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ANY EQUIVALENCE RELATION OVER A CATEGORY IS A SIMPLICIAL

HOMOTOPY

by

C. RUIZ SALGUERO * and R. RUI Z \

§ r Simplicial Systems.

{)elinitio/1.( []]) A simplicial syslem ovr r a ('al('gor)' e is a triple j=(J(,<f:J,A)

where J{ : Co x (' ~ 6°S ( 60s = the category of simplicial sets) is a covarianl

Iuuct or, <P is an as.soc iat ivc "composiliun law " with <PXYZ: J{(X.y)xJ{(y,?:)

J{(X,?:) natural in X,Y,.Z, and 'y is a natural isomurphism ')' v : OX,Y)~}((X,Y)d
X,

(We will denote 0.13= <D ((3, 0) for OE}((X,Y)/Z and /:<d{(Y,Z)/1)' ~lureuver,

J is sul-jcc tc d 10 the [ol lowiug c-ond it iou s :

(i) Ior c ac-h morfism /I:X ~Y of e, andpach IEJ{(y,Z) . t lro n 1.//1)(11)
/I

J{(1I, Z) (j) ;

(ij) for each g E }((W,X) and each 11 E C(X,Y), s(n)(1I) • g = l((W,/I) (g), w he-
n

re s(1/)(u) stands for the image of 11 by the lol lowin g cumposition 50 •.. 50 (11-

times), where 5 (!enotes the O-tl? dq;<'neracy in ear:h dimension. Also \\T ha vco .

used for a fixed Z in C the reslriction }((-, 7): CO -. 60S of the fnnctur }(

which for each 11: X ~ Y in C, indnces a simplicial map l( (u, Z): J( (Y,Z)

J{ (X, 7.). Similarly, if one fixes the firsl variable.

* I)artially supported by th c ll ni v er-s id a d IlerlagogiciI Nuc io n al,
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A s irn pi ic ia I category is a pair «', J) where J is a simplicia I system over a

given category e.
The homotopy relation over morphism associated with the system J is given

as follows: /,g: X ~ Y (in e ) are J -homotopic, or more precisely, / is J- ho-

lIIolopic to g (in that order), if there exists v E }UX.Y)] such that do(v) = /

and d](v) = g . h is well known that if J{(X,Y) is a Kan simplicial s et - in

lower d imcn s ion s- then this homotopy relation es an equivalence relation. Fur-

the rmorr-. it is r-ompati h] e with composition. In fact, the categorical s irnpl ic ia l

structure allows a composil ion of homot op ic s : if If E J{ (X, Y)/ and K EJ( (Y, Z)]

arc suc-h thai If: / /V' g and K; II »:» 1J t hen K. If = <P (If, K) is a homotopy

II/ ,-J 71 g .

§ 2. Some examples 0/ s im pls cial c at egorie s,

a) In the eategory of topological spaces taking J{(X'Y)n = Top (6 (71) x X, Y!

w it h [ace s in dur-cd by the c o-far-e s of th e standard co-simplicial topological spa-

ce L , we obt ain a simplicial system

,
b) Thc same c ons tru ct ion in 60s using 6 [77J instead of 6 (ri),

c) (;cneralizing a) and h), a bovc , if a category C is c lusrd Ior finite products,

th on 1'(;; eac h model y; 6 ~ e (that is, a covariant fnnctor) such that y [oJ
!'inal ohject of t', whr-n ever it exists, one dcfincs J(y (A. B)n = C (Y [71J x A,B)

and complctes it hy the samc categorical proc edurc s as in a) and h). Givpn the

importance of this example and its generality wr- will devote the next paragraph

to a detailed d isc u-o- ion of it ,

d) In the paper "'Iolllotopic Systems in categories with a Final Ohject' '( [5J )

it is shown that, if Y; ~ t' is a model in wh ich Y [oJ is not neeessarily the

final ohjeet of C , th cn one can consider the category of objects over y r oJ, de-

