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ASYMPTOTIC FORM FOR GENERALIZED FACTORIAL

by

Daniel MINOLI

ABSTRACT

In this note we generalize the concept of fac-

torial by defining

f(n) 2 = £(i)

n=as

i=1
for suitable f(x)'s. We then obtain an asymptotic

expression, as follows
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£(n) 2 = VE(BY () Y
with

x
o(x) =/ 1n f(t)dt, and -0(%0 £y £ 0.
1

RIASSUNTO
In questa nota generaliziamo il concetto del fa
ttoriale definendo
n
F(n) 2 = 1T f(i)

per funzioni appropriate. Otteniamo quindi una ex-

pressione asintotica, come segue

£(n) 2 =~ JE(m) &°(m) Y

con x
o(x) =/ 1n £f(t) dt, e - o(%) £y < 0.
1
§ 1 Introduction.

In this note we generalize the concept of the
factorial function in a novel way. An asymptotic ex
pression along the lines of Stirling's formula, is
cbtained; such generalization was required to solve
in close form a number of combinatorial problems the

author has encountered in his work.

Definition 1: A continuous, monotonically increasing

function f(x), from the reals R into the reals, is

called a factorial generator.
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jefinition 2: By the generalized factorial on f,
where f(x}) 1s a factorial generator, we mean a

functional

uf s I R
with
n
uf(n) = M (1),
i=1

where I are the natural numbers.

We shall use the notation f(n)? = uf(n).
Clearly, with f(x) = x, one obtains the standard
factorial function. Generalized factorials with
simple f(x) have frequent applications as combina-
torial quantities, e.g., f(x) = 2x gives
f(n)? = 2(n)!! 3 f(x) = ¢ gives f(n)? = cn; etc.
Also, they have interesting applications in analy-

sis. For example,

a. [Spiegel, 63] allows us to say that if |x|<1,then

. o i -
(1-x)22 10 5 XL F(i)? . with  £(x) = 2%21
; 21 2x
i=1
b. Wallis formula (see [Spivak, 67] can be written
2
as
s 1im £(n)2  with f£(x) = —
n->o x“-1/4

c. Using [CRC, 66] we can write, for example

n/2 ._2n+1 ¥ 2 x

£ sin x dx = h(n)? with h(x) = S5=—"—F 3
/2

J ein’® x dx = & g(n)? with g(x) = = A W
o 2 2 x

i
J (1-x2)n = f(n)? with f(x) given above ;
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1
J S SELIE AN i1 g (n-1)? with g(x) given
[+]

(1+x2)2 2

above.

Other applications are readily available.

The following basic properties are easily esta

blished.

Proposition 1:

i
1]

(i) If f(x)
(ii) If f(x)

g(x) h(x) then f(x)? g(n)? h(n)?;
g(x)/h(x) then f(n)z g(n)?/h(n)?;

X
g(m)
(iii) If f(x)=cg(X) then f(n)? = c1 p

(iv) If £(x) =(g(x))® then £(n)? = (g(n)2)¢ ;

(v) If £(x) = h(x) + k(x)then £(n)? = £ I b(i)
i=1

where b(x) = h(x) or b(x) = k(x), and the sum is

taken over all possible 2" combinations.

For simple functions, the generalized factorial
can be expressed in terms of the standard factorial;
for example,

Proposition 2: Let f(x) = axP. Then
£(n)? = a"(n!)P.

Proof: We have
n n n n n n
M f£(i) =0 aiP = a™ 1 iP = a™C 1 i)P= a®(n!)P,
1i=1 i=1 i=1 i=1

QED.

62



P

Proposition 3: Let f(x)zapx +ap_1x + .+a1x + ao
then
n-1 p-k
£(n)?= I Toa . (-7
O‘sko’kl,-o-,kj’oia’kn-lsp j=o j

Proof: By definition,

f(n)?=(apnp+ap_1np'1+.“)(ap(n-l)p+ap_1(n-1)p-1+.").“

Tedious collection of terms produces the above ex-
presion. QED.

An asymptotic expression for f(n)? is now sought.
It is seen later that the requirements imposed by
the next definitionsare sufficient to guarantee that

an asymptotic form exists.

Definition 3: A factorial generador f(x) for which

f(x) > 1, for all x » 1, is called expandable.

