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RELATIONS AMONG SOME CLASSES OF QUASIGROUPS

by

Cl6vis PEREIRA DA SILVA
and Florinda KATSUME MIYAQKA

ABSTRACT. We show relations among some class
es of quasigroups. A quasigroup (G,.) is ca—
lled unipotent if it contains an element x
such that a.a = x, for every a in G; subtrac
tive if b.(b.a) = a and a.(b.c) = c.(b.a)
for all a,b,c in 6; medial if (a.b).(ec.d) =
(a.c).(b.d) for all a,b,c,d in 6. We define
a Ward quasigroup as any quasigroup (G,.)
containing an element i€ G such that a.a = i
and (a.b).c = a.(c.(i.b)) for all a,b,c in G.
A quasigroup (G,.) which contains an element
i that satisfies the axioms a.x = b+ x =
(i.b).(i.a) and y.a = b+ y = b.(i.a) for all
a,b in G, is called a Cardoso quasigroup by
A. Sade tu]a If the class of the quasigroup
is denoted by the initial letter of the re-
spective name, then:(1) ScWcCcU; (2) MNC
= S, There is no relation of inclusion be-
tween the class of loops and any of the
other classes; we exhibit examples to eviden
ce this fact. Furthermore, we establish nec-
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essary and sufficient conditions for a Car
doso quasigroup to be a loop.

This paper is concerned with relations among
the classes of the following quasigroups: subtrac
tive, medial, Cardoso, Ward, unipotent and loop.

In a sense, it is a continuation of [5], where

some types of unipotent quasigroups were studied.
Ward quasigroups are important because there is a
conection between these quasigroups and groups [2].
Namely, if (G,.) is a Ward quasigroup, then (G,=*)
is a group under the operation % defined by a%*b =
a.(i.b); conversely, if (G,*) is agroup, then (G,.)
is a Ward quasigroup with respect to the operation.

defined by a.b = a*b-l. In particular, if the

group (G,%) is abelian, then the quasigroup is sub

tractive.

DEFINITION 1. A subtractive quasigroup is a
quasigroup (G,.) such that:
(s1) b.(b.a)
(s2) a.(b.c)

a, for every a,b in G.

1]

c.(b.a), for every a,b,c in G.

Example 1. The set of all integers with usual

subtraction.

The axioms (S1) and (S2) are independent. For
example, the set of all integers, with usual addi-
tion, satisfies (S2) but does not satisfy (S1);

and the quasigroup given by the table
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satisfies (S1) but does not satisfy (S2); for ex-

ample, i.(i.a) # a.(i.i).

1
DEFINITION 2. A mediaf ) quasigroup is a
quasigroup (G,.) which satisfies the axiom:
(M) (a.b).(c.d) = (a.c).(b.d), for every a,b,

c,d in G.

Example 2. The set of all integers with the

operation ° defined by a.b = b-a.

DEFINITION 3. A Ward quasigroup is a quasigroup
(Gy.) which satisfies the axioms:
(W1) there is an element i€ G such that a.a = i,
for every a€aG.

(w2) (a.b).c = a.(c.(i.b)), for every a,b,c in G.

Example 3. The set G = {i,a,b,c,d,e} with the

operation defined by the table

.|l1abececde
ili ecb ade
ajla i e c b d
bfb e i d a c
clec adieb
d|{d b c e i a
ele d abc i

The axioms (W1) and (W1) are independent. For
example, in the quasigroup of all integers with
usual addition, zero satisfies (W2) bu does not
satisfy (W1). And in the quasigroup of example 2,
zero satisfies (W1) but does not satisfy (W2).

(1) Stein [6] uses this terminology. Murdoch [3]
calls it an abelian quasigroup.
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2
DEFINITION 4. A CaadoAO( ) quasigroup is a

quasigroup (G,.) which contains an element i such

that:
(C1) a.x = b+ x = (i.b).(i.a),
(C2) y.a = b+ y = b.(i.a) ,

for every a,b in G.

