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CHARACTERIZATION OF CERTAIN (/-SELF-ADJOINT

OPERATORS BY MEANS OF THEIR EXPONENTIAL FUNCTION

by

Klaus Gero KALB

§1. Introduction. Let X be a complex Banach

space. Let Tef(X) be a continuous linear ope-
rator with spectrum o(T)< (a,b) CcR. For naturaltl,
1 & n< o, denote V;[a,b] the algebra (of So-
bolev type) of functions f¢ Cn-l[a,b] for which
f(n_i) is absolutely continuous, and f(n)C-Lp(a,b)
(n)C Cn[a,b] for p =, V;[a,b]

1s provided with the norm

for 1 & p < @ or f

k)

1505, 550a,5] * max{| £ (a)|: x=0,...,n-1}
9 b b

ne(n)
fel? Vo,ps[a,b]

where [ *| denotes the norm of LP(a,b)

0,p;[asb] ]
for 1 £ p < » and the maxamum-noxm ot CLa,b] for
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p =% . For n = 0, only Vo[a,b] = C[a,b], with

the norm l'“o,w;[a,b] s 1s considered.

T is called V;—Ae£6=adjoint (denoted: T€L[Vg])
1if there exists a continuos homomorphism ¢:
V;[a,b] + £(x) with ¢(ey) = I, ¢(e1) = T, where
e, (t) = 1, el(t) =t (teR). It turns out that
this notion does not depend on the selection of
the interval [a,b ]o The V;—selfwadjoint opera-
tors are interesting examples of (X-self-adjoint
(particularly Cw—self-adjoint) operators in the
sense of Colojoara-Foiag [2] and extrapolate the
Cn-selt-adjoint operators of Kantorovitz [7}, [8]<
As is well known, an operator TE€IL(X) is Cc*-self-

adjoint if and only if the exponential function

R>& ei€T€ L(X) of T satisfies a growth condi-
tion
(1.1) 1e*2T) = olel™  (lg] » =)

with ke N = {0,1,...} (c£.[7], Lemma 2.11; [2],
Thm.4.5, or section 4 of this note). In Kalb [6]
the V;—selfuadjoint operators are characterized
by conditions on their resolvent function z*> R(2z)
E (T-zI)—lo In this work the V;-self-adjointness
shall be described by means of the exponential func
tion of T (and another related function introduced
by Kantorovitz [8])0 Thereby, among other things,
results of Kantorovitz [7], [8] are generalized
and newly proven by a very elementary and natural
method. This method consists in developing suit-

able representation formulas for the analytic
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functional calculus of T on certain subalgebras
of the algebra }(C) of entire functions (cf. sec-

tion 3 and Lemma 4.1).

Sections 2 and 3 of this work generalize a
portion of chapter 2 of my Habilitationsschrift
[5] (where only the case n = « is treated); sec-
tion 4 was essentially written during a visiting
professorship at the Departamento de Matematicas
of the Universidad de los Andes in Bogotd/Colombia
(February - April 1979), which was partially sup-
ported by COLCIENCIAS.

8§2. Preliminaries. For the sake of selfcon-

tainedness we present here some facts from [3],
[7], [6], which we shall need later. For the time
being 1et TE€JL(X) be arbitrary.

2,1 LEMMA. Let a, = sup {Im(z): zeo(T)} ,
a_ = inf {Im(z): z€o(T)}. Then

o . .
if e-lgz elgT dg for Im(z)>a+
(2s1) R(z) = - ) )

-if e-lEz elgT dg for Im(z)<a_

whene the integrals convenge conditionally.

Proof. Application of the analytic functional

calculus of T to the formula

% -igz itw
10[ e e dg for Im(w)<Im(z)

-1, ? e-lgz iw dg for Im(w)>Im(z)., =
o
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2.2 COROLLARY. I§ T satisfies the condition

(1.1), then o(T)CR.

