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POL YNOMIAL INVARIANTS OF BOUNDARY LINKS

by

M. A. GUTIERREZ

Dedicated to Professor H. Yerly

•
§ O. Introduction. An m-link is a (smooth, po lygrna l) embedding l : mS1 ....S3 of

th d i . . (I) . f . I S1 S1·. S3e rsjomt union 0 m eire es 1+"'+ m mt o .

If I extends to an embedding V 1 + ••• + V m .... S3 of the disjoint union of

m-surfaces V; with aVi = Sf, 1 is called a boundary m-link, andlVil is

called a collection of 5eifert surfaces for l ,

The purpose of this note is to give an algebraic description of some properties

of boundary m-links.

Let X be the space obtained from s3 by removing the interior of m solid

tori T 1" •• , Tm with cores
1 11 (51)' ... , 1 (5 m) respectively; X is a compact

3-man ifold wi th bou ndary aT 1+ ••• + aT m ,and of the homotopy type of the com-

plement S3 - lml l) , By abuse of language .v.e call X the complement of l , The

fundamental group 7T of X is the group of l ,

Let xi (rcsp. Yi) be the meridian (re sp, longitude) of aTi' The image

(. st ) ( \) f ( ).. II d th .th id iusa i ex Ili resp. I\i 0 xi resp. Yi m 7T IS ca e me I men Ian

(15 The plus sign + stands for disjoint union.
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(resp, longitude) of I. The pa irs (Ili' Ai) are determined up to simultaneous con-

jugation .

Finally, let I: F ....TT be the map from F, the free group on Ill"'" 11m '

into TT defined by (xl V ••• vxm) ex. In [21 we prove(2)

PROPOSITION 1. An m-link is boundary i] and only i] I is a rettaction r

i.e., i] there exists an exact sequence

(0) P.... F 1

ani p] = 1F •

• The group K is then TTw ' the intersection of the members TT i of the lower

central series of TT [8] •

The author is very grateful to Henri Yerly from wh om he learned mathematics.

This debt has always been uppermost in his mind. With this contribution to. the

Revista he wishes to expre'ss thanks to his teacher.

§ 1. The Fundamental Group : If I is a boundary link, let IV.\ a collection of
t

Seifert surfaces for it. Notice ! ViI is not unique.

Define Y. of the homotopy type of S3 - U Vi' to be the space obtained from

S3 by cutting along the Vi [61. Then Y is a compact manifold with boundary

For each g c zm ,let Y(g) be a copy of Y-Im(l) which is an open manifold

with boundary

Let, on the other hand, X be the covering space of X associated to the

(2) This result is partially st at ed by Smythe in Boundary links, Wisconsin Topology

Seminar, Ann. of Math. Studies, no. 60, Pr inc eron Univ, Pre s s.Pr incercnv N«] , 1965.

98



commutator subgroup 172 of 17. Since the sequence

(l) 1 .... 172 .... 17 .... Zm .... 0 ,

is exact, it follows [2], that X is obtai~ed from Ug e zm Y(g) by identifying

lnt V iO (g+(i) to Int ViI (g), where I(i I is the canonical basis for ~m. We

want to find a presentation for 172 == 17l(:X)" in order Lo achieve this we use

Neuwirth's technique as described in [10; tho 4.5.11 •

Let F(S) be a free group with generators S. A Schreier system T is a no-

nempty subset F such that if g =11

d f" db" n 1 nke me y wrttmg g == SIS k

belongs to it, so does g', where s' is

gSk if »» <0

g'

-1 if nk> 0gSk

LeL IV be the wedge of a collection of circles indexed by S, the n 17l(lV,x)==F(S).

If G C F(S) is a subgroup, there exisLs a cover IV of IV such" that

17j(W,;) == G. There is a one-to-one relation between the maximal trees in IV

and the Schreier systems T of F(S) wh ich con ta in exactly one e Ierne nL from

each coset Gex of G • If cP (ex) is such an elemen L then

LEMMA 1. G is the free group on the generators

gs (cp(gs))-I, g ( T, s ( S .

