
Rev~~td Colombidnd de Mdtematied~
Vol. XI (7977), ptfg~ 59 - 75.

ASYMPTOTIC FORM FOR GENERALIZED FACTORIAL

by

Daniel MINOLI

ABSTRACT

In this note we generalize the concept of fac-
torial by defining

n
f(n) ? = IT f(i)

i=l

for suitable f(x)'s. We then obtain an asymptgtic
expression~ as follows
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with xo(x) = f lnf(t)dt, and
1

RIASSUNTO

In questa nota generaliziamo il concetto del fa
ttoriale definendo

n
F(n) ? = IT f(i)

i=l
per funzioni appropriate. Otteniamo quindi una ex-
pressione asintotica, come segue

~ o(n) yf(n) ? ~ ¥f(n) e e
con x

o(x) = f
1

§ 1 '~troduction.

In this note we generalize the concept of the
factorial function in a novel way. An asymptotic e~
pression along the lines of Stirling's formula, is
obtained; such generalization was required to solve
in close form a number of combinatorial problems the
author has encountered in h~s work.

Definition 1: A continuous, monotonically increasing
function f(x), from the reals R into the reals, is
called a factorial generator,
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Oenrdtioi"i 2: By the general !zed factorial on f ,
. . ,

where f(x) is a factorial generator, we mean a
functional

lJf I + R

with
n
II f(i),

i=l
where I are the natural numbers.

We shall use the notation f(n)? = ~f(n).
Clearly, with f(x) = x, one obtains the standard
factorial function. Generalized factorials with
simple f(x) have frequent applications as combina-
torial quantities, e.g., f(x) = 2x gives

nf(n)? = '2(n)!! ; f(x) = c gives f(n)? = c ; etc.
Also, they have interesting applications in analy-
sis. For example,

a. [Spiegel, 63] allows us to say that if Ixl<1,then
xi f(O) ° h f f x ) = 2x-12T r i r . w~t ~(1_x)1/2= "1- r

i=l
b. Wallis formula (see [Spivak, 61]

as
II ="2 lim f(n)?

n+oo
with f(x) =

can be
2x

written

c. Using
'ff/2

I
o

[CRC, 66] we can write, for ex~mple
° 2n+1 's~n x dx ~ h(n)? with h(x) = 2 x

2x + 1

TT/2
I
o

sin2n x dx = ~ g(n)? with g(x) = 2x - 1
2 x

11 (1_x2)n = f(n)? with f(x) given above
o
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1
J
o

dx = ~ g (n-1)? with g(x) given

above.
Other applications are readily available.

The following basic properties are easily esta
blished.

Proposition 1:

f(x)?
f(n)?

nr
(iii) If f(x)=cg(x) then f(n)? = cl

(i) If f(x) =
(ii) If f Lx ) =

g I x ) b Cx ) then
g(x)/h(x) then

= g(n)? h(n)?;
= g(n)?/h(n)?;
g(m)

;

(iv) Iff( x ) = (g(x ) )c then f(n)? = (g (n ) ? )c
n(v) If f(x) = h(x) + k(x)then f(n)? = r IT b(i)

i=1
where b(x) = h(x) or b(x) = k(x), and the sum is,
taken over all possible 2n combinations.

For simple functions, the generalized factorial
can be expressed in terms of the standard factorial;
for example,

Proposition 2: Letf(x) = axp. Then
f(n)? = an(n!)P.

Proof: We have

n
IT

i=1
QED.
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f(i)
n

= IT
i=l

n
aiP = an IT

i=l

n
iP = an( IT i)P= an(n!)po

i=l



then n-l
f(n)?= L IT

~k~,kl, .•.,kj, .•.,kn_l~P j=O
( .)p-k.ap_k. n-] ]

]

Proof: By definition,
f( )?-( P p-l)( ()p p-ln .- a n +a ln + .•. a n-l +a l(n-l) + •..) ...p p- p p-
Tedious collection of terms produces the above ex-
presion. QED.

An asymptotic expres~ion for fen)? is now sought.
It is seen later that the requirements imposed by
the next definitions are sufficient to guarantee that
an asymptotic form exists.

Definition 3: A factorial generador f(x) for which
f(x) ~ 1, for al~ x ~ 1, is called expandable.

Definition 4: An expandable factorial generator f(x)
for which In f(x) is a concave downward fuction is
called log-concave.

