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ABSTRACT

Some of the basic results on the Kolmogorov
entropy are obtained within the formalism of c*-él-
gebras, whether the C*-algebra is commutative or
not. Thus we have a theory which includes the

classical and quantum systems.

RESUMEN

Algunos de los resultados basicos sobre la
entropia de Kolmogorov son obtenidos dentro del
formalismo de C*-élgebros, siendo la C*‘élgebro
conmutativa o no. Asi obtenemos una teoria que

incluye sistemas clasicos y cuanticos.

§ 1. Introduction. In a previous article [1], we defined the (,‘.-alg(-bra for

classical and quantum systems. Consider an arbitrary (,"-algobra ( and a state

p on (. The GNS construction gives us a cyclic representation 7. of (I in

T)(}(p\ with cyclic vector QP such that
p(A) = (m,(A)Q,,Q,) , A e@ . (1)

The substitute for a probability measure is
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r(P) = (PQP , Qp ) (2)

where P is a projection in np(@) .a= fP, s R Pnf is a partition of Qp if the
projections P are mutually orthogonal and PiQp Z0 for i=1,...,n, with
2P, Q/) &2” . Note that we have slighll).' changed the definition of 2 used in
(11, Here we give emphasis to the fact that it is really the partitioning of Qp

which is important. The extension of the Kolmogorov entropy of classical systems

[2] for the partition a is defined in algebraic language by

bAa) =<2 v(Py) log, r(P;) . (3)

Note that we have abstracted away all reference 1o classical and quantum systems.
In fact, we have just given a definition of the Kolmogorov entropy gm)d for any S
algebra. If (I is a commutative (,*—ulgvlpru and the spectrum of d isa compact
>~ manifold, then { corresponds o a classical system , but for the main part

. 5 . P . .
of this paper, the exact structure of (1 is not important.

We now introduce several simpliflications in the notation. First, we eliminate
the subseript p on 7, H and Q il no confusion is likely 1o arise. Next we in-

troduce

-t /ogzl if 0<t<1
1(1) (4)
0 il t=10

(1) - 0, is continuous, and is strictly concave. I(t) = 0 if, and only il 7-0 or

t 1. Now (3) reduces 1o
h(:) = }_l(r(l’i)) (5)

lll the next two sections we |l'ﬂll-'~'(‘|'i|)(‘ ||II‘ ('IilHHi(‘ﬂ' treatment nf |ll(‘ KO'I“()g()l’l)\'

entropy (see 31 for example) into the algebraic formalism.

§ 2. Properties of b(1) .

2.1. PROPOSITION. a) h(1) = 0 if, and only if , 1 - VP where PQ=X .
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b) h(a) < logyn, where n is the cardinality of o and bh(a)=logyn if, and
only if, (P;) = 1/n for each i.

Proof. a) If a={P}, PQ=Q, then r(P)=1,so h(a)=0. I h(z) =0,
and o = “)1"' ,,P"}, then each I(r(P;)) =0. Thus r(P) is 0 or 1, i.c.
(PiQ, Q) is 0 or I. Since Pl-Q Z0 , (Pt'Q Q) =( PiQ’ PiQ) > 0, sotbereis

only oneprojection P in a, and PQ - Q,

b) If a=}{ Pl' N o {, by Jensen's inequality (4] p. 61) we have

ba) =3 1r(P;))=nx Laepy))
<ot s wicl) = iogyn

with equality if, and only if r(Pl-) = 1/n. Q.E.IN

e - e . . p ;
We say that a = §pP.}. 2 =10} are compatible if every projection P; com-
i i I ry proj i
mutes with every projection Q]- . We write @< B if every subspace associa-

ted with [ is contained in some subspace of o, i.e. Q]_g P;, for some ij for

cach j. Obviously a< S implies o and [ are compatible. If a and /3 are
compatible, we define
av5={PiQi:PinQ¢0§ (6)

We obviously have a < av B, B<avfB.avp is called the common relinement

of a and 3. It is easy to extend (6) to obtain apv .. va, where g, ..., a,

are mutually compatible partitions. We note that compatibility is automatic when

(1 is commutative.

