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ABSTRACT

We show how the conventional realization of the statisti-
cal mechanics of quantum and classical systems can be adap-
ted to obtain a realization in terms of C*-olgebros. The latter
provides a unified algebraic method for the analysis of ergo-
dic problems. In particular, we discuss symmetry groups, ergo-
dic states, and the Kolmogorov entropy in the algebraic for-

malism.

RESUMEN

Mostramos cémo las realizaciones convencionales de la
mecdnica estadistica de los sistemas cuanticos y clasicos
pueden ser adaptados para obtener una realizacion en térmi-

»* - - . ’ &
nos de C -algebras. La Gltima da un método unificado y alge-
braico para el andlisis de los problemas ergédicos. En parti-
cular, discutimos grupos de simetria, estados ergodicos, y la

entropia de Kolmogorov dentro del formalismo algebraico.

§1. Introduction . We assume that the reader is acquainted with the elementary

facts about C*-algel)ras and Von Neumann algebras 1], We discuss some of
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these here in order to establish notational conventions. A Banach * - algebra  ({
; i ip s opi b T 2 *

isa C -algebra if it satisfies || TT ||=||T||* foreach T¢{®. A C -alge -

bra ({ is a von Neumann algebra if there exists a Banach space X such that

the dual of X is @ . The obvious example of a von Neumann algebra is B (}),

the set of bounded operators on a Hilbert space } . There are many others .

*
A state on a C -algebra @ isa positive, continuous, linear functional p of
norm 1. We denote the set of states by E . We say that p ¢ E is pure if it can-

not be written in the form A p1+(1—)\)p2 where 0 <A<, PPy € E, P, 7 P,

Let 7 be a function from ( into B(H) which is amorphism of «-algebras,
where H is some Hilbert space. The continuity of such a map is automatic ; in
fact, ||#(T)||<||T!|| forall T in (. Sucha = is called a representation
of (. Itis eyclic if there exists a vector 0 in H such that {#(T)Q : Te @}
is dense in H . In this case, Q is called a cyclic vector. A subspace M in H
(a closed linear manifold) is invariant for the representation 7 if {7 (T)®: T,
® ¢ M} is contained in M. 7 is irreducible if its only invariant subspaces are
(0) and H.

The GNS construction [ 2] states that for every p ¢ E there is a unique Hil-
bert space Hp (up to isometries) and a cyclic representation T of (@ in

.“J‘)(}(p) with cyelic vector Qp such that
= § 1
p(T)=(7,(T)Q,. Q) | T e (1)

Moreover, p is pure if, and only if, T is irreducible .

*
§ 2. Realization of classical systems in terms of C -algebras. An advant-
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. r . .
age of the C -algebra realization of statistical mechanics is that it provides a

unified treatement of classical and quantum systems which in turn allows an casy
. o * .
comparison between the two. As we will see, the € -algebra for a quantum sys-

3 . . »
tem almost never is abelian, whercas a classical system has an abelian ¢ -alge-

bra.
For classical systems [3], let (g,p) be a system of coordinates for R*”

(or, more generally, a C *™-manifold) . et H(g.p) be a C™-function. The equa-

tions

9 _am Y _ o

. (2)
dt p, dr dq;

are Hamilton’s cquations and define a one-parameter group | v, of diffeomor -

phisms of R?" . Since
9 |94 ) ’?{-"7” = @ (3)
A q; r?pi (?/)l. \ dq;

the diffeomorphisms conserve the measure dgdp . The same function H s a

first integral of (2), since -f;y— = 0. Thus H(q.p) = E delines a ¢~ - mani -
t

fold X. We define a measure on X by

dr= —4v__
| grad H |

where dv is the volume element in X induced by the Lebesgue measure of R
A is called the Liouville measure. Since A(V,A) = A(A) for cach Borel set
A in X, A is invariant with respect to the diffcomorphisms VvV, .