Example 4. The set ¢ = {0,1,2,3,4,5,6,7,8}
with the operation defined by the table:

©®NoOnmFWN R Oo|o
DN WOIR FON|R
NFOINOO WRIN
PoONWOOoOUN F|lw
NOoOFNOUR ODW|FE
WNh o Rr Foao|n
NP OOW®®NI F oo
FONROGWO ®|N
OCWrRr FONOD V|

NN EWNR O]

The axioms (C1) and (C2) are independent. In-
the example 2, zero satisfies (C2) but does not sat
isfy (C1). In the quasigroup defined by the follow-

ing table, the element i satisfies (C1) but does

not satisfy (C2).

(2) The terminology is of A. Sade. In [4] this qua
sigroup is defined a a groupoid which satisfies the
axioms (C1), (C2) above and (C3): a.i = a,¥aeG.
But in {5], it was shown that (C3) is a consequence
of (C1) and (C2).
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For example, c.a = c and ¢ # c.(i.a).

. 3
DEFINITION 5. A un&potent( ) quasigroup is a

quasigroup (G,.) such that there is an element x€G

with a.a = x,.for every acaG.
Example. The quasigroup of example 1.

THEOREM 1. Every subtractive quasigroup (G,.)
L8 undipotent.

Proof. If a,b are elements of a subtractive
quasigroup, then a.a = a.(b.(b.a)) = a.(a.(b.b))
= b.b. 1

The converse of theorem 1 does not hold. In
example 3, we have: a.(a.b) = d. For subtractive
quasigroup, we will denote by i the element equal

to a.a for every ace€G.

THEOREM 2. 1§ (G,.) 44 a subtractive quasi-
group, the element i {8 a night identity.

Proof: For every c€G, c.i = c.(a.a) = a.(a.c)

= C. a

THEOREM 3. Let (G,.) be a subtractive quasi-
group; then
1) i.(a.b) = b.a, §0r every a,b Lin G.
2) (a.b).c (a.c).b, for every a,b,c 4in G.

Proof: If a,b are elements of G, we have:
1) i.(a.b) b.(a.i) = b.a.
2) (a.b).c i.(c.(a.b)) = i.(b.(a.c)) = (a.c).
(b.i) = (a.c).b. W

i

(3) The terminology is of R.H.Bruck, for loops.
See [1]. 315



The converse of theorem 4 does not hold: for

i,a,b with the operation de

example, the set G
fined by the table

is a medial quasigroup, but does not satisfy the
condition of the theorem; for example, a.(b.b) #
b.(b.a). It follows from theorem 4 that every sub

tractive quasigroup is medial.

THEOREM 5. Every subtractive quasigroup L8 a
Ward quasigroup.

Proof: Let (G,.) be a subtractive quasigroup.
The validity of (W1) was proved in theorem 1; we
show now that (W2) holds: (a.b).c = (a.c).b =
(a.c).(i.(i.b)) = (a.i).(c.(i.b)) = a.(c.(i.b)). ®

The converse of theorem 5 does not hold. The

quasigroup of example 3 is not subtractive: a.(a.b)

7 b.

THEOREM 6. Let (G,.) be a Ward quasigroup. The
element i whose existence was postulated Lin (W1)
{8 such that forn all a,b 4in G:

1) a.i = a

2) i.(i.a) = a
3) i.(a.b) = b.a.
Proof: Let a,b,c be arbitrary elements in G.
1) i.a = (i.i).a = i.(a.(i.1i)) = i.(a.i); hence
a = a.i
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2) i.a = (i.a).i = i.(i.(i.a)); hence a = i.(i.a).
3) c.(a.b) = c.(a.(i.(i.b))) = (c.(i.b)).a ; for
(i.(i.b)).a = b.a. @

"

c = i, we have i.(a.b)

THEOREM 7. Every wand quasigroup is a Carndoso
quasigroup.

Proof: We will show that if G is a Ward quasi-
group, and a,b,c are alements of G, then the fol-
lowing statements are equivalent: (1) a.b = c,

(2) a = c.(i.b), (3) b = (i.c).(i.a).

(1) » (2): c.(i.b) = (a.b).(i.b) = a.((i.b).(i.b))
= a.i = a.

(2) » (3): If a = c.(i.b) then i.a = (i.b).c. Hence
(i.e).(i.a) = (i.¢).((i.b).c) = ((i.c).
(i.e)).(i.b) = i.(i.b) = b.

