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HILBERT MODULES AND THEIR REPRESENTATION

by

Alonso TAKAHASHI

Abstract. A Hilbert module over a C*-algebra
A with identity is an unitary A-module H, endoWw
ed with an inner product taking values in A.
We consider these modules and derive some of their
elementary properties. Later we consider fields
of Hilbert modules and obtain a representation of
H by means of continuous sections. This result
will be used in other papers ([7] and [8]) to get
a duality theorem and to study special Hilbert mo

dules.

§ 1. Introduction. Given a Hilbert space H

and a topological space X let Cb(X,H) be the

set of all bounded continuous functions s:X > H



and let Cb(X) be the C*-algebra of all bounded
continuous complex functions on X. Then Cb(X,H)
is a Cb(x)wmodule with pointwise defined opera-
tions. In a similar way Qe‘één define an "inner
product" on cb(X,H) with values in Cb(X).
Indeed, if s,t €C°(X,H) then <s|t>:x » ¢ is
defined by <s|t>(x) = <s(x)|[t(x)> for each x €X.
This inner product satisfies the formal properties
of the inner product in an ordinary Hilbert space.
We say that Cb(X,H) is a "Hilbert module" and
that Cb(X) is its C*-algebra of scalars.

Now, if E = X X 4 and m:X x H > X 1is the
projection onto the first factor we can identify
Cb(X,H) with the space Fb(ﬂ) of all bounded
continuous global sections in the fiber structure
(E,myX), i.e. the space of all bounded continuous
maps 0:X * E with To0g = ix. Indeed, for each
s:X » H in Cb(X,H) we define 0=0_:X > E by
letting 0(x) = (x,s(x)) for each x¢ X. Then
Oiirb(ﬂ) and the map s+ O is an isomorphism
of Cb(X,H) onto Fb(ﬂ). Note that W-l(x) =
{x} x H=z H for all xe<€ X, i,e. each fiber is

(isomorphic to) the given Hilbert space H.

A fiber structure of the type just considered
is called trivial. More generally we can consider
fiber structures (E,m,X) such that each fiber
ﬂ-l(x) is a Hilbert module over a C*-algebra As

not necessarily the same for all x&X. This kind
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of structure is called a field of Hilbert modules;
it carries along a field (G,p,X) of C*:algebras
whose fibers or stalks are the Axisi In this
case Fb(ﬂ) is a Hilbert module over Pb(p), the
C*zalgebra of all bounded continuocus global sec-
tions of p. We prove that any Hilbert module over
an arbitrary C*=algebra A (with identity) can
be represented as the Hilbert module of all bound-
ed global sections in a canonical field m of Hil-
bert mcdules whose base space 1s the complete regu
larization of the primitive 1deal space of A
(which turns out to be homeomorphic to the maximal
ideal space of the center of A). The essential
tcol we use 1is the general representation theory
developed by Dauns and Hofmann in [1] and in par-
ticular the generalization of the Gelfand-Naimark

theorem given there.

Hilbert modules were introduced by Kaplansky
in [6] under the name of C*—modules and the atten
tion was focused in the case in which the C*-alge—
bra of scalars is a commutative Aw*-algebrac This
particular kind of Hilbert module (AW*_modules or Kaplans
ky-Hilbert modules) was considered in [3] and [6]
in the study of algebras of Type I. More recently
J.D.:M. Wright [10] has studied operators on a Ka-
plansky-Hilbert module.

On the other hand, uniform fields of Hilbert

spaces were used by Godement in [u] and were fur-
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ther studied by Dixmier and Douady in [3] . There
oo
the theory was also applied to the study of C -al-

gebras.

The representation of Hilbert modules mentioned
above is used to establish a close relationship
between Hilbert modules and fields of Hilbert spa-
ces. In fact, it can be proved ([7]) that with a
suitable definition of morphism, the class M of
all Hilbert modules with commutative C*-algebra of
scalars and the class F of all fields of Hilbert
spaces with compact base space become categories,

and these categories are equivalent.

These ideas can be used ([8]) to study the
Kaplansky-Hilbert modules by considering fields
of Hilbert spaces with compact extremally dis-

connected base space.

The ideas of this paper appeared first in the
author’s doctoral dissertarion, written at Tulane
University in 1971 under Professor K.H. Hofmann
to whom the author is grateful°Some of/lour results
are stated in Professor Hofmann’s survey "Repre-
sentation of Algebras By Continuous Sections'", Bull

of the A.M.S. 78, 3 (1972) pp. 291-372,



§ 2. Hilbert modules. We first introduce posi

tive hermitian forms with values in a C*-algebra
A, and prove a generalized version of the Cauchy-
Schwarz inequality. From this result many of the
subsequent properties follow using formally the
same arguments as in the case of ordinary inner

product spaces.

Let A be a C*_algebra with identity and let
H be a unitary module over A ; we say that A
is the C*—algebna 04 scalans of H. Since
i= iA( A we can, and will, identify each A€ ¢
with l°1A£:A and so H becomes a complex vector

space.

2.01. Definition. A hexmitian form on H with

vaues {n A is a map <|>: H x H > A such that
for all x,x', y€¢H and all a<€A, the following

conditions hold:

(1) <x+x'|y> = <x|y> + <x'|y> ,
(2) <ax|y> = a<xly> 3
(3) <y|x> = <x|y>* .