IIlItcd Cly [oJ· Thc lIIorll-l Y induces a model yly [oJ = y';6 -. ely [oJ.
in wh ich , of course, Y' [01 is then the final object of t'/y [oJ .If t' is c lo-
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sell for fibered produc-ts over y [oJ, t hcn we can apply the pror-r-rlure of part c)

'10 induce over ely [oJ a simplicial stru cture. For example, if e = Ab = the ca-

tl'gory of ahc l ian groups and Y: D ~ Ab is the free abelian group functor, rc,s-

tricted to D , thc n there r-x is ta over Ab/Z a simplicial structure associaled with

Y. 5imilarly, if one t en s or iz e s Y hy an abelian group M to get (Y ® M) n

Y [11 J 0 M, th en Y <'9 M induces a simplicial stru cturc over AblM (sinc"

()' 0 M) [OJ = M), wh ic-h is natural in M, in the sens-e thai th is assignenl

,11 ~ AhlM can be compl ct c d to a functor from Ab into the cat"gory C. SilTl

(d.§ 4).

e) A group G can be considered as a category with only one ohjecl, say I',

and one morphism g: e ~ e for each c lr-me nt g of G, t he composilion rh cn

gi\en by gel; = gh. We "ill denote by G bUlh IiH' category and Ihe group.N(G)

will represent the n ervc of the category G (in [2J, p. 32, th is is dcn o tc d hy

D(G) t, 'VI' will pro\'e that there ex is rs a non trivial (natnral) s imp l ic ia l struc-ture

over G "hen G is .abe l ia n. In fact we t ako J{ (e,e) to be the simplicial set

RC (N(G)) whe ro I~C stands for t ho right - r-ut- funelor RC: DO S ~ DOs (d.

[4J) dcf'in ed for a simplicial set X hy the formula!' : (i) RC(X)n = X11 v l: (n::: 0)
n ri » !

(Li) 0i: R C(X)n ~ RC(X)n_] is the morphism di: Xn+] ~ Xn (i =0, r II);

(iii) a,n: r<C(X) ~ RC(X) +] is the mor ph ism s"+/.· X +] ~ X1/+? (i=O, r 11).
1 '/1 /1 i II -

In order to complete the de lin it ion of J{: GO x G -. DO S we associate 10 X,):

e ~ e the map (x'Y)II: J{ (e ,«) ~ J{ (e,e) dcl'ined by the follo"'ing equality.

(x'Y)1I (go"'" gn) = (go"'" gn-]' y gxx). In order to this map'" 1)1' simplicial il

is necessary and sulTieienl that G be an aL)f'1ian group. As for Ihe simpl icial

I'omposition <lJ ee = <lJ : J{ (e,d x J{(e,e) ~ J( (e,e), it is given hy <lJ ((go"'" gn);

(h
o

,···,h
l1

))= (hogo .... ,hng
ll

). Again, <lJ sodcfined is a simplicial map if

alid only if G i'" an aiwlian group. Furth"rmore. J-((e,e)o = CR(N(G))o = N(G)] =

= G = /lomG (e,e). Now for u E 1I011lG (e,e) it holds that <lJ (f, s(n)(u)) = J-((u,e)(/),

sincl' t!lI' right hand ml'lullI'r of the equality is (1I.le)II(/) = (/0,···,1/1-1' /n") for

/= (fa, ... , /,,), and S(l1)(U) so'" So (II) = (I, .... J, u). ';imilarly <lJ(s(")u,j)

= J-((e, u) (/) = (I e ' u) II (/).
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Remark: In the previous construction J{ (e,e) hc corne s the total space W(G)-~ ~ ~
of II' (G), th c classifying space of G ,whcre G = G for each nand Ihc fa-n~
ce s heing the identity morphism. That is to say II' (G ) = R C (N (G) ).

Tllis conxtr ucr ion can certainly he generalized to ahc l ian monoids, in which

r-ase the homoto py obtained is non trivial (aggainst the case of abelian groups in

which .il is trivial): f 'V g if there c x isj s a E G such that f a = g. } '1'111'

prohlem of cx is tcnce of homotopy is thus equivalent to th e problem of s ol ut ion of

first degree equations in G.