Definition 4: An expandable factorial generator f(x)

for which 1n f(x) is a concave downward fuction is

called log-concave.

It can be shown that if fECQ[R], a necessary
and sufficient condition for f(x) to be log-concave

is that 2
f(x) £" (x) - (f' (x))" £ 0 3

in particular, if f(x) is concave downward, the

f(x) is log-concave. We begin with a subcase.

Theorem 1: Let f(x) be log-concave with f(1) = 1
Then,
f(n) 2?2 = Vf(n) eO(n) eV

with N

o(x) = / 1n f(t) dt
1
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and

- ol % ) £ Yy< o0

where = means asymptotically equal.

Proof: Consider
in ( f(n)!) - 1/2 1n f(n)

1]

a
n

in £(2) + 1n f(3)+...+1n f(n-1)+1/2 1n f(n),

by virtue of the fact that f(1) = 1. Consider the

curve y = 1ln f(x). The area under the curve and
between the two lines x = 1 and x = n is
n
A= J 1n f(x) .
1

This area can be approximated by the sum of the a-
reas of the n trapezoids which are bounded by the
lines x = k-1 and x = k, k = 2,3...,n . See Figure

1. The approximated area is

1/2 (1n £(1)+1in £(2))+ 1/2 (1n £(2)+ 1n £(3)) +...
+ 1/2(1n f(n-1)+ 1n f(n))= 1n £(2)+ 1n f(3)+...
+ 1n f(n-1)+1/2 1n f(n)= 1n (f(n)?)-1/2 1n f(n)

a - L
n
which is smaller than the exact area, since the region

under the curve y = 1ln f(x) is convex, by virtue

of the fact that f(x) is log-concave. Therefore

n
a_ </ 1n f(x) dx (1)
n
1
On the other hand, the area under the curve y=1nf(x)

between the lines x = 3/2 and x = n |is
n
B = S 1n f(x) dx
3/2
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which can be approximated by the sum of the areas
of the (n-1) trapezoids bounded by the tangent at
the point (k, 1n f(k)) and the lines x = k-1/2 ,

x = k+1/2 for k = 2,3,...,n-1 , together with the
area of the rectangle bounded by the horizontal 1i
ne at the point (n, 1n f(n)) and the two lines

x = n-1/2 and x = n. See figure 2. The approxi-

mated area is

1n £(2)+1n £f(3)+...41n f(n-1)+1/2 1n f(n) = a .

y
A
/’)v/, &
Ln f(x

]/ J\' - X

Oy 2 (2983 .% ¢S (n-1) n
Figure 1
y
(-] e e e
] | L 1 el >

0 1 2 3 y 5 (n-1) n
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Again,

fn In f(x) dx € a_. (2)
3/2 »

Combining inequalities (1) and (2), we get

n n
& in £(x) dx < a, < J 1n f(x) dx.
3/2 1
Let
X
o(x) = [ 1n £(t) 4t
1
Then

o(n)-0(3/2) < a_ < o (n)

Since
in ( £(n)?) = a + 1/2 1n f(n),

we have
o(n)+1/2 1n f(n)-0(3/2) <1in( f(n)?)<o(n) +
+ 1/2 1n f(n).

It follows that
1n(£f(n)?) = o(n) + 1/2 1n f(n) + Y, o
-0(3/2) < Yn € 0 .

Since
Yn = 1n (f(n)?)- o(n)-1/2 1n f(n) = an-o(n)
n n
=a - [ 1n f(x) adx =—[ / 1n f(x)dx - a ],
n 1 1 n
and -
{ In f(x) dx - a_

increases monotonically as n increases (due to the
fact that it represents the difference between the

area under the curve y = 1n f(x) and the sum of the
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areas of the trapezoids in Figure 1 we can state
Ys decreases monotonically as n increases. Howe-
ver, since Yn has a lower bound of -0(3/2), the
sequence of Y, converges by.  the Bolzano-Weiers-

trass theorem to a value Y with
-0(3/2) € Yy £ 0 .

Using this as'an‘approximation to all the Y, Ye
get e ‘
in (£(n)?) = o(n)+1/2 1n £(n) + ¥

from which the desired result follows. QED.