For a proof see [8]; T is called a Schreier system for F(S)/ G. Let now

Hi == 171 (Vi) and G(g) == 17l(Y(g)) the latter having a presenLation

Y
(g)

< 1 '
(g) (g) R (g)

Yo: :R1 r •• , f3 >
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we have maps vi~g):Hi -> G(g) given by the inclusions Vit(g)CY(g). A

Schreier system for F(M) over its 'commutator subgroup is the set of elemen s

_ gl s.; I I mg - a1 ... am which we ic enti 'y to 'Z . by By the lemma the

commutator of F(1I7) is the free group in the set E of dements of the form

(2)
g g

a 1I7a.(a 1
171 t I

gi+ 1 g-l
a. . •. am) 1 <_ i '5:.. 117.

t m'

Take the spacc It' obtained \,Jy identifying In! V u' s'. -lg'f .)
t 1 - 1 1 to

i
Int ViO(~j=lgjfj+fi) forall i and gjf'Z. Observe that each Y(g)C It' and

that Y(g) n Y(h) has < I connected component in It'. This can be seen in

a very simple way

The wedge C = (x V ••• v >: ) is contained in X; let C~.. be the univer-m 1m,,,

sal abelian cover of Cm; CrnC X and It' is the space constructed by placing the

Y(g) at the vertices of the maximal tree T' of Cm associated to the above

Schreier system and identifying the V it (g) as prescribed by t~,e edges of T'

The group 7T /W) is then a (weak) tree product.

Here and UJ·t is any e le men t of the form ,i rn1hl'sg·f· .
j= I j 1

G(g) are in the vertices of the universalcan be seen by thinking that the groups

abelian cover of K and that the amalgamationi':i corresp nd to the edges of the

maximal tree. The remaining amalgamatIons in It', necessary to obtain X, co-

rre s pon d to the elements of E: if a e E is written as in (2), the corresponding

identification is that of In! Vn ([li(a)) to Int V iO(D/a) +fi) where

D.(a)=~m s.«, thus
t j= 1 1 1

PROPOSITION 2. The subgroup 7T I(X) can be expressed as
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(3)

(Di(a)+d
(g) (g) t -1

< E, Yj : R k ,av to a

Proof. In fact by the Van Kampen theorem, for every new identification in W

we introduce one generator a (E and one relation, name-ly

(Di(a)+(i) -1
av iO a

§ 2. Polynomial Invariants.

Let l: m51 -+ 53 be an m-link with complement x. By virtue of 0) , zm

acts on X and so 1f1 (X) is a finitely generated module over the ring

Am = z] z m] " Observe 'that Am is isomorphic to the pol)f1omiaf ring

Z[ t1, t~l , •.. , tm, t;/]. We distinguish two homomorphisms:

i) e : Am .... Z defined by dti) = 1, and

ii) f ~ r an involution on Am defined by
-1

Ti = t i .

Let now

(4)
-

F 1 - HI (X) - 0 •

be a free presentation of
-

H l(X) r where A - modulem

of rank r (re sp, g) • The map d is determined (upon a choice of bases for the

Fi) by a matrix M with polynomial entries. For any k;:;:O, consider t-.kC Am'

the ide'! I generated by the (r- k) x (r- k) minors of M. This ideal is indepen-

dent of (4). Since Am is a UFO, we can define Ak( Am to be the gene.rator

(determined up to units) of the smallest principal ideal P s atf sfying

For justifications of the above assertions, see [51; the Ak can be chosen
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chosen so that fAk ~O, The polynomials Ak are called the (Alexander) poly-

nomials of I, With this tenninology we can rewrite proposition 2 as follows: let

I be a boundary link with Seifert surfaces Vi' suppose

a base for' H l(V i)' Then H l(Y) is free of rank z«, where CX = L CXi. Let

iIWjl be the base of H1(Y) dual to IZk I and write

iO i1
The matrix M = II t t: t: II can be divided into blocksi"'k'-"'k' "kJ J t,J, iO i1

re Mii is the (2exix2CXi)- matrix llti(k'-( ,11k"
J kJ ,J

1
vely on the knot I(Si) (cf, [1, P: 153]) and, for i =I- i, Mij is the

- i j i j ."i:" IIv(Zk' Zh) Ilk,h where v(Zk,Zh) is the link ing

i . d j - - ) L bZk an Zh' (k-1, ... ,2CXi, h-1, •.• ,2CXj. et T e

M .. r whe-tJ

wh ich de pc nds cxcl us i-

(2 CXix 2 CXj)-m atr ix

number (in S3) of

the cokernel of M, we have

COROLLARY 3. If I is a boun dary m-link (with Seifert surfaces Vi)'

- m-1
H 1 (X) ;; Am GJ T •

We now prove

TH EOREM 4. Let I be a boundary m-link, tben /.i = 0 for i = 1, ... ,

m - 1 ani !'J.m is the Principal ide a l (Am)' where

(i) (ii) A = Am m

Conversely, given A( Am satisfying (i}, (ii) , there exists a' boundary m-link
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Proof. The first part of the proof follows from corollary 3; for the converse,

we apply the me thod of [51 to the trivial link: write A = L Gg • g. where

g(';lm. Cg= C(g_l) (3) Onlyfinitelymany integers Cg are nonzero. Of those

g for which Cg =I 0 and its inverse g·l. choose exactly one to obtain a set

:I>. Not ice 1 (<1>. Let I: m51
->' S 3 be the tri~ia I lin!' with compleme nt X o:

