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ABSTRACT

We show how the conventionol realization of the statisti-

cal mechanics of quantu';; and classical 'systems can be adap-

ted to obtain a; realization in terms of C*.algebras. The latter

provides a unified algebraic method for the analysis of ergo-

dic problems. In porticul or, we di s c u s s symmetry groups, ergo-

dic states, and the Kolmogorov entropy in the algebr~ic forh

mali sm.

RESUMEN

Mostromos coma las' reolizaciones convencianales de 10

me c cn ic o e s t o di s ti c c de los sistemos cuon t ico s y cl o s i co s

pueden ser adoptados para abtener uno re o l i z oc io n en t errni-

*nos de C .algebras. La ultimo do un me to do unificada y alge-

braico para el cn cl i s i s de los problemas ergodicos. En part i-

cul or, di s cu t i rno s grupos de simetria, estados er qo di co s, y 10

entrop,a de Kalmogorav dentro del farmalismo algebraico.

§1. Introduction. We assume that the reader is acquaintcd with thc e lcmcnt ary

facts about c' -algehras and Von Neumann algebras [11. We drscuss SOIll!' of
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these heft' in order to establish notational conventions. A Banach * - algebra a
is a C'-algebra if it satisfies II T T'II = II T 11

2 for each T fa. A c' - al~(~ -

bra a is a von Neumann ,algebra if there ex is ts a Banach space X such that

the dual of X i's Cf. The obvious example of a von Neumann algebra is ~(H).

the set of bounde d 0l)erators on a Hilbert space H. There are many others.

A state on a C'-algebra a is a positive, continuous, linear functional p of

norm 1. We denote the"et of states hy E. We say that p f E is pure if it can-

nol be written in the form A p + (1- A) p
1 2

Let TT be a function from a into ~(H) wh ich is amorphism of '-algehras,

where H is some Hilbert space. The continuity of such a map is automatic : in

Iac t, IITT(T)II::::IITII forall Tin a. Such a TT is called a representation

of a., It is cyclic if there e x isj s a vector n in J{ such that ITT(T) n : T e al

is dense in J{. In t h is case, n is called a cye l ic vector. A subspace M in J{

(a closed linear manifold) is invariant for the representation TT if ITT(TJ<!>: TfCf,

<!>e 1\1 I is contained in 1\1. TT is irreducible if its only invariant subspaces are

The GNS construe-lion [21 states rhat for every p f E there is a un ique II il-

hert space H (np to isometrics) and a cyclic representation
p

:J3 (Hp) with cyclic vector flp such that

in

(1)

Moreover, p is pure if, and only if, TT P is irreducible.

§ 2. Realization of classical systems in terms of C'-algebras. '\n advanr-
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•
age of the C -algehra re a l iz at im, of statistical me ch an io s is IIlal it provides

unified rrc are ment of classical and quuu tum systems which ill turn a l low-, all

a

comparison between the two. :\s we will "';1'1', IIlc C'-algchra I'or a quuut um

tem almost never is abelian, wh ere as a c lase ic a l system Itas all alnl iau C*-algl'-

bra.

For classical systems [:3] , lc t (q.P) be a system of coord in ar e s for o~2n

(or, more generally, a Coo-manifold). Let H(q.!'J he a C""-fulIl'tion. Tlte equa-

tions

(2)

are Hamilton's equations and define a one-parameter grollp I Vt I of diffeomor-

pit isms of m2n. Since

_I _(J (_~.II ) = a
Jp. a «.t t

the diffeomorphiems conserve the measure dqdp. Tlte s.ame fUIH't iuu 11 is a

first integral 01'(2), since _1)L = o. Titus Ht q.p) ='E de iine s a COv-mani-
dt

fold X. We define a measure 011 X by

dv

I grad II I

where dv is the volume element in X induced bv the l.eIJl'sglw measure 01' IR
L/?

A is called the Liouville measure. Since ,\ ( V /~) = ,\ ( ~) for car-h Bore I set

~ in X. ,\ is invariant with respect 10 the dil'l'l'omorpltism ... VI .