It easily follows that:

(1) <x|y+y'> = <x|y> + <x|y'>
3
(2') <x|ay> = <x|y>a :
(3') <x|x> is self adjoint, and



(2'') for all A€ € , <Ax|y> = A<x|y> and

<x|Ay> = X<x|y> .

A pair of elements x,y€H is said to be ontho
gonal (with respect to the hermitian form <|>), if
<x|y> = 0. Given any subset SC<H, the set of all
x € H which are orthogonal to each one of the ele-

4
ments of s 1is denoted by s .

The hermitian form <|> is said to be positive

if

(4) for all xe€H, <x|x>eA’ .

It is deginite if

(5) for all x€H, <x|x> = 0 =>x = 0.

A positive definite hermitian form is called an

innen product (with values in A).

2.02. Proposition. (The Cauchy-Schwarz ine-
quality). 1§ <|> 48 a positive henmitian form on
H then

<x|y> <x|y>* ¢ | <yly> |.<x|x>

gorn any pain of elements x,y <n H.
Proof. Take ag¢A and €>0 arbitrary. We have

0 £ <x-ay|x-ay> = <x|x>-<xly>a*-a<y|x>+ a<y|y>a* 1



ofe
Since aa 2 0 we alsc have

* E3 %
0 £ <x x>-<xly>a —a<x|y> +a(<y|y>+£p1A)a .

Let M = sup[Sp<y|y>]= H<y]y>ﬁz 0 , so that
sup[Sp(<y|y>+e.1A)] M + €.

i

If we define 1z = <y|y>-+e.1A then z
exists and inf[Sp z-i] = 1/(M+e). Thus
[1/M+ €) .1, < 27 %
Now take a = <x|y>z-1. Since 2z 1is positive,

. 5 &, i ® -1 %*
in particular self-adjoint, we have a =2z <x|y> .
Replacing a and a® in the inequality above we

get:
0<g <x[x>-<x|y>z_1<x|y>*-<x|y>z_1<x|y>*
+<x|y>z—1 z z-1 <x|y>* R

that is 0 £ <xlx>-<x[y>z-1<x|y>“ .

Thus <x|y>z-1<x|y>* < <x|x> . But in any_C“.algg
bra A we have ¢ a c* £ cb c* whenever a £ b,
a,b,ccA, ([2], 1.6.8). Then, from

0 < [1KM+€)]1A < z"1 it follows that

0 ¢ <x|y>(i=n1,) <xly>’ ¢ <xly>zTlex|y>F

% .
Then (VRS <x|y><x|y>" € <x|x> that is ,
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%
0 < <x|y> <x|y>" & (M+e) <x|y>.

Since A% is closed ([2], 1.6.1), we obtain
%
0 £ <x|y> <xly> < M <xlx> . K

When A 1is commutative we can get a sharper

result:

2.3. Corollary. (The commutative case). I§

in the above proposition A {4 abelian, then
%
<xly><x|y> < <x|x> <y'y> %

Proof. An in the proof of the proposition we

obtain
-1 %
<x|y>z <x|y> £ <xlx> N
Multiplyingthis inequality by 2z we get
%
<x!y><x|y> < <xix><y|y> + € <xlx> ,
for arbitry € > 0. This implies the corollary. ®
2.04. Example. Set H = A = all 2 X 2 complex
. s &%
matrices, and for x,ye€ H define <x|y> = Xy .

This is a positive hermitian form on H with va-

lues in A = H and if we take



X = and vy

then x,y €H, but

% 1 0
<x |x><y |y>-<x|y><x|y> = [ ]

which is not positive. This example shows that
the more pleasant result 2.03 is not necessarily

true for A non-commutative.

2.05. Proposition. (Numerical Cauchy-Schwarz

inequality). I{ <|>apositive hermitian form on H
and x,y€H then,

l<x]y>] < l<x|x>]% J<y|y>|*

Proof. Since in any C*-algebra, a,be:A+' and
a< b imply |a] < "b" ([2], 1.6.9), the asser

tion follows from 2.02. ®

2.06. Lemma. Let <|> be a positive henmitian
form on H with values in A let m be a closed
2-s4ided 4ideal of A. Thenlgon each xe H, the fo-
LLowing assentions are equivalent :



(i) <x|x>e m.
(ii) VyeH : <x|y>em.

(iii) VyeH : <y|x>€m.

Proof. Clearly (iii)e> (ii) = (i). So let
us prove (i) =» (ii): There exists a family
{ﬂi}i’l of non-null irreducible representations

<
of A such that m = () ker(m,), ([2], 2.9.7).

iel B
Since the "i's are C*—homcmorphisms they pre-
serve products,; adjoint and positiveness, and so
the Cauchy-Schwarz inequality <x|y><x|y>:'=

$"<y|y>u<xlx> implies:

& %

0 £ Tri(<x|y>)'n'i<xly>)" = 'n'i(<x|y><xly> )

s mil<yly>l<x|x>) = l<yly>|m (<x|x>).
Sc, if we suppose <x|x>e€m, i.e. ﬂi(<x|x>) =0

for all i€ I, we have

A X
[msCxly> | = [mex]y>) m,(<x[y>)7]2 = o

that is ni(<x|y>) = .0, ,.,for.all,-i€ .. Then

<x|y>em (for arbitrary y<H). ®
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2.07. Lemma. In the setting o4 2.06 define
H = {x€H : <x|x>em} . Then : (i) H 48 an
A-submodule of H , and (ii) mHCH .

