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§ 1. Introduction
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§ 3. Estimation of some trigonometrical sums

§ 4. Proof of the Main Theorem

§ 1.Introduction. Let K be an algebraic number field of order # over the ratio-
nal number field Q and % be a positive rational integer. Let o be the integral
domain consisting of all integers in K (the unit ideal of K) and Jp be  the

ring generated by k-th powers of all integers in K. On account ol the identity

k-1 0

! k-1-f k-1 k k
kly=3 (-1) Ot yrt) ="}

f =0 4

for yea, thering J, is an order. We use a letter ¢ (and similarly ¢’, ¢
.. C,,Cy ... ) todenote a positive constant depending only on K, % and

-
s. It is not necessarily the same one each time it occurs. The constant ¢ may
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well depend on another parameter * . In this case we write ¢ (*) 1o explain the
meaning.

v\pp|.\ing the \'inugrudu\ [131. [ 14], [15], Sic‘g(-l [7]1.[8] method and using
the results of Tatuzawa [10], [11], [12], Kérmer [4] . Stemmler [9] and Mitsui [5],
[6]. we shall prove the following :

MAIN THEOREM : lLet k> ¢ (which is determined explicitly) and let v ¢ N
be a totally positive integer with sufficiently large norm N ). If

s > 2nk logk + 6nkloglogk
t 2 2ulogn + nloglogn + 2logn + 14) k+ 1,

then the equation

k k \I~
Ir)\l +/\‘,+-.-+ N

/s always solvable in totally non-negative integers A (L< < s) subject to
the conditions 4
N(A) < ¢”N(v) G < m<ise) .

r = -

We introduce the notation (iK(k) for the least value of s such that every
totally positive integer 170 where N (17) is sulTiciently large, is representable
in the Torm of the theorem.

In the rational number ficld Q. G (k) denote the least value of s with  the
property that exery sulliciently large rational integer v is representable in the
sum ol s k-1h powers where Ap ... 0 A are non-negative rational integers.,

s
Siegel seceeded in dealing with the “‘uring problem in an algebraic number
.
ficld. He extended the eirele method of Hardy-Littlewood theory to the case of an

algebraic number lield.

In 1958 Tatuzana [ 10| proved that
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GK(k) < 8nk (n + k)
and in 1971 [11] | [12] | he obtained the result between Gg (k) and n i.e.

GK(k)'S dnk + 2nG(k) + 1.

In 1961 Korner [41 proved that
2
Gy (k) < nk (3logk + 3zog(_fif;i)f 1).
In 1959 it has shown by I. M. Vinogradoy [14] himself that for £ > 170,000
G (k) < 2klogk + 4kloglogk + 2klogloglogk + 13k .

Our aim is to extend this remarkable and very beatiful result to an algebraic
number field. OQur results were reported at the United States- Japan Seminar on

Modern Melh()ds in Numb(‘r Th(‘Ol"y al TOI('\’O in 1971 [2| .

§ 2. Singular Series and Generalized Farey Dissection.

(W,KMﬁw

Let K([}) (1<t g nl) be », rcal conjugate fields, and let K

1
(n1+ 1<mg "o+ n2) be ", pairs of complex conjugate fields, so that » = "t

2n2 . We denote by y(q) (1< g < n) the conjugates of y ¢ K and define

1]

= 5 @
S(y ) = trace (y) Z_Iy

q=

Let ¥y (1< 7 < n) be numbers of K and x; (I1<r < n) bereal numbers. We
r = = =" =
n
set £ =3 y x anddefine
r=1 rr

(q) 4 s (9
e (@) and trace (&)= 3 &
7_1 r r q:I

For brevity we write E (E)=exp {27 i trace (€)1} and use the abbreviations

(q)I

(q) (q)
Hyll=Max |y ¥ and |[€-y]|l= Max |€& -y
I<q<n I<qg<n
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A number y of K is called totally positive or totally non-negative according to

) ( . : . .
y(l )50 or y “2 0(1<P < ", ) respectively. If F and G are functions of
certain variables and G is positive, then the notation F < G or F = 0(G)
means that there exists a positive constant ¢ (0 - constant) such that |F| < G

in the domain designated.

Let d be the ramification ideal of K, and D be the discriminant of K, so

that N(d) = D. For any number y in K, we can determine uniquely integral
ideals a, & such that
)’djgu 5 (Q,G):a.

We write then v > a for convenience and we call o denominator of y . We can

/

choose [wl ; % ..w"! as the integral basis of K and [pl. ....p !as abasis
n
=]
of d satislying
I (r=s)
trace (,Dr(us) = {
0 (r# s).

Since, by definition al= ip s E(pa)=1 forevery %eaf, we obtain

k
E(ANy)= E(yk}') provided y 5 a , A, pea and A=p (mod a). Let
_ B
S(y)= 2 E(MXNy),
A
the summation being over a complete residue system mod a.In view of the abo-

ve, the sum S (y ) is independent of the choice of a-system.

Let veo andlet a be an integral ideal in K. We constitute the sum

H(a):z N(a).ss()/)s E('V}/),
Y

where y runs over a reduced residue system of (a d)'l mod d-1 .H(a) isin-

dependent of the choice of a system. The series
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@& () = 3 Hla)

a

is called a singular series which is absolutely convergent for s > dkn.
The following theorem is one ol the fTundamental theorem to Warin;_r problem .
THEOREM 1. Assume that k> 3, s> s, = 4wk and v is an integer of |,

Then the singular series 6( V) is absolutely convergent and can be express -

ed as
@(1'): oy ()
p P
where
vy =S H(U).
XP l =0 :