Since we are (-onsi(l(‘ring statistical mechanies, it is natural to consider the
case where » is large (say 1023) . In this case we can only give the probabi -

lily that the classical systems starts out in a certain point of X when t = 0.
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it be a probability measure defined on the Borel sets of X ; we assume that
jois absolutely continuous and regular [ 41 with respect to A, In this case we
also have 4 (V, \) - (). Thus we can talk about a set of probability measu-
res invariant with respeet to the group ! V, t, Each i determines a state of the
classical system.
We now ¢ ert these ideas 1o the ¢ -algebra f lis R
« omvert these ideas to the € -algebra formalism. If X is not compact,
~ X ~
let X be the one-point compactification of X [51, If X is compact, let X =X.
(X usually is compact, an important fact for many arguments in classical statisti-
y * 9 ¥ . . ¥
cal mechanics, ) L.et (U be the € -algebra of all continuous functions f [rom

X into €. The states of (I are in one-to-one correspondence with the probabi-

lity measures by means of the formula

(f) = d F
Pl / iy (5)
(This is just Riesz’ theorem.) In particular, for the GNS construction, HPT- S;)Z(pp).
2
"o /> 'I‘/f B (;zp) ) where ("I'/d))( EV - f(ED(E) . and Qp is the func-

tion identically equal 10 1.

§ 3. Realization of quantum systems in terms of C*—algebras. The conven -
tional realization of non-relativistic quantum mechanics can be found in many ele-
mentary texts [6], One begins with the notion of a state of a quantum system and
observables for the system. A state is a normalized vector ¥ in a separable
Hilbert space H . The observables are self-adjoint operators A defined on den-
se domains of H . The expectation value of A for the state Y is defined by
<A;¥>=(AY,¥), The expectation values are possible results of experiments

performed on the quantum system and represent all that we can know about  the
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system. One notes that ¥ is not determined uniquely, sinee cl"‘l' for real o

determines the same expectation value. One solution 1o this problem is to identi-

fy the state with the scalar multiples of ¥ | which is called a ray, and is a one-
. . T . . 1] .

dimensional subspace. The projection W on this subspace is delined by W

(® Y )YV¥. Thus we can 1(|(‘nlil_\ the state with a one-dimensional

projection .

Observe that

W>0 ., Tr(W)=1 s W<w (6)

Here an operator is positive, written A> 0, if (A®, ®)>0 foreach P in
the domain of A ; W 25 W says that W- W2 s positive or equal to 0 ; and

Tr(A) = X I(A(D

7=

s ) (7)

(where { @ | is a complete orthonormal set), assuming that the sum is well-defi-

ned. If we assume that (6) defines what we mean by state, we have the statisti-
il %63 f vlew s i onie-dimensionil ) . )2 :

cal point ol view. A one-dimensiona projection 1s then a pure state (W - W),

whereas a general W that satisfies (6) with W< W s a mixed state.

Thus we have the conventional realization of non-relativistic quantum mecha-
nics : the states are self-adjoint operators W which satisfy (6) ; the observa -

bles are self-adjoint operators. W is usually called the density matrix.

We have yet to extend the notion of expectation value to the statistical case.
This we do as follows : the spectral theorem [7] says that to each sell-adjoint
operator A there corresponds a unique spectral measure E 4 defined on the o-

algebra of Borel sets in IR . Morcover

00 Y

\ . . 8
As A NdE) v v BE [ dEy (8)
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wiere I:"\ = I:'I\I ~o,A 7]). The int(‘gralﬂ in (8) have the fo“m\ing strong

convergence inl('rpr(‘lﬂl ion :

(1d.d)- | (/(I:'/\d),(l)\ (Ya)
(AD. D) = [ Xd(E\ D, d) {28)

where @ is in the domain of A . (Here “(D(A) = (E 4 (AY® , ®) is an ordina-
ry measure.)

