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§ 1. Introduc tion. For a real Banach space E and an integer m 2: 1, let

. Cm(E) denote the algebra of the real Cm·functions on E.

We endow Cm(E) with the topology of uniform convergence of the functions

and their derivatives of order ::: m on the compact subsets of E.

In [21, L. N achbin proved that a subalgebra 1 of c": /Rn j is dense in

em(/Rn) if and only if it fulfills the following conditions:

(N) (i) For every pair of distinct points "i : "z (/Rn, there exists an [e 1

such that {(a1) i {(a2) .

(ii) For every a e /Rn, there exists an {( 1 such that {( a) i 0 .

(iii) For every a (/Rn and for every u (/Rn with u i 0, there exists an

{(1 such that [(Dj) (a) 1 (u) i o.
Sec also [11 •

It seems natural to ask for similar conditions to be satisfied by a subalgebra

of Cm(E) in order that it be dense in C1ll(E). In this paper we give a partial
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answer to that problem, for the case that E is a Hilbert space H. Precisely,

we give sufficient conditions for a subalgebra ~ of c'tn) to be dense in c'iu),

a d show by a simple counterexample that, if m 2: 2 and H has infinite d ime n -

sion, these conditions are not sufficient for a subal ge bra of em(H) to be dense

in crun . (See Remark 2 at the end of the article). In particular, the algebra of

the polynomials of finite type on H is dense in el(H) , but not in em(H) r for

m2: 2. A related prohlem has been studied by G. Restrepo [31.

§ 2. The main theorem. Let H be a separable real Hilbert space of infinite

dimension, ! e .. n e IN I an orthonormal basis of H(N = I 1,2, ... , I) .and forn

every n fIN, H
rl

the span of leI"'" en I and Pn the orthogonal 'projection.

of H on the subspace Hn.

We say that a subalgebra ~ of el(H) fulfills conditions (No) if :

(i) For every pair of distinct points aI' «: (H, there exists an I( ~ such

i ii) For every a e H , .there exists an I (~ such that I(a)'; O.

(iii) For every a (H and for every U (H with u,; 0, there exists an I e ~

such that [(DI) (a) 1 (u),; o.
(iv)There is an M (IN such that for every integer n> M, if I (~ then

I 0 Pn (~ ,

Remark. We denote, as usual, by DI the derivative of I ( c'tin . DI is a

mapping of H into the dual space H' of H (which is isomorphic to H).

Example. The algebra of the polynomials of finite type on H (that is, the
al a

algebra generated by the functions of the form x -> ul(x) •.. un (x) n, where

ul' ... , "« (H' and al, ... , an e ~+) fulfills conditions (No)'
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THEOREM. Every subalgebra ~ of C 1(H) fulfilling conditions (N) is
o

dense in C1(H) with the topology of the uniform convergence of the functions and

their derivatives on the compact subsets of H.

§ 3. Proof of the theorem.

LEMMA 1. Let (xn) be a sequence in H, convergent to x c H. Then

lim P x == xn nn

Proo],

PROPOS 1TION 1. Let X be a metric space, u : H 4 X continuous and

Vn == v 0 Pn. Then vn converges to v uniformly on every compact subset K

of H.

Proof. Obviously, for every x e H, lim v i x) == v (x). Suppose that the
n n

convergence is not uniform on K. Then there exist an E: > 0, an increasing

sequence of integers n1 < 112 < ... < nk < ... and a sequence (xk) in K,

such that

for k == 1, 2, ... (0) .

Since K is compact , (xk) contains a convergent subsequence, which we

shall denote also by (xk)' Let x == lim
k

lim (P xk) == x , hence lim v (xk) ==
k nk k nk

l~m <: (xk)- v(xk)) == v(x)-v(x) == 0,

xk . Then, by Lemma 1, we have

lim o iP xk):: vex) , that is ,
k "i.
which contradicts (0).

COROLLARY. Pn converges to the identity operator I of H , uniformly

on every compact subset of H.

Proof. In Proposition 1, set x > H, v == I .