Furthermore there exists positive constants ¢’ , c'' satisfying

c* >®(V) > S

Tatuzawa [101[12] proved this result for s > x, = [8nk (logk-1)l . Stemm-
ler [91] improved on the estimation of s, as mentioned above.
Let X be the #-dimensional Euclidean space and U be the unit cube, na-

mely

“v(‘ d('n()l(‘ l)) l‘ the set of

fulfilling the conditions

n
(x,,....,x ) e U,x (1< ¢ < n) rational numbers, N(a)< 1t
1 n T = - =

where ¥ 5 a. We define the basic domain B), =B, (t,h), forevery yel,

subject to ¥ » a, by
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n

(9 ,
PIL Max(p1 €7y @ 1) < 1/ NCa)
q d )

forany ¥y —y mod d -1 .~ whose contribution to € does not vanish |,
- o

S=58(,h) = U - 2]‘ B}/ is termed the supplementary domain. We write in
Ve
these cases ag & € B), or e 8. This division of U into §=8(1,h) and

B, =B, (th) depends on the pair (7, 5). We shall call this division the gen-

/

cralized  Parey dissection of U with respect to (t,h)

-\nppos(' that

& P X et p X, (xI.,,.,x”) e X
=@y berer 0, Y, ()‘l ..... \‘”) eY,
then we use abbreviations
dx or d&- (lxl . (I.\‘” ;

dy or dn = (/\'1 by dgn B

Let T' be a sulliciently large number. We denote by &k > ¢ a fixed natural

number and write

1-1/(2 \/T)I

1 LI )
P=11 X,=lpl. R [ x,
I-{ Ck-14+f ,
t X . b (.0 <T %)
i 7] ] 0 .
h E n-1 : 2
b R /v(‘ R 1, log £ o where b =u/ (1 + un ).

We use the generalized Farey dissection of U with respect to (2, h)  where
(t,h) ([l,/7 ) or AL b dis

! O 0

The Tollowing fundamental lemmas were proved by si(‘gvl i8]
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LEMMA 1. If Yir Yy € I, Y, 7 Y, and T’ is sufficiently large, then

B, NB, =¢.
¥y alky

LEMMA 2, If (xl. . x") €S, then there exist an integer e o and
B e F satisfying the following conditions :
G ||aE-Bl<»rt,

(i) ¢<jla]l g b,

i) Max (b | a'Pe@ _g @ 1@ )5 p F(1<g<n)
(i) N((a,Bd))<D*.
We write
L(é&)y- 3 E\Re), f:pl.\-lh..#,,”x",

AeQ(T)

where A= wl Z +eee+ @ Z €a runsover all integers restricted as
n n

7] <7 /\(‘7) < T (l :: ‘) \‘ "I)

' A()Il) l

<F ( s 1< <
S ”I < m< nl+ nz)

and in this case we use the notation as A e Q(T).

Then the number of solutions of

k k
Al“’\.l;*""'\s:"’ /\j,l’(u

is expresscible by the integral

I(w)= [ oo [LIEIZE(-vE) dx .
L’

From Lemma 1 of Siegel we divide the integral as follows :

Wovde Bolissfl b Lot

vel By §



satislying

We denote by P (T) the set of (xl o x") or 7
betliew (1<lsn,)
. (m)
‘ITI"II;Q’I' (n +1§m§n1rn2)
and in this case we use the same notation as  ne P(T) |
THEOREM 2 . We write
- . 2 k s
J)= [ eee [ E(=pé)( [eer E(ET )dy)” dx
X P
where P = P(1) and p 7 0 peP(1),
By means of Fourier transformation, we have
(1-5)/2 71 (¢) "1*+"%
Jw) = iD| I F(e 1 Y Pikau) SR S
P=1 m=n 41
where g
() ; S = (r)
F(p )= [oouf Al (k"ln,k )du] 'd"_l u = p —-(ul i
D[’ ji=d ] s
R )
“f’ heing the closed region determined by
0 < wu, <1 (1<j<s)
j = 2 =
We have It
(1’7) al 1 1// S . s e
r't’) = 1+ 17 k)" (p(V))
I'(s / k)
Furthermore
s S 1/ k-1
u(u"”’) k- [essif-B b ).k du__pd 9, .do
g 1 s=
D
m
i L 2
4. fug e s-1) |

u
S



D~ being the closed region determined by

(O s-1) .

7

o
A
£
N
~—
-
e
IN
~.
A
©»
N
]
3
A
A
3
.l
~
A
~
N

Proof: See Tatuzawa [12], Siegel [8] .

For the basic domain we have the following

THEOREM 3. (Tawzawa [12] | Siegel [81) . If s > dnk, then

; (s-F)
S Lo fLE E(-vEYdxs G )T
yel" B
‘nls-k)—i
+0(T ),
vided k -
i veQ (T ) and p=v T k.

T his is one of the fundamental theorems .

§3. Estimations ©of some trigonometrical sums .

Let T’ be a sufficiently large integer. We denote by % > ¢ a fixed integer
1/ B,
and write P =[T" |, K= [PV, Furthermore we write

h
(1) Y,= [VX,1, x, =[x, 1, Y,=[VX,1 (1<hss,),
HabH Wy e,

where

e syof 2
(2) s, >2kn , 8= ——2 s =1[1logkl.

1 k—1 o

Let
(3) e 2re iy ro;%(1+1/(n-1))k(k+1)+ Tk-1,

where 7 > 0 is a natural number .

37



We call an integer @ € o a prime number, if the principal ideal (©) is a
prime ideal .

l.et P =P(R, c) bethe set of total positive prime numbers such that

QCR;":(U(F)EE cR (l;ff_gn)

arg (m) | < 3+ m/R n. +1<m
) Vo= 1 1 2

A
N
9
=
s

We denote by P* (R, c) the number of elements of the set
Mitsui [5! we have

LEMMA 3. I <« P*(R,c)R™" logR <« 1

Let Q(sl . X,) bethe setof  pea  such that

k
;L~(X()+OI) +---+(X51+or )

We denote by Q*(sl 3 .\’O)_ the number ol elements of the set Q(SI ; XO)

and we put
Q= Q* (sl , X,) P*(R, c).
The purpose of this section is to estimate the following trigonometrical sum
R(&) in the supplementary domain  S(¢, b) 2 &

THEOREM 5. We shall define a trigonometrical sum

3 l:'(;uukf)

—

peQls;, X)) weP(Rc)

=
~
Iy
1
4

where E€S0t, b) and the right-hand side is taken over all integers 1 and pri-

me numbers such that
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llfQ(S],Xo) s we P(R,c).