Since we arc eonsidering s ta us t ic a l me chau ir-s , it is narura l 10 I'onsi(lcr Ihe

case where n is large (say 1023). III litis case we call on ly gi\'l' tlte rrohahi-

l ity that the classical systems starts out ill a ccrt a in po iu t of X "hell t = o.

1!J L



I' i,<;aL::,olult'ly rou t iu uuue- and rt'1!lllar [,11 wirh ro sprc t 10 '\. In t h i-. cu-«: I\{'

also have /1 (Vt A )'- Il (I'.,) • Thus we call talk ahout a set of pruhahilily mt'a"u-

res in var iun t with f('s(lccl to the group 1 Vt!' -Each Il dc term in es a stare of t lu-

c l ass ic a l syslt'm.

We now cou vc rt IItt'SI' ideas 10 the C· -algchra formalism. If X is not compacl,

""leI X he the onc-po in r c ompnc t il'ic at ion of X [51. If X is com pac t , let ,X = X,

(X usually i,o;compacl, all important [ar-t for man)' arguments in c las s ic a l slali"li-

ca l mec han ics , ) LCI G be the ('·-algehra of all conlinuons Iunct ious / from

X intu (;. The s tut es of (f are in ouc-tu-one currespondence with lite prohab i-

lity measures by means uf the Iorm ul a

(5)

(This is just Hiesz' theorem.) In part ic ulur [or till' (;NS construction, Jip=5':2(/Lp),
?

T7 P / -~ 7/ ( :J3 (1.' - ( IIp)) wher« (T /<1»( (-) = /( (-) <1J ((-), and D
p

is the Iunc-

lion idr-nt ica l lv r quu l 10 I

-,

§ 3. Re al izat iou 0/ qu ant um systems ill terms 0/ C·-algebras. TI1<' convcu-

t ion a] realizalion or uon-re lativlst ic quantum mechanics can be found in many elc-

men ta 1)1 texts [61. Onc IJegin8 I~ ith the notion of a state uf a quantum system and

o hser va lrl es for 'he system. A state is a normalized ve c tnr IJI in a :separahle

IIilhertspace H Tlte oh-scrvab les are self-adjoinl operalors A defined on den-

s e domains of J( The ,'x\I"clation valne of A for flIP ,';(ate Ijl is dd'ined hv

< A .. 'I' > = (A IJI , IjI ). The e'p('elatiun values arc possible results of cxpt'rimcnls

performed on the quantum "'ystclII aud represent all Ihal we can know ahoul rhe
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";y,,,II'III. Olf(' note .., thai ~I i....not d('tlTllliu('d un iquclv , ",il1f'(, e iry II! f"lr rr-a ]. t(

de term iue s the s amr- ('·\pl·t:taliun va lur- . 011(' <o lut ion 10 t h is pruhh'm iF; I" idr n t i-

fy ihr- <uu c \\ it h lhe ",('alar mull iple'" of 1\1 , \\ h ich i....eall.·d a ray, aud is a OUI'-

dimensional suLs.nace. 'I'll(' nrOj'I'CII'UII II' 011 I' I 1"" I us SU Jspacl' is 1 ('filiI''' loy 11'<1) ~

Thus we > 'I 1'1' I ., I(all 1\ I'll I Y I It' s t ate \\'111 a oue-r inu-u-sion a l projcct ion .

Observe that

11'> 0, Tr(W) (6)

line an operator is positive, wr ittr-u A> 0, if (A <1>, <1» > 0 for each <\J in

the domain of A,' If Z < II' says that If - W2 is positive or equal 10 0,' and

Tr(A) = SOC (<lJ if.A 11' '¥n )
11=1

(where I $171 is a compl ere orthonormal set), assllming that th e SUIII is we ll-defi-

ncd. -If we as,sumelhat (6) defines \\'hal we mean by s t at e , we have the stal,isti-

cal point of vle w, A one-dimensional proje ct iun is then a pure srar« (11'2 '- II' ),

whereas a general II' that satis l'ie s (6) w it h 11'2 < II' is a mixed s ta t e,

Thus we have the conven t iona] realization of non-re la t ivis tic quaut um mech a-

nics: the stales are self-adjoint .operators II' which satisfy (6); ihc ohserva-

ble s are self-adjoint opcrator s. \II is usually called the density matrix.