Proof: First suppose x,yCHm and ae€ A. We
have <x+y|x+y> = <x|x>+<x|y>+<y|x>+<y|y> where
<x|y>,<y|x>€ m by 2.06. Thus <x+y|x+y>€m,

thaf is x+y€Hm. Also <ax|ax> = a<x|x>a*C m
because <x|x>€m and this is an ideal. Now take

x€H and ae€em. Then <ax|ax> = a<xlax>€m.

2.08. Proposition. Let <|> be a positive hexn-

mitian form on H with values in A and Let m be a
closed 2-s4ided ideal of A . Take E,nc H/H_ and
a€A/m , say & = x+Hm,
where x,ye H and ae€ A. Define:

n = y+i and o = a+m

E+n = x+y+H af = ax+H_

(E|n) = <x|y> + m .

Then these definitions anre independent of the ne-
presentatives; H/H 48 a unitary A/m-module and
(|) 48 an inner product on H/H with values in
A/m.,

Proof. Addition is well defined because Hm

is an additive subgroup of H.

Now suppose a-a'em and x-x'€ H , then
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ax - a'x'" = a(x-x"j)+(a-a')x"

But a(x—x')s:Hm because this is an A-submodule.

Also (a-a')x'€ H ~ because mHCH (2.07). Thus

ax-a'x'€H_. For the third case take x-x' and
y-y' in Hm . We have
<x y>-<x'ly'> = <x-x'|y> + <x'|y-y'>

and since x-x'ef%‘¢><x-x'|x-x'>€wn then
<x-x'|y>em , by 2.06. Similarly <x'|y—y'>€1n,
and so <x|y>-<x'|y'>em. We readily check that
H/Hm is then a unitary A/m-module and that (])

is a positive hermitian form. It is also definite,

indeed, for § = x+Hm we have

(E|E) = 0 (=m) <> <x|x>€m
> x€H
m

<> £ =0 (=Hm).
This completes the proof. ®

Since there is no danger of confusion we will
write <|> instead of (|). The propesition just
proved will be needed later; now we will use a
particular instance of it to describe the canoni-
cal way to get an inner product out of a positive

hermitian form.
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2.09. Corollary. Let <|> be a positive heami-
tian gorm on H with values 4in A and Let N = {x € H:
<x|x> = 0} . Then N 4s an A-submodule o§ Hyand 4
gor x+N and y+N 4in H/N and {or ac A we dééine

(x+N)+(y+N)=x+y+N, a(x+N)=ax+N, &+My+N)=<x|y>,

then H/N 4is a unitary A-module and (|) is8 an innen
product on H/N with values in A .

Proof. It suffices to appy 2.07 and 2.08 with
m= {0} . ®

Let H be a unitary A-module and <|> be an
inner product on H with values in A. We will

discuss the following +two functions:
a) The A-valued "norm"
| | : v » A"
given by [x]| = <xlx>k for each x€H, and
b) The numerical norm:
hl:u-r'

given by |xﬂ-|<x|x>ﬁg (=]|%||) for each =xeH.

2.10. Proposition. (Norm propertiesof | | and
13




[ ]). Take x,y 4in H and a 4n A.
Then:
1) (i) [x] = 0&x = 0

if A 448 commutative:

(i) |x+y| < x| + |y| , and

(iii) |ax| = |a| [|x| , where |a| = (a a®)2.

2) (i) fax]| < Ja] |x . and

(i) I<x|y>) < x| Iyl.
3) The function | || <8 an ordinary noam on H.

1
Proof. 1) (i) x| = <x x>2 = 04><x|x>

= 0<=>x = 0.

(ii) Taking 2.03 into account we have:

]

<xty|x+y> <x|x>+ <x|y>+<x|y>*+<y|y>

<x|x>+ 2(<x|y><x]y>*)+<y|y>

N

<x|x>+2<x|x>%<y|y>%+<y|y>

N

= (<x|x>;5+<y|y>!5)2

(iii) This follows from the equation <ax|ax> =

3 i
a a’ <x|x>.

2) (i) "ax"2 = |<ax|ax>| = |a<x|x>a*ﬂ
* % 2 2
< lal Fexle] Ja®] = Jal® Ix]

14



(ii) This is simply 2.05.

3) Clearly [[x} = 0 iff x = 0, and "Axﬂzllllxﬂ
for A€ C. As for the triangle inequality:

2 g
Ix+y]® = J<x+y|x+y>|
< l<xlx> e Jexly> I+ x| y>"| + <y [y> |
2 ' 2 2
< I=xl"+2l by l+ly ), by 2) (ii),

i

Uxlely? =

2.11. Corollary. The map A x H + H, (a,xMax
L5 continuocs .
Proof. This follows from 2) (i). ®

Since we will use it several times later;we

state the following simple inequatily as a lemma:
2.12. Lemma. For any =x,y,s, t€H
l<x[x>-<s|t>] < [x-sllyl+lslly-t] .
Proof. Since <x|y>-<s|[t>=<x-s|y>+<s|y-t> , the
inequality follows from the triangle inequality

and 2.10, 2) (ii). ®

2.13. Proposition. The inner product H x H =~ A,

(x,y) = <x|y> 44 continuos.

