
Revista Colomb lana de Matematicas

Volumen VII (1973), pdg s, 121-123

SOME BOUNDARY - VALUE PROPERTIES OF AN ANAL YTIC FUNCTION

IN A BICYLINDER

by

German LEMOINE

SUMMARY

A theorem of Fotou is extended to the bycilinder.

Let D1,D2 be two copies of the unit disc, D = D1 x D2 ,and aD1xdD2 irlOD

the distinguished boundary of D. Let A be the set of all functions u , continuous

in jj and holomorphic in D .. let A/;=1,2) be the set of all functions u, conti-

nuous in jj j and holomorph ic in D j .

For D 1 we ha ve the Iollowi ng

THEOREM (Fatou). Let K 1 be a closed set 0/ Lebesgue measure zero on the

boun dary o] D1• Then there exists a/unction in A1 which vanishes precisely on

K 1 . (See Hoffman [11, p. 80).

Our purpose is to study the possibil ity of an exten sion of th is theorem to the

bicyl inder D •

PROPOS1T10N. 1/ u(A, and ~1( aD1 tben tbe function z2'"u(~1,z2)

belong to A 2 .

Proof. Let z 1n be a sequence in D1, converging to ~1' and let
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Un: z2 H U(Z1n' z2)· We have : i) "» € A2, ii) I "« i is uniformly bounded, iii)

un ....ui (1' z2) pointwise. The proposition follows from the Stieltjes- Vitali theo-

rem (cfr, Hormauder [21, Cor. 1.2.6).

Let K be a closed subset of the distinguished boundary of D and write

K(1 = 1(2" ((1'(2)f K I

K(2 = 1(1" ((1'(2)E: K I

If Kj is a measurable set included in aDj, we shall denote by I Kjl its li-

near Lebesgue measure.

DEFINITiON. Let K be a closed subset of aOD ;

a) if for every (j €a D j we have either IK(. I = 0 or
J

j = 1, 2, we say that K is a separately Fatou set of i5 ..
!K(.I

J
2 TT for

b) if there exists a function I €A satisfying fez) = 0 if z € K and fez) 10

if z €D-K, we say that K is a Fatou set of D, or simply a Fatou set.

If K is a Fatou set, the proposition and known properties of the houndary-va-

lues of holomorphic functions of one variable show that it is a separately Fatou set

of 15, but the converse is not true as the follo\'\'ing example communicated by Prof-

fesor Eo Ste in shows:

Example. (1) Consider first a function ¢(zl,z2) holomorphic in the cartesian

product of the half-planes, RZl < 0, RZ2 < 0 and continuous in the closure (ex-

cept at (0). Let zl = xl + iYl ,z2 = x2 + iY2 (xl < 0, <: < 0) and suppose that

¢ vanishes in a segment (or simply in a set of positive Lebesgue measure) of the

line Y2 = kYl ' k> 0 of the distinguished boundary xl = 0, x2 = o. Then the func-

tion x(z) = ¢ (z,kz) holomorphic in a half-plane and continuous in its closure, va-

nishes on a segment of the boundary, and so vanishes identically.
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(2) Now let f((I' (2) be holomorphic in the bicylinder 1(11 < 1, 1(21 < 1 ,

continuous in its closure, and vanish on a segment of the line @2 = k@I' of the

line @2 = k@I' of the distinguished boundary ((1 = exp i@I' (2 = exp i@2 ) whe-

re k is positive and irrational. Write (1 = exp zl' (2 = exp z2' and consider

the function

which has the properties required in (1). This function vanishes on the whole strai-

ght line @2 = k@1 ' generated by the segment in the distinguished boundary of D.

In view of the periodicity of if> (iy l ' iY2) and the irrationality of k, the function

if> (iy I' iY2) is zero in a dense set and therefore zero identically. Hence f'" 0 •

REFERENCES

1. Hoffman, Kenneth, Banach Spaces of Analytic Functions. Prenti ce - Hall, Inc ••

Englewood Cliffs, N. J., 1962.

2.Hormanier, Lars, An Introduction to Complex Analysis in Several Variables. D.

van Nostrand Company, l n c , , Princeton,N. J., 1966.

Departamento -Ie Matemtiticas
Vniversidad de Oriente
Cum anti, Venezuela, S. A.

(Recibido en febrero de 1973)

123