/

If a=1 Pii and

8= Q]} are compatible partitions, we define

m n
3) =% > ) .
bal B) =% r(Q) 3 1P| Q) (7)

where



r(P; Q.)
Sl 05
rp; 1) = ) ®)

2.2, THEOREM. bh(a | B)  has the following properties :
ba|B) > 0 : (9)

with equality if, and only if , a'< B

b(avBly)=baly) +bBlav ) ; (10)

a< B =>btaly) <bBly) ; (11)
5 <y =>baly) >h(alp); (12)
blavBly) < baly) + b3y ; (13)

Proof . (9) is obvious. Suppose a < 3, with a={P;} and 3=| Q]-l. Since

each . in 3 satisfies .< P. for s 5 (5 . 0.= 0. whi 0. =
Q] in 3 satisfies Q] <P or some P,]_ in a, P’jQJ 9Q; while I;Q]

0 for i?‘ij. Thus

bal =3 0 i 4 Wl r(Q;)
h(a| )= )3 = i) 1 =0
B=E ) Q) 2, 7)) 72,

Now suppose b (a iﬁ) = 0. Then

for each j and 7. Since '(Qj) #0, we have that 7 (P; Q]-) is either equal to

(P;iQ;)
r(Q;) l(r_IQL) -0

{(Qj) or equal 10 zero. Since X 7(P; Qj) = r(Q’-) , there is only one index i]-
i

such that r(PijQ/-) =r(Q;) while r(Pl-Q]-) =0 for i?’ii . Thus Q]:_Pll

Now let y={Rpt. The elements of av 3 and avy are respectively P; Qj-

pP; Ry . Thus

o AL L e 0. ! .
hlav 3{) i])_,kr(PiQ].Rk)l()gzr(l)lQ]| Ry)
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But
r(P;Rp)  1(P;Q;Ry)
r(Ry) ' r(P;Ry)

"P;Q; | Ry) = = 1P| R T(Qj| PiRy ) .

so that

h /)= - -Q ; -
(avB|y gk r(P;Q;Ry) logyr(P;| Ry) ijzk\r(PinRk) logyr(Q;| P; Rk.)

:"i% r(PiRk) logzr(Pl-le) ‘i%kr(Q]-PiRk)logzr(QjIPiRk)
= ba|y)th(B|lavy ).

This gives us (10) .

If a< /g, then av3=5 and (9) and (10) imply

b(Bly)=htaly)tb(Blavy)> blaly).
This gives us (11) .

Since %r(R/a ' Qi) =1 and r(Ry ! Q;)>. 0, the concavity of 'I(1) implies
that

i;l(r(Pile)) PR Q) SIS (P Ry) r(Ry | Q;))

since '3 < 5, for cach &, Q]-_> Ry for some j . Thus

St r(l)lkk')r(Rk')
2r(P;|Ry)T(R -)=Z =r(P; ),
v (Fil RpIT(R| Q) "Ry) 7(Q;) r(P; | Q;)
k| !

where the sum extends over those k' such that Ry, < Q]. for some .

Thus we

have

S 1Py Ry)) r(Ry| Qi) < 1(r(P;| Q).
k

Multiplying both sides by V(Qj) and summing over i and j yields equation (12).
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Finally, (13) is a conscquence of (10) and (12) : av ) > ¥ implies that
(Sl avy) < b(s|y)

and
y)=b(aly)tbBlavy) <balyntbsly).

b(ll v A‘/
0.E.D.

2.3. COROLLARY. h(a) bas the following properties :

b(av B)=h()+bh(3a) ; (14)
a< 3 =>b(a)< b(j3) ; (15)
b(a|53)< b(a) ; (16)
b(av 3) < b(a) t b(3) ; (17)
Proof. Take v =11}, Then b(:| ) - b(a),avy =a since 7 a ,

and the rest follows from the theorem . QLE. D .

