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ABSTRACT

By an appeal to the Laplace transform and
their inverses we have obtained five inversion

formulae for some Bessel function transforms.

The inversi on formul a for hyp er qe ome tr! c 'tran s-

forms have been given ~hose kernel are the con-

. fluent hypergeometri c function 1F 1(')' - a; ')'; fix}

and Gau ss hypergeometri c functi on 2F 1( a, f3. 7/;

- lIfl X). The results given earlier by Gomez

Lopez [8] follow as special cases of our re-

·sults given in section. 3.

§ 1. Introduction. The Laplace transform of ¢(x) is defined by :

(1)

OJ

f { ¢ (x) } = J e -xt ¢(x) dx = f (t)
o

. -1
If we denote with f the inverse Laplace transform, then we have

-1f {f (t) } = ¢(x)

with ¢(x) and fit) relatedasin(l);wedenotewith M{/(u)} orby F(s)

the Mellin transform of /(u) .. genera!y u is real and positive, s is a complex va-
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riable of the form s = CT + t r , where CT and Tare real, The Mellin transform of

[Lu) [9, p. 46 J is defined by :

(2)
00 s-1

M { [Lu) } = F (s) = J [Lu) u du
o

s -1
I(u) u E L2(O. CXJ). The inverse Mellin transform of

re Iate d as in (2), is written .as follows [9, p. 60J :

F(s) with I(u) andwith

F(s)

(3) M-1{ F(s)} = [Lu) = _1_ J F(s) u-s ds
. 2 TTi c

where F(S)EL2(CT-iT,CT+iT);-CXJ<T<CXJ. and C is a suitable contour in

the complex.a-pl ane, If Hl s} and F(s) are, respectively, the Mellin transform of

h (u) and [iu}, then we have:

(4)
CXJ

J h(u) I(u) du = -2 I. J H(s) FO-s) ds •
o TT, C

knov v n as the Parseval theorem for MelIin transforms [9, p. 94 J • In this paper we

use !f and s:' operators to obtain five inversion formulae for some Bessel func-

tion transforms and hypergcome trtc transforms whose kernels are IF 1 (y -o., y "

f-L x) and 2F 1 (a. f3. y, _I x) • rc spect ive ly. In section 3 we give two results
f-L

whose particular cases where givcn earli er by Gomez Lopez. We lise the following

results [4J . ,

(5)
TTif(s+v)f(s-i.)

r . as r(s + i)
9l.,(s) > 19le( v ) 1,
9l., (a) > 0

2v-Ir({-s)fO+tv +ts)
(6) M [sen(ax)j (ax);s J = s

v a fO+v-s)f(l-tv-ts)

a> 0

- 1 < :R,,-( v} < 9l.,(s) < t

2v-1rrt-s)f(tv +ts)
(7) M [cos(ax)'j (ax),'sl= -------=:----

v as fet-tv -isWO +v -s )

a > 0
-9l., (v) < :R.,( s) < t

r -ax
(8) M LeI (ax); s Jv -

84



(1) .
(9) AI [H (ax); sl

I-' .

(1-i)2s-1r(ts+~I-') (/) (/) 3
, .J\ -e. ( lJ) < .J\.e ( s} < 2"

~lr (~I-' -J S + 1)

We shall also use the following important theorem given by C. Fox [6,p.300 l.

11: (i) 0. > 0 • (~ a + f3) > 0 , t> 0 I

(ij) s = U + ifL'. o :and fL both real and

F(S)E L(t-ioo, t +ioo)

then

(10) ~-1{2;r' J r (as+(3)F(s)t-aS-f3ds}= -21 . J F(s) xas+f3-1ds
t c 7Tl C

where, lor both integrals, the contour C maybe the line u = t , a line parallel to

the imaginary axis in the complex s-cplane, And

(11) ~{_1_J H(s) xos+f3-1ds} =_1_ J H(s)t-a.s-f3ds.
27Ti "Cr (as + 13) 27Ti C

§ 2: Inversion Formulae [orBes sel function trans/arms. We shall obtain an in-

version formula for the Following transform:

(12)
(D ux

h(a) = Je KlJ (ax 1[Lx) dx
a

where Kv(') is tile modified Bessel function of the second kind (2) •

THEOREM 1 : If

I-' + t <0 , ~~ (s) > I~.e (v) I R (a) > 0 ,(i)

(ii)

(iii)

(iv)

(v)

j(x) E L2(0, 00), thus h(a) is defined and also belongs to L2 (0, 00) ,

s-v-tF.(l-S)EL2H-ioo, t +ioo),

F(l-s) EL2 (t -i as, t + i 00) ,.. .
y-'f(y) EL2(0. 00).