[.et W be a state, A an observable. We define the trace of WA by

Tr(WA)= [ AdTr(WE,) (10)

-0

Here Tr(w E)) is well-defined since we can use the formula (7) . For a pure
state, i.e. a one-dimensional projection W onto the subspace generated by ¥,

we have from (10) that
Tr(WA) = (A VY, W)=<A,y> (11)
Thus it is natural to define
p(A) = Tr (WA) (12)

as the expectation value of A for the state W . This is in fact the definition

used in quantum statistical mechanics. (Unfortunately from the mathematician's
point of view, most elementary texts in quantum mechanics do not consider the
problem of defining Tr(W A) well. [6d] is an exception.)

According to (10), we have

pla A+ BB ) =0p(A)+ Bp(B) (13)
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for any pair of observables A, B and any pair 4, 3 of complex numbers In

addition,

p(A) > 0 il 4.0 (14)

Thus p is a linear, positive lunctional on the observables. We now want to shon

. *. . . g *
how this p can be redefined so that it is a state on a certain ¢ -algebra,

Let O=} EA(/\H where A is an observable and A is a Borel set in IR .
All possible experimental experimental information about the system is contained
in @ . Let ( be the von Neumann algebra generated by ¢, ice. the double
commutator of . ({ contains all the bounded sclf-adjoint operators of B (H)
which are observables, a set which we denote by (‘l'h . The restriction of p 10

dly (which we continue to denote by p ) is a positive linear functional on (1 .

We extend pto (@ by defining
p(’l‘):p(TI) Fip (T2) (15)

where T, T, are self-adjoint operators defined by

oo TeT T (16)
We then have that
supl |p(1) |+ Te@ || T|| =14 =p@) =1 i

i.e. ||p|| =1. Thus p is a positive, continuous, linear functional of norm lLon

. >
. Reciprocally, a positive, continuous, linear functional of norm 1 on (1 has

the form

p(T)=Tr(WT), Tel, (18)

which can then be extended to all observables. This means that we can identify
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(\ . m . .
states on (I with the states of the quantum system. I'he conclusion is thai

we do not lose any information if we use the realization of non-relativistic quan -

= *
tum mechanics in terms of € -algebras.

As we mentioned before, the obvious example of a C~—alg(’bra is B(H)
which is certainly a possibility for (@ in our case. But in general (1B (H) .
In Nature there are superselection rules which restrict d. For example,  one
usually considers the proton and the neutron as two orthogonal states of the same
particle , the nucleon, but no one has ever seen a linear combination of these
states. Thus the associated observable, the isospin of the nucleon, commutes

with all the operators in (', i.e. the single commutator of ©Q is larger than @ 1.

which tells us that (@, the double commutator of € , cannot be cqual to BH).

As for the GNS construction, we can give np explicitly if p is pure. If

p(T) = Tr(WT) forall Te(fh, where WO = (P, Y)Y with {|¥|| = 1, then

p(T)= (Ty ., y) , Tel (19)

In this case ‘Hp - K, 7, (r)=17T , and Qp: ¥ satisly the conditions of the
theorem. The advantage of the GNS construction only exists when we want to
consider mixed states. If p is a mixed state, the GNS construction states that

there is a projection P on ,‘Jgf}(l}) that has the form P ® =(®,QP) Qp so that
Tr(WT) = T 20
rWT) = (m,(1)Q, Q,), Te® (20)

with P (W) = P . Of course, }([) ZH in this case. The proof of the GNS cons-
truction shows that the reduction of W to a simple one-dimensional projection

is made at the cost of a reduction of }( .

> *
s 4. Symmetries and ergodic states. As an example of the use of the C -al-

8
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gebra formalism, let us consider the notion ol symmetries. “c-ginning with pure

states in the conventional realization of quantum mechanics, we may define a sy-

mm(‘tr_\' as a one-lo-one ('nrr('spnn(lt‘ncl‘ t l)('l\\('(‘n rays which conserve the tran-

sition probabilities. If we identify cach ray with a one-dimensional projection P,