We have yet to extend the notion of expectation value ro the s tat is t ica l case.

This we do as follows: the spectral theorem [71 says that to each sell'-adjoint

operator A there corresponds a uu ique spectral measure E A dl'filll'd UI1 the (J--

algebra of Borel sets in 1R. Moreuver

(8)

- 00
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"l.('I'(' E/\ '" E.\ ( -J -C>J,.\ J). '1'111' inlcgrals in (8) havr- the fullo\\illg siroll!!

convcrjrtnc r- inu-rprc uu inn

d (1:.\ cfJ , cfJ ) ('Ja)

(A<P,cfJ) (9b)

where cfJ is ill 1!lI' domain of ;\, (Here I~<l>(~) = (EA (~) <l>, <I» is an ord in a >

ry I\Il'a"'III'I'.)

I ,('I \II 111' a s rru e , A an ohs ervab lc. WI' rle line t he trace of WA hy

Tr (W A) r x d Tr (III E.\ ) (JO)

11err- Tr ( WE.\) is \\T lI-rlP/'i IIl'd s ince \~r- can use the formula (7) . For a pure

s iate , i,«, a onr--rl imr-u s ion al projection W unto the suhspace generated by ':II.

we have from (10) that

Tr(WA) (A 1jJ, 1-1' \ = < A .. Ip > ( 11)

Thus it is natural to define

prAY = Tr (WA) (12)

a IS' the expectation value of A for the state W. This is in fact the definition

used in quantum statistical mechanics. (Unfortunately from the mathematician's

point of view, most elementary texts in quantum mechanics do not consider the

problem of defining Tr(W A) we ll. [6 d] is an exception.)

According to (10), we have

P CXA+{3B) CXp(A)+{3p(B) (13)
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for any pair of ob sr-rv a hlr-« A. IJ and a nv pair CI.., fJ of "ompll',( 1I111111'l'rs. III

a dd ition ,

p (A) <,_ U if A., 0 ( /.4)

.lhus P is a linear, positive [uuctioua l on rho obscnal.!es. W,· 110\\ wau t 10,00;110\\

how this p can be redefined so t ha t it is a state on a cc rtni n C* -algl'I>ra.

Let CCJ= I E A(t.) I whcrr- A is an ohsr-rv ahle and il i,'" a !lorl'\ SCi in IR.

All possible experimental e xpertmcnt al information about the ",ystem is c ont.aiur-rl

ill 0 . Let (f be the von NellJllann algehra generaterl by (C1, i.r , till' douhl«

commutator of lCJ. C:t contains all the boundr-d self-adjoint 0l't'ralors of :J1 (J()

which are ohservable s. a set which we denote by C:i'b' The restrict ion of () 10

db (which we continue to denote by p) is a positive linear functional on (f b .

We extend p to (f by defining

(15)

where T l ' T 2 are self-adjoint operators defined by

T + y*

2
T-T
2 i

(16)

We then have that

slIpl Ip (T) I T e (f , II Y II 1 I = p (I) = 1 (17)

i.e, lip II = 1. Thus P ,is a positive, continuous, linear functional of norm Ion

Ci'. Heciprocally, a positive, continuous, linear functional of norm 1 011 a has

the form

p(T)=Tr(WT), Tfah
(18)

which can then he extended to all ol>servahles. This means iha t "t' can identify
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states on Ct with the states of the quantum system. The c onc l us iun is thai

we do not lose any information if we usc the realization of non-re l at ivis t ic quan-

t um rucch an ic s in t erms of C· -algr hrae.

