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§ 1. Introduction. For areal Banach space E and an integer m> I, let

Cc™(E) denote the algebra of the real C™-functions on E .
We endow C™(E) with the topology of uniform convergence of the functions
and their derivatives of order < m on the compact subsets of E .

In [2], L. Nachbin proved that a subalgebra F of C™(R") is dense in

C™(R") if and only if it fulfills the following conditions :
(N) (i) For every pair of distinct points a,, aye R” , there exists an e J
such that  f(a;) # f(ay) .
(ii) For every ae IR” , there exists an fe¢ $ such that f(a) # 0.
(iii) For every a¢ IR” and for every ue R" with u # 0, there exists an

feF suchthat [(Df) (@)] (u) #0.

See also [1].

It seems natural to ask for similar conditions to be satisfied by a subalgebra

of C™(E) in order that it be dense in C™(E) . In this paper we give a partial
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answer to that problem, for the case that E is a Hilbert space H. Precisely,
we give sufficient conditions for a subalgebra F of cltH) 1o be dense in Cl(m),
and show by a simple counterexample that, if m >2 and H has infinite dimen -
sion, these conditions are not sufficient for a subalgebra of Cm(H) to be dense
in C™(H) . (See Remark 2 at the end of the article). In particular, the algebra of
the polynomials of finite type on H is dense in CI(H) . butnot in C"(H), for

m> 2. Arelated problem has been studied by G. Restrepo [31.

§ 2. The main theorem. Let H be a separable real Hilbert space of infinite
dimension, | e,;neN ! an orthonormal basis of H(IN=1{1,2,...,}) ,and for
the spanof {e;, ..., e,} and P, the orthogonal projection

every ne N, Hn

of H on the subspace H .

We say that a subalgebra F of clt) tulfills conditions (N, if :
(i) For every pair of distinct points a@;,ay ¢ H, there exists an fe F  such
that flay) # f(ay) .
(ii) For every ae H , there exists an fe F  such that f(a) #0 .
(iii) For every ae H and for every ueH with # 0, there exists an fe J
such that [ (Df) (@) ] (w) # 0.
(iv) There is an M ¢ N such that for every integer n> M, if fe % then
fo P, 6.3: .
Remark. We denote, as usual, by Df the derivative of /€ clm . Df is a
mapping of H into the dual space H’ of H (which is isomorphic to H ).

Example. The algebra of the polynomials of finite type on H (that is, the

o
algebra generated by the functions of the form  x - ug(x) - u, (x) 7, where

u1,...,uneH' and VLI,...,OlnsZ_*_) fulfillscondilions(NO).
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THEOREM. Every subalgebra ¥ of C Ley) fulfilling conditions (N,) is
dense in CI(H) with the topology of the uniform convergence of the functions and

their derivatives on the compact subsets of H.
§ 3. Proof of the theorem.

LEMMA 1. Let (xn) be a sequence in H, convergentto xeH . Then

A -y
l;m ann

Proof. || P, x,=x || || P, x,;=P,x |[+]|P,x=x|| < || 5, x|[+]| B, x=x[[+ 0

PROPOSITION 1. Let X be a metric space, v: H » X continuous and
v, M voP,. Then v, converges to v uniformly on every compact subset K
of H.

Proof. Obviously, for every xeH , l;’lm v,(x) = v(x). Suppose that the
convergence is not uniform on K . Then there exist an £> 0, an increasing
sequence of integers n; <ny<...<mp<... andasequence (xp) in K,
such that

v, (x)-v(x,)|>¢€, for k=12 ... (*) .
n, "k | R

Since K is compact , (xk) contains a convergent subsequence, which we
shall denote also by (x,) . Let x = l;‘em xp - Then, by Lemma 1, we have :
that is ,

l]ém (P”k xk) = x, hence lz]'am U"k (xk) = li};ﬂ U(Pnk xk) = u(x),

lim (v. (x,)-v(x,)) = v(x)=v(x) =0, which contradicts (*).

COROLLARY . Pn converges to the identity operator 1 of H, uniformly
on every compact subset of H .

Proof. In Proposition 1, set X =H, v=I.

PROPOSITION 2. If K is a compact subsetof H, then the closure of
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nhce

_P,(K) is also a compact subset of H .

n=1

o0

Proof. We will show that A = nL=JI P,(K) is a precompact set.