P

on the subspacv gmu‘ml(‘d l)_\ a normalized veetor @ in the ray, the transition

pr()lulbilily to go from P‘y to Pq, is

2
| Iy = e p . S
Py (Py) = { (@, V) Py - @ (21)
: o
From this we see that two possible ways to realize such an @ are Plll > Pl'lll

where (U®, Uy)=(®, ¢ ), or (UD, UY)=(D ,¥), Wigner's theorem as-
sures us that these are the only possibilities [8'. If we translate this result
into the Cta|gebra realization of quantum m(*('hani('s, we sce that a symmeltry o
is an automorphism or antiautomorplism of the (.*-'.ilgvl)m ( (either (S T)
a(S) & (T) or o(ST) = 2(T)(S), while o is linear and - preserving in both
cases).

We now restriet our attention to symmetries where (U @, vy) = (& V) i.e.
unitary symmetries. The corresponding 0 is then an automorphism of (1, i.e. an
element of Aut((®). The latter is a group, which allows us to make the connce-
tion with symmelry groups. The action of a symmeltry group kf on the quantum
system is determined by a group morphism G Aut (() ; o is called  the

actionof G on (I, and ﬂLg T will denote the image of T under a particular

4

@ in the case that (L; is a mpulogicaﬂ group. The most ph)sirul delinition

automorphism o There have been proposed many definitions of continuity for

ill\(l

the easicst to apply is that g - fY«gT is a continuous function for all T (t

‘[9-].
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{o ~ee how the € -algebra formalism aids us now in the discussion of sym -

metries, e say poe Fois Y -invariant il pi 'KI) p(1) forall g T ¢

I _H/; . r;“, &2) are the Hilbert space, eyelic representation, and «'i\('liv’\vvlur,

respectively, obtained from the GNS construction for the § ~invariant state  p,

there is a unique unitary representation l'p (g) of (3 in TR(HP) such that

/ RS L.
U, () m, (1) Uy(e)™! =, (a,T),

(22a)

U (g) = 2 b
Pg Qp Qp (22b)

7 . . . . P 9] o f
Moreover L’p (g) is a strongly-continuous unitary representation of g il

£ Ay T is continuous for all T ¢ (I . This result is known as Segal’s theorem

[9,101 ., and shows how unitary representations come almost for free in the C -
algebra formalism.

\ particularly important symmetry group for a quantum system is its dynami-

cal group. This is the one-parameter group of unitary operators | Vli i where

V,= exp(-illt) . H being the energy operator or Hamiltonian. The action on
{a is v = l'_[l'l v, where we have used the so-called Heisenberg picture  for
the time development. Since W constant in the Heisenberg picture, p (0, T ) =
p(T) for every 1 in (. Thus every state is an invariant state for |} V, {
We now tum to classical systems. If @ is the action of a symmetry grn‘up G such

that g - o [ is continuous, then Oé‘g defined by ﬁ'g(p)(f) % p((‘xlg(f)) is a homeomor-

!
&
. ¥ & f . . . . . . P .
phism of the space X . The invariance of p is equivalent to the invariance of o with
respect Lo these homeomorphisms. Again a particularly important symmetry group

is | V,i. the dynamical group of the classical system, and every state is invariant  with

respect 1o this group.

The study of invariant measures with respect to the action of a certain sym-
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metry group represents part ol ergodic theory  In classical crgodic theory one con-

iders transformations Ty g rated Iy the action of the group on a  measure
space (X, W), Hwe have a probability measure o defined on M a bijection

7 censerves

T is an automorphism of the probability space (X0, p) il 7
¢ &

measure :

plrg (AN = () . Ae (23)

i is ergodic with respect to il rg(/\) A for each ge(§ implies  that

either 'u,(.\\ -0 or Il(A) =1.

IFor a classical system, a state p is invariant if, and only if, each ﬁ"g is
an automorphism of the probability space (,\." . Borel sets, “") . and p s in-
variant and pure if, and only if, iy is ergodic with respect to . Irom these
results we can obtain the l()gi(-al extension of (‘rgodi(‘ily to quantum systems :

E ¢ . * . . .
if (A is the C -algebra of a quantum system, p is an ergodic state with res-

pect Lo Q il p is pure and invariant [ 10] .