As wr- mr-n t ion ed before, the obvious example of a C· -algebra is :J3(J{)

which is cr-rt a iu ly a pos s ib il it y for C1' in our r-asc , But in geucral C1':i:J3(}{)

ln Nalure there arc su perse le c t ion rules which restrict C1' . For example, one

usua l ly considr-rs the proton and the neutron as two orthogonal states of the same

particle , the nuc le on , but no une has ever seen a linear comhination of these

stales. Thus the a ...,sociated olrservab lc , the isospin of the nucleun, commutes

with all the operators in t), i,e , the single commut arur of t) is larger than «t.

which tells us that C1', the double cornmut ator of t), cannot be equal to ~j(}{).

As for thc (;NS con s truct ion , we can givc 7T explicitly it' p is pure. Ifp

peT) = 1r(W1) forall T(cth. where Wcfl=(cfl, '!I) \I' with II\!'II =1, then

peT) = (T'I' ,'I') (19 )

In Ihis ase]{p = J( . 7T (T) = T •
(J

and Qp= 'I' satisfy the conditions of the

theorem. The advantage of the CoNSconstruction only exists when we wa nt to

consider mixed stales. II' p is a mixed state, the GNS construction statc s that

Ihere is a project ion P on :J3 (}{p) thaI has the form P $ =($,0 ) 0p p so that

(20)

with 7T (IV) = P. Of course, J{ Ie]{ In this ease. The proof uf the GNS cons-p . p

truction shows that rhe reduction uf W to a Simple one-dimensional projection

is made at the cost of a reduction of J{.

§ 4. Symmetries and ergodic states. As an example uf the use of the C· -al-
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gehra [ormul is m, Ir-I "'" c ons ider the npl ion of "'\'111111('trl'l'SI'," , Ir. '.. H glllllll1g \-VII I pure-

states in the con vc nt ioua l rea l izut ion uf quan tum mr chu nics '\'0 'J I I'. ' ".,.m<) (pinpa,..;v-

mmetr)' as a one-to-one eorrc sponrlr-nc r- a hr-tvvec n rays "'hieh cou so rvc IIIl' Iran-

s it iun prob ab.i l it ic s. If w e identify .'ach ruv with a one-dimensional projection P¢

un the suhspacr- gencrated hy a norm al ized vector <}) in the ray, the tran s it ion

probability ro go from PIjJ lu 1"<)) is

?

P¢ (PIjJ) =1 ( <}) , IfI ) ! - (27 )

a
I.'rom Ih is wr: see that t"0 !'uss ih '" \\ av."; 10 rea I iz c slleh an a, arc I" I". IjJ --> V \11

where (V<}), LJIjJ) = (¢, \II), or (V <IJ, LJ\lI) = (<IJ ,1jJ), Wigner's theorem a.<;-

sures us th at these are the only pos s ib il ir ic s [81• II' we translate this resuh

into the C~algebra realization of qllantllm mechanics, "I.' scr- that a symmetry a

is an automorphism or ant iautruuo rph is m of the C'-algehra (j' (either rx(S T)=

a(S)Ci(T) or a(ST) = Ci(T)C((S),while a islinparand *-presen'inginhoth

cases).

We now restrict our attention to symmetries wher e (U <1.>, VIjJ) = (<IJ. \IJ ) , i .• -,

unitary symme trte s. The corresponding C( is then an automorphism of a , i,e, an

element of Aut((f). The latter is a group, wh ich allows us 10 make the conuec-

tion with symmetry groups. The action of a symmetry grolll' ~ on rhe quantum

system is determ ined by a group morphism a: ~ --> Alit ((1) a is calii'd the.
action of «) on (f; and Ci T will denote the imaue of T under a particular~ g e

automorphism a
g

, There have he en proposed many definitions of r-onunu ity for

Ci in the case that ~ is a topological gronp. The mo.st physical ddinitilln an,1

the easiest to apply is that g ... Ci T is a continllons functioll for all "1'( a
g

[9].
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.
(.' -aigd.ra rormalism aiels u,:, no" in t hr- dis('u,",,.,ioll "f s\ 111-

mct ri es , ",('sa\ f)1 F! i,<; g-invarialll if P\Lt,(.'T) cc peT) 1'01' all gfl:j .r, ('[,