Then we have

R () < Q'xs

where

1 S1 4 1 ,
p= ) ((k=3)0 " + %(so + 1)(1-1/50) (1-86 " )k-2)=%(b/n)yn<0,
T
(7]

LEMMA 4. Let k>c and A, p; (1<i< s) be totally non-negative
integers in K such that Ai‘“i €Q(Q) and N_(Q) be the number of the sol -

utions of which satisfy the system of Diophantine equations

)\I+...~L/\Sl+)\s-“1 - - K =0
2 2 2 2
)\1+... +/\S-p,1 L= =0
(5) < y
k k
)\1+--- %)\f—y - - W =0
\ N

Let 0 be a positive number and R be a sufficiently large real number such

that n -1 1/k
0<6§1, R > Max (k, 279 ) ),
and i 7wl
nk(l + ——)
k-1
(6) (2R) < 9%,

s> - k(k+ 1) +7k-1

n-

where 7 is a natural number .

Then we have

1 1 = / T
NS(Q) < e B Q2sn-zk(k+1)n+ tkh(k+1)(1-1/k) n

39



Proof. (Eda [1]). Let p,  beaprime ideal of K. Then we pobtain an

integer 7, with the conditions that 7, €p, .7, ¢ Py (in this case we write

briefly || 7,) and
J PV 1

N — ; —
CI A% A\yp< Iﬂ]/(])lé C2'</NP (1;/]2:71) ﬂnd
(7)
Np > k" (1 <v<r)
v et

Let P, (I <v<7) bepositive real numbers such that

v =
( Pl/k R N P
c > " .
1 24 ! Py 1 4 > }1)}'1
n(1-1/k)Y n(l1-1/k)Y
(8) < Q <P,< < (n,v
=~ AN
PQ Q (1; v<T )
Y
We put in (5)
AIZ‘\il“lﬂl ? “1:¢i+nz”l
( / 1
x‘l.,ul.(Q(cInl) (L < ¥ 3

where f’,- and l//i run over svpurat(‘lv through a reduced system mod p and are
) 3 ¥

.decided uniquely by A, and p;, respectively. Thus we obtain
N ol o j
(9) (.1-{11,])....-(,5*55771) (wl—nlnl)-r '(¢s’ns"1)

(1<j<k)

in the first class if we can find £ distinct e (//t. . All the remaining systems
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b5 7/ e l/!s { will be placed in the second class.

Let NS”)(P) be the number of solutions of the system of cquations (9) for

2
¢ '\UI P (Bl ‘@S( and | l/ll i iR l/ls { belong to the first class ,and let Ns( )(P)
be the number of solutions if (9) for either | ‘\f/l, veey O }oor | l/l] saws W

5
belonging to the second class. By (8) we have
< - (1) (2)
(10 N (P)SN N P )= NU(NgP ) & N (Np Pp)
Furthermore we have
(1 8 2., 2n )Zk 2s-tk(k+1)
N s g) ke P, N,,I Ns_k(PI)
and
(2) s 2k s-k-1
! (P
N % 2k Pl Vpl As-k( L
From the assumption (6) we obtain
s 2 2k
() k! > 2k (k> 2)
£ 2
and
s-2k s-1k(k+1)=k+1
k < Ng
1
and from these results we have
o sehel - 5 2 k20 2s-ik(k+D)
(11) 2k Np ’\( ) k»'( NP ((' \1)
1 k 1
Thus from (10) and (11) we obtain
28512 2k 2s- tk(k+ 1)
k=n ! PN : e
No(P,) < 2c (k) k 1 Py s-k '
and therefore we write this inequality as follows :
ZkN 25—2k(k+1)N )
N(P,) =D P Np ok P,
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Pi=c. ., N (c>2)

Applying this inequality 7 times, we have

\’ el s oL s )Zk(N & )ZS—Lk(k.Ll)
S(P) ;\ I... 7 1.-. - pl..-. pr

-1 -2k 2s-1k)
) P

(AVpl....AVpT 7

I'rom the definition D, and the conditions (7) and (8) we obtain our lemma .
We denote by M(T) = M(T, u, u’, u”) the set of vectors (z] ..... z ) or

integers A = M w, 2 satisfying the following conditions
n '

u < UV |
(m) :

u’ < Re A <au'+ T (<9< 711) -
P < I'm /\(”1) & g T ("1 ¥:1 < ﬂl';\'; nl + 7,2).
LEMMA 5. We put
k-1 © k-
(12) B, =X, z;+:i%X, i (1<r<k)
where
(13) Nz/ s c; Y (1<i<r)

and ¢ . does not depend on Yo
i
We denote by n(B ) =n(z, B, X .Y ) the number of the integral solutions
]

z (ZI peeen 2 ) of (12) and (13) for a fixed B .

I'hen we have

(ir(r+1)-Dn -mtn
ll(Br)& Y X

0 0

. k-1 T ‘ A L ]
Proof. W r=1, then B, - ,\f 7. I'he number ol z, is trivially esti-
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mated : << 1. We use induction and suppose that our result is true for

I<r< l-1. We then deduce from this assumption our result for = .

