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SEMINILPOTENTGROUPS
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Introduction.

In this paper, we initiate the study of a class of
groups which contains the classes of nilpotent and
perfec~ groups and which seems to have gone unnoti.
ced in the literature. We announce here some ele-.
mentary properties of these groups, leaving the
study of other important properties to the f ture.

§ 10 Basic notations and results used.

In this sectiori, we recall some w~ll known results
from the literature on products, factor groups and
commutator subgroups, for our use, Before this,



we explain some basic notations.

The subgroup [A, BJ, for subgroups A and B of a
group G, is the subgroup generated by the elements

-1 -1 ab [a .b] • for all aCA and s c B.a b =

If A 11 G, then [A,B]<;A. If A and B are both nor
mal (characteristic) subgroups then [A.B] is a nor
mal (characteristic) subgroup of G. In particular,
the characteristic subgroup [G .G] = G' is called
the derrved group of G; GIG' is abelian. and if
G/A is abelian for a subgroup A!1 G then G' £ A.

A group G is the direct product of a set {Gi}i€:.I
of its subgroup G., for an index set I. if the fo-

• 1.
llowing conditions are satisfied:

1. G. 11 G,
1.

for all IE::I.

3. G. n< U G. ") = 1. for each i £1.
1.

j 1i J

The direct product will be denoted by"'"®I G. and
1.

the G. will be called the direct factors.
1.

w~ denote the cartesian product of a family
{Gi}iE:.I of groups by {rITI Gi• and consider the sub
set of this group consisting of all elements in the
underlying cartesian set product X I Gi having
at most a finite number of components different
from the identity elements of the Gi. It is
easily shown this set to be a subgroup of {rTfI G.

1
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and will be denoted by TTr Gi·

Next we list some well known results, whose proofs
are either easy or avaible in the li erature.

(1. 1 ) Let G be a direct product of its subgroups

{Gi}r· Then there Is a unique isomorph ism

n £. Hom ( ®r G. , TTr G. )
1 1

( 1 • 2 ) If A 6. G, and { Co i} r Is a fam i 1 y of sub-

groups of G. each containing A , then

(I (G. / A) = (~GJ / A
1 1

( 1 • 3 ) Let G = ® G. H = Or H. thenr 1 1

[G t HJ = ®r [G. , HJ1

( 1 • 4 ) If A, B 6. G, then

(AB)' = [AB, AB] = AI[ A,B ] B I

( 1 • 5 ) , f K 6. G and K~HC;G • then

[G / K, H/K] = [G ,H] K/K.

In particular, [H /K, H/K] = H' K/K.

We recall that a group G is called perfect if i
coincides with its derived group G'

Clearly, a perfect group has no nontrivial abelian
factor group.
in [2J is

A property of perfect group recorneo



(1.6) Every epimorphic image of a perfect group is
perfect. Foi many results in this section the rea
der is referred to

§ 2. Seminilpotent groups.

In a group G, we have the well kn~~ constructions
of the following (possibly transfinite) chain of
subgroups:

(A) Its lower central chain

where D. 1(G) = [D.(G), GJ, and1+ 1

( B ) its derived chain

G = Po(G) ;?P1(G);?o.o-:;:Pi(G)2Pi+1(G);?oc

P. 1(G) = [L(G), Po(G)]'
1+ 1 1

where

We notice that each term of the lower central
chain and of the derived chain are determined bj
variety functors in category theoretic language
(cf [3J, [4J ); as such, they are characteristic
subgroups.

We define D(G) = (l D.(G
1 1

and notice that p(G)C neG) for any group Go

It was shown by Finkelstein [2J that peG) is the
unique maximal perfect normal subgroup of G, and
that peG) is a radical.

