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ABSTRACT

By an appeal to the Laplace transform and
their inverses we have obtained five inversion

formulae for some Bessel function transforms.
The inversion formula for hypergeometric trans-
forms have been given whose kernel are the con-
fluent hypergeometric function {F (Y- a; ¥; ux)
and Gauss hypergeometric function 2F]( a, 5,7/;
- 1/ x). The results given earlier by Gomez
Lopez [8] follow as special cases of our re-

sults given in section 3.

§ 1. Introduction. The Laplace transform of ¢ (x) is defined by :

®©

(1) {dm)=] @ dx=y(1)

(]

-1
If we denote with £  the inverse Laplace transform, then we have

[ Y} = P(x)

with ¢(x) and Y (1) related as in (1) ; we denote with M {f(w)} orby F(s)

the Mellin transform of f(u) ; generaly u is real and positive, s is a complex va-
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riable of the form s=0 17 7 , where o and 7 are real. The Mellin transform of

f(u) [9, p- 46 ] is defined by :

©
-1
(2) MA{fw)=F(s)=[fwa du
(0]

with f(u) us_le L, (0,®). The inverse Mellin transform of F(s) with f(x) and
F(s) related as in (2), is written as follows [9,p.60] :

3) B} = fw = L [ Frs)atas

T c
where F(s) € LZ(O'-iT, octiT);-0< 7< ®, and C is a suitable contour in
the complex s-plane. If H(s) and F(s) are, respectively, the Mellin transform of
b(u) and f(u), then we have :

@
(4) jo b(u) f(u) du = 2_717_‘. Jc H(s) F(1-s) ds
known as the Parseval theorem for Mellin transforms [9, p. 94 ] . In this paper we
use & and f-l operators to obtain five inversion formulae for some Bessel func-
tion transforms and hypergeometric transforms whose kernels are Fily-a.,y
ux) and 2F(a, B, v, _f} x) , respectively. In section 3 we give two results
whose particular cases where given earlier by Gomez Lopez. We use the following

results [4] .

8o e I WAPRIT ¥OOH

(5) M[ a,xK ( ) ] &
e i de AR 2%, a®[(s+}) Rela)> 0

2V IP () T(s+sv+is) a>o0
@ L (1tv-s)(1-2v-1s) -1 <Re(v)<Re(s)<}

(6) M [sen(ax)]u (ax);s ] =

27 Irss)D (s v + 3s) a>0

7) M . )= ,
(7) M[cos(ax) J, (ax);s] ET o118 fitv=s) Re(v)< Rels) < 3

["(3-s) ['(s +v)

25457 (1+v-s)

8) M [e'axlu(ax),-s] = , =Re(v) < Re(s) < 3
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g C1-0257 1T (g5 +40)

v

9) Ml (ax);s )

, Re(v) < Re(s) <3
AT (yv-1s+1)

We shall also use the following important theorem given by C. Fox [6,p.300 ] .
1f: () a>0,(tatB)>0, t>0,
(ii) s=o+tiy, o -and p both real 4,4
F(s) e L(3-i0 , 3 Ti )
then

-1 A -as-p 1 .y astp-1
(10) £ {1 fcr(as +53) F(s)t ds }:—ﬁ—ijc F(s) «*° ds

where, for both integrals, the contour C may be the line o =} , a line parallel to

the imaginary axis in the complex s-plane. And

1 H(s) as tp-1 S-Bd
) gl e >

1 -a
ds} =g JCH(S)I

§ 2. Inversion Formulae for Bessel function transforms. We shall obtain an in-

version formula for the following transform :

[o 0}
(12) bh(a) = _I 'eaxKv (ax)f(x) dx
[}

where K () is the modified Bessel function of the second kind [2] .
THEOREM 1 : If
() v11<0,Re(s) > |Re(v)| ., R@>0,
(ii)  f(x) € Lx(0, ), thus b(a) is defined and also belongs to LZ (0,°) ,
(i) sTYTEF(1-s)eLy(i-iw, § *iw),
(iv) F(l1-s) €Ly(} -io, i1 tiw),
()  y~if(y) €eLy(0, @),

where f(y) is of bounded variation near the point y=x , then the inversion formu-

la for the transform (12) is :

el vt (e 0y b)) ))

(13) flx) =7 "x
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Proof : We apply (4) to the right hand of (12) and by (5) we have :

1 1 s ['(stv) [ (s-v)
(14) h(a) —ch F(1-s)7%*(2a) e ds .