For this, we show that every infinite subset E of A contains a Cauchy

sequence. In fact, there are two possibilities for E :

a) There exists an index 7z such that the set ENP, (K) is infinite. In this ca-

se, it is obvious that E contains a Cauchy sequence.

b) There exist a sequence of indices 7n; <...<m, <... and a sequence (xz)

in E such that for every &, xy € P"k (K) .

Let us choose, for every index k, y, ¢ K such that x, = P”k (y,) - Since

K is compact, the sequence (y,) contains a convergent subsequence, which we
shall denote also by (y,). If y= l;'am yg, we have by Lemma bie lim xg =
li/;n Pnk yp =y, i.e., the sequence (xp) is convergent in H .

PROPOSITION 3. Let § be a subalgebra of CI(H) fulfilling conditions
(N). Then the algebra F,=1f| H,; [T} isdense in clw ), forn=

=1, 2,

’

Proof. We have to show that ?n satisfies Nachbin conditions (N): (i)and

(ii) are immediate. To prove (iii), we must show that for every xeH and for

every ueH, with u # 0, there exists an [ € ffn such that [(Dfn) (x) 1(w)70.

Since J verifies (N,) (iii), there exists feF with [(Df) (0] (u)#0.

Putting f, = /| H and recalling that x,z€ H, , we have :

n’

[ 0f,) ()1 (w)=[DPP, x)V (P, u) = [Df)(x)1 (w) # 0.

Remark . (Df ) (x)=[D(foP )1 () =[(Df)(P,x)] o P, .

LEMMA 2. For fe ClH) and ne NN, put [, = fo P, . Then the operator
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Df, converges to Df uniformly on every compact subset K of H .
Proof. For xeK, let 9 (x)=Df(P, x) eH" .

Then, we have : Df (x) = [(Pn(xﬂ o P, . By identifying H and its dual H’,

it follows from the self-adjointness of the orthogonal projections that

[o,x)1oP,=P, (¢,(x))

Since for every x ¢ K and every ne N,
P (%)= D/(Pn x)e (D)) (nL=JI P, (K)),

it follows from Proposition 2, that the set I'= QI {®,(x) ; xe K | is precomp-
n=
act in H. Then, by the corollary to Proposition 1, P, converges to the identity

operator 1 wniformly on T".

Since, by Proposition 1, ¢, (x) converges to Df(x) uniformly for xe K, we

have proved the lemma.

Proof of the main theorem. Let K be an arbitrary compact subset of H, and
for bheClm) , let ®(p) =supl|h(x)|+ ||Ph(0)]|| ;xeK}, and b = hoP,
(n e N). We are going to show that, given fe CI(H) and €> 0, there exists
geF suchthat ®(f-g) < €. In fact, by Proposition 1 and Lemma 2, we can
. find an index nye N, such that for every z> n,, CD(f-fn) < €/2. Now,fix
an 7> max{ n, M | where M is the integer given by condition (N,) (iv) .Sin-
ce, by Proposition 3, c.fn o & O ¥} is dense in CI(Hn) , there exists
g(") ¢ 5 such that (D(/n-g'gn)) < €/2. By condition (N ) (i), g’gn)e A
(n)

so we can take g =g,

§ 4. S‘ome remarks .

Remark 1. Clearly, condition (iv) of (NO) can be replaced by the following
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one :

(iv’) There exists an increasing sequence (n},) of indices such that for every

rAE G,
s
Remark 2. If m>2, conditions (N,) are not sufficient for a subalgebra of
2
C™(H) 1o be dense in C™(H) . For instance, if f(x) = é 12 we have
sz:.a I, butif p is apolynomial function of finite type on H , then for every

ae H the operator sz(a) has finite rank. Consequently, the identity operator

I cannot be approximated by a sequence of operators of that form.

Remark 3. It is easy to show that conditions (N ) (i), (ii) , (iii) are necess-
ary for  to be a dense subalgebra of cltw) . 1t would be interesting to know if
they are also sufficient, that is, if condition (NO) (iv) in the theorem is superflu-

ous.

Remark 4. Let H be a non-separable real Hilbert space. Since compact me-
tric spaces are separable, every compact subset of H is contained in some sep-
arable subspace of H. So, by modifying appropiately condition (NO) (iv) , one
gets from the theorem sufficient conditions for a subalgebra of cl(H) 10 be dense
in CI(H) . In particular, the algebra of the polynomials of finite type on  H is
dense in- C1(H) .

I thank Prof. L. Nachbin, who proposed this problem to me and with whom I
had helpful conversations. I thank also Prof. G. Restrepo, who called my attent -

ion to his paper [3], in which he used methods that suggested this proof.
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