1.+



Though D(G) is commonly called a hypercommutator
(subgroup) (cf. Bechtell is page. 49), it is in
fact a radical like p(G). We prove this by sho-
wing that G/D(G) is semi simple~ ioe,

Theorem 20 10 For any group G9D(G!D(G) ) :::1,

Proof: Let K ~ G!D(G), We will check by induc-
tion that Do(K) ~ Do(G) ! n(G), We have Do(K)=

1. 1

:::G/D(G) :::Do(G) I D(G), Assume we already have
Do(K) :::D,(S) / D(G)c
1 1

Theno ~ [Di(K)9 DoCK)]:

Do ( G ) I D ( G ) J [ D i (G ., 9 D0 ( G ) ]
- D (G)

D(G)

by (1. 5).

Di+1(G) D(G)
D(G)

Do l(G)1+
D(G)

Therefore, Hence,

(.1 Do(G)
::::1 1.

nCG)
:

;;D(G)!D(G) :::L (by (1.2) L

It is immediate that PCG/n(G) .,~ 1 and that
D(G/P(G) ) = D(G)!P(G).

Definition, 2.2, We call a group G semlnllpotent
if P(G)::: D(G) ioe., when

Examples: 10 All nilpotent groups are seminilpo-
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tent, since peG) = D(G) = 10

2. All perfect groups are seminilpotento

3. Solvable groups are not necessarily seminilpo-
tent.

For example, the permutation group S3' here

Proposition 203. If, for a group G, a term Di(G)
of the lower central chain is perfect» then the lower
central chain becomes stationary at D,(G) and~
G is seminilpotent with,

P(G) = D(G) = D.(G)o~

Proof: From the construction of the low.er cen t r-aL
chain D,(G) per-~
fect implies

D • ( G) = [D, (G) , D e ( G )] C [D ,(G L G] = D ..1 ( G i ,
~ ~ ~ -- - ~. ~ 1" •

and therefore the lower central chain becomes
o .• :,::,D,(G)= D, 1 G) = •• 0- ~ 1+

Now, D(G) = 0 D.(G) = D.(G)ll
.... .i. .i.

and P(G)CD(G) = D.(G).~

Since peG) is the unique maximal perfect normal
sub gI'0 UP 0 f G by Fin k e 1st e in the 0 I'em [2] , we
have p(G) = D.(G) = D(G).

.i

We remark here the fact that D(G) is the term
D,(G) of the lower central chain where the chain~
becomes stationary.
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Proposition
plies that
subgroup of

2.4. For a group GjD(G) = peG) im-
D(G) is the maximal perfect normal
each D.(G).

1.

Proof: Since D(G) ~Di(G), we have P [D(G)] <;
P [Di(G)] 3 I.e., D(G)~ P [Di(G)]. Also, Di(G)~G

implies P[Di(G)] ~P(G) :: n(G). Therefore,
D(G) = P[Di(G)]

P_r0 p 0 sit ion 2, 5. For a fin i t e 9 r 0 U P G 9 G / P ( G) i s
nilpotent if and only if is seminilpotento

Proof: For a finite group G having hypercommutator
subgruop n(G), G!D(G) is nilpotent, and this is
the unique characteristic subgroup having this and
the addOtional property that if G/A is nilpotent
then D G) ~ s , Thus G/p(G) nilpotent implies
D{G)<;;.P(G)o The second part is immediate.

Remark. 2.6. By looking at the example of nilpo-
tent and perfect groups 9 it is to be expected that the
epimorphic °mage of a seminilpotent group is semi-
nilpotent. Ho~ever, this is not true. This is so
because the free groups, being residually nilpo-
tent and residually solvable, are certainly semi-
nilpotent, but t eir epimorphic images need not to
be 500 An example is the f~ee group of rank 2
whose epimorphic image is the symmetric group S30
[coL page 205, 8040169 Scott [6JJ.

Lemmao 2.7.For a group G,

(I IT Do (Gt) = IT D D. (Gt)1.t 1. t 1. 1. 7



Proof. Let A = n IT D. (Gt)~ t ~
and B = IT Cl D,(Gt).t ]. ].

() h f a 11 t,: x £ D D, ( Gt ) eI f x = xt £ B, ten, or t ]. ].

Therefore, for all t and
(x

t
) E:tr D,(G

t
) for all i.