Proof. Fix s,t€H and 0 < e £ 1. If we take
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Xx,ye H with ”x—sl < € and ﬂy«t“ < €, the lemma

above implies

[<x]y>-<s|t>] < eCtelslsle]).

2.14. Corollary. The map H + A, x = <x|x>
L8 continuos.

Proof. The map H + H X H , x+v (x,x) is con-

tinuous .=

The ||.|| defined in the last section allows us
to discuss completeness of H, introducing in this
way the notion of Hilbert module. We will also
consider the process of completing a given module

endowed with an inner product.

As before A will be a C*-algebra with iden
tity.

2.15. Definition. A pre-Hilbent module overn A

is a unitary A-module H together with a positive
definite hermitian form <|> with values in A. It
is called a Hilbent module if it is complete with

1ok
respect to the norm “x":|<x|x>"%, x€ H.

Since a pre-Hilbert module H is in particu-
lar a normed space we can construct its completion

H in the usual way by throwing in all "limits" of

Cauchy sequences in H, so that H will be a den-
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se sub-space of H. In order to extend the inner

product to H take x,y in H and choose

{x }, {y }eH with [[x-x_| » and |y-y_| » o.

o

Thus {xn} and {yn} are Cauchy sequences and in
particular they are bounded, say ﬂxnn,"yn" <M
for all n.

Taking x = X s ¥y =Y, 5 8 7 X and t = s

in 2.12 we have "<xn|yn>-<xm|ym>ﬁ < M(”xn_xm"+

- i t f<x | ; -
+ “yn ym“) which proves that f{ xn,yn>} ig.9Can
chy sequence in A. Since A 1is complete we can
define

<< = 1i '
x|y>> lim <xm|ym> .
m->oo

provided that this limit is independent of the par

ticular sequences {xn}, {yn} . To see this take

A ' > : -x'] »
Xo x and ¥ y , so that "xn xnl 0 and

"yn—y;" + 0. Another application of 2.12 yields
och<x |y >-<xt ly>lelx -x2ly b+l y_-y11 + o0

i.e. lim <x'|y!> = lim <x_|y > .
n'’n n'’n
n-+>o n-o

We readily check that <<|>> is in fact an inner
product on H. The norm l“ m induced by this

inner product coincides with the norm " | of H

considered as the completion of the normed space H.
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Indeed, take x £H and {xn}SQH with limx = x, then

N+
| = !2 = lle<x]|x>>) = || 1im <x_|x_> =
Hxli? = ] bos 0 tim x|
. : 2
lim <x _|x_ > = lim || X
tin [l >l = din x ]

: 2 2
= in xg D7 x)?
n->o

We will write <|> instead of <<|>>. Now we
can state the facts discussed above in the folloz

ing way:

2.16. Proposition. The completion of a pre-
Hilbent module can be made Ainto a Hilbert module
in a natural way. ®

2.17. Examples. (A) Take H = A and define
<x|y> = xy* ; X,y A. Then H 1is a Hilbert modu

le over A.

(B) Let Z be the center of A and let T be a
central trace, i.e. a map A * Z such that (1)
T(Ax+y) = At(x)+1(y) 53 (2) 1(2x) = z21(x) 3

(3) t(x* x) » 0 and 1(x* x) = 0 only if x = 0;
(4) 1(x y) =1y %)s and (%) (1) = 1 4 TFfor all A
in ¢, x,y¢A and z€ Z.

Define
%
<x|y> = 1(x y").
Then A is a pre-Hilbert module over Z.

18



(¢) (Kaplansky) Let B be an Aw*—aigebra of type 1
Then there exists an abelian projection e€ B
with ex # 0 for all non-zero central elements
of B. Let H = eB and A = eBe . Then H is
an A-module and if we set <x|y> = xy* for all
x,y€ H, it becomes a Hilbert module ([6], Theorem
8).

§ 3. Fields of Hilbert Modules. In this para-

graph we discuss the structure of the set of all
bounded continuous global sections in a field of
Hilbert modules and after that we prove the repre
sentation theorem mentioned in the introduction.
Although our definitions are essentially those of
[1] we will state some of them in order to esta-
blish terminolog/ in the particular situation we

are interested in -

3.01 Let T™T:E * X be a surjective function.

For each subset VEX let E = ) ; if
. : d =]

VvV = {x} we write E, instead of E{x}(-ﬂ (x))
and call it the f4iben or stalk over x . A section
(of W) over VgX 1is any map 0:V > E such that
T.0 =1, 3 if V = X we say that o is a global
section (or simply a section) of m. The set of

all section of T is denoted I(m).

Now suppose that the Ex's are normed spaces.
Since these fibers are pairwise disjoint no con-

fusion arises from using the same symbol " I to

19



denote the norm in all instances. For each

o< L(w) we define

loll = sup | o (x)]
x€X
and we say that 0 is bounded if [|o| < + . The
set Zb(ﬂ) = {o€e Z(m): 0 is bounded} is a normed
space with respect to pointwise addition and
scalar multiplication and the norm 0% [of. For

each o€ I(m) and each € > 0 the set
T (o) = {ecE:|e-a[n(e)]] < €}
is called the e-tube around o.