Under {1.1), the integrais in (2.1) con

Proof.
and the affirmation

verge absolutely for 2z € C\R
follows from Lemma 2.1 by the identity theorem for
analytic functions. ®

Now let be o0(T)c{(a,bJCR. For € > 0 and

nelN let
, 1 roressen - »
Ao(b,€;t) = LTS LK{T’PLEUXR(I‘J,E:)] (t€R)
{(2.2) ,
— P g_t)n-1 ) A
A (b,e;t) = | RERE A,(b,e;s)ds

(teR 3 n % 1)

b
(2.3) ‘[’“]{n) J h{z)A (b,e;t)dt (he ¢ [a,b])
& a

2.3 LEMMA (c<f. [s], [9]). Forn every bounded

McH(D) and function gelM,

set
n-1 (ki s ¢
g(rt) = | 5—?7531 (T-an)*+ 1im Igrﬂ(g\n)§
k=0 o E*O+

undigormly on M weth nespecic 2o g.

Finally we shall need the foliowing formula, which

yields from (2.1):

b
IE‘QLh) = 2$1 j h(s) R(s+ie)-R(s-ie) ds
(2.4) m a \
= f-g% jh(s),e_lgds]e'glsleiETdé
- 00 a
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where the integral converges conditionally.

§3. Descvription of the analytic functional cal-

cuius by means of the exponential function. Let

ref({x) with o(T)C (a,b)C R and let neN.

3.1.Definition {(cf. Kantorovitz [8]): let

En(ﬁ,T;a)ién(ﬁsz;a)lsz where
R .ptn

. . _ika ¢ ,.pyp (2-a) i
e (£,z3a) = e éio(lg) “(pEnii (E€eR; z€C),
en(€9°;a)€}f(¢):

3.2 Remark.

(a) ey (E,z3a) = elgz

- ak ‘

{b) dzk en(i,z;a) = en_k(g,z;a) {(0gksn ).

1fa
N R A - for n = 0

(c) en(i,a,a) - { 0 for n > 0

Particularly E (&,Tsa) = elgr

. 1, -~y €., . iEs

For felL (R) let f(s) = ).rf(E;}e & d£, s €R ,
- OO

denote the Fourier transform of f For fe?CQ(R)

we have %i}HQ):

3.3 LEMMA., For feC (R):

. n-1 2(k) %

: f . k : ) N

£(T) = E ——?Tiil (T-al) + !(1&)nt(&)En(g,T;d)dé
k=0 ’ -
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Proof. First we obtain by application of Lemma

2.3 and Remark 3.72:

b 3
(3.1) En(é,T;a) = lim [ elgsAn(b,g;s)ds (E€R),
€E+0+ a

uniformly with respect to & on compact subsets of R.
Let fC.CC(R), again from Lemma 2.3 ensues

)

(3.2) £(T)= (s)A_(b,e35)ds

b
(T-al)X+1ip[ECP
b

Let supp(f)c [a,B]. Then

lim ] f(n)
£€+*o0+ a

(s)An(b,e;s)ds

b B
lim [ [(i8)"£(&)e

€+ot 3 «a

i¢s

1]

dg An(b,e;s)ds

B b .
= [(ie)" £(8) 1im | elgSAn(b,e;s)ds g
o €0+ a

=[G EEIE (£,T5a) dE

from where the affirmation of the lemma follows,

using (3.2). ®

From Lemma 3.3 ensues the following characte-
rization of Vg~self-adjointness of T , which 1in
the particular case p = ® was given by Kantorovitz

[7],[8] in a similar way.

3.4 THEOREM. For Te X£(X) with (T)c (a,b) the
golLowing statements anre equivalent:
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n
(1) Te[vp]

i

(2) 1] £e&) **Tag) < w|£] for are

n,p;[a,b] °*
fe CC(R)q

(3) [ £e)E (g,msadag] < NIE], oro g0 fon
atl feC_(R).

Proof. Note that Z = {f: feLC:(R)} is dense
in V;[a,b] :

(1) € (2). Because of Lemma 3.3 applied to
n = 0 the condition (2) is equivalent to the con-
tinuity of the restriction ¢o: 2 » L(X) of the
H(€)-functional calculus of T onto Z, with res-
pect to the topology induced on Z by V;[a,b]

(1) = (3). If Te:[V;] , then there exists a

constant N such that

leg(T)| < Nc"g"n’p;[a’b], for all geX(a).

