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A TRIANGLE INEQUALITY FOR ANGLES IN A HILBERT SPACE

by

D. K. RAO

Let x,y,z be unit vectors in a lIilbert space, an d ddil.1e the angle ex)' by

cos ex =:R., (x,y), 0 < e < TT. The object this noll' is tu gi\e a proof of they - xy-

following inequality

(J)

This result was mentioned without proof in [lJ and is imporj ant in ine qual u ic s

for operator cosines introduced in [2J .

In order 10 pru\"(' (I) we need thf' [ul lowing lemma:

LPMMA, Let x,y,z be unit ue c tors in a Hilbert space, an d (x,y) =a) ~ib),

(y,z) = "z + i b2 ' (x, z) = a3 + ib3 . T'ben

(2) cos (ci
xZ

? cos (t1xy + ryz) .

2 2
Proof. By SelJwarz inequality we have laj I + I bj I ~ J, j= ),2,3. On

the other hand, (2) is equivalent 10
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'I his result is ohvio us if "t a2 - "s ~ O. Otherwise we need to prove that

(II is interesting to note that. the above expresi on doe s not contain 1,:1,b
2

or
~ . 2 2 2 .b3·) t'or th is let j(p,q,r) = 1· P . q - r + 2p qr ,so that

0/ of 0/
P ap+q~+r~=-2[p2+l+7'2.3pqrJ

In the cube E {I p I ~ 1, I q 1 ~ 1, I T I ~ 1 } , we have I pqr 12 I pq , .etc,

and hence

Therefore

0/ ,0/ 0/
p - + q - + T - < 0 in E.o P 0 q Or ,-

The above inequalities show that for any rectangle V contained in E, / at ta ins

its minimum value on the surface of V. In particular, this is true for the cube

E. Now consider the Grammian

,

(y,x) (y,z)

(x, x) (x,y)

(y,y)

(x. z )

> 0,

(z,x) (z,y) (z,z)

or equivalently,

If we take (a1.a2,a3) on the surface of E and assume, for example, that la11 =1,

then b1 = 0 and we have
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that is to say the desired inequality.
Q.E.D.

Proof 0/ inequality (1) . If exy + eyz ~ 77, there is nothing to prove. If exy +
eyz < 77, it follows from (2) and the fact that eosine is a non-increasing function

on '[0,77) that inequality (I) holds.
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