Let D be a 3-cell in Xo and in D choose a disjoint family of circles 5g.g(¢J.

with linking numbers

and zero otherwise. Let a'g be an arc in D connecting 5g to 51 so that the

a'g are mutually disjoint and meet U 5 g only at its endpoints. Choose

ug' g (<1>, g =11. a disjoint family of closed curves in X 0 - D , representing the

element s of H1(Xo) = ie": and bo'unding a d'isl< dg in 53 -D. where the

dg are mutually disjoint. Choose now an arc from an interior point of a'g to a

point of "s whose interior is disjoint from all a'g-' "s : Let "s be the connec-

ted sum of a'g and ug along this arc. Finally, let 5 be the connected snm of

the 5g along the arcs "s' We can assume that S is nnknotted.

Suppose too that /(5;) bounds a disk Di ' 5 pierces Di in pairs of

points with opposite intersection numbers; this is because in ta king the connected

sum of the Sg along the ag• we use ribbons with core ug: its boundary pier-

ces the D i in pairs of points with the desired intersection numbers .

As in [3; p.61] we can eliminate a pair of intersection points by adding a

tube joining the boundaries of small disks (centered at the intersection points)

removed, from the D t : At the end of the process the link I has a coli ection

(3) Observe that ~ is written multiplicatively -
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!Vi I of Seifert surfaces (with genus depending on the number of times S inter-

sects Di) and sn Vi = ¢ for all i.

T ie next step consists on doing surgery on S3 using a thin tubular neighbor-

hood r of S so that r n Vi = ¢. The calculation in [5; p.81] indicates that

we obtain a new link l': mS1 ....X(S3 ,r ) = S3 which is a boundary link with

Seifert surfaces Vi' If X is the un iversal abe !ian cover of I',

This finishes the proof of the theorem.

§ 3. Cobordism ,

In [4] we prove the following

LEMMA 5. Let 7T be a group and let al, .... am b, c ie me nt s II SCl-

tisfying

a) rrlrr2' = 2m• where the cosets of a1, ••. , am( 7T generate rr/rr2 •

c) 7T is the smallest normal subgroups generated by the ai.

Then. there exists a free group LOll the letters b 1..... br• and words

(5) R - a. «.»,«:!; - t; J J J

where ;=1, .... r such that if U is the con s e q uenc e of

!R 1 ' .•. , R; I, the group P = ( n * L) 1R contains the [re e group F generate 1

by a1, ... , am as a retraction. we use lemma 5 to prove

THEOREM 6. Let I: m51 .... 53 be an m-Lin]: with group tr , Suppose F

is the free group generated by the meridians 11; t hen I is c obordant [11 to a
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boundary link if and only if the maps f#: FIFi ... TT/TTi defined for i=2,3, ,,' .

are isomorpbis ms, In other words if and only if all the Milnor invariants [9] are zero.

Proof, Start with a Wirtinger presentation (cf. [91 )

TT= < x.·l r,., 1 < i < m, 1 < J' < «, > ,'1 'J - - - - ,

where Xij is represented by a loop' going once around the ith component
1

I (Si )

f I d -1 -1o an rij=uijXijUij Xi,j+l'
_ . -1 -1

S .. - v .. x 'I u«, x , , l' where
'J '1' '1 "J +

Uij = X;q' e = ± 1. Consider

Then

(6) TT=<X .. !S .. > •
'1 '1

Finally, write . and Xi = Xu . The group TT can be pres en-

ted by

(6' ) < Xl ' ... ,X ,x' .. I x ". . 1 = [ V", x , 1, [ V .N , x.1 = 1 > .
m '1 " J + '1' . , Uo i ' -

Let

(6" )

Assertion. If all the Milnor invariants of I are zero the natural epimorphism

11* ... 11 induces isomorph isms

(2::; i::; w ).

This follows from the definilions [9].