For large positive x and a >0, the kernel of our integral equation behaves as

b

eaxKv(ax)z@ (a.x).2

For small positive x and a >0, we have

@ ¥k (ax)= 210w e (an”

since we have the condition v +} <0 it follows that the expression eax'KV(ax)
belongs to L,(0,0) and since f(u) € L, (0,), the application of (4) to the right
hand of (12) is justified. The contour C in the s-plane is the straight line s=}+7
and 7 varies from -® to ® . We shall now try to eliminate the other gamma func —
tion [10, p. 273] along the line s=1+i7, for large l T] we have :

[N(s+v)(s-v) -1
F(l1-s) = F(1-s)(1t0(s 7))

Mis+y)

[(s-v) ) = Vi » + -1
—_—r(s"'%) F(1-s) = s F(1-s) (1+0(s 7))

and the condition v <-%. Multiplying both sides of (13) by (2a)” " and applying

£ 7, we have

1470 ‘
-1, . -v Lok A [(s-v) s+v-1
£ {e2a) ba)}=7n {_z_ij%_imru-s)r_(s_;%_)x ds}.
v+

Now muhiblying this expression by x~ * and using the £ operator, we get

-v+i O—I -v _ m—xt -v+y 7 1 - F(S—'IJ) s+v-1
(15) £ {x £ {ea) b(a)}}—ge x {7 mjc F(I—s)r(s+%)x ds }dx

The integral of the relation (15) is absolutely convergent and

-yl
sTVTTE(1-5) € Ly(}-im, § tic) .
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" Hence, integrating with respect to x and eliminating ["(s +1), we obtain

& [ | - 7 1 e
"R ) M@ ) = 7 2717,. JP1-5) T (s-v) £ % ds.
C

Multiplying both sides by " *2 and applying f-l, we gel :

- I 3 -v+l -v 1 L s-v-1
£ {t’”’f {x e e 1{(2a) b(a) Y}y =72 2'!77‘{ r F(1-s) x ds:

C

Replacing s by I-s, we have :

-1 1 BRYFS Y | —v 3 - = -
R {2 ) ) L L Bes)x s = i f o)

F] C

which is justified by virtue of the condition : y—;/(y) €L,(0,®). Hence

N=

% ) gLt L .
f9 =7 @ e UM e b 1)

Proceeding in the same way, we can easily establish the following theorems.

THEOREM 2 : If

o
(16) P (@) = | sen(ax)] (ax) f(x) dx
o v
and :
(i) v>0 , a>0,
(ii) f(x) € L,(0,), thus @(a) is defined and also belongs to L,(0,®) ,
(iii) ST F(1-s)e Ly(}-iw, § t®),

sYF(1-s)€Ly(}-iw, § tim),
s% V+2F(I-s')€ Ly(-i0, 3 ti),
(iv) F(1-s) eLy(3-i® , 3+io)

(v) Y ifly) €L, (0, ®).

where f(y) is of bounded variation near the point y=x, then the inversion formula
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for the transform (16) is :
an e e G e e e Yy ) -
xX=z t=7

v-1 v+] v i

2 Nt flz )

THEOREM 3 : If:
@

(18) gla) = 1 cos(ax) J (ax) f(x) dx
v

]

and
(7) v>0, a>0,
(i) f(x) € L,(0,™), thus g(a) is defined and also belongs to L,(0,%) .
(iii) s F(12s)e Ly(s=im, }+im),
s"F(1-s) eLy(4-iw, } +im),
svti
s F(I—s)eLz(%—ioo, 1tim)

(iv) F(l-s)el,y(i-ic, $+iw)

() ¥ i) e Ly0,9),

where [(y) is of bounded variation near the point y=x, then the inversion formu-

la for the transform (18) is :

b mhpgipimbm b goky Shugiply
(19) {7 [ {z 5 b {aeg@®}] ,}] .1}
x=zs =T
0 2” 1~z7/-'z'/( 5)
THEOREM 4 : If :
A 'ln (l)
(20) h(@) = | H_“(ax) f(x) dx
o
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(i) f(x) € L(0,®), thus b(a) is defined and also belongs to L,(0,%),
(iii).s *F(I-s)€ Ly (3 -iw . }+im),

tvti

s F(1-s) € Ly(3-iw, ;1 tio),
(iv) F(I-s) € Lz(%-ioo, 1tiw),

) y i) eLy(0,m),

where [(y) is of bounded variation near the point y=x, then the inversion formula

for the trans form (20) is:

en €T Bea) N pets TG

a=az t=7"

N

Hg)( - ) stands for the Hankel function of the second kind [2].