If E and X are topological spaces and the
surjection wW: E + X 1is continuos we say that
the triple (E,m,X) is a f4iber structure. We de-
fine T(m) = {0€Z(m): o is continuos} and
Fb(ﬂ) = {c€Z(n):0 is bounded and continuos}
= F(n)ﬂzb(n). The set EVE = {(e,e'): e, e

€ E» m(e) = m(e')} is always considered as a

7 )

subspace of E X E.

We introduce a f§4{efd addition: EVE + E ,
(e,e')™> e + e' , and a f4eld scalar multiplica-

tion: C x E = E , (A,e)— Ae.

The fiber structure (E,m,X) is called a §4eld
of nonmed spaces (cf.[1] ch. I, §1 and Ch.III,§8)
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if the following conditions are satisfied:

(F.1) For each e« E there exists a Oa:Fb(n)
with O[H(e)] = e ({(we say that Fb(n) is full )

and for such a O the sets of the form
T_(6)NE,

where € > 0 and V is a neighborhood of m(e) in

X, constitute a basis for the neighborhoods of e

in E.

(F.2) The field addition and scalar multiplication

are continuos.

The following facts follow from the definitions:

(i) The set Fb(n) is a normed space (subpace of
the normed space Zb(w) ). It is also a topological

Cb(X)—module.

(ii) If all the stalks Ex,xe X, are complete so are
F(m) and Fb(ﬂ). In fact Pb(ﬂ) is closed in
r¢e) ([1] ch. I, 1.13).

(iii) If X is compact then Pb(w) + Pew) (ibdd i)

(iv) Let X' be the same set X with a finer topolo-
gy and let E' be the set E with the topology
generated by the sets of the form WAEy,,,¥ open
in E », V' open in X'. Then 7' 'z ¥ B+ X?
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is also a field of normed spaces and TI(m) is a

closed subspace of TI(w'), ([1] Chis: T, 1:+17)

Proof of (i) accP(x) and o,teT>(m) then
ad and 0 + T are clearly in Zb(ﬂ). Since the
maps ax g X + C%x'E with x+ (a(x),0(x))
and 0 XT:X = E X E with x# (0(x),t(x)) are
continuous, condition (2) implies the continuity
of ao and o+t . Thus ao and O+T are in
Pb(ﬂ) and so this is a Cb(X)-module.In particu-
lar AO’EFb(ﬂ) for any A€C (take a(x) = A
for all x¢X) so that Fb(w) is a subspace of
2 (m).

Finally, since [a(x)o(x)| = la(x)l}o(x)]
< Ha" ”G" » We see that “aoﬂ < ﬂa" non.

Thus the map
cP(x) x rP(r) » rP(m), (a,0) = ao
is continuous . ®

In order to impose more structure on our field
. ®
(E,m,X) let each fiber E_ Dbe a C -algebra.
Now we can define a f4eld multiplication:

EVE S B Vg, 6 U R %

and a f4eld Lnvolution

%
E+E , ewr+ e

22



We make a third assumption:

(F.3) Field multiplication and involution are

continuous.

%
If for o,T€L(m) we define 0 and o1 point-

wise then we can prove.

(v) The space Fb(ﬂ) is a C*-algebra.

Now we want to describe the non-commutative ge
neralization of the Gelfand-Naimark theorem obtain
ed by Dauns and Hofmann in [1] (8.13 and 8.14) -
Let A Dbe a C*—algebra with identity and let X
be the maximal ideal space of the center Z of A.
This is a (Hausdorff) compact space and it is, up
to homeomorphism the complete regularization and
the Hausdorffization of Prim A, the primitive
ideal space of A. For each xe€X (note that
XxCZCA) let m(x) be the closed 2-sided ideal
generated by x and let M = {m(x):xeX} ; the
map x* m(x) is bijective: in fact x = m(x)NZ
for each xe X. We will suppose that the family
A/m(x), xe€ X, of C*—algebras is pairwise disjoint

(if not we will consider {x} x A/m(x) instead).

Let E = |J A/m(x) and ™ : E > X be given by
xeX
m(e) = x if e€ A/m(x).

For each ae A we define a map

& : X+E , x> atm(x)
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Clearly ael(m) for all ac A. The sets of the
form 7;(5)(3EV where € > 0, ag¢A and V is
an open subset of X <constitute a basis for a to
pology on E and then (E,m,X) becomes a field
of C*-algebra with fibers Ex = A/m(x), x¢<X.

In this field all sections 3, ae A, are conti-

nuous and the map

A+ TI'(w), amr a

%
is a C -algebra isomorphism. Then we can identify
A with A = {3:ae A} (=I(T)). Under this isomor
«
phism 2 is mapped onto C(X). 1 = C(X).