II' lip. Tl
f
), 0..p an' till' lIill'l'r! s pacc r-vc l ic rc prc sent ation , anl( ryc l ir- \(·(·tor,.

respecti\'('!y, o hta iu ed from the (;i\JS cous truc t iuu fur the :9-i_invariaut s t ar e p ,

there i';i a un ique uuitary representation Up(g) of ~ in (jj(.H
p

) such Ihat

(22 a)

(22b)

Moreover U (g) is a strongly-continuous unital') representation ofp
if

g, -4 ry Ts
[9,101, and shows

is oou t iu uous for all T ( (f. This res ul t is known as Sq;al's iheorr-m

how unit ary representations come almost for free in the C'-

ulgebra formalism.

;\ partic ul nr ly important symlll(·tr)' group for a quantum ,-.;y"'tt'J1Jj", its tlynami-

cal gronp. '('hi'" i'" th« ouc-purume tcr group of unitary operalOrs 1 v, I, where

v, co exp i > iJJ t ) , I! being the energy opr-ra tor or Hamiltonian. The ar-t io n on

a is ii, = t~JT V, whe rr- I\C have used t lie so-('allt'el Hei';il'nberg p ict urc for

the time dove lopm cnt , Since IV c-ons t an t in Ihe J-1t'isenhl'fg p ir-t ure , p ((i, T )

P (7') for every '[' in Cf. Thus every stale is an invariant "late fur Iv, I .

. We now tum to classieal systems. If 0: is L1waction of a symmctry group ~ such

that s ....(Xi is continuous" then O:g defined h)' o:~(p}(j) = f/(Ciil)) is a homeomor-

phism of the space X. Tht: invariance of p is equi\'alent to the invariance or /lp with

respect til dlesl' honwomorphislIls. Again a particularly imporlant symmetry group

is \ V,l, the dynamical gronp of tile e1assical system, and every slate is invariant with

respect to th ilS gronp.

The study of invaf'iant IIlC'aSlIr,··s I\ilh reSpl'I't to tilt' aclion of it ('erlain 1"\,111-
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1111'11'\ llTuul' r"I'I"I''''cul.-- I'i11'1 01' ('r;c,,:lic II",,,,, III "liI.--__il·,,1 cr!!odi" Iheory one ('011-

",i·d"rs Iran.sful'llI'lIioll'" Tg !!"'III'I"III'd 1,-, II,,· acli,," til' 11)(' f!rtlllp 011 a mea x ure

.--pacc IX, 1)(). If ,,,. h a v r- a I'r,.hal'ilil\ 111(',1."111"(' /1 defilled 0" 'm , H hij<'Clioll

T g is an a utomor ph isru of 1Ill' proIJill>ilil\ '--I'ac,· IX. 1m /1) il' "-g ccnxervcs

/1 ( Tg 11\ )) ~ 11 ( L\ ) 123 )

implies that

e ith er 11(1\) = 0 or /1(1'1) = 1

For a c l'a ss ica l s'yste m, a state p is invariant if, and on lv if, each (j' iss
an a utomorph is m ofthe probability span' (X. Gurel sets, pp)' and p is iu-

variant and pnre if, and only if, I1p is ergodic with respect to g. From these

re sult s we can obru in the logir·al ex ens ion of ergodicily to quantum systellls

if a is the C*-algebra of a qua ntu m syslem, p is an ergodic st at« with re,,-

peel to g if P is pure and invarianl [101 .

§ 5. The Ko lmogorou e ntrop y. Lei us analyze lhe classical SySh:1I1

1II0rc time. We no t e that lI\f' bn.sir 'Jbjcct is fhf' functional

unp

(24)

For ear-h proje ctlon P iu 7Tp (a) rh ere j", a IlIca"'uralde sel t\ (unique, 1110-

dulo sets of measure zero) such that

(25)

where CI'i is the charar-trr is t ic function of 1\. If \\C pili r(JJ)

we see that

Ill'!



