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RELATIONS AMONG SOME CLASSES OF QUASIGROUPS

by

Clovis PEREIRA DA SILVA
and Florinda KATSUME MIYA~KA

ABSTRACT. We show relations among some class'
es of quasigroupso A quasigroup (G,o) is ca~
lIed unipotent if it contains an element x
such that aoa = x, for every a in G; subtrac
tive if bo(boa) = a and ao(boc) = co(boa) -
for all a,b,c in G; medial if (aob)o(cod) =
(aoe)o(bod) for all a,b,c,d in Go We define
a Ward quasigroup as any quasigroup (G,o}
containing an element i E:" G such that a 0 a = i
and (aob)oc = ao(co(iob» for all a,b,c in Go
A quasigroup (G,o) which contains an element
i that satisfies the axioms aox = b++ x =
(iob)o(ioa) and Yoa = b++ y = Do(i,a) for all
a,b in G is called a Cardoso quasigroup by
Ao Sade t~]0 If the class of the quasigroup
is denoted by the initial letter of the re~-
spective name, then:(1)ScWcecU; (2) MnC= So There is no relation of inclusion be~
tween the class of loops and any of the
other classes; we exhibit examples to eviden
ce this facto Furthermore, we establish nec~

311



essary and suffici~nt conditions for a Car
doso quasigroup to be a loop.
This paper is concerned with relations among

the classes of the following quasigroups: subtra£
tive, medial, Cardoso, Ward, unipotent and loop.
In a sense, it is a continuation of [5J, where
some types of unipotent quasigroups were studied.
Ward quasigroups are important because there is a
conection between these quasigroups and groups [2].
Namely, if (G,.) is a Ward quasigroup, then (G,*)
is a group under the operation * defined by a*b =
a.(i.b); conversely, if (G,*) is agroup, then (G,.)
is a Ward quasigroup with respect to the operation .
. defined by a.b = a*b-1. In particular, if the
group (G,*) is abelian, then the quasigroup is sub
tractive.

DEFINITION 1. A ~ub~~ac~~ve quasigroup is a
quasigroup (G,.) such that:
(81) b.(b.a) = a, for every a,b in G.
(82) a.(b.c) = c.(b.a), for every a,b,c in G.

~xample 1. The set of all integers with usual
subtr~ction~

The axioms (81) and (82) are independent. For
example, the set of all integers, with usual addi-
tion, satisfies (82) but does not satisfy (81);
and the quasigroup given by the table

. i a b
i i b a
a b a i
b a i b
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satisfies (51) but does not satisfy (52); for ex-
ample, i.(i.a) ¢ a.(i.i).

DEFINITION 20 A medial (1) quasigroup is a
quasigroup (G,.) which satisfies the axiom:

(M) (a.b).(c.d) = (a.c).(b.d), for every a,b,
c,d in G.

Ex~m~le 2. The set of all integers with the
operation' defined by aob = b-a.

DEFINITION 30 A Wd~d quasigroup is-a quasigroup
(G~~)~hich'sati~fies the axioms:
(W1) there is an element iE:G such that a.a = i,

for every a E: G.
(W2) (a.b).c = a.(c.(i.b», for every a,b,c in G.

Example 3. The set G = {i,a,b,c,d,e} with the
operation defined by the table

. i a b c d e
i i c b a d e
a a i e c b d
b b e i d a c
c c a d i e b
d d b c e i a
e e d a b c i

The axioms (W1) and (W1) are independent. For
example, in the quasigroup of all integers with
usual addition, zero satisfies (W2) bu does not
satisfy (W1). And in the quasigroup of example 2,
zero satisfies (W1) but does not satisfy (W2).

(1) Stein [6] uses this terminology. Murdoch [3]
calls it an abelian quasigroup.
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DEFINITION 4. A Ca.Jr.dO.6 0 (2 ) quasigroup is a
quasigroup (G , 0 ) which contains an element i such
that:
(C1) a.x = b"-" x = (Lb).(La),
(C2) y.a = b~ Y = b.(La)
for every a,b in G.