Naturally for f(x) = x, 0(n) = n 1n n-n+1,
from which ' '

f(n)? = n! z(h’i/2 i e‘Y‘**1

It is shown in'[Spiegel, 1963] using the Gamma

extension to the"factdrial, that for f(x) = x "

T (2]1)1/2 » requiring y = 1n(v2lI)-1 = -.0816..
As the above theorem attests
-0 ( % ) = -.1081€Y = -.0816... < 0

It is cdlear that for the geheralized factorial,
this constant is in general not equal to
1n(2"H)1/2 =1 . This will be shown after the fo-

llowing

Theorem 2: Let f(x) be log-concave with f(1)>1.
Then ‘
£(n)? ;[f<1)]n—(1/2) f(n)‘i/? eo(n) &l
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with
-G(3/2) € Y€ O

where m
o(x) = { 1In (£(t)/£(1) ) dt

Proof: CoPsiger .g(f) . f(f)/f(i)j .Th€P e
RIS

.Hen;e ) f._(n); = .(f(;))n g(n)? ; consequently

£(n)? = (£(1))® (g(ayt/2 (M) Y -

=[f(1)]“°(1/2)f(n)1/2 Q0(0) ¥

with : . - .
d(x) = J in g(t) 4t . QED.
b |

Exa‘hle 1: Cogiider f(x) = e*. Then

n
f(n)? = S iakat oo o eIl = en(n+1)/2

Using the asymptotic expansion,

n
(t‘i)dt ~
f(n)? = eR-1/2 n/2 eJi e’

2 ~
en-1/2 en/2 e.Sn -n+.5 e’

2 ~ -
= M /2+n/2 oV 'a en(n+1)/2 oY
For this to agree with the exact formula we need
Y = 0. Indeed, computing J(x), we obtain

G(x) =(x2/2-x+1/2), so that §(3/2) = % and

- 0(3/2) € ¥ € 0

becomes
- 1/8 € ¥ € 0.
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Observe that y is not 1n(2mt/2_

1 = --0816.90 .
For this particular case the upper bound for ¥ is
achieved. The reason should be evident, since for

the function at hand

i X et -
6(x) =/ 1n — dt = J (t-1)dt
1 b 1

and the trapezoidal  approximation gives the exact

answer.

Example 2: Consider f(x) = axP. Using Proposition
2, we get f(n)? = a"(n!)? . Now employing Stir-

ling's formula,

f(n)? = an(2H)p/2 n(n+1/2)p e PP

Carrying out the steps of Theorem 2,

£y 1nxP
an-1/2 a1/2 np/2 o 1 ANX dx

f(n)?
. np/2 ep{nln n-n+1}e7
= aP pP(n+1/2) _-np "
so that
(2MyP/2 g P 1Y

or
$ = 1n (2MP/2 _

ExamEIe 3: Consider f(x) = xe™. Clearly

n(n+1)
f(n)?=n! en(n+1)/2:n1/2nn 2 Y S e 2

From theorem 2 ,

°
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/0 1n(X—)dx Y
p(uyy S om-1A2 0 0,103 )00 X e
n(n+1) 3
g pPPEg-wC WL ee
Thus
o v2Il
Y=1n("‘——‘),

From the above examples it is clear that Yy de-
pends on the factorial generator at hand. Using
the exact expression for the trapezoidal error, as

in [Young, 72J we obtain

Proposition 4: Let f(x) be log-concave, f(1)=1
and f e CZ[R] . Then if '

Q(z) = (£(z)£"(z) - (£'(2))2)/(£(2)? ),
(1)Yn = (n-1) Q(é)/12 where 1<é<n.

(2)Yn € (n-1) max Q(z)/12 .
1<z<n

This formulation is, however, not too useful since
it does not show that Y, converges to a limit. Such
convergency could be established if one could for

example prove that n/2€<e<n.

The situation is remedied by the next theorem.

Theorem 3 : Let f£f(1) = 1 then
© 2
- 1 £! i - f" f-f£!
bl A e SR Ll i b e
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where FQ(x) is the modifield Bernoulli polynomial
of degree 2.