where /(y) is 0/ bounded variation near the point y =x • then the inversion [ormu-

la [or the trans/arm" (12)" is :

(13) j(x) =7T-txvf-1{tl-'+t~ {x-v+tf:-1{(2afl-'h(a)}}}
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Proof: We apply (4) to the right hand of (12) and by (5) we have:

1 1. -s f(s+v)f(s-v)
h(a) = -2 . J F(1-S)TT2(2 a) . ds ,

TT, C f (s + t)
(14)

For large positive x and a> O. the kernel of our integral equation behaves as

ax ITT - t
e Kv(ax) "',VT (ax) .

F or small positive x and a> 0, we have"

ax
since we have the condition v + t < 0 it follows that the expression e 'K)ax)

belongs to L2(O,m) and since f(u) E L2 (0, m), the application of (4) to the right

hand of (12) is justified. The contour C in thes-plane is the. straight I inc s = t tiT

and T varies from -co to co , We shall now try to eliminate th"e other gamma func -

tion [10, p. 27::JJ along the line s = t + ir , for large I T I we have:

f(s+v)f(s-v) -1
------F(1-s) = F(1-s) (1 + 0 (s »

f (s + t)

f(s-v) F(1-s) = s-v-tF(1-s) (1 +0(s-1»
I" (s it)

and the condition v < -t. Multiplying both sides of (l::J) by (2 at v and applying
-1f .we have

1.+ioo f )1 -v 1 1 2 (s -v s +v-1 }f- ((2a) h(a)}=7l{2-' J F(1-s) x. ds .
TTl t-ioo f(s+t)

. +,. .
Now multiplying this expression by x-v 2" and using the f operator, we get

(15) f {x- v+tf-1 {(2a( vh( a)}}= {e -xtx -v+t {TTt ~ J F(1-s) r (s- v) Xs +v-1ds}dx
o ~ TTiC r (s+t)

The integral of the relation (15) is absolutely convergent and

-v-1
S 2 F(1-s) E Lit-im, t tim).
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. ~frnce, integrating with n~sl'«~CI to x and eliminating r(s +j). we obtain

Multiplying both sides by. ,v + j and lll'plying s:'. we gel:

ReplaCing s by I-s, we have:

(;)-1{. v+j(;) { -v+j -1{ -v ~ 1 -VI -s 1. -v .
oJ.. I oJ.. x f.. (2a)h(a) }}}o'" --x Ft st x ds= 7T2x [t x}

. 27Ti C

which is justified by virtue ofthe condition:
1---2

Y I(y) E L2(O.00). Hence

-~ v(;)-l{ v+1 (;) - -v+j(;)-l{ -V}'}I(x) = 7T X oJ.. I 2 oJ.. {x oJ.. (2 a) h ta) J •

Proceeding in the same way. we can easily establish the follOWing theorems.

THEOREM 2: II

(16)
00

'P (a) = J sen [ax}'] (ax) f(xJ dx
o v

and

(i) v > 0 , a' > 0 ,

Oi) f(x)EL2(O.00). thus ((l(a) is defined and also belongs to L2(O,oo) •

(iii) s-jF(J-s) E L2( ~ -;00. j + (0) ,

SV F(l-s) E L2 (j -;00, j + ;(0) •

1. v+~
. S2 • F(l-s)C.L2 (j -;00, j f ;(0) ,

(io) F(1-s) E L2H-;00 ,~+ ;(0)

(v) y-j fly) E L2(O, (0), .'

where fly) is of bounded variation near tbe point y=x, then the inversion lormula
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for the transform (16) is :

-1 -3/2 -.Lv +.L -1 _.L v .
(17) 2 {T [2{z' '2 {t '[2{a <:pea) }]x=zt}}]t=T-1}

v-1 vvl tv t
2 T Z f(z);

THEOREM 3: l f :
00

(18) g(a) = J
o

cos (ax) J (ax) f(x) dx
v

and,

(i) v > 0, a > 0 ,

(ii) j(x) E L2(0, fJJ), thus g(a) is defined and also belongs to L2(0, (0) .