(26)

=(PQ (")
P' Up

Hlld w e rrt urn 10 (24) for projections. This suggests that in the non-abelian ease

we may use

r (P) = (P Qp' Qp ) (27)

asa 'subs t itute for a probability measure. Further justification is contained in

the Fo l low iu g properties:

a) 0Sr(P}.:::;1

11) 1(0}=0 r il )

e) r(2. Pn) ='i.r(Pn} for each countable sel l Pn 1 of mutu alj y orthu-

gonal projections.

Even more [us ti lic a t io n 01' the use of r as a probability measure comes from

non-com mutative inlegralion theory. I. E. Segal [111 has developed the concept

of an int.egral which corresponds to a linear functional
•

5 on a C -alge bra in

t he case that 5 satisfies a), b), c), and

d)
-1

s(UPU }=s(P}

for each projection P and each unitary operator U. Our r does not satisfy

d) ; in s te ad it s at is l'ies

d') r(U (g}PU (g}-1 )=r(P}
p p
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Thl' prold"11i he-rr- i ... iha: th(' uu i t arv :!r(llll) .. I' ((1:;))' I
~ ITP IS 1101 II (,{,(,SS'l ri \ COli ta i-

lied in I Up (g) : g f ~ I. I' I"; I I . I I I I' II
,J >II, {'sa a so uu ror ucr-r Ill' 0 oWilli,; ('OIH"'pl : 0111'

r i.'" absollltC'ly cou t in uuus w il h 1'(''''p('CI 10 all s "hich ...alisl'ie ....a), II), d, dl.

lisl'iC's rt P} r- s(TP), TI,,' ncc.: ....s arv aud ...ullic u-n t con d it iun i.s·lhal 1'(J')c 0

for all IllI' proj,'ctions P 1'01' "II icll st P} =c O. II's pussihk dial such an s could

be dc term iucd by T in our ca sr-, '1'111'conru-ct iun 1H'lw"Cn our T and ~cgal's 1I0n-

comm ut at iv e iUIC'gralion ihe ory is "'lill an unso lvc d pruhl cm , 11111 iu any cas,' t lr i s

counectiou doe s not appear 10 bf' uf'cessary fur onr slurly of crg-o(lic problems. II

wou l d sC'em that we can discuss Ihe,.;e problems completely within the algebraic

co nt cxt ,

As an example, WI' def in e t he Kohnogorov cnlropy algebraically. lu 1951:1 Kol-

mogoro\ iutroduced a ncw concept of eulropy wh ich has proven useful in the ana-

Iy"'i,,; of f'rgorlic problems iu clas .....ical u]('chanic ... [121. We "ant to give an al-

gl'Lraic formulation of this t'nlropy "'hich, of «our-.e, will include quaut um Sys -

tems. First we revicw I.he classical definilion.

Let (X,)n) be a measure spaee and 11 a probability ll1easurC' definerl on

Ihe a-algebra )11. A partition of X is a s{'t Ci= 1,3, 1"'" ;\,,/1 c)H such ,hal

11

a)

b) II (,3, ,n,3, ,)
,... I J o , i =I j

We define
11

h(Ci)=-I 11(,3,i) /Og2(/1(,3,i))
i= 1

(28 )

f· I "('I' )1., ,'()lllact "ith informal ionas t.he Kolmop:orov elltrupy 0 t 1l' partttllln. .. m,'"

theory it is customary to USI' logarithm,,; to tl\l' I,a."'" 2, \'111 il i", not n('('('';'';,lr\.)
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Now the algebraic did'inition is a dire-ct extension. r serves as the suhstitule

for 11ll"'proba h i l itv IIH'aSUrf'. A part it ion of }{p is a se t 'Y 1M M I'.- l' . '" /I such
II

Ell Mi'
i= 1

TIll' rxt cns ion of (28) is

n
b(CI.)=i'3

1
r(Pi) log2(r(Pi)) (29 )

where tllt~ Pi are the projections on the Mi'