I') There is a way to induce, tr iv ial ly, a s impl icial syslcm on a ealcgory c: by

laking H (X, 1')n = c: (X,1'), for each 11, and faces 10 he tllf' identity function. The

homotopy re lar ion obtained is tile relation of equa l i ty ,

§3. The simplicial system associated to a model 1': 6 ~ c: .
Lei C he a category with a final objeci and with iin i t e products. Let 1':6-'(:'

bc a c ovar iant functor such that Y [0] = the final object of e . We dc lin e , for

ear- l: pair of objects A,B in e, tile simplicial set .J-( (A,B) hy the formulae

(il H(A,B)n = C (Y [n] x A,B) .. (ii) if w: [n] ~ [m] is a morphism in 6 "

thcn 11'*: J((A,B)m - J((A,B)n is the Illap II 110 (Y(w)X A), wlu-rr- A stands

for 11ll' identity morphism of A. Thr- simplicial cum pos i t ion et>: J((A,B) x J((B,C)

-, l((A,C) is gi\e;, for f:)1 [n] x A • Band g: Y [1/] x B ~ C hy

Y [1/] x A Cl x A~ Y [17] X Y [n] A Y [17] x f~Y [1/] x B --.!. C,

where CJ is rh e diagonal morphism. To pro\e that <t> is simplicial i t suffices to

p;ovc thai, for morphisms w: K ~ L, f: L x A -, B. and g: LxB ~ C the

following diagram c ornmutc s,

In or(fer to Ido this i t s uflicc.s to apply, for oac h X of C, the functor C(X,-)

to the diagram above. Then il her-omr-s the s amc st at e ment (or diagram) hut in th e

category of sCls. (recall rh at in order 10 pron' that a cliagram in a calegory COIllIIIU-

les, it is ncccssary and surricic'nl thaI for each ohjeci X, the imngp of the d ingram
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Clx A ) KxKxA KxwxA KxLxA Kxl ~KxBKxA ~

1 w xA 1 w xB

LxA LxB

j ClxA j g

LxLxA Lxi
) LxB s ) C

by e (X, -). resp. e (-, X), commutes in the category of sets). This is due to

the fact that e (X, <) commutes with products and that e (X , ClY) = Cle (X, Y) .

l\S far as a s s oc iaf iv ity is concerned (of the simplil'ial compos it ion <1» it re-

duces to proving that the following diagram commules in e for any morphism

I: K x A ~B

KxA ClxA ~ Kx Kx A Kxl ~KxB

lOxA 1 Ox R

KxK x ;\ Kx Cl/AK x K x K x A )0 KxKxBKx Kxl

§ 4. The categories C. Sim and C. Rei.

A simplicial functor (e,j) ~ (e',j') between simplicial categories is a

pair (1",8), where F:e -e: is a functor and 8:He(-,-) ~ He' (1"(-),1"(-»

is a natural transformation such that for any objects X, Y, Z of e :
51".1) the following diagram commutes

8XYHe(X,Y)o -~--~ He' (I" (X) , F(Y»o

1 YXY 1Yp(XIF(Y)

t'(X,Y) 1"" e' (P(X),F(Y»

}')5



S.F.2) the foUowing diagram commutes

q,
----------+~ J(~ (X, Z)

}{e: (F(X), F(Y» x J(~' (F(Y), F(Z» --q,-' --~) J( ~,(F(X), F(Z) )

In this case we will say that (F, 8) is compatible with the simplicial compo-

sition.

