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CHARACTERIZATION OF CERTAIN~~SELF-ADJOINT
OPERATORS BY MEANS OF THEIR EXPONENTIAL FUNCTION

by

Klaus Gero KALB

§lo Introduction" Let X be a complex Banach

s p a c e , Let TE:.t(X) be a continuous linear ope-

rator with spectrum (J(T) C (a,b) c R, For natural r,

1 ~ n < 00, denote Vn[a,b] the algebra (of So-p
botev type) of functions f E:. Cn-1 [a,b] for which

f (n - 1) i s a b sol ute lye 0ntin uous, and f ( n ) t: LP ( a , b )

for 1 ~ p < 00 or f(n)C Cn[a,b] for p :;:;00. Vn[a,b]
p

is provided with the norm

where 11-110 . r b~] denotes the norm of LP(a,b),p,_a,
for 1 ~ P 00 and the max~mum-no~m of C[a,b] for
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0

C[a,b]"p = 00 For n ::: 0, only V [a,bJ := with
the norm II • ~ 00 0 [ bJ ' is con sid ere d 0

0" , a"
T is called vn~~el6~adjo{nt (denoted: T E:. [Vn] )p p

if there exists a continuos homomorphism <p :
v~[a,b] + t(X) with <p(eo):= I, <p(e1)::: T" where
eo(t) = 1, e1(t)::: t (tE:JR)o It turns out that
this notion does not depend on the selection of
the interval [a,b ] 0 The Vn-self~adjoint opera-

p
tors are interesting examples of ~~self~adjoint

00(particularly C ~self-adjoint) operators in the
sense of Colojoara-Foia~ [2] and extrapolate the
Cn-selt-adjoint operators of Kantorovitz [7J, [8],
As is well known, an operator r c z r x) is Coo~self-
adjoint if and only if the exponential function
R3~~ ei~TE:~(X) of T satisfies a growth condi-
tion

(10 1) (I~I -+ 00 )

with keN::: {O,l,ooo} (cfo[7], Lemma 2011; [2J,
Thm0405" or section 4 of this note)o In Kalb [6]
the Vn-self-adjoint operators are characterized

p
by. conditions on their resolvent function zt+R(z)
:::(T-zI)-lo In this work the Vn-self-adjointness

p
shall be described by means of the exponential func
tion of T (and another related function introduced
by Kantorovitz [8])0 Thereby" among other things,
results of Kantorovitz [7J, [8] are generalized
and newly proven by a very elementary and natural
methodo This method consists in developing suit-
able representation formulas for the analytic
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functional calculus of T on certain subalgebras
of the algebra ~(C) of entire functions (cf. sec-
tion 3 and Lemma 4.1).

Sections 2 and 3 of this work generalize a
portion of chapter 2 of my Habilitationsschrift
[5] (where only the case n '" 00 is treated); sec-
tion 4 was essentially written during a visiting
professorship at the Departamento de Matematicas
of the Universidad de los Andes in Bogota/Colombia
(February - April 1979), which was partially sup-
ported by COLCIENCIASo

§20 Preliminaries. For the sake of selfcon-
tainedness we present here some facts from [3J,
[7J, [6J, which we shall need later. For the time
being let Te::!(X) be arbitrary.

2 0 1 LEMMA 0 L e.t ex+ = sup {Im (z ); z E: (J(T )} ,
ex :::inf {Im(z): z E: (J(T)}. The.Y/.

for Im(z)<ex

whe.~e. the. ~Y/.te.g~al~ coY/.ve.~ge. coY/.d~t~oY/.ally.

Proof. Application of the analytic functional
calculus of T to the formula

{ 0 f -i<z it;w dE; for Im(w) Im(z)
1

.1. e e
::: -00

w-z . j -iE;z iE;w
-.1. e e dE; for Im(w»Im(z). •
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202 COROLLARYo 16 T ,oati-66ie-6 the c.ondition
(101), then c r r i c n ,

Proofo Under (101)i the integrals in (201) co~
verge absolutely for Z E: (C'1R and the affirmation
follows from Lemma 201 by the identity theorem for
analytic functionso -

Now let be aCT) C (a~b) C lRo For s > 0 and
neN et

.e

Ao(b,E;t) ~ 2;i [R(t+iE)~R(t-i€)] (E:lR)

(t£1R ; n ~ 1)

[-n] (h)
£

b
- f h(~)An(b~~;t)dt

a

203 LEMMA
-6e.t Jt c H( D )

(c f 0 [6], [9]) 0 FOIL eveILY bou.nded
and 6unc.tion gE:j{~

u.ni6oILmly 0 n Jt with JLe-6pec.to to go

Finally we shall need the following f or-muLa , which
yields from (201):

