : Let us suppose that 2 > e and that O/p” has characteristic p, so
that pep”. Then pO =p€ac p”, where pta, thus peCp” i.e., e<n,
which contradicts the choice of 7. Conversely, if »<e, it suffices to show that
O/p” has characteristic  p, because, a fortiori, O/p” has the same characteris-
ticif I<n<e. From pOCp® wegetthat pON Z2=p2Ccp°N2zCpNz=
=p 2Z, thatis, p N Z = pz . The proposition then follows remarking that

the characteristic of O/p” is »” where p™ z=p"N z

PROPOSITION 2. Let K be a field of algebraic numbers, O its ring of inte-
gers and P one of its prime ideal's. Then (O/p")* is isomorphic to

“(1+p/p") x(0/p)* andits order is

10/p™) %1 = ™ Dp/_1)

’

where [= f(p [ ?) . Further, (O,’p")x is cyclic when, and only when, 1+p/p”

is cyclic .
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Proof. Using the exact sequence
1+14 p/p”-(0/p”)*5(0/p)* » 1
the proposition follows easily.

We start our comparison stating the following result.

PROPOSITION 3. Let Q and P as in proposition 2. If f=f(p|p)>1 ,

then (0/p”)* is cyclic when, and only when, n = 1.

Proof : We could prove this proposition by brute force comparison with Gilmer’s
list, using also proposition 2. However , since 1 + p/pz = p/p2 ~ O/p =(p,eees D),

where the p’s appear f times, weget a shorter proof.

Recalling now that p is said to ramify totally over 2 if f(p|p) =1 and

e(p|p) > 1, we obtain from proposition 3 the following

THEOREM 1. (O/p")x is cyclic for some n>1 if, and only if, f(p|p)=1.
In particular, if P ramifies over Z , then (O,/pn)x is cyclic for some n> 1 fif,

and only if, it does it totally.

Let us suppose then that  f(p|p) =1. If e(p|p) =1, itis easy to see that
O'p"= z/p"2 , soweare in the classical case. If e=e (p|p)>1 we see
that (O//pz)>< is cyclic by virtue of theorem 1. If p # 2, that is the only possi -
bility(this is the momentto take a glance at Gilmer’s list). If p=2, we claim that
always (O ,/p})>< is cyelic, thus completing the whole picture. Indeed, by proposi-
tion 2, it suffices to show that 1 + p,’ p3 is cyclic. Since this group has four ele-
ments, it suffices to exhibit an element of order four. Let 7 ¢ p’pz and consider

I+mel+p ; then
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(1+rr)2=1+,277+n2=1 (mod p3)

implies that

2y nl D (mod pj) ;
if O,/p3 has characteristic 2, then 772 =0 (mod p3) ,i.e., O 7l = pza C p3 ,
where pTa . but this is a contradiction. If O/pj has characteristic 4, and since
027= pe+1b , pr ,and e>2, by proposition 1, we get 027 C p3 ; so that
again 22 = 0 (mod p3) , contradicting as before the choice of 7. In fact we have

proved our next theorem,

THEOREM 2. Let K be field of algebraic numbers, () its ring of integers and
p one if its prime ideals. Then :

D If f(plp)>1,(0/p")* is cyclic when n=1.

i) If f(plp)=e(p|p) =1, then O/p"~ 2 /p" Z and Ofp")* is cyclic
forall n if p#2, and for n=1,2 if p=2 .

iii) If f(p|p) =1 and e(P|p)>1 (ie., if P ramifies totally ), then
(O/p")* is cyclic if, and only if, n=1,2 and p#2 or n=1,2,3 and p=2.
Moreover, in the last case, O,/p3 ~ Z [X]/ (4, 2X, x2.2) if e(p/2)=2, and

O/p ~ By [X1/ (x%) if el2)23.

We conclude thus that the existence of primitive roots in O modulo p”, n> 1,
amounts to the determination of the primes p satisfying f(p [p)=1. But, in
general, this can not be done explicitly ; however if the extension K/ @ is abelian,

the decomposition theorem of class field theory gives us all the primes in the case

ii) of the theorem above. On the other hand, the case iii), in thre same theorem, sup-

plements the decomposition theorem since the primes of this case are the totally

97



ramified ones. The natural question is now the following :

Is it possible to characterize the way a prime pe 2 decomposes in O in
terms of simple properties of the groups (O/p")x ,Plp, when K/ @ is not

necessarily abelian ?

It seems this is always possible if K/@ is Galois using the results in [1] . If

K/@ is not Galois the situation is somewhat different.
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