Example 4. The set G = {O,1,2,3,4,5,6,7,8}
with the operation defined by the table:

'\ 0 1 2 3 4 5 6 7 8.
0 0 2 1 4 3 6 5 8 7
1 1 0 3 2 8 7 4 6 5
2 2 4 0 5 1 8 7 3 6
3 3 1 6 0 5 4 8 7 2
4 4 7 2 6 0 1 3 5 8
5 5 8 7 3 2 0 6 1 4
6 6 3 8 7 4 5 0 2 1
7 7 5 4 8 6 2 1 0 3
8 8 6 5 1 7 3 2 4 0

The axioms (Cl) and (C2) are independent. In
the example 2, zero satisfies (C2) but does not sat
isfy (C1). In the quasigroup defined by the follow-
ing table, the element i satisfies (C1) but does
not satisfy (C2).

. i a b c
i a i c b
a b a i c
b c b a i
c i c b a

(2) The terminology is of A~ Sade. In [4] this qua
sigroup is defined a a groupoid which satisfies the
axioms (C1), (C2) above and (C3): a.i = a,Vat:G.
But in [5J, it was shown that (C3) is a consequence
of (C1) and (C2).
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For example, coa = c and c # c.(i.a).

DEFINITION 5. A unipotent(3) quasigroup is a
quasigroup (G,.) such that there is an element x~G
with a s a = x,. for every a E:Go

Example. The quasigroup of example 1.

THEOREM 1. Eve~if ~ubt~aetive qua~ig~oup (G,.)
i..~ unipotent.

Proof. If a,b are elements of a subtractive
quasigroup, then a.a = a.(b.(b.a» = a.(a.(b.b»
= b.b. •

The converse of theorem 1 does not hold. In
example 3, we have: a.(aob) = d. For subtractive
quasigroup, we will denote by i the element equal
to a. a for every a E:G.

THEOREM 2. 16 (G,.) i~ a ~ubt~aetive qua~i-
g~oup, the element i i~ a ~ight identitif.

Proof: For every CE:G, Coi = c s Ia s a ) = a i Ca c c )
= c. •

THEOREM 3. Let (G,.) be a ~ubt~aetive qua~i-
g~oup; then
1) i.(aob) = b.a, 6o~ eve~if a,b in G.
2) (a.b).c = (a.c)ob, 6o~ eve~q'a,b,c in Go

Proof: If a,b are elements of G, we have:
1) i.(a.b) = b.(a.i) = boa.
2) (aob).c = io(c.(aob» = io(b.(aoc» = (aoc)o

(b.i) = (aoc).bo -

(3) The terminology is of RoHoBruck, for lOOps.
See [1J. 315



The converse of theorem 4 does not hold: for
example, the set G = i,a,b with the operation de
fined by the table

. i a b
i i b a
a b a i
b a i b

is a medial quasigroup, but does not satisfy the
condition of the theorem; for example, a.(b.b) 1
b.(b.a). It follows from theorem 4 that every sub
tractive quasigroup is medial.

THEOREM 50 Eve~y ~ubt~act~ve qua~~g~oup ~~ a
Wa~d qua~~g~oup.

Proof: Let (G,o) be a subtractive quasigroup.
The validity of (W1) was proved in theorem 1; we
show now that (W2) holds: (aob)oc = (aoc)ob =
(a.c).(i.(i.b» = (a.i).(co(i.b» = ao(c.(iob». I

The converse of theorem 5 does not hold. The
quasigroup of example 3 is not subtractive: a.(a.b)
# b.

THEOREM 6. Let (G,.) be a Wa~d qua~~g~oupo The
element i who~e ex~~tence wa~ po~tulated ~n (W1)
~~ ~uch that 6o~ ail a,b ~n G:
1) a.i = a
2 ) io(i.a) = a
3 ) i.(aob) = boa.

Proof: Let a,b,c be arbitrary elements in Go
1) ioa = (ioi)oa = io(ao(ioi» = io(aoi); hence

a = a.i
316



2) i.a = (i.a).i = i.(i.(i.a»; hence a = i.(i.a).
3) c.(a.b) = c.(a.(i.(i.b») = (c.(i.b».a ; for

c = i, we have i.(a.b) = (i.(i.b».a = b.a. _

THEOREM 7. Eve~y wa~d qua~ig~oup i~ a Ca~do~o
qua~ig~oup.

Proof: We will show that if G is a Ward quasi-
group, and a,b,c are alements of G, then the fol~
lowing statements are equivalent: (1) a.b = c,
(2) a = c.(i.b), (3) b = (i.c).(i.a).
(1) + (2): c.(i.b) = (a.b).(i.b) = a.«i.b).(i.b»

= a.i = a.
(2) + (3): If a = c.(i.b) then i.a = (i.b).c. Hence

(i.c).(i.a) = (i.c).«i.b).c) = «i.c).
(i.c».(i.b) = i.(i.b) = b.