(iii) s-t F(1 <s) E L2(t -ioo, t + i co ) r

sVp(1-s)EL2(t-ioo :t+ioo),
.!. V +.!.

s' 'F(1-s) EL2(t-ioo" t +ioo)

(iv) F(1-S)EL2(t-ioo, t+iOO)

(o) y-t fry) E L2 (0,00) r

where fry) is of bounded variation near the point y = x , then the inversion [ormu-

la for the trans form (18) is :

v -1 -Lv-I. 1.= 2 z· 'f(z')

THEOREM 4 : If:

(20)
m (1)

h(a) '" I /I (ax) f(x) dx. v
o

and
(i) (I>O"v';>O,
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(ii) ((x) E L2(O, ro), thus h(a) is defined and also belongs to L2(O,ro),

(iii).s-tp(l-S)E L2H-iro. j +iro) ,
'-1 tI + 1. .

S2 4p(l':"'S)EL20-iro, j+iro),

(iv) P(l-s) E L2H -Lco , j + iai }',

[u) y-j{(y) El..2(O,ro)',

where {(y) is of bo',mded variation near the point y=x, then the inversion fOMnula

for the transform (20) is:
,

-1 -v..,1 jv . _.1+.1 V I

(21) f {T [f{a [h(2a)] .1}] _I} =1::'-,x 2 • f(x2)
ar a» t=T 2

HU)(·) stands for the Hankel function of the second kind [2] .

THEOREM 5: If

(22)
m

() J -ax
ga = e • 'v(ax) [t x} dx

o

and

m «> o . );I>O~

(ii} f(x)EL2(O,ro), thus gio.) is defined and also belongs to L2(O,ro),

v + I

(iii) s 2P(l-S)EL2(j-iro, j+iro),

(iv) P(l-s) EL2(j-iro, j +iro),

_.1
(v) r ' fly) E £"2(0, ro) ,

where {(y) is of bounded variation near the point y =x • then the inversion formula

for the trans form (22) is :

(23)
j-v -1 -v+j -1 j+v v

f(x)=7T X f {T [f {t f{a g(!!) }}] r .
.-- 2 X=T

§ 3. Inversion formulae for bvpergeometric transform. In this section we esta-

blish two theorems;which provide us the inversion formulae for two hypergeometric

transforms. Usinglhe following results [4] •



(24) {
{3 -u x -(s+{3) r(s.+a)·r(y)r(-s)

M x e ]F1(y-a;y;jJ-x)}=u r (a) . r (y- s - a)

(25) {
p 1,2 [ ] /(1-a. 1)(1-[3. 1)} s i p r(s+p)r(a-s-p)r([3~s~p)

M x H -- =u
2,2 fiX (0.1) (1-y.1) r(y-s-p)

~.,.{s + 1 +min (0,1 - y)} > 0

g{.dmax(-a.-!3)+s+l} < 0

and proceed ing in the same way as in the theorem 1, the following theorems can be

proved easily,

THEOREM 6 : If

co

J f3-ux
(26) r:p(u) = x e ]F] (')'-a, y; ux} f(x) dx

a
and

(i) [3 > 0,
')'

a>-
2 a> O.

(ii) f(x) E L2 (0, (0), thus r:p(u) is defined and also belongs to L2 (0, CO),

(t't't') a- y+ {3 +1. (s 2F1-s)EL2(t-iCO.t+ico),

a
s 'P(1-s) EL2(t-ico. t+ico).

sa.- {3- t F(1-s) E L2 (t -ico . t + i co ) ,

(iv) F(1-s) EL2(t-ico. t+ico),

(v) y-tf(y)EL2(0.CO),

where f(y) is of bounded variation near the point y=x, then the inversion formula

for the trans form (26) is :

Particular case': If we set [3 = 0 . this theorem reduces to the one considered
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recently by Gomez Lopez [8, (26)] .

THEOREM 7: If

(28)
ill

c
g(u) = I x' 2171 (0, (3, y .. - ~ x) /(x) dx

ua
and

(i)

(ii)

P >0, p-a< 0, p-/~ < -1. a+;3-y > 0, a+{3-p> L a-l (3-2P>

f(x) E 1~2(O,(JJ) thus g(u) is defined and also belongs to L
2

(O,W) ,

a+8-y
s' F(l-S)EL2(t-ilJJ,t+iW),

a-p+,8·-t
S F(l-s) E L2(t -Lco , t + ioo),

a+(J-2p-1
S F(1-S)EL2(t-ioo,t+iOO)

,8_p_l .
s 'F(l-S)EL2(t-ioo,t+ioo).

( iii)

(iv) F(l-s) EL20-iOO, t+ioo),

(v) y-t f(y) E L
2

(O,OO)

where fry) is of bounded variation near the point y=x then the inversion formula

for the transform (28) is

r (y ) ,8- p -2 -1
----- x f(x) .r (a) r ((3)

Particular case: If we put p=O th is theorem reduces to the one con s idcrr-d re-

cently by Gomez Lopez [8,. (22) ] .
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