It can be shown that if fEC2[R], a necessary
and su ff ic ien t .c0n d it ion for f (x ) to bel 0g -con c ave
is that

f'{ x ) f " Cx ) - (f' (x»2 ~ 0 ;

in particular, if f(x) is concave downward, the
f(x) is log-concave. We begin with a subcase.

Theorem 1: Let f(x) be log-concave with f(l) = 1

Then,
fen) ? ::: IITil5' a(n) eYe

with x
a(x) :: J In f(t) dt

1
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and
3- o( - ) ~ y , 0
2

where::: means asymptotically equal.

Proof: Consider
a = In ( f(n)!) - 1/2 In fen)

n

= In f(2) + In f(3)+ ...+ln f(n-1)+1/2 In f(n),
by virtue of the fact that f(1) = 1. Consider the
curve y = In f(x). The area under the curve and
between the two lines x = 1 and x = n is

n
A = f In f(x) .

1

This area can be approximated by the sum of the a-
reas of the n trapezoids which are bounded by the
lines x = k-1 and x = k, k = 2,3 •.. ,n . See Figure
1. The approximated area is

1/2 (In f(1)+ln f(2»+ 1/2 (In f(2)+ In f(3» + ••.
+ 1/2(ln f(n-1)+ In f(n»= In f(2)+ In f(3)+ .•.
+ In f(n-1)+1/2 In f(n)= In (f(n}?)-1/2 In f(n)
= a ...n

which is smaller than the exact area, since the region
under the curve y = In f(x) is convex, by virtue
of the fact that f(x) is log-concave. Therefore

n
a 'f 1n f(x) dx

n 1

On the other hand, the area under the curve y=lnf(x)
between the lines x = 3/2 and x = n is

n
B = f In f(x) dx3/2

( 1)
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which can be approximated by the sum of the areas
of the (n-1) trapezoids bounded by the tangent at
the point (k, ln f(k» and the lines x = k-1/2 ,
x = k+1/2 for k = 2,3, •.• ,n-1 , together with the
area of the rectangle bounde~ by the horizontal Ii
ne at the point (n, In f(n» and the two lines
x = n-1/2 and x = n. See figure 2. The approxi~
mated area is

In f(2)+ln f(3)+ •.•+ln f(n-l)+1/2 In f(n) = an.

y

x
2 3 4 5 (n-1) n

Figure 1

y

00

Figure 2
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Again,
In
3/2

In f(x) dx ~ a •
n

(2 )

Combining inequalities (1)
n

I ~n f( x ) dx < an <
3/2 .

and (2), we get
n

I In f(x) dx.
1

Let
x

o(x) = I In f(t) dt
1

Then
o(n)-O(3/2) < a < 0 (n)

n

Since
In ( f(n)?) = a + 1/2 In f(n),n

we have
,

o(n)+1/2 In f(n)-O(9/2) <In( f(n)?)<o(n) +
+ 1/2 In f(n).

It follows.that
In(f(n)?) - o(n) + 1/2 In f(n) + y ,n
-0(3/2) ~ y ~ 0 .n

= 1n (f(n ) ?)- 0 (n ) -1 /2 In f (n ) = a--0 (n )
n

= a n

and n
I
1

In f Ix ) dx - an

increases monotonically as n increases (due to the
fact that it represents the difference between the
area under the curve y = In f(x) and the sum of the
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areas of the trapezoids in Figure 1 we can state
Yn decreases monotonically. as n increas~s~Howe-
ver, since y

n
sequence of Yn converges by~the' Bolzano-Wei~rs-
trass theorem to a value Y with

has a lower bound of -0(3/2), the
J ~

-0(3/2) , Y , 0 ~
"

Using this ~~'an' a~pr~~imation~ to ali the yn,we
get

:1 . '. /

1n (f ( n ) ?) = 0'( n ) + 1j 2 1n Hid + ~Y
.J . >'

:. ~- ~" .
from which 'the'desired reSlrl't follow's. QED'.-

• i~ :.