We "..ill denote by C.Sim the category of simplicial categories and simplicial

functors, and by C. ReI the category of categories with compatible relations in

the following since: (a) a category (~,R) with a compatible relation R, consists

of a category ~ and, for each pair of objects X, Y, of a reflexive and transitive

relation over the set ~(X,Y) which is compatible with the compo s it ion in ~ ;(b)

a morphism F: (~, R) ~ (~' ,R') between categories with compatible relations

is a relation-preserving functor Fo' ~ ~ ~' in the sense that if (j,g) EO RXY then

(F(j), Ft g) 6 R'F(X) F(Y)'

The procedure that to a simplicial category (~,j) associates the reflexive and

transitive relation generated by homotopy, denoted by (~, R (j) ), gives rise to a

functor :R, ': C. Sim ~ C. ReI.

We now give the main theorem of th is paper:

THEOREM. The junctor :R admits a right adjoint S: C. R«] ~ C. Sim .

We devote the rest of this paper to the proof of this theorem. To begin with we

define the functor S.

Let (~, R) be a category with a reflexive, transitive, and compatible relation.

'lince R xy is reflexive and transitive it can be considered in itself as a cate -

gory with objects the elements of ~ (X, Y) and a morphism / ~ g (and ohly one)
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if (j.g)ERXl" Wedefint' J(; (}Ox (} ~ 60s by taking as J(X.Y) thr-

nerve (see [2J p.:l2 for the definition of nerve, which is denoted by D) of lilt'

nll~gory RXl" We will use H(t:,R)(X,l') instead of H(x.l') when e mph as is

"n the category and the relation is necessary.

We remark that the functor H is the composite

Cat

where t:°x t: ~ Cat maps (X.l') into the cate.gory associated with th e rc lntron

UXl' . One also notices that if a: X· -~X and 13: l' ~ l" are morph isms 01

1..", then the funetor (t) .13)#: (t: (X,l') .. RXl') ~ (t:(X', l") .. R
X

' y,) is 1.1...

map / ~ j3/a. N(a./3)#) is given in dimension n by N(a·j3)#(lo'" "/n}

(13/0 a .... , 131 a), for each (/0 •...• / ) E N(t:(X,l') .. RXl') .n n n

Wc now define the simplicial composition <I> xvz : l{(x,l') x H(l',Z) -, H(x,/).

We rccall that the nerve N: Cat ~ /':,"s commutes with products and s in cc H(X,Y)

= N(R xv ' then we take <I> XY Z = N( cp X)' z)' where cp XY Z is the functor ( na-

tural . in X,Y. Z) defined on the objects by the composition t: (X, l') x t: (Y. 7.)

t:(X.Z), and on the morph ixms RXl'x Rl'Z ~ RXZ by the compatibility of

the relation R. More c xpl ic iry the cumposition in dimension 11 is gi,en by

(" g ). (/ / ) = (g / ...• g I ) . easily proved to be well ddined.t:to ' .•. t no'···· 11 0 0 ' n n

As for the natur al j ruu-dormat ion '). it is, in our case, the idenlity of ('(X,)')

since hy the definition of nerve, }((x.Y)o= N(t:(X.Y) .. RXl')o = (}(X.l').

In order to comple u- IIII' proof that (H. <I> , 'y) is a simplicial syslt'm let

u: X ~ l' E. (} and / • .H (Y,Z)n" then t- s(n)(u) = H (u. Z) (/) 11I'1"1I1""t· if

/ = (/0' .... /n) t I.I~n H (II. Z) (/) = (u. 17. ) # (I) = (17.. /~0 II. . • . • J z 0 /n 0 II )
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= I/o"'" In). (u, ...• II) = /0 5 (n)(II) . Similarly, one can prove that 5(n)(U)°.R

= }( (W.II) (g) , for each g E}( (W.X). and each U E C (x. Y).
71

t1Ie denote J(C, R) = (}(, <1>, ')/) given above and SiC. R) the simplicial

calegory (C .. J (C. R) ).

We pr oc ce d now to give S on the morphism: sinee }((X'Y)n = {(Io ....• !n)!