If we have two solutions (zl ..... z, ) and (z;. z[; ) satislying the

relations (12) and (13), then

- gl KR S I k-
g_‘() 214..-7‘¥() Z?*B[/_1+XO Zp~x() Zl z.-..x() Z() = B[,—I+
k-0,
*Xo e
From this we obtain
’ k-, k-3t
By_; -Byp_; =X, (ZP - zp ) <X,
Thus
’ k- 10
BP-I- B}’-I € M(O(‘\() ) ) .
For fixed B?-l . we have that the number of solutions of T zf—l is

(:(0-DFC -Dn _~(0~1)n-n
X

] ]

But the solutions of By_; is

= -(=D)
(Xk ?Y‘))"/X(k (¢ n
0 0

Thus the number of solutions e

k-[’yf’ n (3(0-Dl-Dn -(0 -1) nsn

X
N 0
"(Br) &« (—it_(—?-_l) )() " XO L1

0

(:0(0-1)-Dn -Cn+n

&« ¥ X
0 0
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LEMMA 6, Let 721 , r, 7., Ty ¢ be positive rational integers satis fy-
ing the conditions :
r >0(0-1)+ 70 -1, kE>r=2r = 4r
0= 0 1

We define a sum of the following form :

‘ k k k k
A*(X+01) +---+(X+Uro) - (X+Uro+1) = 4i:="(X +Ur)

{}oiti<Y=[\,_X-] (1 i<r)

{IVAN

We denote by n(A) the number of the systems of solutions of (01 seees 0, )

such that
k-3(0+1)
Ae M(O (X !

then we have

7
m+ 0 (0-1)(1-1/0)n -iCln
n(A) <Y X

Proof. By the definition of A, we have

A = B C
(A
B - ,k-ly k-0 ’ ) k-?-l} :
p—}\ leoo-J-X Lg s (,V=X L[)+1+...+xl,k_1+l,k
where
T I i i i :
Lif( J(o +eeesr 0 -0 T - A (l <550k}
i T r0+1 r et
Therefore we have
U jl<r kY (1<i<k)

From this result and the definition of C‘] follows

i k- (0+ 1)
(‘p < X
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Then by the assumption of By we have

k-I k_g k-;(?+1)
B[}Q(X Ul*...;X U[}(M(O(X )
Thus, applying Lemma 5 we obtain the number of | UI v eees Up ! s

Y@L 0 0y L 0sis
Y X

0
k-1(0+1) )

and the number of Bp eM(O (X is

k-3(f+1) k-0 n
(X /X )
Hence the number of UI ..... Uy is

k=30 +1) k- n (300 +1)-1)n -fn-n

< (X / X ) Y X,

4 Y;V(i7+1)rzx~;f7n
Now, if we put

U] = PRRREY Up = 7

then applying Lemma 4, the number of { Gy . { s

wrey (0 Dnat 00D (1=1/0)'n

< Y

Hence we finally obtain the number N(A) of | Tpreens 7 ! with our conditions

T 1
ar-3 0 +Dn+3 0L+ D (1-1/0)m YH’(V*“" Y—Q‘,"
<Y : ‘

r
nr+ 0L+ 1)(1-1/0)n -3 Cn
<& Y .X

Thus we complete the proof of our Lemma .
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Now we write

k k 3 'y
A, =(X, + 0 ) +eee+ (X 40 ) -(X; +0 ) -...-(X; 10
b b T b p, b "hr 4 b™"p,2,
o o (3
where
HUb,z’“ <Y, Oschgs cd, 1<ir)
Then we have
k-1 -
Ap=Xy Upp +:0 XUy g1 +Up g
where
k i
L =0 J)n U <'rRY
b.j i kg hj = h
Mt o! ..;()’} _U] - $ 0]
h,j h,r h,r i1 h2r
0 0 o
(1< j<k) (0<h;§sl—l)
Further we pul
WAy« A «onns Asz'l (s, > 2kn)
Using the notations above, we prove the following
LEMMA 7. Let n(W) be the number of the solutions (o, ...,0
o.1 s,-12r
1 0
of the relations oL iy 0
Wemo x50 )
1
then we have
*1
rus i (s (1-1/s)fn (k=D (1-8 ")n
n(W) << (Y Y ... Y ) X
0] sl-l 0
m w
L% % A YSI_I) X



where )
C, s

o iTe s B s TR Bl Tih-10w =k <3 ) (T B R} 8
s o

Proof . By the definition of W we have for 5 =2, ..., s -1

1
k-1
Ab =X U +oeee+ U
b h,1 bk
k-1 L
X 4 e e e
< Yh ‘ Yb
k-3(s,+ 1) k-3(s,+1)
(14) < X < X
h_l o
I'rom these inequalities and the assumption of ours we have
k-1 k-3(s +1)

= X U dveet X U

i , £ 0
o M ~ oUo k=114 Lo,k( M (0 ('\o ))

Now the number of solutions of

U , U U }
{ o,1 0,k-1 0,k
is given by the number » of solutions of {o , 5i 57 @ {. Since
. 0 0,1 0,2 A
A s, (so L) s, -1 , we have by Lemma 6
T
m4 }so(so+ 1) (1- 1/50) " ;son
n <Y X
o 0 o
From (14) and the assumption of Lemma 7, we have
k-1t (s + 1)
W eM(0 (XI ° ).
Taking the fixed solution {o ,..... o { . The number =z, of solutions
o,1 o,k 1
{o g Ll O } of
1,1 I. s
o k-3(s,+ 1)
A e M(0 (X 3

1 i



is given by 2
m+is, (so+ 1) (1-1/50)71 -fsyn

n < YI XI

Iterating this process, we have finally, by the definition of X and )

-
rn+%so(so+1)(1-1/so)n ~isyn -isyn
n(W) < (YOYI Ys-l) Xo "'XSI-I
, i s;
m+§so(s +1)(1—1/so)'1 -(1-6 )(k-Y)n
LYY, ...Y. ;) ¥ X
0] 51-1 o

whish is the desired result .
For &= plxl +ese+p x , Wewrite S(fa)i) =a, + di with rational
n'n

integers a; and - ; < di <3 (1<Lig n) and put

n n
d=d =3 . = = 2 .
(&) i=1a’ P, =( (&) izl d; p
=1 '
where d =[p ,....p ] and a=[0,, ..., 0 ]. We obtain
1 7 1 n
" -1
(15) E=d+¢ , d |a.

LEMMA 8 . We take a point ¢ = (x,,0000 %,) of S(t,, b,) which is

defined by the Farey division with respect to (1, b) . We obtain a pair ©, 3
-1
of Lemma 2 with 1|0 ,d | B,
: (i) . "=
Let g g be integers . ® (1< i< n) be positive real numbers

with (I)(m) = (m—r2 )

(rl +1gm<r + 12) and o, be a prime number of

P(R,C).