§5 . The Kolmogorov entropy. Let us analyze the classical system  one
more time. We note that the basic objeet is the functional
; ¥ "
r(T)=(T;Q,, Q) (24)
/ [¥p Tp
For each projection P in rrp ((‘f) there is a measurable set A (unique, mo-

dulo sets of measure zero) such that

(PO)(E)=C\ (&) D(E) (25)
(A)

where (‘\ is the characteristic function of A, IFwe put 7(P) e

we see that
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r(P) = [lp(/\)= [CA) d;tp(f)

= f((l\(f) Qp(g)\ﬂp(f)d//p(f) (20)

- (PQ
(PO, Q,)

and we return to (24) for projections. This suggests that in the non-abelian case

we m ﬂ_\/ use

r(P) = (PQp, Qp ) (27)

as a substitute for a probability measure. Further justification is contained in
the following properties :
a) 0 <r(P)<1
b) r(0) =0 , r(I) =1
c) (X P,) =¥ r(l’”) for each countable set | g {  of mutually ortho-
gonal projections.

Even more justification of the use of 7 as a probability measure comes from
non-commutative integration theory. 1. E. Segal [11] has developed the concept
5 A % s . 5 "
of an integral which corresponds to a linear functional s on a C -algebra in

the case that s satisfies a), b), ¢), and
“l, .
d) s(UPU ") = s(P)
for each projection P and each unitary operator U . Our r does not satisfy

d) ; instead it satislies

&) @ P U@ ) =)
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The problem here is the i ! !
is tha p i 7 ({ i i
I that the unitan group ol 7 () is not necessarily  contai-

ned in i('p(g) cgeYl, But Segal also introduced the I'nHm\iu;_' concept @ oour
ris absolutely continuous with respect 1o an s which satisfies a), b)), ¢), d)
il there is a positive operator T which is integrable with respect 1o s and sa-
tisfies »(P) - s(TP). The necessary and sulficient condition is thar »(P)- 0
for all the projections P for which s(P) = 0. It's possible that such an s could
be determined by 7 in our case. The connection between our 7 and Segal’s non-
commutative integration theory is still an unsolved problem, but in any casc this
connection does not appear to be necessary for our study ol ergodic problems. T
would seem that we can discuss these problems completely within the algebraic
conlext.,

As an example, we define the Kolmogoroy entropy algebraically. In 1958 Kol-
mogoros introduced a new concept of entropy which has proven useful in the ana-
Ivsis of ergodic problems in classical mechanies [12], We want 1o give an al-

£

gebraic formulation of this entropy w hich, of course, will include quantum sys -

tems. First we review the classical definition.

Let (X, i) be a measure space and ;4 a probability measure defined on

the g-algebra MW . A partition of X is aset o= {A;. ..., ,\"iv M such that
n

a) [I[X\(.U/\i)]:O :
i=1

We define

n

h(x) :—il p(A;) logy (p(A)) (28)

i=

as the Kolmogorov entropy of the partition. (To make contact with information

s o : 3 » b » £) it eeessary
theory il is customary to use logarithms to the bhase 2, but it is notn ary )
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Now the algebraic definition is a direct extension. r serves as the substitute

for the probability measure. A partition of }(P is aset V-{ Myp....M, | such
"
that H - @ M.. The extension of (28) is
Poi=1 !
n
h(x) = 1';..1 r(P;) 10g2( r(P;)) (29)

where the P, are the projections on the M;.

§ 6. Conclusions. We have seen that it is possible to give an algebraic for-
mulation of quantum and classical statistical mechanics. The C‘-algebra reali -
zation provides us with a powerful tool, especially for attacking the ergodic pro-
blem of quantum statistical mechanics. In a subsequent paper [13] , we will
analyze the Kolmogorov entropy in much more detail and see which classical re-

sults can be extended to the quantum domain.
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