(3) + (1): a.b = a.«i.c).(i.a» = (a.a).(i.c) =
i.(i.c) = c. •

The converse of theorem 7 does not hold. In
example 4, the quasigroup is Cardoso, but is not
Ward; for example, (1.2).4 # 1.(4.(0.2».

THEOREM 8. Eve~y Ca~do~o qua~ig~oup i~ unipo-
tent.

Proof: Consider a eG. There is an element t~G
such that i.t = a; (C2) implies i = a.(i.t). Hence
i = a.a. -

The converse of theorem 8 does not hold. The
following quasigroup is not a Cardoso quasigroup,
though it is unipotent:
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· i a b c d e
i i a b c d e
a a i c b e d
b b e i d c a
c c d e i a b
d d b a e i c
e e c d a b i

because (el) does not hold; for example, a.b = c
but b # (i.c).(i.a).

THEOREM 9. Let (G,.) a Ca~do~o qua~~g~oup. The
element i 06 de6in~t~on 4 ~~ a ~~ght ~dentity.

Proof: Let a E: G. The solution of equation a v x
= a is x = (i.a).(i.a). Thenrem 8 implies that
x = i. •

THEOREM 10. I6 (G,.) ~~ a medial qua~ig~oup and
ha~ ~~ght ident~ty i, then (a.b).c = (a.c).b, 60~
eve~y a,b,c ~n G.

Proof: Let a,b,c be arbitrary elements of G.
Then (a.b).c = (a.b).(c.i) = (a.c).(b.i) = (a.c).b.1

THEOREM 11. Let (G,.) be a med~al qua~~g~oup
wh~c.h ,~~ un-ipotent, whe~e· i = a.a, 60~ eve~1J a E:. G.
I6 i~~'~~ght ~dent~ty, then, 60~ all a,b,c in G:
1)- i.(h.a) = a v b

2) a.(a.h} = b
3) a.(b.c) = e.(h.a)".

Proof: Let a,b,c arbitrary elements of G. Then
1) a.b = (a.b).(a.a) = (a.a).(b.a) = i.(b.a).
2) a.(a.b) = (aoi).(aob) = (a.a).(i~b) : i.(iob) =

b.i = b.
3) a.(b.c) = (b.(b.a».(b.c) = (b.b).«b.a).c) =
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i.{{b.a).c) = c.{b.a). •
It follows from theorem 11 that if a quasigroup

is medial and Cardoso, then it is also subtractive.

THEOREM 12. 16 (G,.) i~ a Ca~do~o qua~ig~oup,
~hen ~he 6ollowing ~ondi~ion~ a~e equivalen~:
(1) (G,.) i~ ~omma~a~ive
(2) (G,.) l~ a loop
(3) (a.b).b = a, 6o~ all a,b in G.

Proof:
(1) + (2):As G is a Cardoso quasigroup, there is
an element i C G which is right identity; but G is
a commutative quasigroup, and consequently this
element is also left identity.
(2) + (3):Consider a,b in G. As G is a Cardoso
quasigroup, the equation y.b = a has the unique
solution y = a.{i.b). By hypothesis, G is a loop;
so y = a.b. Substituting in the equation, we have
(a.bLb = a.
(3) + (l):{a.b).b = a, Va,b in G,implies that
a s b = ao{Lb). Hence b = lob, VbE:G. Then a.b =
L{a.b) = b s a , -

In the following, we exhibit examples to show
that the class of loops is not contained in any of
the other classes of quasigroups studies here, and
that any of these classes is not contained in the
class of loopso

Example 5,' A loop which is not a Cardoso quasi-
group: the loop in the remark that follows Theorem
8 •

Example 60 A loop which is not a medial quasi-
group: 319



1 2 3 4 5 6

1 1 2 3 4 5 6

2 2 3 4 5 6 1

3 3 6 5 2 1 4

4 4 1 2 6 3 5

5 5 4 6 1 2 3
6 6 5 1 3 4 2

In order to verify that it is not a medial quasi-
group, note that ( 1 • 2 ) • ( 3 . 4 ) ."# ( 1 • 3 ) • ( 2 • 4 ) •

Example 7. A subtractive quasigroup which is
not a loop: the quasigroup of example 1; just note
that zero is rigth identity but is not left iden-
tity.

Example 8. A medial quasigroup which is not a
loop: the quasigroup of example 2. Note that zero
is left identity but is not right identity.
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