Let Z(g,®) be the number of prime numbers  of P (R, c) with the condi -

tions
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4

(1) (i)
:éyll»:q)l (1 <i<n)
/n (m)
1 gmééﬁl) " l“(m)l Reém <gm4~1 ”;i'mgnl—wz,)
p 1/n (m) (m) ’
& < 4P o m ¢ < gyt l (r+nytl<msm)
\
where )
é=é(§(w'—(uf))‘
Then we have
A (i) 1-k 9 1
Z(g,®) <« |N@)]| (1+1I (bo(blk u (R'a(x)] Sl
i(]l ic],

where ]1 is the set of the indices i (1 <i <n) with { OL‘(i) | < D~ *  and

Jo is the set of other indices .
Proof . Hilfssaiz 11 of Korner [4].

By the classification based upon the |"ar(-_y division with respect to ( t, bo),

we shall prove the Theorem 5 (Vinogradov [141]) .
Case l.  &EeS(t,h)N S(t b, ) .

By Hélder’s inequality we have

"o " § 1 1
IR(E)| =R | =] % S E(qpo &)
peQls; X)) weP (R, c)
2r
1% Bl Ery
weP peQ
ZrI
g s |3 Bt
w  H
(ro-l)n i " (1-0- Dn
(16) << R 2] X E(éw (p-p")| =R v,
o ppeQ
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where

2
s o 3 1
v=v(&) =3 |2 E(fwk(;l-;[')”
weP pp’eQ
- 3 Sl it 4, ot B
weP i, ol (o (py + +#,1 K K,
Wpee o by

For fixed integral x we put

(17) ><=#1+--‘-‘+#,1-uj-v--—#’,l p,p'eQ .
Let A(x) the number of solutions {;11,...,;1’1 / #1‘ ,,,,, #;1 ! of the

above equation (17), then we have .

V(&) =3 I Alx) E(o’ x)=3 A & E(éufx) .

13
Thus "
2 2 [ E
vicvl = | A(x) 2 E(So x) |
' 4}
2
L2 ) i k
<(S A (X)) ]2 E(éo" X))
X X o
(18) K 3 2 . Byl ok 1)
w.wo(l’ IﬁX‘M(XOk—I) o

Now we quote the well-known lemma ( Hilfssatz 8 of Korner [4]) .

LEMMA 9 . We have

" n-1 il
2 E(WEY < T Min(T, || LH )
I{AeM(T)

where (= é(tf) .



We apply this lemma to the inner sum of (18) we have

(k-3)(n-1) Bl -1
2 i 2 : k k
v <<K(u,wzo(P Xo Mm(Xo ,llg(w —-wo)t_f)H
(k- $)(n-1) k-3 P 2 3]
=KX, 2 3 Min(X, ,||[¢(o -0 )&V )
w, o o
(k-3)(n-1)
(19) =KX, 5 R(f,(uo) s
o
where

k-3 k k 2
R{,0)= % Min (X, ,||{(0 -0, )E)V] )
@

k-1 -1 E-1 -1
S ZMin(X, ||| )+Z Min(X, , ||| )
" b-(k-%) =
y i b-(k-1)
11X, g1 <X
k-3-b k-
b-(k-%) b-(k-1)
l1€l1>X, ¢l <x,
(20) =S55+5,.
By Lemma 3, we have
R-i-b  k-i-b k- 1-b
() 5, %8¢ x < X Sl
1 o o lOg R o
b-(k-%)
el>x,
We apply Lemma 8 with
b- (k- 3)
(i) :
(22) @ -X



to estimate S, . Let Z; be the number of all distinct integral n-tuples

If (e ]1 , then, by (22) and Lemma 8, we have ¢ l} <« 1. Hence we have
€Jp
(i) b-(k-3)
z,; < I 1 <« O (|« x )-1).
ie J; i€]y ie]z <

Thus, by these inequalities

k-1 k-3 b-(k-3%)
Sy = p X < XO ZI MaxZ(g,Xo )

b-(k-3) b-(k=3) I-n
by BT B, R )

k-1 e ;
< X, T|N@)] (1l }oc(')
l€]2

) -1
n« o™,

1612
k-%+e k-3 +¢€ b-(k-3%)n
<X, + X, (b, X, )
-1t b-(k-3) 1- ) _
XD oo x R")H(R\a(’)\l)
o l€]1 o O 1612
k-l . b-(k-1) b-(k-3%) i
LxT (\a")|x )1 X, ) (R 2@
o ie], o ie]; ie],
(23) :SII+SOI+SIO+SOO
We cansee easily
k-3+ € n k-1-3/4
(24) S]I = XO <« R XO e

Next we have
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- Rﬂ

(25) S,y =X, o h

, keibe (1=1/Q2\k) (k=1 +(n-Db)m+ €, k=i-b-in
=R X A R X
o (4]
(k> 4).
For the third sum, we have by the definition :
k-1+e€ b-(k-3) 1-k o fi) =1
ie ] : ic],
o <p? o)z 0%

If Ji £, weput # (]1) the number of elements of [ . Then we have

k-;+€ b-(k-13)
S0 = X, R I (h X R )
g 15]1 0 o0
" k=-t+e (b-(k-1) +(1-1/(2 \,'k))z(jl) el
<R X X
0 0
, k=i-in
(27) <R X,

If J =¢ . then we have

1
k-3 +€ (i) ~1 k—;+—(R” (i) 2]
S =X M (Rjae | )=X e )
0 0 ie], 0 ic],
n k-3ve -1 n k-ire ” k-1-(1-1/(2\k))b + €
<R X t < R X R <R X
0 0 0 0
L k-i- b
(28) < R XO.

