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ABSTRACT

The purpose of this orticle is to present

a result about eigenvalues of nonsingular rn o-

trices and to observe that this re~ult implies 0

theorem of this author on combinatorial d e s iqn s

as well as other combinatorial results. The ma-

terial presented herein lends itself well for use

as an il!ustration of some nontrivial appliea -

tions in a first course in Linear Algebra; these

applications may be mentioned right after the

concepts of eigenvalue and eigenvector have

been defined.

Throughout the sequel, J will denote the matrix having all its entries equal

to + 1, and I will denote the identity matrix. ~lIbscripts will be used whenever

it is necessary or convenient to emphasize the order of a matrix; thus, A willm.,n
be an m by 11 matrix, and Am will be a square -mat rix of order m. The transp?se

of the matrix A will be AT. The scalar j-L is an eigenvalue of the matrix °A v
T . . T

with corresponding (nonzero) eigenvector (aI,a2-'" ,av) If A(a1,o2"" ,ov) =
Tj-L(a1, "z->:: .av) .
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Let X = { xI ,Xl'" . ,xv}, and let X s- Xl"'" Xv be subsets of X. The

subsets Xl'Xl, ... ,Xv are said to form a (v, k, A)- design ifeach Xj(I~j~1.J)

has k elements; each two distinct X., X, (1 < i .i < u) inlersect in A ele-
% J - -

menrs : and 0 :::..A < k < v-I .

. The preceding combinatorial design is completely determined by its incidence

matrix '; th is is the (0,1)- matrix A = [a .. J defined by taking a .. = 1 if x . EX·%J %J J %

and a .. =0 if xJ" X;.
t J •

Let 0 < A < k < v-I. Then a (0.1) - matrix A is the incidence matrix of a_. v

(v,k, A) - design if and only if AAT = (k - A) 1+ AJ. More information about

(u.]«, A)- designs is available, for example, in [1] and [3J .

LEMMA. Let A be a v by v nonsingular matrix, and suppose that k is an ei-

genvalue 0/ A witb corresponding eigenvector (1, 1, ... , 1)T. Then A(aI,al,··

., av)T = /-L (1,1, ... r I)T lor some scalar /-L i/ and only i/ al =al = ... =av =

fJ k -1 .

Proof. First, it is observed that k pO, for det A is the product of the v (not

necessarily distinct) eigenvalnes of A, and det A 0/ 0 since A is assumed non-

singular.

Now, using rh e hypothescs that k is an eigcnvalue of A wit h corresponding

eigenvector (1,1, ... , 1)T, and that A is nonsingular, one sees th at A(al, al'
T . T T

••• r alJ) =/-L(J.I, ... ,1) for some scalar /-L if and only if A[(al,al,··,av)

- /-Lk'l (1,1, ... r l)TJ = 0, "hid holds if and only if (al,al .... ,alJ)T

(/-Lk'l, /-Lk-l, ... , /-Lk-I)T

The 'preceding Lem ma y ie Ids the follow ing morc complete version of thc The-

orem in [2J:

COROLLARY 1. suppose the subsets XI,Xl, ... ,Xv o j a s e t X= {xI' Xl'

.. :, xv} form a (v,k. A)- design. Then, except for the empty set and X itself,

X contains no subset Y that intersects each Xj (I S. j ~ u} in the same number

Al oj e lements .

Proof. Let A be thc incidence matrix of thc given (v,k. A) - design; thcn A

122



is .a v by v nonsingular matrix (for a proof of this, the reader is referred to the

first 4 sentences in the proof of Theorem 2.1 on p. 1O:'l of [qJ ) and k is an ei-

genvalue of A with corresponding eigenvector (1,1"",1) T .. that is,

A(1,l, ",,1) T = k (1, 1"", 1) T,

If there exists a subset Y of X intersecting each Xj in the same number 'A1 of

elements, then there is a vector (a1 ,a2"" ,av) T (defined by taking aj = I if

XjEY and aj=O if Xj'Y for j=I,2"", u) such that

Now, as a consequence of the Lemma above, it follows that a1 = ": ' .. =av ;

therefore each aj =0, or each aj = 1 ; that is, Y is the empty set, or Y = X ,

The following three combinatorial results, all of which are mentioned in [2J,

arc also Simple consequences of the preceding Lemma (as well as of Corollary]).

COROLLARY 2. (Theorem in [2J). Suppose' the subsets X1,X2""'Xv of

a set X = {xl' <z- ,.", xv} form a (v, k , 'A).design. Then there does not exist

another subset Xv+1 of X such that Xv+1 has k1 elements and Xv+1 intersects

each Xj(1 ~ j ~ u ) in 'A1 elements, where 0 < k1 < v and 0 < 'A1 < k.

COROLLARY], Suppose the subsets XZ,X2,.",Xv o j a s e t X={x1,x2'

, " , xv} form a (v,k, A)- design, Then there does not exist another subset

Xv +1 of X such that Xv +1 has k elements and Xv+1 inter s ect s each Xj

(1 ~ j ~ u) in A elements.

COROLLARY 4. Suppose the subsets X Z,X2"·,, Xv of a set X= {xl' x2 '

... , x } form a (v,k, 'A)- design. Then there does not exist another subsetv
Xv+1 of X such that Xv+1 has ""1 elements and Xv+1 intersects each Xj (l ~j

5:-v) in 'A elements, where O<k1<v.

The author wishes to express his gratitude to Professor Andrew M. Gleason

of Harvard University for his comments on an earlier version of this paper.
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