If & C:(R) is given, choose ge H(C) such that
g(k)(a) =0 for K 2 O5snscsh=1 4 g(n) = £ . Then
1 [-n] 5y - T)| € N.
“eiZ+I€ (£)] = le(m)] lely,ps[a,b]

]

No“%no,P;[a,b]s (Lemma 2.3).

But it holds, by a calculation similar to that in

the proof of lemma 3.3 , that:

lim Ig-n](f) = [£(g) E_(£,T;a)dE
€+o+t =90
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(3) > (2). From Lemma 3.3 it follows
-1 ;(k)

L o n . .
IfeeretTagl =) [ Ef2ran”
=% k=o ‘

¢ f_GE"E(E)E (£,T5a)dE]

Mlomax{lg(k)(a)lz k=0y...,n-1}

A

-~
+ N.| (i) f(o)“o,p;[a,b]

= M omax{'f(k)

1 (a)|: k=0,...,n-1}

(k)|
+ N|f “o,p;[a,b]

/A

Mou?:“n,p;[a,b]” )

3.5 Remark. Instead of the interval [a,b] with
o(T)c(a,b), an interval [—a,a] with o(T)c (-a,a)
can be considered and the expansicn point a can be
substituted by 0. Then Lemma 3.3 and Theorem 3.4
held with En(s,T;O) instead of En(°,T;a)o

To prove this, only Lemma 2.3 has to be adapt-
ed to this situation, usign another kermnel function

An(E,t) (cf. the proof of Lemma 2.3 in [6] ).

§4. Estimation of the order of Céwself=adjoint

operators. Let Te€X(X) be an operator whose ex-
ponential function satisfies the growth condition

(1.1), then o(T)cR. Let¥ be the space of rapid-
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ly decreasing functions of Schwartz; the Fourier
transform is a topological isomorphism of f onto
itself (c.f. e.g. [4]). Define a continuous li-

near transformation Y¥:&+ P(x) by

vit) = Jee) 5T ak (fe¥P)

(This and the following integrals converge absolute

ly).

4.1 LEMMA. Let o(T)c (a,b) and Let xccw(lR)
be a function with supp(x)c(a,b) and x = 1 on
an interval [a,,b,] such that o(r)c<(a,b;) <
{eysbylc(a,n). Then E(T) = Y(x.£) f4orn all
chZ"(R):

Proof. Choose Ye ¥ such that P - x-£€¥P . Then

Yix.E) = ¥(P) =) pere?T

-

ag

= 1im  [P(E) e-e|€| T dg

E*ot
(1) N
= lim 1£‘°](?)
€E*o+
- 1im 101 (x.B)
>
E%o+
bj
(2) i A -
= lim 52— [ £(t)[R(t+rie)-R(t-ie)]dt
. mi
ErOt al
(3) .
= F{T):

Here, (1) ensues from formula (2.4) because
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bA 3 OOA -1
= | Pl T P {;P<ss e *%8ds = P(g) (Fou

]

rier inversion formula), (2) follows from the in-
clusion [([a,al](J[bl,b]) x R] c t\o(T), and (3)

from Lemma 2.3 with n = 0. ]

This lemma permit us to characterize the V;-
self-adjointness of T by conditions of the type
of those in Theorem 3.4, in which the interval

(a,b) no longer appears. For 1 £ n < ®, 1 £ p < =,

| the norm

denote u° n,p
3

(k)

”f"n p” max{|f (t)|:t€R, 0 < k € n-1}
b

s 12 LP Ry
and for 0 < n < ®, p = @, the norm
H£l, | o max{|£ %) (t)|:teR, 0< k ¢ n} (fe¥).
b

4.2 THEOREM. The follLowing afgirmations anrne
equivalent:

P
(1) Telv] .