:t! ~

so B~A,

i, xtCDi(Gt),
Hence (Xt) f: A9 and

Again, if x = (xt)C A, then
all i. Therefore, for all i
Leo, xtE: ~Di(Gt) for any
and A(B.

(Xt) IE: V
and t,

D.(Gt-) for
]. -

Xtf: Di(Gt),
So (xt)E:B,

Proposition 2.8. If {G,}y is a family of groups~~ ~
each one being seminilpotent, then so is TTr Gi.

Proof: We check by induction

Dt ( TTr Gi ) ::TTr Dt (Gi)o

We notice that DoC TTr Gi) ::TTl Gi = TTr Do(Gi)

if we already had », C ITr Gi) ::TTr Dt (Gi) ,

then Dt+1 C TTr Gi) :: [D
t

( TTr GiJ~-Do(TTI G~)J~

D (Go)] :: ITT[D+(G,),
]. - ~ ~

:: IT! Dt+1 (Gi)·which, by (103),

by above, And by Lemma (2.7)!l this is further e-
gual to TIr ~I n, (Gi) :::IT Pi' where each

Pi ::Q Dt (Gi) is a per e t group, since each Gi
is seminilpotent. Now IT P, is perfect s as can~
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be easily seen from the Lemma below:

Lemm a 2 0 9 . I f G = ® I G i

then G is perfecto
and each G. is perfect,

1

Proof: [G9 G] = [<&II Gp ®I GiJ 0

[G, G] = ®r [Gp GJ
But, by (1.3),

= ®I Gi = G

To complete the proof of proposition 2.8. , we no-
tice that D( TTl G. ) is perfect by Lemma 2 • 9 •

1

Hence, TTr G . is seminilpotent by (10 1) •
1

Proposition 2010. The extension of a perfect group
by a seminilpotent group is seminilpotent.

Proof: Let G be the extension of a perfect group
A by a seminilpotent group B. We notice that
B : G/A is seminilpotent and A is perfect.

We now use induction to show that D.(B) = D.(G)/A.
1 1

Obviously

by (1. 5).

D1 (G) / A •

Since

A = D
1

, (A) C D (G), and so
- 1

= [G!A, G/A] = D1(G)A
A

in perfect, this is equal to

If A is perfect then
Dt(B) = [Do(B), Do(B)J

A

In general, if we' already had ,D.(B)=D.(G)/A , then
11

J [D i (G)' G] _ D i + 1 ( G ) A
D. 10n = [D.(B), Do(B) = , A-

1+ 1 ,A A

tion,

A~ D i+1 (G), can also be proved by induc-
() Di+1 (G)and so Do 1 B =

1+ A

That
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r-. () r-. Dl.·(G)__ l~l.')Dl.·(G)Now D(B) = J.' D. B = 1.1 byl. l. l. A A

n P'(G)(1.2). Similarly PCB) = l. l. •
A G.!D(G)CGlPi(G)

But B seminilpoten implies A - A

I.e., Cl D.(G)C (] P.(G). Thus D(G)k peG).
1. l. --l. l.

Therefore, G is seminilpotent.
Corollary 2.11. If A is perfect and B is seminil~
potent, then AlB is seminilpotent.

Proof: For the definition of AlB, see Scott
[

I6J, page 215,and also prop. 9.2.4 and 902.5.

Now, AlB has a normal subgroup G - LE{Aib(': B}

such that A 1 BIG is'somorphic to Bo But A

perfect implies LE{AlbE: B} is perfect. (See ei-
ther Lemma 2.9 above or Ex 3.4.13 of Scott [6J)0
Thus, A B is the extension of G by Band,
as such9 seminilpotent by the above proposition.

§ 3. Remarks.

(1) In a future paper we have the pUrpose of exa-
mining other important properties of seminilpotent
grotps and investiga e the connection of this
class of groups with other classes9 like the su-
persolvable ones.

(2) The generalization of these results in catego
ry theoretic terms similar to those in [3J j [5J
is also possible.
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