PROPOS ITION 2. If K is a compact subset of H, then the closure of
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00

U Pn (K) is also a compact subset 0/ H .
n=T

00

Proof. We will show that A = U P (K) is a precompact set.n= I n

For this, we show that every infinite subset E of A contains a Cauchy

sequence. In fact, there are two possibilities for E:

a) There exists an index n such that the set En Pn (K) is infinite. In this ca-

se, it is obvious that E contains a Cauchy sequence.

b) There exist a sequence of indices nl < ••• <nk < ••• and a sequence (xk)

in E such that for every k, xk e Pn (K).
k

Let us choose, for every index k , Y k e K
,

such that xk = Pn (Yk)' Since
k

K is compact, the sequence (Yk) contains a convergent subsequence, which we

shall denote also by (Yk)' If Y = lim Yk' we have by Lemma 1: lim xk =
k k

lim Pn Yk = y, l.e.. the sequence (xk) is convergent in H.
k k

PROPOSITION 3. Let ~ be a subalgebra 01 CI(H) [ulf illing conditions

(N). Then the algebra ~n =! II Hn .. I e ~ I is dense in CI(Hn) , lor n =

= 1, 2, .. ,
Proof. We have to show that ~ n satisfies Nachbin cond it ions (N): (i) and

i ii) are immediate. To prove (iii), we must show that for every x e Hn and for

every u e H~ with u ¥ 0, there exists an In f ~ n such that [(Din) (x)] (u)¥O.

Since ~ verifies (N) (iii), thereexists If~ with [(DI) (X) 1 (u)¥O.

PUlling In = I \ Hn, and recalling that x , u e Hn, we have :

I.

Remark. (Dln)(x)=[D(joPn)l(x)=[(DI)(Pnx)l 0 Pn

LEMMA .2. For If CI(H) and n fIN, put In = loP n . Then the operator
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Dfn converges to Df uniformly on every compact subset K of H .

Proof, For X( K, let ClJ (x) = Df(p x ) (H'n n .

Then, we have: Df (x) = [ClJ (x) lop • By identifying H and its dual H',. n n n

it follows from the self-adjointness of the orthogonal projections that

Since for every x (K and every n e TN ,

00

ClJ n i x) = Df(Pn x) e CDf) (U P (K»,
n=l n

1= U I ClJn(x);x(K I isprecomp-
n=l

act in H. Then, by the corollary to Proposition 1, Pn converges to the identity

it follows from Proposition 2, that the set

operator I uniformly on 1.

Since, by Proposition 1, ClJn(x) converges to Df(x) uniformly for x ( K , we

have proved the lemma.

Proof of the main theorem. Let K be an arbitrary compact subset of H, and

1for b e C (H), let <I> (h) = sup llh(x)! + II Dh(x) 11 ;X( K I, ,and hn = hoPn

(n (N). We are going to show that, given f e el(H) and E> 0 , there exists

g (~ such that <I> (f - g) < E. In fact, by Proposition 1 and Lemma 2, we can

find an index no(TN,suchthatforevery n~no,<I>{f-fn) <Ell. Now.Iix

an n ~ max Ino' M I where M is the integer given by condition (No) (iv) .Sin-

ce, by Proposition 3, S:n = I hn; h ( s: I is dense in e1
(Hn), there exists

in) (S: such that <I>(fn-g~n» < Ell. By condition (N) (tv), g~n) e S:,

so we can take g = g~n) .

§ 4. Some remarks.

Remark 1. Clearly, condi tion i iu) of (No) can be replaced by the following
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one:

(iv') There exists an increasing sequence (nk) of indices such that for every

k·:fnC:f.
k

Remark 2. If m > 2, conditions (N ) are not sufficient for a subalgebra of
- 0

Cm(H) to be dense in Cm(H). For instance, if [I x) = ~ II x 11
2
•

2

D2 1"= I, bur if p is a polynomial function of finite type on H. then for every

a (H the operator D2 p (a) has fi nile rank. Consequently, the identity operator

we have

cannot be approximated by a sequence of operators of that form.

Remark 3. It is easy to show thar conditions (No) (i) • Lii), (iii) are necess-

ary for :f to be a dense subalgebra of C1(H). It would 'be interesting to know if

they are also sufficien t, that is, if condi tion (No) t iu) in the theorem is superflu-

ous,

Remark 4. Let H be a non-separable real Hilbert space. Since compacr me-

tric spaces are separable, every compact subset of H is contained in some sep-

arable subspace of H. So, by modifying approp iate ly condition (No) (iv). one

gets from the theorem sufficient conditions for a subalgebra of C1(H) to be dense

1
in C (H). In particular, the algebra of the polynomials of finite type on H is

dense in C1(H).

I thank Prof. L. Nachb in , who proposed this problem to me and with whom

had helpful conversations. I thank also Prof. G. Restrepo, who called my attent-

ion to h is paper [31, in wh ich he used methods that suggested th is proof.
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