Proof: Let Bn(x) be the n-th degree Bernoulli po-
lynomial; let E;(x) = Bn(x-[x]). Then [Abramo-

witx, 196#] shows that the Euler-MacLaurin Sum For

mula is
m-1 1 b
£ F(a+kh +wh) = T J F(t) dt +

k=0 a

P k-1
v £ B B (w) (pD) (py p(k-1) (4y)-

k=1 :

) - m-1

- I te=t)E" 2. FP) (arknieth)) 4t
Pr o8, P k=0

p€<2n, 1>w>0

where the coefficients bk of the Bernoulli polyno-

mials Bn(x) = kgo b, xk are
n/k 0 1 2 3 i
0 1
1 -1/2 1
2 1/6 -1 1
3 0 1/2 -3/2 1
y -1/30 O 1 -2 1

Evaluating this for F(x) = 1n f(x), f(1) - 1 ,

f(x)€C2,
n n
¥ 1in f(m)=1/2(1n f(i)+1n f(n))+ J 1nf(x) dx +
m=1 1
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' ' n__ nwe_ 2
s - an -2 32(x)-f—-f—-f—'— R o

12 f 1 £2
£ — ng_g12
= 1n Yf(n) +0(n) - 1/2 $-(1)-1/2 fBz(x)-——-——-i—dx +
1 f
2
1 £ St FNE-f!
+ —I-i- -f— (n) + 1/2 f B2 (X) —_2_ dx ’
n f
where use has been made of f(1) =1 ,
Consequently, f(n)?=/f(n) eo(n) e’ e with
2
P 1 £ f"f £!
Y= -T2F-(1) - 1/2fB (x) f dx
and 2
4 ] o __ nE_f
e’ 2 Eny 4 172 £ B L ax
12 f 4 2 f2

assuming that the infinite integral converges ( for
this the log-concavity of f is a sufficient, but

not necessary condition). If we now assume in addi-
tion that %L (x) » 0 for x » « , (weaker than log-
concavity), then € -+ 0 for x + ® and the asympto-

tic relation follows. QED.

In general, however, it is not easy to evalua-
te Y exactly; thus one must be confent with the

bound
-0(3) sy <o.

Actually -of % ) is the best bound one can get for
a general f(x); for a specific f, such bound can be

improved as follows.
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Theorem 4 : Let 1 < a < % be such that

(a-2) 1n £(a)+ £ 5,0 £ (%) ax > 0.
Then

-g{a) £ Y« O

Proof: Note first of all that if f(x) = ¢ > 1 then

the condition reduces to

(a—% ) 1nc >0

thus a = % is the tightest general bound. By the
preceding formula for Y, one has to show that

2
1 o= frE-f£!
c(a)> i3 T (1)+ 5.{ B2(x) —-—-;2-— dx

I»—n
N\
o

The last inequality is immediate: From
f"f-f‘2< 0 it follows that we minimize the last in
tegral,vif we replace §2(x), by its largest positi

ve value, namely 1/6, and obtain

1 AP =
17 (?—(1)- (1)+f—(")) =0

BT et

H(?— (1)+ { d(f—))-

The first one is equivalent to
oo

Fin foaek Sl s, o o .

1 1

Integrating by parts, the second member equals

©

4 e 1 £ - &
s ?_(1)+— B (x) (x)]1 =5 { F - 2 By(x) dx =
z - { 51 (x) %L(x) dx
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The first member equals

a a g
x 1nf(x) ]1 - { x F(x)dx = a 1n £(3/2) -

a 3 2 g
S B ¢ -—)——( Ydx - =/ =— (x) 4
1 X- [XJ X X 2 4 3 X X

where the 3/2 comes about because on the interval
[1,a] , a € 3/2 - [x] - 1/2 = - 3/2. But this ex-

pression equals

a
(a-3/2)1n f(a)+ [ fi(x) %— (x) dx
1
Thus we need
(a-3/2) 1n f(a)+ f B (x) =— (x) dx > 0.

This proves the theorem. QED.

If a = 3/2, this condition holds,Indeed,in each
interval n - 1/2, El(x) = x-[x]- 1/2 varies 1li
nearly from 0 to 1/2 and from -1/2 to 0, while

]
%—(x) > 0, but decreases(this is equivalent to the
log of f£f(x)); hence,

n+ 1/2 _
! (x) (x) dx > 0.
n- 1/2

)
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