§ 6. Conc lu sion s, We have seen that it is possihle to give an a lgebru ic for-

mulation of quantum and classical statistical mechanics. The C·-algebra rpali-

z at iou provides us \., ith a powerful tool, especially for attacking the ergodic pro-

hlern of quantum statistical mechanics. In a suhse que nt paper [131 , we will

analyze the Kolmogorov entropy in much more detail and see which classical re-

suits can he extended to the quantum domain.
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2. The letters G, N, and 5 in "GNS construction" stand for Gel'fand, NaYmark

and Segal:

a) l . Ge l'Tan d, M. A. Nai'rnark. On the Embedding 0/ Norme d Rings into the
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t<.ing 0/ Operators in ll ilb ert Spacl'. Matem. Sb., 12, 197·213 (1943).

h) I. Segal. Postulates lor Gelleral QUCll/tUl1i,1I('chrlllics. Ann. Math., 48,930

948 (1947).

The proof of the GNS construction is also contained in the books of Sakai

and Dixmier.

3. Two books that we can recommend for their discussion of both quantum and

classical systems are:

a) G. Mackey. MathelllCitical Fou nd ation s 0/ QUCll/tum M"c!'rlJlics. W. A.Ben-

jamin, New York, 1968.

b) J, Jauch. Foun da tious 0/ Qu au tnn: Mechrl1lics Addison Wesley, Reading,

Mass., 1968.

4. Two basic references on measure theory are:

a) W, Rudin, Real and Complex An al ysi s. McGraw-Hili, New York, 1966.

b) P. tl almo s, Measure The01Y. Von Nostrand, Princeton, N. J., 1950.

5. J, Kelley Gel/eral Topology. Van l\Jostrand, Princeton, N. J., 1955.

6. One can find a presentation of the c o n v e n tio n o l realization of non-relativis-

tic quantum mechanics including statistics in ;

a) R. Dicke, J. Willk,e, lntro d uc tfon to Qualltum Mechanics. Addison-Wesley,

Reading, Mass., 1960.

b) E. Merzbacher. Qurllltum Mechanics (2nd edition). Wiley, New York, 1970.

c) L. I. Scbi//. Quantum Mechallics (3rd edition). McGraw-Hili, New York,

1968.

d) S. M. Moore. La Mecanica Cudntic a, T omo 2: La Te o r io no Relativi sta,

Segundo Parte. Universidad Ped:agogica Nacional, Departamento de Fisico

(in preparation).

7. The following books discuss the spectral theorem:

a) M. A. Natmark. Norm ed Rings. Noordholf, New York, 1964.

b) W. Rudin. Functional Analysis. McGraw-Hili, New York, N.Y., 1972.
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*It is interesting that both authors prove the spectral theorem using C -o l q e

br as.

8. F or various proofs of Wigner' 5 theorem, see

a) V. Bargmanl/. JMP 5 862 (1964).

b) G. Ellich Helv. Phys. Acta 36 739 (1963).

c) G. E IlIC b, C. Piron. JMP 4 469 (1963).

*9. Several books contain more details about symmetries in the context of C -01·

gebras. We can mention the books of Dixmier and Sakai again, as well as :

a) G. Emch. Algebraic MC'thods in Statistical Mechanics and Quantum Field

Theory. Wiley, New York, 1972

b) D. Ruelle. Statistical Mechanics· Rigorous Results. W. A. Benjamin,New

York, .1972.

10. Segal's theorem and the definition of ergodic state for C· ·algebras appeared

for the first time in :

1. E. Segal. A Class 0/ Operator Algebras which are Determined by Groups.

Duke Math. J., 18, 221·265 (1951) .

11. I. E. Segal. A 1\' on- Commutative Extension 0/ Abstract Integration. Ann.Math.,

57, ,:101·457 (1953)

12. A. N. Ko lmo goro u. A Nell! Metric Invariant 0/ Transitive Dynamic Systems

and Automor ph is m s 0/ Lebesgue Fields, Doklady Akad. Nauk., 119,861.864

(1958) .

13. S. M. Moore. An Algebraic Study 0/ the Kolmogorou Entropy (in preparation).

Departamento de Fis ic a

Universidad P'ed ago gi c a Nacional

Bogota, Colombia, S. 1\.

(Recibido en nou iembre de 1974).
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