Naturally for f(x) = x, o(n) = n In n-n+1,
from which .: ,.;

" 1'/2 n '''n, Y+~1:: - ,
f In }? = n l ::(n ) nee

".' i

It i~,.sho.wn~,in'[Spi:ege'l" 196,,3] us ing the Gam·ma
extension tothe'facto'rial, 'thatfd~ 'f(x) = x ,

eY+1 = (2II)1/2 , req"u,..~,'",rl.·,ng,v, = (r.::TTII).... ,',l,n ,~\211 ..-:1 _~=. '-., q":H16..
As fhe above th~orem at~ests

~ ~l

3 ,,'
-0 ( - ) = -. 10 81 ~ Y =2 ,,' r .. " 0

It is clear that' "f;orthegenera'11zed factorial,
this constant is in general not equal to
In'(2II)1/2 ...1. This will' be s howri after the fd:.f';

llowing

Theorem 2: let f(x) be log-concave with f(l»l.
Then

f(n)? _[f(1)]n-<i/2) f(n)1/2 ec1(n) /i
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with
-cj(3/2) , :y , 0

where x
,o(x) = fl.n (f(tl/f(1) ) dt

1
•.

Proof: Consider g(x) = f(x)/f(1). Then. • . • .. . • . • .. , .. • •
g(n)? f(1) f(2) f(3) f(n)

= RIT . fIT) . RIT ... RIT
• .. • .. • .. • • .. • • • • • • •
Hence f(n)? = (f(1»n g(n)?; consequently

fen)? ~ (f(1)')n (g(~})1/'2e(t(n) eY = .

= [f(1)]n-(1/2)f(n)1/2 e(ten).eY

with x
o(x) • f 1n I<t) dt •

1
QED.

Exa.ple 1: tl i ()Cons der f x , x= e •
n

= e£i =

Then

fen)? 123 n.- e e e ••• e n(n+1)/2e

fen)?

asymptotic expanaion~
n-1/2 n/2 4n<t-1)dt ~

:::e e. eY
2n-1/2 n/2 e.5n -n+.5 Y~= • e e

•n2/2+n/2 y~ n(n+1)/2 Y~= • = e e

Using the

For this to agree with the exact formula we n.ed
Y = O. Inde.d, comput~ng o(x)~ .e obtain
o(x) =(x2/2-x+1/2), 80 that 0(3/2) =! and

9
- 0(3/2) , Y 4t 0

becomes
- 1/9 ~ Y , o.
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· 1/2Observe that y is not In(2IT) -1 = -.0816 ....
For this pa~ticular case the upper bound for i is
achieved. The reason should be evident, since for
the f~nction at hand

x et x
o(x) = I In -- dt = I (t-1)dt

1 e 1

and the trapezoidal .approximation gives the exact
answer.

Example 2: Consider f(x) = axp. U~ing Proposition
2, we get fen)? = an(n!)P. Now employing Stir-
ling's formula,

(n+1/2)p. -npn . e •
Carrying out the steps of Theorem 2,

x
n-1/2 1/2 p/2 11 lnxPdxa a n efen)? :=

n p/2 p{nln n-n+1} i= a n ~ . . e

so that
(2IT)p/2 = eP /i

or
i = In (2IT)p/2 - p

Example 3: Consider f(x) x= xe. CLe a r Ly

n(n+1)
e -ri (21f e 2f(n)?=n! en(n+1)/2~n1/2nn

From theorem 2 ,



fn x"x /i,n-1/2( n)1/2 In(---)dx
fen)? - e 1 x- ene'

1/2 -n n n(n+~.>
eer.= n e n e 2

Thus
r = 1n ( 1211')

e ,
; -:

From the above examples it is clear that yde-
pends on the factorial generator at hand. Using
the exact expression for the trape zoi~al error, a,s
in tYoung, 72J we obtain,

Proposition 4: Let f(x)
and f E C2 [RT' Then if

be log-concave,

.' ., . .'

Q(z) = (f(z)f"(z) - (f'(z»2)/(f(z)2 ),

where l<£<n.

(2)y '(n-l)
n

Q(z)/12 •

This formulation is, however, not too useful since
it does not show that y converges to a limit, ~Suchn ' ,
convergency could be established if one ~ould for
example prove that n/2'£~n.

The situation is rem~died by the ne~t theorem.

Theorem 3 . Let f(l) = 1 then.
OD f_f,2

Y 1 f' 1 f B2(X)
fll dx= - 12 r: '- "2 1 f2
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where B2(x) is the modifield Bernoulli polynomial
of degree 2.