(2) I f(E)eigTd«E"SMcI%"n o for all fe C:(R)o
(3) "[wf(E)En(ﬁ,T;O)dEHSMOHf"Lp(R) , fon all
fe C:(R)c

Proof. (1) =(2) and (i) =(3) ensue from
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Theorem 3.4 and remark 3.5 respectively, because

I < | £
" "n,p;[a,b] L -
(2) =>(1). Let ¥ be as in Lemma 4.2. First

we have because of hypothesis (2) that

ETae) < u-

|v (%)" = | £(E)e l;“n 5 . ® for all

(o] 0 ~
fc:Cc(R)q as Cc(R) is dense in ¥ it follows by

reasons of continuity that

I¥(g)| < M-

lg"n,p , for all gC}P.

Therefore, for every fe;C:(R) it holds

20 = Nvaeb hen-UxEl, « ¥0F1, o1, Ly

(3) =>(2). The affirmation ensues from

[ £erettTae - 20K [ E(EIE, (£,T50)0E

k=0

(cf. note 3.5) the same as in the demostration of

Theorem 3.4. n

The growth condition (1.1) for the exponential
function of T 1is used here to dominate the infi-
nite integrals. In the case p = ® a somewhat fi
ner argument (using conditionally convergent inte-
grals) shows that the affirmation of Theorem 4.2
remains valid for anbitrany TeXf(X), if C:(R)
is substituted by CZ(R)° (cf. also Kantorovitz

(8], Thm. 1).
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Note that the implication (2) => (1) remains

valid, if the norm “° is substituted by

k
hell, , - max{] £ )an(R)= K20, L0 s ae B

4.3 COROLLARY. (cf. Albrecht [1], Satz 3.3).
Let Tef(X) be an operator whose exponential func
tion sarisfies the growth condition (1.1). Then
T 44 Vk*i-belé-adjoint (all the mone Ck*i~be£6=

2
adjoant)

Proof. Choose M > 0 such that "elgT"$M°|€[k
for |£|21. Then it holds for every fe'C:(R),
applying the LQ(R)-isomerry of the Fouriler trans

formation, that

iET

|| £(g)e = ag]|

n

» ﬂ iET
[ lee)|-l1e® T ag é Lo~ 11 jeitgr)qe

lels1 lelz1 lel® lg]
SR TP ! Ing é!sk*1f<£>|2 ag)?
5 Ci.HEHLQ(R) ! CQl.%(Hl)ILQ(R)
< clElly,, ,

* % %

204



BIBLIOGRAPHY

[1] E. Albrecht, "Funktionalkalkile in mehreren

Veranderlichen fur stetige lineare Opera-
toren auf Banachraumen". Manuscripta Math.
14 (1974), 1-40.

[2] 1. colojoara and C. Foias, Theory of generaliz

ed spectral operatorns. New York: Gordon
and Breach 1968.

[3] E. Hille and R.S. Philips, Functional analysis

K.

S.

E.

G.

and semigroups . Providence; Amer. Math.

Soc. Coll. Publ. 31, 1957.

Horvath, Topolog«cal vector spaces and dis-

trnibutions. Reading: Addison-Wesley 1966.
Kalb, "Charakterisierung von Operatoren

mit CP(R)-Funktionalkalkul". Habilitations

schrift, Mainz 1977.

Kalb, "Charakterisierung gewisser c”-sel-
bstadjungierter Operatoren durch 1hre Re-
solventenfunktion". To appear (Preprint).
Kantorovitz, "Classification of operators

by means of their functicnal calculus".

Trans. Amer. Math. Soc. 115 (1965), 194-

224,

Kantorovitz, "Characterization of ancperi
tors". Indiana Univ. Math. Jour 25 (1976)
119-133.

Marschall, "Vektorwertige Ultradistribu-
tionen und Funktionalkalkule". Diplomar-
beit, Mainz 1976.

*x XK

205



Fachberesch Mathematik

den Univensitat

D 6500 Mainz

Repidblica Federat de Alemania.

(Recibido en mayo de 1979).

206