THEOREM 5 : If

@
(22) gla) = | .1 (ax) f(x) dx
o
and
(i) a>0, v>0,

(ii) f(x)eLy(0,®), thus g(a) is defined and also belongs to L, (0,®)
(i) s” " *F(1-s) e Ly(3-i®, 3+im),

(i) F(1-s) €Ly(}-iw, } +im),

@ v i) eLy0,9),

where f[(y) is of bounded variation near the point y=x, then the inversion formula

for the transform (22) is :
Yilyg=l, ~vti o1, ity v
(23 fo=mx € e AR @ e D] )
X=T

§ 3. Inversion formulae for bypergeometric transform. In this section we esta-
blish two theorems, which provide us the inversion formulae for two hypergeometric

transforms. Using the following results [4] .
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B ~ux -(s+8) ['(s+a) T'(y)[ (-s)
(24) M{x Fi(y-a;y;ux)}=
R o A s b y ["(a) T (y-s-a)

Re()>0, Re(a) > Re(s)>0,9 #0,-1, -2

1,2 I-a, 1)(1-53, 1 (st L & L
ki ael R i (I-a, 1)(1-5, 1) =us+pr(s ) (a=s-p)" (B-s=p)
2.2 ux |(0,1) (1-v,1) C(y-s-p)

Re{s+1+min (0,1-7)} > 0
Re {max (-a,-B)+ts+1} < 0

and proceeding in the same way as in the theorem 1, the following theorems canbe

proved easily.

THEOREM 6 : If
o9}

(26) Q@) = | xle -ux1F1 (y-a, y;ux) f(x)dx
o

and
] ~ i Y
@ B>0,a>F : >3-4 , a>0,

(ii) f(x) e L, (0,0), thus Q(u) is defined and also belongs to L, (0, ©) |
(iii) s BYER(1-s) e Ly(3-i, 3 +i®),
s F(l-s) € Ly(3-iw, 1 +iw),
s B 2iF(1-s) e Ly(3-iw, } +iow),
(iv) F(l1-s) € Ly(}-ico, $ ti),
(W Y ) eLy0,0),
where [(y) is of bounded variation near the point y=x, then the inversion formula

for the transform (26) is :

[ (y) ra_ﬁ-zf(x—l)-

27y € e e b e Ly

1= x=t [(a)

Particular case : If we set 3=0, this theorem reduces to the one considered

()0



recently by Gomez Lépez [8,(26) ] -

THEOREM 7 : If

Lo o]

(28) g(u) - (!’ X oF (a, By ;- ; x) f(x) dx

and - - )
() - 'p >20,,p-a<0 p-< -4, atB-y>0,atf-p>4, atB-2p> 1

(7)) f(x) € L5(0,%) thus g(u) is defined and also helongs to 1.,(0,7) ,

sizel ot 8=

(iii) s” yF(I--s)éLz(; -iw, }tiw),
a-pt+ph-~1
s A 2l"(I-s)el.z(;-iOO, 1tio),

atf3=2p-1 .
s F(1-s) € Ly(}-iw, § tiw)

sﬁ-p—zl"(l-s) € "2(; -i0, %“”ivl}) ’

(iv) F(I-s) € Ly(}-i®, jtiw),

(v) y_%/(y) €L,(0,)

where [(y) is of bounded variation near the point y=x then the inversion formula

for the transform (28) is

e e . I |

-1, - a=1.-1. : 3
PR B Rl € S VIR ¥ I G | S Pab Wi 3 S IR S I

I‘(}) B-p -2 -1
e e ———. X /(x )
(o) T'(B)

Particular case : If we put =0 this theorem reduces to the one considered  re-

cently by Gomez Lépez (8, (22) ].
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