We note that for each a< I'(m) the function
X +*R, xw "a(x)ﬂ is upper semi-continuous
([1]' Ch. III, 5.9). This fact is useful to prove

the following technical assertion:

3.02. Lemma. For each ac A and each x< X

|a+m(x) | = inf ||(1+t)2 al.
tex

Proof. Given te x we have (1+t)2 a-a
= t(2a+ta)e x Agm(x) A = m(x), i.e. (1+'c)2 a is
a representative of the coset a+m(x). Hence
la+m(x)] < ||(1+t)2 al (for arbitrary te x), that

is Jlatm(x)| € inf ||(1+t)2 a |.
tex

To obtain the opposite inequality we identify
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A with I'(m) wvia the isomorphism °~ . Then x (resp.
m(x) ) is identified with I(x) = {P<c(x): Y(x)=0}
(resp. J(x) = {a€ T'(m):a(x) = 0}). Noting that

a+m(x) = 4(x), what we want is

la(x)] > inf ﬂ(1+?)2mﬂ.for acl(m) ,xe X.
Pel (x)

Fix € > 0 and let V = {ye X:Ja(y)]<]a(x)]+e}
Then V 1is open and contains x and so there

exists a P C(X) with 0 < P £ 1, P{(x) = 1 and

supp ¥ &€V.

Take Y= /Pﬁil ; then ¥Y(x) = /E?;?-l = 0, i.e.

P& 1(x). Moreover:
ﬁ(1+?(y))2a(y)ﬂ=“W(y)a(y;ﬂ=]w(y)lﬂa(y)ﬂsHa(x)ﬂ+s
if yeg Vv, andlis 0 if y¢ V.

so J(1+9(y)) 2a(y)|<lalx)]+e for all ye X, that
is ﬂ(i+@)2aﬂsua(x)ﬂ+s . Then &k%?i)ﬂ(1+T)2aﬂ <

la(x)| +e and since € was arbitrary we conclude

that inf “(1+?)20"S" alx)| . 3
Yel(x)

3.03. Let (E,m,X) (or simply m) be a field of
C*-algebras with identity and let (F,p,X) (=p) be
a field of normed spaces in which each fiber

Fx =p-l(x) is actually a Hilbert module over the

C*-algebra E = 7 Y(x). The inner product on

N
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each fiber is denoted by one and the same symbol

<|>

The f4Leld scalar muliiplication can be defi-

ned in the subspace

EvF = {(e,f)€E x F:m(e) = p(£)1} of E X F as

follows:

EvF->F , (e,f)+= ef .
We also define a f§4ield imnen product <|> by

FVF>E , (f,f')m <f|f'>

3,04, Definition. If the field scalar multipli
cation and inner product are continuous the pair
(m,p) is said to be a 6Leﬂdof Hilbent modules.
When each stalk Fx is a Hilbert space, i.e.

Ex = ¢ for all xe€X, we say that (m,p) is a
field of Hilbent spaces.

As in 3.01 (i) we can prove that the Banach
space Fb(p) (see 3.01(ii)) is a topological
Fb(n)-module.

Given 0,T € Fb(p) the map X + F v F,
x> (0(x),T(x)) is continuous and so the conti-
nuity of the field inner product implies the con-
tinuity of the map [OlT]: X + E given by
[OIT](x) = <g(x)|t(x)> . This map is clearly a

section of ™ and by the numerical Cauchy-Schwarz
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inequality

I[o]t] ) =l<ox) [t(x)>| <ot It <+
hence [o]1] € I"b(Tr)° Thus we have a map [ | ]:
Fb(p) X Fb(p) * Fb(ﬂ) and we readily check that

this 1is an inner product on Fb(n).

3.05. Proposition. The space Fb(p) {8 a Hilbent
module over TP(m).

Proof. We only need to show that Fb(p) is com
plete with respect to the norm " ﬂ1 induced by

[[]o Since it is complete with respect to the norm

lol = suplo(x)|] (see 3.01 (ii)), it is enough
x< X
to show that these norms coincide. Take 0€.Fb(ﬂ):
o .
lol = I[ololl = sup |[o]o] (x)]=sup|<c|(x)]a(x)>]
1 x€X x€X

= sup o(x))? = ( supla(x)? = Jo}?. =
xEX x€ X

We will write <|> instead of [|]

3.06. Definition. The Fb(ﬂ)—Hilbert module

Fb(p) is called the Hilbent module associated with
the field of Hilbert modules (m,p).

In this sections we will associate a canonical
field of Hilbert modules to each A-Hilbert module
H. The C*-algebra A is supposed to have an iden
tity and the notation is that of 3.01; in order to
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avoid confusion between elements of X and elements
of H the latter will be denoted by u;vs;... etc.
Fix x&€X. We will write H instead of H
X m(x)
(see 2.07), in other words Hx={u€;H:<u|u>c m(x)}.
Since H + A, u+ <u|u> is continuous (2.14) and
m(x) 1is closed, Hx is closed. Then the quotient
space H/Hx is a Banach space with respect to the

usual quotient norm; denote this norm by " uq°

On the other hand, in 2.08 we defined an inner
product on H/Hx with values in A/m(x) and this

inner product induces a norm on H/Hx which we will

call "'"i 2

3.07. Lemma. The noams | Hq and | "i coincide.

Proof. Take ECH/HX arbitrary and let uc€éE,

i.e. u+dH = & .
X
2
a) 'E“i = |<g]e>] =l <ulu>+m(x)|= inf{]<u]u>+t] :
tem(o} < J<uurl = ful?,

thus "Eli < Jlul , for any ue&. It follows that

lel; < infllul:uee } = el .

b) Now take ¢ > 0 arbitrarily and let

a = <ulu> (€A) ; then "Eﬂ? = |a+m(x)] and we can



use 3.02 to produce an element t€ x such that

q(1+t)2 al < Je§? + e. Define v, = (1+t) u,

b |
so that v, - u = tug xH;:m(x)Hg;Hx (by 2.07 (ii));
thus. ¥ € E

Furthermore:

Ivol =l <wl vl =lCtre)<ulw (red] = f1ve) Pal <l2 ] v

2

Hence inf{ﬂvﬂQ:vi £} < |g|. + € and, since €>0
o

was arbitrary, inf {"vﬂ2 : ve £} g "E"? . Then

lglg = ing Uvlev £} < fel; .