- e note that it is probably possible 10 exiend these definitions to denumerable
partitions, but we will not need this exiension here ([51 gives the extension  in

the classical case ).

§ 3. Entropy of a "measure preserving " transformation. We now want 1o exiend
Kolmogorov's definition of entropy per unit time interval [61 10 the algebraic case
we are treating. Let { U, !} bea one-paramelter continuous group of unitary opera-
tors in (O, where U= exp(-iH1) and H is self-adjoint. We suppose that o

* r . .
is invariant with respect to 3U,( ,iee. (U, AU = 0(A) . Then there is a uni-

tary representation 'V, { of { U, 1 in D(H) so that for all 7.

V, 1AV, = (U, AU,) (18)
v,Q Q (19)

If P is a projection, define P,= V; PV,. Then r(P,)  r(P).so r is inva -
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riant under v,. lake T = V- I'hen r is also invariant under 7 . We call such
T " o ” . " p . . " n
a a measure preserving transformation because it preserves the “measure

Tr.

3.1. LEMMA . a) If a is a partition, sois T a.
b) T(avpB)=TavTph

) b(alp)=nralTB)

Proof. a) If P is a projection in 77 (({), then T"PT is also a pr()j(‘,('ti'()n in
7 (@) since T'I’T=T:'(U.1I WU ;) if P=7(W), by (18). Morcover TQ=Q , so
T*'PTQ = 0 implies that T"PQ = 0. Thus 0=(T"PQ ,T°PQ), or 0-(PQ,PQ)

which is a contradiction if P is an element of a partition.

b) We have

T(avﬁ):i'l"PiQ]—T:PinQ 70} =1 T‘p,.TT"QjT.-T‘R,.TT'Q]-TQ 70}

=Tav T/
c¢) We have
' m n '(Pin) m . n r(T'PiTT‘QjT)
ba|B)=2r(Q)E I|———— |=3X (T Q;T) 3 1 ¥
i=1 " 1i=1 r(Q;) | i=1 I =1 7(T"Q;T)
=b(T a|TB).
Q. E. D,
We now define the entropy of a relative to T by
) o n-1
h(a,T) = lim b(av Tav...v T a) (20)

n—o n
k ! - . ;
where we assume T o and T o are compatible for all integers £ and /. We
denote the class of all such a by ['(T).
3.2. THEOREM. The limit exists and is equal to

N ktdl ¥ ey o ov T™a)

n —©
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Proof. We set

b=h(avTav...v PRy
Sp = hn— bn—l #

n-1

By (15) av...v T a< av...vTa implies that b _,< b , so s, > 0.

But by (14) we have

n-1 n-2
$,=blav...vT a)-blav...vT “a)
n-1 n-2
=h(T ajav...vT a) .
Hence n-2 n-3
-sn_1=b(T a‘av,,.v’l’ a) ,
so by the lemma
n- . n-2
s”_l—b('l al Tav...v T a)
. n-2 n-2
Since Tav...vT “a< av...vT a,(12)givesus s,_;>s, . _'l‘hus ts,!

is a d(-(-reasing sequence of positive numbers, so 5,7S for some s > 0. Since

bnzb(a)+slf... +Sn )

Cesaro's mean convergence theorem implies that

by
lim ——— = s
7~ n

Q.E.D.