(3) » (1): a.b = a.((i.c).(i.a)) = (a.a).(i.c) =

i.(i.c) = c. [

The converse of theorem 7 does not hold. In
example 4, the quasigroup is Cardoso, but is not

Ward; for example, (1.2).4% # 1.(4.(0.2)).

THEOREM 8. Every Cardoso quasigroup L& undpo-
tent.

Proof: Consider a €G. There is an element t€G
such that i.t = a; (C2) implies i = a.(i.t). Hence

i = a.a. a

The converse of theorem 8 does not hold. The
following quasigroup is not a Cardoso quasigroup,

though it is unipotent:
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O Q0T M H
O A0T O B
(2 I © S = VI T R T £
oK 0N oo
[ I N = VI o B o T o)
T r o0 0 Qi
0O TN Ao o

because (C1) does not hold; for example, a.b = c

but b # (i.c).(i.a).

THEOREM 9. Let (G,.) a Cardoso quasigroup. The
element i of definition 4 48 a night Ldentity.
Proof: Let ae€G. The solution of equation a.x

= a 1is x = (i.a).(i.a). Theorem 8 implies that

Xx = i. &

THEOREM 10. I4 (G,.) 44 a medial quasigroup and
has night identity i, then (a.b).c = (a.c).b, for
eveny a,b,c 4n G.

Proof: Let a,b,c be arbitrary elements of G.

Then (a.b).c = (a.b).(c.i) = (a.c).(b.i) = (a.c).b.®

THEOREM 11. Let (G,.) be a medial quasigroup
which 48 undipotent, where i = a.a, 401 every acG.
14§ i4s night identity, zthen, for allf a,b,c 4An G:

1) i.(b.a) = a.b
2) a.(a.b) = b
3) a.(b.c) = c.(b.a).

Proof: Let a,b,c arbitrary elements of G. Then

1) a.b = (a.b).(a.a) = (a.a).(b.a) = i.(b.a).

2) a.(a.b) = (a.i).(a.b) = (a.a).(i.b) = i.(i.b) =
b.i = b.
3) a.(b.c) = (b.(b.a)).(b.c) = (b.b).((b.a).c) =
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i.((b.a).c) = c.(b.a). =

It follows from theorem 11 that if a quasigroup

is medial and Cardoso, then it is also subtractive.

THEOREM 12. If (G,.) 44 a Cardoso quasigroup,
then the follLowing conditions anre equivalent:
(1) (G,.) 48 commutative
(2) (G,.) 48 a Loop
(3) (a.b).b = a, for alL a,b 4in G.

Proof:
(1) - (2):As G is a Cardoso quasigroup, there is
an element i€ G which is right identity; but G is
a commutative quasigroup, and consequently this
element is also left identity.
(2) > (3):Consider a,b in G. As G is a Cardoso
quasigroup, the equation y.b = a has the unique
solution y = a.(i.b). By hypothesis, G is a loop;
so y = a.b. Substituting in the equation, we have
(a.b).b = a.
(3) » (1):(a.b).b = a, V¥a,b in G,implies that
a.b = a.(i.b). Hence b = i.b, ¥b€ G. Then a.b =

i.(a.b) = b.a. &

In the following, we exhibit examples to show
that the class of loops 1s not contained in any of
the other classes of quasigroups studies here, and
that any of these classes is not contained in the
class of loops.

Example 5. A loop which is not a Cardoso quasi-
group: the loop in the remark that follows Theorem

8.
Example 6. A loop which is not a medial quasi-

group: 3139



11 2 3 4 5 6
1{1 2 3 4 5 6
2|2 3 4 561
313 6 5 2 14
Lig 1 2 6 3 5
5[5 4 6 1 2 3
616 51 3 4 2

In order to verify that it is not a medial quasi-
group, note that (1.2).(3.4) # (1.3).(2.4).

Example 7. A subtractive quasigroup which is
not a loop: the quasigroup of example 1; just note
that zero is rigth identity but is not left iden-
tity.

Example 8. A medial quasigroup which is not a
loop: the quasigroup of example 2. Note that zero

is left identity but is not right identity.
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