Since there is no danger of confusion we will

write || | for | “q(=“ “i) "

3.08. Proposition. For any x = X the quotient
H/H, 48 an A/m(x)-Hilbert module.

Proof. The only detail to check is complete -
ness of H/Hx , but this follows from the lemma and

the fact that this quotient is a Banach space. ¥
Let us proceed to define a field whose stalks are
precisely the Hilbert modules H#Hx; we suppose

these are pairwise disjoint. If not we could re-

place H/H_ by {x} x H/H_ .
Let T = ,K) H/Hx and p : F > X be the sur-
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jection given by p,(f) = x whenever f« H/Hx.

For each wu<€ H the map

u' ¢ Xwel 3 X u+Hx
is a section of p,. Let H = {u: ucH}

Now we will apply the machinery developed by
Dauns and Hofmann in [1] to construct the so ca-
lled canonical §ield associated with H and the
family {H : x€X} . According to [1] cn. 11,
1.15 there are unique weakest topologies N(H)
and T(H) on F and X respectively making

po: F » X into a field of normed spaces with

AcrPep,).

A subbasis for T(H) is given by the sets of the

form

{xex : JG(x)] <€}, uveH, €20

A basis for N(H) is given by the sets
‘Ta(u)f\rV S Rt WIAYR BT PEX AP

3.09. Lemma. The topology T(H) on X 48 con-
tained in the oniginal topology of X.

Proof. Fix u€H and € > 0 and let
a = <u|u> (€A). Since "ﬁ(x)|="u+HxI=“<u|u>
+ m(x) |B=farmn() = 3(x) | then {xe x:[&(x)]|<e} =

30



- {x€X:[|3(x)|<e} is open in X because & is
upper semicontinuous. This shows that any subbasic
set of T(H) is open in the original topology of

X and the lemma is proved. ®

This lemma allows us to apply the process men-=
tioned in 3.01 (iv): We refine the topology T(H)
up to the original topology of X and take as new
open sets in F those of the form wf\rv where
WE N(H) and V 1is open in X. Then a basis for

the new tobology on F is given by the sets
QZ(u)f\Fv , Uu€H , € >0, V open in X.

Let p be the map p, when we consider F with the new
topology ( and X with its original topology).
Then p: F > X 1s a field of normed spaces and
Fb(po) is a closed subspaces of Pb(p) = I'(p).
Thus we also have ﬁg I'(p).

Given an A-Hilbert module H we have construct

ed two fields :

(E,m,X) described

n

(i) The field of C*—algebras w
in 3.01. Its fibers are Ex = A/m(x), =X€X,.

(ii) The field of normed spaces p= (F,p,X) descri
bed above. For each x€ X the fiber Fx = H/Hx

is a Hilbert module over Ex.
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3.10. Proposition. The pain (w,p) A& a f4ield
04 Hilbernt modules.

Proof. According to Definition 3.04 we must
show that the field scalar multiplication and inner

product are continuous.

(a) Fix (ey,sf,)€ EVF and let x, = m(e,) = p(f,)
= p(e,f,). Take a€ A (resp. u€H) such that

a(x,) = atm(x,) = e, (resp. G(x) = utHy = f, ) ,
and set v = au ; then ¥(x,) = autHy = a+m(x,)) .
(u+Hx°) = e,f, . Thus a basis for the neighbor-

hoods of e, f,€F is given by all the sets
ﬂ;(o)r\rv , where: € > 0 and V 1is a neighbor-

hood of x in X. Now fix € and V.

For (e,f)£EvF 1let x = m(e) = p(ef) and
suppose that seqrs(a)nEU and qu;(ﬁ)nFU 4

where 6§ > 0 and U is neighborhood of x con-

tained in V. Then:

”ef-G[p(ef)]“=“ef*9(x)"="ef—§(x) a(x)|<]e-3(x)|
de-8col+laco D+ 1aGolle-a ) l<s8+]8(x) |
+“5(x)'), and this will be < € if we choose §
and U carefully enough {(for example, let 01 =
{x€ X : “ﬁ(x)" < Hﬁ(xo)u % 3F 2 U2 = {xe X
NEx) ]| < facx )+ 1}, U= U1(\02r\v and take

0 <8 <1 such that & < € (ﬂﬁ(xo)l+ua(xo)“+3)'1)

.

Then eQJE(g)ﬂBU 3 fa-:a./,;(u)ﬂf'u imply
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Jef-[p(ef)] ] < € and x = p(ef)e V, that is
efiq;(Q)f)Fv. ge.a.