(/i' !i + 1) E:R XY • 0 ~ i ~ n - z } it is easy to verify that to a relation preser-

ving functor 1": (C, :R) .~ (C':R') there corresponds a simplicial function for

each pair X, Y of obje crs of C, ;;XY = ;; : }( (X. Y) ~}( (F(X), F(Y)), given

hy (/0"" .In) ~ (1"(/0)' "', F(/n))' It is also easy to verify that, if

IE }( (X, Y)lI and s E }( (Y,Z)n' then ;; (g • I) = '"F (g) • F (j) wh ich proves the

Iun ctor ia l condition 51".2). Thus, to a Iunc tor 1": (C, R) ~ (e·.R·) we have

associated the pair (I", F) : (0', J (e. R)) ~ t C>, J (e· . R' ) wh ich also veri-

fies 517.1), and which w e will de not e hy S(F), thus complPting the ddinition of

diP functor S: C. Rei ~ C. Sim.

II re ma in s to provc that the pair (:R ,S) is adjoint{:R is left adjoint of S).

We give first the natural transformations for adjo in tn c s-s : if X = (e,J) is a

simplicial category with J = (}(, <I> , )') and V = (1'. R) is a category with a

corn pat ihl o , reflexive and trun s it ivc relation R, wc "ill ghc ()X: X -, S:R (X) and

ILV: :RS (V) -. V for \\ hii'll wp notice that :R S (V) = V and therefore the functor

~\ is a retract of the functor S . Thus the transformation I' is Simply the identi-

ty. eX is a pair (17, b) where F is a functor with source anti largel the catego-

ry 0' and b: HX ( . ) ~ HS:R(X) tr t ), 1"( )) is a naluraltransformation: F

will he thc identity of C henc e it remains 10 give i1 A.S for ohjccrs A,a in C
Notice that, in gcncral, we can define Ii W:' jII ~jII' whr-rc W is any simplicial

set and 1\1' is the Iol lowing simplicial set: on W 0 let R he the trau s itive rela-

tion associated 10 the homotopy relalion of W. We take w/1 = N( R) = II,,' nerve of

R. W('r('eallthal W· s o oht mncd is I"vel-wise gi\('nl.y jII~= Wo' w;= {(II,V) I
II. v E Wo' (II. 1)) R } • a 1111 in gene ra I W:1 = { (II 0 •...• 11/1) I (IIi' IIi + J) E :R • i =
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t), •.. , 11- 1 }, with faces d. lu , ... , u ) = (u ,... ~.... u ) s ·(u u )=
J 0 11 0 'J ' r 11' J 0"'" n

(uo"",Uj,Uj,Uj+l"",un)' Now we can give 0Il" WhalisdesiredwilhlIJi ...

map is to associate with a simplex x E: Wn' the ordered set of its vertexes. More

preciscly, with each w: [OJ ~ [171 J we as soc iare tu ": Wn ~ W
o

aIHI with this

we construct the faces ui t t x}, If we denote hy wk: [oJ ~[nJ the map wk(O)=k,

then we lake 8W(x)=(w;(x),w](x), ,w~(x». wh ich canhescento he-

long to 11"1/' Notice that io r t x) = do dl dk ... d t x ) (o < k < n). The fo-k . n --
!lowing lemma implies that (3 W is a Simplicial map.

LEMMA. 11/ a simplicial set X the following relations hold:

Thc desired natur al trnn s lormation is precisely o.1{(A,B): J{(A,B)~ J{(A,B')

N R}( (A,B), A, B, in t:.

In order to prove that e and J-L are actua l ls the natural transformation of ad-

jointness,one uses the fael that ~ : DO S ~ ReI and S: Rei ~ DOS are adjoint

functors. Here :R (X) = (X, 'V) is the transitive relation associated to the homo-

topyof X, Rei is the category of the reflexive transitive relations (on sets) ,and

S(Y,R) is the nerve of R.

COR01.LARY. 011 e acb category uitb a compatible reflexive transitive rela .
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tion there exists a simplicial systems whose simplicial homotopy relation is. the

given relation. Moreover, if the original relation is a symmetric one then the s im-

/,licial systems lies within the category of Kan-s impl ic ial sets [3J .
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