We mow define (as an extension of the definition in [6] ) the entropy of the
”m('ﬂﬁ“r“ |)r(‘S(‘r\’i|lg " 'ril"-’irl’r“lutil'n T I)y
h(r) sup bh(a.T) (21)
ael'(r)
k
i.e.h(T) is the sup over all o such that T o and T .« are compatible for all

integers £k and f
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§ 4. Spectral properties of h(T). We say that the triple (({, 0, T) is spec-
trally equivalent to the triple ((f', ,0', T') if there is a * -isomorphism @ :(1‘**@'

such that :
PW,AU,) =U, (AU, (22)

(0T JA) Qp Q) = (T,,(9 (A)) Q) Q ) @)

o
’ ’
In this case we write (@, o, T)~ (@, o, T') .We note that (22) says that the
,
time development of ( is equivalent to that of @ if we interpret the parameter

¢t as time. (23) says that the expectation values are conserved. ?

4.1 THEOREM. Let (@, 0, T) s (&',/J’, T'). Then there exists a unitaty
operator V : }(p' + .H/) + such that :

Va) Vv =T (0(A)) (24)
Ve, =0, (25)
vrv' =1’ (26)

Proof. Define V on the densc set | 'np(A) Qp} by

VTHA) Q.= 75 (9 (A) Qe forall  Ac i3
We have
(VWP(A) Qp. V7 (B) Q) =(7, @(A))Q ' o (@(B) Q)
= (T (9B A))Qe  Qp) = (1B A)Q,. Q)
=(7(A) Q. 7,(B) Q)

so V is an isometry. (24) and (25) are obvious from the definition of V. For(26),

we recall that the canonical construction of T is
-
T WP(A)Q’O:‘- 7Tp(U1 AU, )Qp .

Similarly for T* . Thus



» ] = o ‘I [
VIV, (A)Q = VT 701 (4) Q,

"

* ] 5
V”Tp(UI @ (A)Uz)ﬂp

* -1 3
7 (@ (Y ®» (A" u) )Qp,

77[0:(U1'.A' UI) Qpn

T 7 (A Q.
o £

Q.E.D.

4.2, THEOREM. The Kolmogorov entropy is an invariant for spectrally equiva -

lent systems.

Proof. Let ({d,p0, T)~ (@, £ T’), a, and V be as above.

a is a partition of Q |, V a is a partition of Q- so
o

P’
b(Vav ... v(vTvV) va)

b(Va,T')=b(Va,VTV' ) = lim 5

b(Vav VTV.V AV ... Vv V'l'nV'a.)

= lim
n

b(V(avTav...v / g a))

= lim
n

=b(a,T)

Thus b(1*) = h(T). Q.E.D.

§ 5. The Kolmogorov entropy for two special C'-algebras. ~ One of the non-
£ Ly 14 g

trivial results about the Kolmogorov entropy of a classical system is the follow-

ing theorem of Kuchnirenko [7] :

5.1. THEOREM. For a bounded classical system b(T) is finite.

*
I'he generalization of this theorem to an arbitrary € - algebra does not seem
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to be an easy task. Even in the commutative case, we need much more than mere
commutativity. If @ is a commutative ¢ ‘-algebra with identity, then its spec -
trum is automatically compact T, ., but in general it can be very * unsmooth “ .
(See [8] p. 273 for an example of extreme pathological behavior ). The prool of
Kuchnirenko’s theorem uses very strongly the fact that the spectrum of a bounded
classical system is a compact C®- manifold. In any case, we wish 1o give a ra-
ther trivial example of this theorem in a quantum mechanics context which covers

finite lattices or a system of a finite number of spins :
5.2. THEOREM. If H,O is finite-dimensional, h(T) is finite.

Proof. L;at dim }(p =N. f N=1, b(a) =0 forany a, sothe case N =1
is trivial. Assume N> 1. From Proposition 2.1 we have that 5 (a) < logy n where
n is the cardinality of a. But »n < N, so h(a) < log,N < N . By Coro-

llary 2.3 and Lemma 3.1

k-1 k-1 7 k-1
b(avTav...vT a)< X bh(Ta)=3 bh(a)< Nk
t=o0 i1=o0

Thus h(a, T)< N. Q.E.D.

We wish to propose the following question as an upsolved problem to this date:

What are the weakest conditions on ( that guarantee that 5 (T) is finite ?
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