(b) Fix (foeg80)EFVF and let x, = p(fy) =
0(go) = m(<f,|go>). Take u,ve€H with {(x,) =

= utlHy = £, and ¥(x,) = viHy = g, , and set
a= <u|v> ;3 then g(xo) = a+m(x,) = <u|v>+m(x°) =
_<u+Hx°|v+Hx°>= <f,|go> - Thus a basis for the

neighborhoods of <f_|g,>€E is given by all the
sets q;(g)f\Ev where € > 0 and V 1is a neigh-

borhood of x, in X. Now fix € and V.

For (f,g)Ye PVE ‘let =x = p(f) = plg’
= m(<f|g>) and suppose that f¢< q;(ﬁ)r\FU and

T ;
g€ fé(v)f\FU , where 8 > 0 and U 1is a neighbor

hood of x, contained in V. Then

| <£lg>-3[n<f @] =l<t|e>-d =l <£lg>-<G(x) [T (x>
¢ J<£-800) 2>+ 1<a(x) [g-9(x)> ] J£-8(x) | (g-9 (x|
Av h+a] lg-9(x) || <88+ v(x) [+]u(x) )< €
‘under suitable choice of § and U ). Moreover,

x = m(<f|g>)e V.
Thus <f|g> € T_(HNE,.
3.11. Definition. The pair (m,p) 1is called the

fietd of Hilbeat modules associafed with the A-Hil-
bert module H.
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Let H (resp. K) be a Hilbert module over a
C*—algebra A (resp. B) with identity. A Hilbert
module ({somorphism of H onto K is a pair (*,T)

of maps

?

+3

A > B , H

where ¥ la a C*-algebra isomorphism of A onto B,
and T is such that for all a€A and u,ve€H:
(i) T(autv) = Y(a)Tu + Tv (i.e. T is ¥P-linear),

(ii) ®(<u|v>) = <Tu|Tv> (i.e., T "preserves"

inner products)

(iii) T(H) = X (i.e. T is surjective).

Note that, because of (ii) ,Hu"2=n<u|u>§=H@(<u|u>)“
=| <Tu] Tu>“=“Tu“2 i.e. T 1is an isometry. In

particular, T 1is injective.

Given a Hilbert module H over A, let (m,p)
be its associated field of Hilbert modules. Write

Y (resp. T) for the map VY (resp. "), i.e.

A > I'(m) s H =+ T(p)

- ~

4
ar a ukr u .

We know that P is a C*-algebra isomorphism. More-

over, for any x in X:

(i) T(au+v)(x)

(aut+v)™(x) = au+v+Hx = (at+m(x))
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(utH )+(v+H ) = a(x) G(x)+9(x) = (30+9)(x)

= (P(a) Tu + Tv)(x). Then T(au+v) = P(a) Tu+Tv.

(ii) P(<u]v>)(x) = <u|v> (x) = <u|v>+m(x)
= <u+Hx|v+Hx> = <{|¥>(x) = <Tu|Tv>(x).
Hence Y (<u|v>) = <Tu|Tv>

3.12. The Representation Theorem. Any Hilbent
module 44 Lsomorphic to the Hilbent module of all
continuous sections in the field associated with
it

Proof. Let ff = {f:ue€H} = T(H). This is a
T(m)-submodule of I'(p) (because T is ¥-linear)
and it is closed because H is complete and T
is isometric. Thus, the proof of the theorem re-

duces to show that H is dense in I'(p).

Take c€T(p) and € > 0 arbitrary. For each
Xx€X let u €H be such that ﬁx(x) = g(x) and

let V_ ={ye€ X« : "0(y)-ﬁx(y)" < g}, Since

{Vx: x€ X} is an open covering of X, there exist

XyseresX & X such that X VfJ... Vn (where

Vi = Vg ). We can also find f1,...,fn€ C(X) with
n

0 £ fi < 1, supp fig Vi and i§1 fi = 1 ; since

£.1 belongs to T(w) = A we can choose a; e A

such that a; = fi'1 . Define v, = aiui(€H),
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where u, = uygt, i % 150%%nl 3 | then ¥ = Twi
i i i i

- :\P ‘_‘v 4 - &
T(ai ui) (ai) (T ui) a, U, fl u; . Thus,
if v = v, oot vn(iH) we have %€ H and
A - ”~ A - A A
v v1+u°°+ ¥ f1 u1+o“+fn u. . Then, for

each x€ X

n
loGo-3l=1 £ £.(x) (o(x)-G,(x)]
i=1

€ £ )]ox)-8, <@ £,(x))e = €.

Thus |Jo-9¢]] < €. This proves that H= T(H) is
dense in I'(0). But H is closed so it has to

coincide with T'(0o).

Then (P, T) is a Hilbert module isomorphism
of the A-Hilbert module H onto the T(wm)-Hilbert
module T(p). =

This theorem provides an approach to the study
of Hilbert modules. It is particulary useful when
the stalks in the associated field are somewhat
simpler or well known. This is the case when A is
commutative because then the stalks become ordinay

Hilbert spaces :

3.13. Corollary. (The commutative case). If H
is a Hilbent module over a commutative c*-atgebaa
A with identity them {its associated f4ield p 44 a
field 0§ Hilbent spaces whose base space 44 the
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ma xLimal @deaz space of A, and H 45 Lsomorphic to
the Hilbent module of all continuos sections of p.

k%%
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