I [~o~h) '" 1
E 2n i

b
J h(s) R(s+iE)-R(s-ie:) ds
a

7(2; Jh(s)oe-i~dsJe-~I~lei~Td~
_00 a196



where the integral converges conditionallyo

§3o Description of the analytic functional cal-
~ulus ~ means of the exponential functlono Let
r c zr x) with O(T)C (a9b)cJR and let nE:lNo

3ot.Definitlon (c f , Kantoroviz [8])~ l.et
E (~~T;a)~en(~9z;a)1 -T wheren z~

(a)

(b) (O~ "n) c

< ) fo
for

n ~
n :>

o
o 0

Particularly iE;T
e 0

For fE:L1(lR) let £(s) c= Jf(E;)ei;sd;~ s E:1R ~
00

d en ot e the Fourier transform 0 r . For E:"Cc(JR)

,-Ie he e f E:.J{( (i) 0

303 LEMMA 0 FoJt f E:. C (lR):c
A

f(T) :::
00

J(i~)nf(~)E (~~T;a)d~
00 n
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Proof. First we obtain by application of Lemma
2.3 and Remark 302:

(~CJR),

uniformly with respect to ~ on compact subsets of F.

Let r c c~on, again from Lemma 2.3 ensues

( 3 • 2 )

Let supp(f)c[a,13]o Then
b

"'(n)lim J f (s)A (b,£;s)ds
£-+-0+ a n

b S .
= lim J J(i~)nf(~)e~~sd~ A (b,c;s)ds

£+0+ a a n
S b

= J(i~)n f(~) lim f ei~sAn(b,E;S)dS d~
a £+0+ a

from where the affirmation of the lemma follows,
using (3.210 II

From Lemma 3.3 ensues the following characte-
rization of Vn-self-adjointness of T , which in

p .
the particular case p ~ 00 was given by Kantorovitz
[7J , [8J in a similar way.

3.4 THEOREM. Fait T£t(X) w-ith (T)C (a,b) the
6o~~awing ~tatement~ alte equiva~ent:
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(2 )

T C [vn] 0

p
00 o~T ~~L f(~) e

1
d~~ ~ M~f~n,p;[a,b] , 6o~ all

r c cxm .c
00

IL f f (~)En ( ~ , T ; a ) d ~ II ~ N II f II 0 [ b ] ' n 0 JtJ:, o,p, a,
all f c C (R) 0c

~ 00
Proof 0 Note that Z "" {f: f c. C OR)} is densec

in Vn[a,b] 0p

(1) ~ (2) 0 Because of Lemma 303 applied to
n "" 0 the condition (2) is equivalent to the con-
tinuity of the restriction ¢o: Z ~ ~(X) of the
U(~)-functional calculus of Tonto Z, with res-
pect to the topology induced on Z by V~[a,bJ 0

(1) ~ (3)0 If T c [vn] , then there exists a
p

constant N such that

If fE: CooCiR) is given, choose gE:.J{(C) such that
g(k)(a) ~ 0 for k;: 0,0,0,n-1 , g(n) :::f Then

Illim If-n] (fH =
£+0+

But it holds, by a calculation similar to that in
the proof of lemma 303 , that:

lim I[-n](f) = 7f(~)En(~,T;a)d~ 0
£~o+ £ _00
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(3) ~ (2)0 From Lemma 303 it follows

00

+ J (i~)nf(~)E (~,T;a)d~~
00 n

""(k)
+ Noll f II • [ b]o,p, a,

!!t

305 Remarko Instead of the interval [a,b] with
aCT) c(a,b), an .interval [-a,a] with aCT) c (-a,a)
can be considered and the expansion point a can be
substituted by 00 Then Lemma '303 and Theorem 3.4
hold with E (o,T;O) instead of E (o,T;a)o. n n

To prove this, only Lemma 203 has to be adapt-
ed to this situation, usign another kernel function-A (E,t) (cL the proof of Lemma 203 in [6J )0n

00

§40 Estimation of the order ~ C,-self-adJoint

operators 0 Let T t.;f(X) be an operator whose ex-
ponential function satisfies the growth condition
(1.1), then aCT) CRe Letj> be the space of rapid-
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1y decreasing functions of Schwartz; the Fourier
transform is a topological isomorphism of ~ onto
itself (c,L e s g , [4J)0 Define a continuous li-
near transformation '0/: ';f+ t(X) by

00

~(f)~ Jf(~) ei~T d~ ( f E:: ~)