Observe now that TT* satisfies the hypothesis of lemma 5 if we take ai = Xi'

in fact (6") is a presentation with defect m ,

Let X be the complement of I.. take the product X x I and to Xx 11 I
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111
attach r I-handles h 1 ' ..• ,hr ,. a (X x I U ~ h j ) = X x 101 U a X x I U x' ,

where 771(X') = 77*L. Let Yj be the loop in X' describing the word Rj of

(5) . Along tubular neighborhoods of the Yj' attach 2-handles h~. Notice

that ax = ~ (57 x 51) and that, if we attach ~ (S7 x D2x [) to Xx I U ~ h/
along ax x I. the words R.

/
isotop to the cores hj of the h~ . As a result

/

is a cobordism (modulo boundary) of X and a link comple-

men t X" wi th fundamen tal group 77" = (77* L)/ R •

There is a natural epimorphism p ~77", where p = (77** L)/R. Further,

by our assertion P/Pi ....77"/77'; is an isomorphism for i = 1, 2, •.. , (jJ. By

lemma 5, pip ;;"F and so 77"/77"'; Fand, by proposition I, X" is the com-
(jJ (jJ

plement of a boundary link. This completes the proof.

One natural question arises: which boundary links are null-cobordant ?

A necessary condition comes from observing that if h: (mS1) x I .... S3 x I

is a null-cobordism for I, the embedding ~ Vi .... S3 of Seifert surfaces for I

extends to an embedding ~Wl .... S3x/, where aWi = ViU(aVix [) UDi '

where Di is a disk. Also Win (S3x loU = Vi and Will (S3x III = Di·

Let e·· be the (2 a. x 2 a.) - matrix II V (Zri, V/'IZs
j ) II and e the block

'1 1 • l

matrix liei"II. If '«. is the ident ity (Z ai x Z ai) - matrix, let. /'I.. be diag
, 1

(11Ia1, ... ,lmlam) a diagonal matrix. If M is the presentation matrix of

H 1 (X)

By the arguments in [7; § 8J ,let ji: H 1 (V i) .... H 1 (Wi) be the inclusion

map; then rank (ker ji) = ai. Notice that '(with the notation of § 2) if x e ker ii

and y r ker ik' then the linking number V (x,vkIY) is zero(cf. [71).
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(~)
It follows that eij h as the form

where 0 is a (a. x'a.) - matrix as a result •
t J

PROPOSITION 9. Let I be a boundary m-link. If f·(t.)( Z [t., f.: 1]J£,iS the
1 1 1 l' ,.

A lex ander polynomial for the knot I(S /) an'd if i is cobordant to a split NnW. rBen

f = IT Ii . s . g ,

where I is the Alexander polynomial for I' awl g I' Am .

§ 4. A Question of Genus

t t .' .
Let e = Ileijll be a block matrix

from e' be an elementary i-expansion (or

e2) if 02.. is of the form
11

(t=l,2). We say that e2 is obtained

e1 is a.r~:i.emen tary i-reduction of
~4;,."

1e ..
11

o

,'r;
.'.'

...:.~:~.
.~

1
be .. 0

·zt

or 0 1

0
0 0

a o o

o 1 o

(where a is a .row vector and b a column vector), e~. (i ;/ j)lJ is of the form

(e:j , 0, c) or (EYij, c , 0), respectively,

(c is a column vector) and e2..
Jl is of the form ..

t '
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1 1
8ji 8ji

c· or 0 . respectively.

,0 c·

Two block matrices A = a Aij" and B =IIBijll of t~f same size (i.e.,

Aij and Bij are both (oix 0j)-matrices i.j = 1••••• T) ~ block- congruent

if- there exists a matrix C or'the fo...

diog (Cl' ••.• CT)

"''here CIi. is a nonsingnlar (Ok X Ok) - .~lI\ix such that

B = CAC'

Two block matrices 81 and ,e2 are S- equivalent if 82 can' be obtained
"l"~ ~

from 81 be a finite' seriel't)f~' i::.expansions, i- contractions and bloc~ congruen-
l' ..~

.~~.ces. (cf. [7] } _
I I'

As in [II; p. 484) every S-equivalence class of block matrices has a'repre-

sentaiivewhose diagonal blocks ai~i-!1on-singular • We call it a re duce d matrix.
-:~{.,

PROPOSITION 8. Let I be ° 60undary m-link t iuitb Seifert surfaces V.
t

of genus (1, i)' If the motrix 8 is re-Ju~~tI the Alexander polynomial A( Am of

1 bas degree z« , in the vllTioble 't : f."

This result can be reint,erpreted thusly ~ '~

COROLLARY 9. Let 1 be a houndary m-Iink, If A is the Alexander polyno-

mial for I, ,\ bas, euee degree 2ei., on each uariab le ti and a: i .is the genus

of a surface Vi belonging to fl collection of Seife.,t surfaces for 1.
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