inally we have for Soo

k-2+€ b-(k-3) n k-tve(b=(k-n  (k=(n-1)bi€) n-n
N X R
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k-3 +¢€ () b-(k- 3 b-(k-3) 1-k '
S =X M (e |X )11 (h X R ).11 (R|«a l )
00 “T#  deds o ie]; °° ie],
n k-i+e b-(k-%) n-lie b-(k-3)
<R X n x mn X )
o 1512 o i‘]] (7] o
" k-%-3in
(29) < R X
0
Thus from (23), (24), (25), (26), (27), (28) and (29)
2 (k-1 )(n-1)
Ve <KX (6 +S)
o ) 1 2
0
(k-Y(n-1) X k- =b
«< KX S (R X MEONN T
o w, 0 11 o lo oo
where
L k-i-tb
(30) 82 <<SOO+ SOI 7510+511 < R XO
Hence we have by (19), (20), (21) and (30)
2 (k-Yn-1) , k-1i-ib 20 (k= Yn-1b
(31) Vv <<KXO R XO < KR Xo

Now, by the definition of W we have

W=A + oo |
()FAI ‘ASI-I

where



4 ¢ X 1 i <
orboo oo B € Q(s], e (1<ig rI)

Hence K is the number of solutions of W =0 and then we can use the

result of Lemma 7 .

Therefore we have by (31)

2
V K (Y Y 4,
( o ] YSI—I)

.
13Dy s (s s D(=1/5 ) (1-8" ) (k=3)n 27 (k- 2In-1b
. X o 0 R X
o o
T
2nr0 2n (k—'z)5sln+%(SO+1)(1—I/SO) (1—551)(k— In-%1b

<<(YOY1...Y51) R X,

Thus, by (16)

r, (r ~1n (ro-l)n nr, .
|R(£)| < R V <R (oY ... Y P R

(k=) 8 st (s s D(1=1/5,) (1-8"1) (k= 1n- 1b)

X
o

nr, TP

< (Yo"'Ysl-IR) X,

Fina"y we have

: n , P
RIEI(Y, Y)Yy R X = @'Xg

where
Q =Y, ¥ Yy 1R

and

o T 51
p - ——:—((k-%) 8 meilsy+D(1-1/s,) (1-8 ) (k=Dn-1b).

]
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Case2. EeS(h) N B}/(to'bo) of some y.

By the definition of By (t,,h,) there is for some y, with Y=Y a2

n
}/O«)a,N(a)gto and

n-1 sl
(32) bollf—yoll <ty N(a)
: b 1-f ‘
From &€ S(t,h) and tO=R <t=X, (1<fg4)y
we have
-1 1/
(33) NE-y | > b Na.
o
and then we have
r n(r ~1)
(34) R(E) T <« R T V)
where
k
VIE) =3 A(x) S E(afx) = 3 TAKX) X E(€w X)
X %) omod a X )
()’O—» a) w=0(moda)
(35) = X Vie, &) ,
o mod a
Hence " ;i .
Ve, 6] =2 Ax) X E(éw Xx) |
X

W
Q)EU(”IOd a)

2

8 k ’ -k
S A E(xoy,) X E(xoe ¥) |
X w

w=0(mod a)

where E=y + ¥ .
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Therefore we have from 8 and Schwarz’s inequality

2 2
k
Ve, &) <IS|AX)E(xay)| S Elxofy) |1
Nl X (0] (6]
w =0 (mod a)
2 B4 s
< 2 A(x) 3 S E(xo V)|
i X w,0, (0] ket
w:;wo;,a(moda)]]xli<x()-2
(n-1)(k- 1) N =3 E o -1
<KX p> ( = Min(X, [[{(lo-w)] )
0 © © (o] o\
o
wo::o(moda)wzwo(moda)
(n-1) (k-3%) .
(36) = K X b R* (€' ),
0 © o
0
(uoza(moda)
Wh(*,re
) -1
ﬂ k-2 ko k.
(37) R*( ¢, 0,) = S Min(X, [ CWlo - )] ).

)
wzmo(mod a)

Now, from (32) and (4) we have

k k | « / k_ k |
| S w -wo)rj)|<<l5(f-)o)(w wo)fj) ,

-1 n-1 -1 k&
< b tn Na R :I/Na 5> 0(X «»oc)
o 0 (o]

From this result and (15) and the conditions of © , we have

k k
(38) wlel -0, )= &

Let be Pl = I; (R, c) the set of all prime numbers in P(R,c) with the

conditions
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W= mod a

0 (e 1/n
Min |0 - o )izN(a)

and let be P, = P, (R,c) the set all prime numbers © in P with 0 =0,

mod a ,(ué’Pl

Let PI'(R.C) be the number of elements of the set  P; and let B*(R,c)
be the number of elements of the set P, = P - B . Before the estimations of
Pl* (R,c) and PZ* (R, c) we shall describe a lemma by Mitsui [6] .

LEMMA 10. Let | be a fractional or integral ideal. We take positive num-
bers Al'Az""’An such that A,, = A (nJ+ L<pc<n, +n2) and OLP.

b b
ﬁ[) (n1+1§p < nITnZ) such that

Bp<\xp§2ﬂ+ﬂp (nl+1§p§n tmy ).

1

We denote by n(f A, %, B) the number of the elements v of [ satisfying

the conditions

0 <p ¥ =4 1
<v A {I < .g4% g )
(p)
|l'p]§ Ap (nltlgpén +n2)
(p)
ﬁp< Arg v? = %y
Then we hape
y n ny+np
n(f,A,0,B)= ——-—- A, 1 (@, -8,)
DN(f)j=1 ]/’_Ulrl »p Tp
n-1
O (e
v L



where 1/n 1/n

A, =Max(N(f) -, (A;A,...A) ).