Proof: Let Bn(x) be the n-th degree Bernoulli po-
lynomial; let Bn (x) = B (x- [x]). Then [Abramo-n .'
witx, 1964] show~ ~~~t the Euler-MacLaurin Sum For
mula is

m-l
r F(a+kh +wh)

k=O
1= .h

b
! F(t) dt +
a

P k-l {F(k-l)(b)_ F(k-l)r h . Bk(w) (a)}-+ k!k=l

hP 1 m-1
F(P)(a+kh +th)}! B (w-t){ r dtPT 0 P k=O

p<2n, l~w~O

where the coefficients bk of the Bernoulli polyno-
n kmials B (x) = rb x aren k=O k

n/k 0 1 2 3 4
0 1
1 -1/2 1
2 116 -1 1
3 0 1/2 -3/2 1
4 -1/30 0 1 -2 1

Evaluating
2f(x ic c ,

n
r

m=1

this for F(x) = In f(x), f(l) - 1 ,

n
In f(m)=1/2(ln f(1)iln f(n»+ ! Inf(x) dx +

1
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1 fl f' n f"f-f,2+ --- ( ~ (n) - ~ (1» - 1/2 f B2(x) 2 dx =
12 1 f

.ff'(n) f' 00_ f"f_f,2
= In +O(n) - 1/2 -(1)-1/2 fB2(x) 2 dx +f 1 f

1 f' 00 f"f_f,2
+ 12 r: (n) + 1/2 f B2 (x) f2 dx ,

n

where use has been made of f(l) = 1 ,

Consequently, f(n)?=/f(n)'eO(n) eY e£ with
1 f ' 00_ ftlf_f '2Y= - (1) - 1/2 f B2(x) i dx12 r 1 f

and
'1

e = 12 dx ,

assuming that the infinite integral converges ( for
this the log-concavity of f is a sufficient, but
not necessary condition). If we now assume in add i-

f'tion that r (x) ~ o for x -+ 00 ,

concavity), then £ + 0 for x + 00

tic relation follows. QED.

(weaker than lo~-
and the asympto-

In general, however, it is not easy to evalua-
te Y exactly; thus one must be content with the
bound

3
- o( 2 )~ Y ~ O.

Actually -O( t ) is the best bound one can get for
a general f(x); for a specific f, such bound can be
improved as follows.
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Theorem 4 : let 1 < a 3
< "2 be such that

3 ~- fW(a-"2) In f(a)+ f B1(x) ~ (x) dx ~ O.
a

Then
-a( a) ~ y ~ 0

Proof: Note first of all that if f(x) = c > 1 then
the condition reduces to

3(a-"2) In c ~.0

3, h izh b d B hthus a = "2 1S t e tlg test general oun. y t e
preceding formula for Y, one has to show that

1
<1(a)~ IT dx ~ O.

The last inequality is immediate: From
~~f~f·,2~ 0 it follois that· we minimize the last in
~egral, if we replace ~2(x), by its la~gest posit!
ve value, namely 1/6, and obtain
i f'. . ~ f' 1 f' . f' . ..f ~ ..
--(-- (1)+ f d(--»= -- (--(1)---(1)+--(-» = 012 f 1 f 12 f f f

The first one is equivalent to
a 1 f' 1 ~ f'{ In f(x)dx~I2 ~(1)+2 { B2 (x) d(~)

Integrating by parts, the second mem~er' equals

1 f ' 1 - f '. ]ee 1 ~ f'12 ~(1)+"2 B2(x)r-(x) 1 -2 f ~' 2 B1(X) dx =
1

ee fYB1 (x) r-(x) dx 0- - f
1
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The first member equals
a a f'x 1nf (x)] - f x r(x )dx = a 1n f(3/2) -
1 1

a 1 f' 3 a f'f (x- (xJ--)-f (x)dx - '2 f r (x) dx
121

where the 3/2 comes about because on the interval
[i,a] , a ~ 3/2 - [x] - 1/2 = - 3/2. But this "ex-
pression equals

a of'
(a-3/2)ln f(a)+ f B1(x) r (x) dx

1

Thus we need
I,," ;

CD f'",(a-~/2) ln f(a)+ f B1(x) r (x ) dx ~ o.
a

This proves the theorem. QED.

If a = 3/2, this condition holds~Indeed,ineach
inter.al D -1/2, ~l(x) = x-[xJ- 1/2 varies li
nearly from 0 to 1/2 and from -1/2 to. 0, while
f'r(x) ~ 0, but decreases(this is equivalent to the
log of f(x»; hence,

n+ 1/2 _ f'
I B1(x) ~ (x) dx ~ o.
n- 1/2

I
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