(This and the following integrals converge absolute
lyL

00

4 0 1 LEMMA G Let o(T ) c (a, b) and l et X E: C (1R)

be a n/lnetion with supp Iy ) c (a,b) and x:: 1 on
an inte.Jtval [a1,b1] .6/lc.h that aCT) c(a1,b1) c

[a 1 s b 1J C (a, b ) 0 The. n f (T) :;; '0/ ( X c f ) nOJt a.ll
A

r c COO(JR) 0

c

" AProoL Choose 'Pc::P such that 'f :;:;x,fc':f 0 Then
00 0

i¥(Xcf) ~ 'o/(~} ~J ~(~}e1;Td~
-'"

;::lim j'P(~) e-£I~I ei~T dE;:
£+0+ _00

(1 )
~ lim

£+0+

;:lim
£+0+

(2 )
=: lim

e;+o+

If-O] (X,f')

h12;i J f(t)[R(t+i£)-R(t-ie:)]dt
a1

( 3 ) Af(T}o

Here, (1) ensues from formula (204) because
201



2; J f(s) e-isE;ds= 2; j 4'(s) e-isE;ds = 'f(E;) (Fo~
a _00

rier inversion formula), (2) follows from the in-
clusion [< [a,a1] U [b1,b]) x IR]C ~,cr(T), and (3)

from Lemma 203 with n = 00 •

This lemma permit us to characterize the V
n_
p

self-adjointness of T by conditions of the type
of those in Theorem 304, in which the interval
(a,b) no longer appearso For 1 ~ n < 00, 1 ~ P < 00,

denote ~·~n,p the norm

II f II = ma x { I f (k ) ( t ) I : t ~R, 0 ~ k ~ n - 1 }n,p

and for 0 ~ n < 00, P = 00, the norm

4.2 THEOREM. The 6ollowing a66i~mation~ a~e
equ.ivalent:

( 2 )
00

fE: C ('R)oc

( 3 )
00

~J f(E;)E (E;,T;O)d~~'Mo~~~ ,
_00 n LP(R)

00
f E: C (R) 0

c

6o~ all

ProoL (1) =>(2) and (1) =>(3) ensue from
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Theorem 304 and remark 305 respectively, because

II f II n , p ; [a , b] ~ II f II n , p 0

(2) => (1L Let 'l' be as in Lemma 4.20 First
we have because of hypothesis (2) that

00

I'l' (~}II = ~J f(~}ei~Td~1I 'Mo~~~ ,for all
_00 n,p

00 00

fCC (R)" as C (R) is dense in'J' it follows byc' c
reasons of continuity that

~'l' ( g ) II ~ Mollg II , for a11 g C 'f .n,p

Therefore, for every 00

fee OR}c it holds

(3) =>(2}0 The affirmation ensues from

(cf. note 3.5) the same as in the demostration of
Theorem 3.4. •

The growth condition (1.1) for the exponential
function of T is used here to dominate theinfi-
nite integrals. In the case p = 00 a somewhat fi
ner argument (using conditionally convergent inte-
grals) shows that the affirmation of Theorem 4.2
remains valid for
is substituted by
(8), Thm. 1} 0

a..Jc.bi.:tJc.a..Jc.y
o

C (R) 0

c

00
T€:.f(X}, if C (R)c

(cfo also Kantorovitz
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Note that the implication (2) => (1) remains
nor m II· IIn ,pis

max{\lf(k)II :
LP(R)

substituted byvalid, if the

k= a ~ 1 ~ 0 00, n} 0

4.3 COROLLARYo (cfo Albrecht [1], Satz 303)0
Let T E:.t(X) be an op ercaxo « who.6e exponential ou.n£.
tion .6a:ti.6oie.6the gJr.ow:thcondition (101)0 Then
T i.6 v~+1-.6el6-adjoin:t (all :the moJr.e ck+1-.6el6~
adjoint)

Proofo Choose M > 0 such that
for 1~1~1. Then it holds for every
applying the L2(R)-isometry of the
forma ion, that

II e i~T \I ~ Mol ~ I k
ex>

fE: C (R)llc
Fourier trans

00

Ilf f (~)e i ~T d ~ II
O~T

~ J I f (~) I . II e i~T IId ~ + J ~ e ~ Il1-1 ~k+1f <t) Id~
1~1~1 1t:1~1 1~lk !~I .

~ C 1 • IIf II 2 + M( J ~ J I sk + 1 f (~) I 2 d t: ) ~
LOR) JR 1t:/2 R

~ C1 • IIf II 2 + C II· f (k + 1 ) I 2
L (R) 2 L (R)

***
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