Now, If o, € PI then we have by the restriction on o (4)
(39) | @ -wol > cR |w —-wol | / log R (151'; n)
If we PI , we have from this relations and (33)
[14:1:_1 k k % koo -1 ko k-1
el = 11K W o, M = Yo ~og) | :il(f-)’o)(w —w, )|
-1/n 1-k +e€ 1/n k-1-f 1-k+ie
(40) € hNa R Na « X, R
By this inequality and Lemma 10 we have
(41) P*R,c) < R"/ N a
and
n-1+b -1
(42) PZ‘(R,C) < R Na
From (36), (37), (40), (41) and (42), we have
k-3 -1 ) k-3
R*(£,0 )= s Min(x, L|I¢]] )« 2 X R
o w 9 weP 2
wzwo(m()da) 2
k-1 1=k k-1 1-% k-1 n-1+b
O TR e T R R et XTI N
wePr»2 ¢ 5
1

n k_;-b 1 /"5+b I—k+€ b b-1
X (X R

=R o ‘-ﬁ;— 0 + X() R )
n 1 k-1-b by f-3-(1-1/(2JVE) ) (1-k) + €
<« R'_1_x (X
Na o ]
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k-1 -b(xh 1-1-(1-1/(2\E)) (k=1) +€

be(b-1)(1-1/(2\JE)  n
+ XO ) <<R —N—a— 0 0
b-(1-b) (1-1/(2\/%)) n g k-1-b  1-2(1-1/3) 2b—1-(1-b)/(2\/9')-
‘XO )<<R —V:' o (XO +XO )
n ; k-3-b-1/30
(43) <R e X,

Thus by (36), (43), we obtain

(n-1)(k-% --;-b—1/30
" ) s w"_1_xk o

V(o,&) < K X
< @ N * 0
‘UOEU(a)
2n (k- 1)n-b-1/30
« KR L x,
N o?
LYY Y )ro R)Z” e n-b-1/30
7] 1 e SI_I _l;—;z 0

s, + D(1-1/s ) (18" (k-pn- (k=D (1-8"1 )
X
(]
(44) (o y...v. er)” _1
o I... 51_1/ —ﬁ_a?—
_51 [ SI
(k-%) O n+‘z(so+1)(1-1/so) (1-8 ") (k-1)n-b-1/30

. X
o

l“inally we have, by (34), (35) and (44)

r 71(7‘0—1) n(ro-l)

R « R V() <« R S Ve, §)

o moda

n(ro-l) e » p
<R Na ((Y0Y1"‘Y51-
N

s I
L((k-Y n+;-(so+1)(1_1/so)’(1_a ) (k-3)n-b-1/30) )

X
o
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Therefore
n
RE) < (¥ ¥y ... ¥yt R)

T s
75, (k- 1) 8" v i (sy+ 1) (1-1/5,) (1-8" 1) (k=1)n-b-1/30)

XO 7 >
S8 n =45+ 1)(1-1/ ) (18 WhrDn-3d)

(Y W
<Oy...¥ R X,

so the proof of Theorem 5 is completed.

§ 4. Proof of the main theorem .

, " p——e
Let v be a totally positive integer in J; . We write A= VN(v) . If we
k

take a totally positive unit € and A(0 <A <) appropriately, and put w=vE,

then we can make

c1A cHA
R A 3, ook (1<tgn, )
A""2 A™"2 5
¢
(45) nIA ' (m) nZA ( L )
L clA TV A c2A nprl<m<n +m,

where ¢, c

1 are constants chosen suitably. It should be noticed that < and

2
¢, can be taken independently of A.

We use the following notations :

so = L[4 log k)
(46) s;= (2666 + log(n” + D]

$, =m [ k logk + 3 loglogk + (2 logn + loglogn + 4 ) ]
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A Uk 1/k

CZ - » C2A
L (“2_17_) i , where T’ = o
A A
n
1
clA A
4s o 2(2c3) Sl
xo il v P !
(71 =p
Let
(48) p = k
@ l() ~ 01 - 0'2 - Lo
where

al,azeQ(sz,T), wcP(R,cj). ;teQ(sI,XO).

Then, by (45), (46), and (47), we have

s X, <3 &
(I1<i<m
n, A
<3 Cl A
Moreover we have
(f) c
(49) | < __zié__
®2
2
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" and

2n
2
(?) A ) 2-A c
o) 1o 4GSR LR L L dise 4] Sl
I 2n 1 20
A2n2 2A 2 A 2
e R 08 ",
l:inally we have
(m) e -k &k _k p_ kU1-1/(2\E))
(51) |® ]<c1A A+252T 4.2 Slxo °3 X,
| 1 . k F*
< CZA A+ ( sz+(2c3) sl)
= (c +LC)An1A
g 273
and
n n n

We define the following trigonometrical sums :

4

k
L(&)= 3 E(A &),

AeQ(T)
(53) { it > E(u, §)
quQO(Sz,T)
L R(§) = X ; E(po)
ucQ(SI,XO) u):‘u"\’R.Cj)

where

Sl>4nk+1.



Now we divide ihe integral

4nky 1 D mel k
[ L (EYV(EYR(E) E(-ve &)dx

U

into iwo parts by the Farey division By(t,b) and S(t,h)

. 4nk+1 2 k
= 2 L (EYV(E)R(EVE (-ve &) dx
yel' =g .

Y
4nk+l 2 k

’ .[L(E) VIO REVE v &) dx

S

k-l f I-f ‘
where b = X , B X (f=1%).

By the definition of L,V , R, (48) and (53), we have

4nk+ 1 . 2 k
(5¢) 2 [ L (EYV (EYR(EE(-ve &) dx
yel’ B
Y
4nk+ 1
=% [ L&) S E(-0¢&) dx
yel' g [0
)/
ink-1
=2 B[ & (E)E(-¢ &) dx.
Py B

k
Here we put p =@/ T , then we have by (49), (50), (51), (52) and (48)

0 < E_fL AL T(F) / Tk < ,,;?_ﬁ‘_.k < 1
C n
i
i
| (m) (cr+icp) A A s
m e e e T 1 & ;
| 2’22 (1+2c1/c2)A (nlrlinlénl+;12).
(CZA/A )
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Hence by Theorem 2
1(1-s) 1 ”1+712
2 g ( )
TRV RS W N T
e=1 m=n +1
1
with
() T 1+1/k) (ﬂ(ﬂ)s/k—l

F(u E e ) > <
T'(s/k)

Hi™) > o) > ¢ KA 0).

Hence, if we take A sufficiently small, then

(55) ](u)>c5>0.

It follows, from (54), (55) and Theorem 1, that

4nk+ 1

2 k o
Re = [ L&) V(E) RIEVE(-ve £)dx >cQ, (s, T)Q'1

yell
B
Y

for sufficiently large T .

Furthermore we have

4nk-1) 5 &
Fif k(&) VIEYR(EVE(-ve &) dx

4nk+1 2
< Sup |L(£)] [R&)] [ V(&) dx
(xl,...,xn)cS U

4nk+1 Fers 5
= Sup | L(&) |R(&) | QO(Sz'T)

(xl" (£ ,x”)fs

(s-k)n



§ ns
Now we have to use Theorem 5 and trivial estimation |1 ()] < T .From

these results, we have

sn, p sno P -7zk+nk(1-1//e)p
[T Q) (s, T)Q" Xy <T Qp(spTIQ X, Qp (s, T)T
A}

(s=k)n_ = 2 prrrz/e(l-l//e)p
(56) KT Q,(s,, 7)) Q' X,
where
f =1 52/n It
Thus finally we have
(s-k)n 2 o
(57) [ <T (Qy(s,T)) Q' X,
A
where
1 S] T S1
O S e ((k-1) +5(52+1)(1—1/s ) (1-8 )(k=i)-ib/n)n
2r %
s 0

4
+ 2nk (1-1/k)
We have used the following Tatuzawa’s Lemma [10 ] to give (56) .

LEMMA 11.  Let Q _(T) denote the set of integers p of K which can be

expressed in the form

p =0

k k
s P 6™
where o, (1 <7< s) isa tqtally non-negative integer of K with llo |l £ T.

Let Q; (T) be the number of integers belonging to Qs (T), then,



. wk(1- (1-1/k) )
Q;(T) > T

where L=[s/n] .

If we can prove

G D= C i et >0

in (57), then we have from (56) and (57)

f=fLS(‘f) Vz(f)R(f)E(-Vckf)dx > 0,
v, U

where N(v)> c.

This means : there exist total non-negative integers /\]. (1£jss)

aj(1§i§2$2) and r],(1§j§ SI) such that

2s s
k Sk I &
Vf=E/\+.20k+Zr,
j=11 ji=1 7 j=17
with
n 1/k
( N(A)LT =c_N(v)
1 &= 7
- 1/k
< N(o,) < Tn=cN(u)
g 8
n n n 1-1/(2 \/T) n 1/k
L N() S X R =X (X, J g i) .
Let

2
logk + log(s(n + 1))
- log(1-s,/(k=1%))

Since g [ 1 logk1 and well known inequalities



Then, we have, by (58) and R g™ [ :logk 1 .

D_ < (logk + loglogh + log (ml+ D+ 1.5 )s,

2 logk
< (logk + loglogk + log (n +1) + 2) 5

Hence, we have

logk + loglogk + log (n? + 1) + 4

(60) 7> Dr =
- log (1- 1/’50)
where
logk
(61) 7 > [logk + loglogk + log(112+1) v 2),925_ 14
Finally we have from (60)
sk logk (1-1/s,) < N P
8(n%-1)

Thus by this inequality

S
s, + D (I - 1/5,))7(1-3 Hw-1)

(62) < 1 klogk (1- 1/s,) < .81 #_241_4_
n +1
Hence we have by (59) and (62)
b —2
(63) g’ =1t0<—— s nk(l1-1/k) 7
16 r
0
We put
3
(64) rt2r0:2[210gn (logk )" 1
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Then we have by the definition of (61)

so(so+ 1)+rso

2 2
< 1logk(logk+ 1+ (logk) + t logkloglogk+ } log(n + 1) logk+ logk )
2 2
< tlogk( (logk) + (tlog(n“+ 1)+ 3/2)logk + 1)
2
< 2logn (logk)

<2rO :

Let 2
& logk + 3 loglogk + log (32 (n” + 1)) + loglogn
o :
- log (1-1/k)

Then we have by (58) and the definition of S)

D, < k (logk + 3loglogk + 2logn + loglogn + 4) - 1

hence we obtain

s
[———2—] > k (logk + 3 loglogk + 2logn + loglogn - 4 )
-

and

s

2

[7—] 1
(65) (1-1/k) < L !
32(n2+ 1) logn Ielog3k
We have by (64)
b 1

(66) o i
321, 322+ 1) logn klog’k
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(58) P I T N ——. S < p 0<1/p < 1),

-log (1-1/p)
we have
2 k-1
Dl <(logk+ log 8(n +1))) ————
So
2 k
<(logk -2+ 1log (8 (n +1)) —————-
1 logk-1
<2k (1 - log8 e (n?r 1))
log k-2
<2k (1+ log (n®+ 1)+ 4.079 ... )
2
< 2k(6+ log(n"+ 1))
< SI
where

sl=[2k(6+log(n2+l))]+1-

Thus we have

logk + log (8 (n2+ 1))

SI > D] =
log (1-s,/(k-2))

and we have

s

1

(59) (k-3)8 < ____15_;__ .
8(n“ + 1)
Next, let
D = log‘k+ loglogk + log (n2+ 1) + log 4

~log (1 - 1/s,)
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By (65) and (66)

[sz/n],
(1-1/k) <— £
. 32(n" +1) logn k log3k
and
[51 /n)
(67) (1- 1/k ) - Ao o
327,
Thus we have by (63) and (67)
5 [52 /n ] 5
o' =%t0< ————+nk(1-1/k) L =l <0
167, 32 T
Hence we have [0, F‘ina”y we have

U

GK(k) < s+ s+ 252

dnk +1+ 2k (6+log P+ 1))

A

+ 2nk (logk + 3loglogk + (2logn + loglogn + 4 ) )

IA

2nklogk + 6kloglogk
+ 2(logn + nloglogn + 2 logn 14) k + 1 .

Our Main Theorem follows from this result.
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